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A heuristic approach to the general theory of relativity is presented, which, while avoiding covariant theory,
addresses the three Einstein effects that can still be tested today: redshift of the Sun’s spectral lines, light
deflection in the Sun’s gravitational field, and perihelion motion of planetary orbits, in connection with the
Einstein—-Mach principle of the “relativity of inertia.” Finally, a historical-critical overview of the significance
ofthe Mach principle in general relativity.

§ 1. Introduction

The primary aim of this study is not to provide a didactically convenient “elementary” introduction to the
basic concepts and most important facts of general relativity; rather, it attempts, through a new
arrangement of the arguments, to make the internal structure of the complex of general relativity theory
more manageable and, by this heuristic approach, to facilitate and, if possible, deepen the physical
understanding of the theory. In doing so, we limit ourselves to the presentation of first- and second-order
effects (shift of spectral lines and light deflection in a gravitational field, perihelion motion of planetary
orbits). The exact form of the general covariant field equations of the metric field is not the subject of our
considerations; on the contrary, it is our intention to show how far one can advance in the understanding
of general relativity—or, more precisely, metric gravitational theory—without using covariant theory.

To achieve this goal, it is helpful to distinguish from the outset between “physically measurable” quantities
and those that are merely “fictitious.” The former refer to measurements that have actually been carried
outor are at least possible in principle, regardless of whether these can be performed “directly” or
whether the experimental result—the measurement of a specific physical quantity—is obtained
“indirectly” through a series of inferences using physical laws. Direct natural measurements include
applying a ruler to a real object to determine its dimensions, measuring a time interval between two
physical events using a standard clock at rest, determining a mass using a set of weights, or measuring a
velocity by simultaneously using a ruler and a standard clock. Indirect natural measurements are all
procedures that serve, in a known manner, to determine physical quantities—such as the constants of
nature. The validity of physics as an empirical science rests on the consistency of results obtained by
various independent methods. The fact that this consistency is in principle achievable—apart from the
assumed logical consistency of the theory—stems from the fact that all measurements are based on
calibrations and all calibrations can ultimately be traced back to the calibration of a standard of length,
time, and mass (C.G.S. system). There is therefore no fundamental difference between direct and indirect
natural measurements.

On the other hand, physics cannot do without certain fictional concepts. Such fictions played an
important heuristic role in the extension of special relativity to general relativity. For example, the influence
of gravitational fields on rigid rulers and standard clocks can be described such that the “length” of the
ruler and the “period” of the clock undergo certain “fictitious” changes in the gravitational field, which
apply in the same way to all bodies characterized as “rigid” and all “standard” clocks in the same wa
y. These "changes" cannot, of course, be determined directly- i.e., by natural measurement at the location
where the rulers, clocks, etc., are situated (i.e., through ordinary laboratory experiments) - since all
measuring instruments are subject to the same changes. Nevertheless, such fictions yield physical
consequences that can be directly verified by experiment. Thus, the (fictitious) assumption that the period
of oscillation of a standard clock (atom) on the surface of the Sun is greater than the period of oscillation
of the same clock on Earth leads to the experimentally verifiable Red-shift in the Sun’s spectral lines.
Similarly, the (fictitious) assumption of a location-dependent “length” of measuring rods (which varies
according to Newton’s gravitational potential) implies that the theorems of Euclidean geometry no longer
apply; we have here a simple “model” of a non-Euclidean three-dimensional manifold). The idea of a
spatially variable speed of light in a gravitational field leads directly (according to Huygens’ principle) to the
deflection of light in the gravitational field; nevertheless, the “naturally measured” speed of light at every
pointin space would yield the normal value c.



These examples demonstrate the usefulness of such assumptions. Their fictional nature is reflected in the
fact that all statements refer to a purely fictitious Euclidean reference spacex, x,,x3 and a location-
independent fictitious coordinate timet . Since we assume in the following that the special theory of
relativity is well-known and no longer problematic in its structure, the influence of gravitational fields on
geometry and the course of natural processes can be described without restriction in the manner of such
fictitious assumptions. The influence of the gravitational field must then, however, not be limited to
measuring rods and clocks, but must consequently be extended to all physical quantities such as mass,
charge, force, etc.

Since, as the above examples show, the fictitiously introduced quantities lead directly to an interpretation
of physical effects, one is tempted to call the quantities altered in the gravitational field “effective” as well.
Forexample, a clock that has been placed for some time at a location of lower Newtonian potential (the
surface of the Sun) and then returned to its original location would run “effectively” slow compared to a
clock that did not make the journey; the rate of the moved clock must therefore have been slower on
average. In the following, to avoid ambiguity, we will generally refrain from using the term “effective” and
will only resort to it when discussing specific results (e.g., for mass and charge).

Naturally, the behavior of rulers, clocks, and masses plays a key role in these considerations, since the
structure of mechanics since Newton has been based on measured lengths and times and on mass
values (inertia) established through experiments. It is therefore surprising, at first glance, that the behavior
of masses in the gravitational field has not been given the same attention as the behavior of measuring
rods and clocks. The approach we wish to take to the problem consists in conceiving the “rigid” measuring
rods and standard clocks from the outset as composed of elementary constituents such as electrons,
protons, and neutrons (§2), whereby all the constants that characterize these elementary particles and
their physical behavior - such as mass, charge, interaction forces, and the action quantum - are subject to
fictitious changes in the gravitational field. A necessary condition for the feasibility of our method is that
the interaction of the various fictitious changes is internally consistent. Furthermore, fictitious changes in
the measured lengths and time intervals should result, which can at leastin a first approximation be
interpreted in terms of the metric line element of general relativity. Since the form of the line element is an
exact solution to the general covariant field equations in simple cases is known (e.g., for the centrally
symmetric field), we have here a criterion for the reliability of the method, against which we can
subsequently test our heuristic approach. It should be explicitly stated, however, that - which is actually
self-evident — the derivation of general-covariant field equations by Einstein and the search for solutions to
them is, of course, far superior to the method described here, as is already evident from the fact that our
method can reproduce only physical effects of the first and, at most, second order. But since these effects
in themselves are of great physical interest (and are so far the only ones by which the general theory of
relativity has been tested in the realm of the planetary system), one may regard this alone as sufficient
justification for our presentation.

In particular, the problem of the influence of the gravitational field on mass is now closely connected with
that complex of questions which - following the example of A. Einstein - is usually summarized under the
name “Mach’s principle.” According to the application of Mach’s principle to the “relativity of inertia” of
ponderable matter, the mass of a test body (planet) should increase as it approaches large mass
concentrations (the Sun). The discussion in §§3 and 4 of the dependence of mass on the (static)
gravitational field confirms this assumption; however, the increase in mass is three times the amount
assumed by Einstein. This result will be further corroborated, in particular, by a detailed analysis of the
perihelion motion of the planets (second-order effect) in §5. We we will not go into detail on the physical
significance of Mach’s principle until §6 (Concluding Remarks).

It should be emphasized once again, as a matter of principle, that the method of introducing fictitious
quantities actually yields only a specific “picture” or “model” of the actual conditions. Through such a
model of the realization of non-Euclidean metric relations of the spacetime continuum, for example, the
influence of the gravitational field on the metric is immediately and clearly interpreted. On the other hand,
the description of physical effects within the framework of this concept makes it clear that this is merely a
stopgap measure, by means of which it is possible to translate a state of affairs - which in itself can be
adequately represented only in the conceptual language of a more perfect theory - back into the more



primitive language of the older theory. For example, the theorem regarding the equality of inertial and
gravitational mass has an immediately comprehensible meaning only within the framework of

Newtonian theory; in general relativity, the phenomenon corresponding to this theorem has been so
completely subsumed into the foundations of the theory that the distinction between inertial and
gravitational mass has become irrelevant in the motion of a test body in a gravitational field has become
irrelevant. In principle, the introduction of fictitious quantities in the gravitational field should be regarded
as a straightforward method for expressing a context that is inherently more complex in the more familiar
terminology of the simpler Newtonian theory — or to represent them in their generalized form in the
Lagrangian equations of motion. One must simply bear in mind that this simplified formulation cannot
fully do justice to the process being described in every respect. In this sense, the realization of non-
Euclidean metric relations as a consequence of fictitious changes in physical constants corresponds
entirely to those other “images” through which one has attempted (here too, successfully) to interpret the
Lorentz contraction and time dilation in special relativity. Such images, of course, are destined to become
superfluous in the final, but largely formal, formulation of the theory. They can, however, very well promote
physical understanding because they immediately reveal the reasons for the extension of the earlier
theory.

§2 Atomic Standards and Clocks
§3 The heuristic method

§4 Behavior of mass and charge in a static gravitational field
according to the general theory of relativity

§ 5 Analysis of the perihelion motion of the planets

§ 6. Historical Background on Mach’s Principle

In the preceding sections, we have shown that the investigation of the influence of the gravitational field on
physical quantities necessarily also results in a change in mass within the gravitational field. Such an
influence of the gravitational field on the “effective” mass of a body has been anticipated by Einstein
since the formulation of the general theory of relativity and interpreted in terms of the “relativity of inertia.”
He clearly stated that “inertia must have its origin in a kind of interaction between bodies” and that it
therefore exists in a fully - "empty" space cannot impart any inertia. It is therefore to be expected that the
inertia of a body increases as it approaches larger concentrations of mass. However, as already
mentioned (p. 394), Einstein’s own investigations into this question are, in quantitative terms, not very

(the actual increase in effective mass in a gravitational field is three times the amount deduced by Einstein
from the equations of motion, § 3-5). Nor does effective mass have the property of tending toward

zero). Nevertheless, the effect hypothesized by Ein s tein exists with the modifications specified in this
work.

Einstein was inclined from the outset to interpret the expected change in the inertial mass of a body in the
gravitational field of other gravity-generating masses in the spirit of Mach’s ideas on the critique of
Newtonian mechanics. However, since the significance of what is known as the “Mach principle”
according to Einstein is greatly complicated for the theory of natural phenomena by the fact that quite
different things are conventionally grouped under this title, it seems appropriate to us to recall the
historical development of the so-called Mach principle, in order thereby to distinguish the original and
proper meaning of this principle from later additions and interpretations.

The emergence of the Mach principle is based on a simple empirical fact: namely, that inertial systems, for
which Newtonian mechanics holds approximately, are, with a high degree of approximation, rotation-free
with respect to the "fixed-star system." E. Mach, in particular, drew attention to this fact; he rightly
emphasized that such a striking fact is not anchored in the foundations of Newtonian mechanics and
made this circumstance the starting point of his critique of Newton’s concept of “absolute space” (and
likewise “absolute time”). Mach expressed the conjecture that this coincidence of a “dynamically” defined
reference frame and, on the other hand, a purely “kinematically” defined reference frame could not be
accidental. In this conjecture (and also in the subsequent critique), one must undoubtedly see the origin
of Mach’s principle. When Einstein, after completing the special theory of relativity - which had
demonstrated the untenability of Newton’s conception of absolute space and absolute time - proceeded
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to formulate the general theory of relativity, it was natural for him to use the “Mach principle” as a heuristic
principle for the extension of his theory. But the further development of the general theory of relativity has
shown that the Mach principle was dispensable for its foundation. Neither the formulation of the general
covariant field equations of gravitation has anything to do with the Mach principle, nor are the known
solutions to these equations consistently in agreement with this principle. Consequently, the significance
of the Mach principle for physics has become doubtful, and it has even fallen into disrepute among many
physicists.

Despite these valid objections, the fact remains that the aforementioned astronomical phenomenon
cannot be explained by either Newtonian mechanics or the general theory of relativity. Modern
astronomical research has exacerbated rather than alleviated the situation. Current knowledge of the
arrangement of galactic systems in space has increasingly demonstrated how precisely the “inertial
compass”and the “fixed-star compass” (oriented toward extragalactic systems) coincide. We would like
to see this circumstance as decisive evidence that Mach’s principle, in its original cosmological
significance, cannot be set aside even today. This, however, simultaneously raises the question of what
the physical basis of this fact is. In our view, Einstein has already provided the correct answer to this
question. For the determination of the metric (inertial systems) is generally not determined solely by the
distribution of matter in space, but also by boundary conditions , for example, of the metric field in the
ly infinite space, a determination of the metric in accordance with Mach’s ideas can only take place if the
boundary conditions in infinity are eliminated altogether. It then goes without saying that the metric and
thus the phenomena of inertia (as well as the propagation of light) are, for given field equations (with or,
better yet, without a cosmologicalA term), determined exclusively by the “matter tensor”T,, , whereby
Mach’s principle also acquires a directly comprehensible concrete meaning. According to this, the
universe must be finite and closed in its spatial extent. It suffices here to emphasize that the Mach
principle, in its true sense - in contrast to later interpretations - is a cosmological principle that refers to
the global (topological) structure of the universe as a whole. Since there are countless cosmological
models but only one real universe, the Mach principle will assume the role of a selection principle that,
from the large number of possible models, identifies a few as physically viable is set apart. This also
implies that, in this sense, the Mach principle cannot be a strictly “constitutive” principle of experience -
one that (like, for example, the requirement of general covariance of the field equations) can be used to
derive laws of nature - but rather that it possesses the character of a “regulatory” principle (in Kant’s
sense). It is above all in this that the special status of Mach’s principle vis-a-vis other physical principles
seems to us to be grounded. On the other hand, however, there is initially no logically compelling reason
to view the effects understood as an expression of the “relativity of inertia” (change in mass in a
gravitational field) as being in direct connection with the cosmological question. We must rather regard
this as a free interpretation of Mach’s ideas by Einstein, whereas no hints of this kind are to be found in
Mach. To dispel all doubt as to how Einstein interpreted Mach’s ideas, here are a few characteristic
sentences from his summary presentation “Fundamentals of the Theory of Relativity”:

“Secondly, however, the theory of relativity makes it probable that Mach was on the right track with his
idea that inertia is based on a certain interaction of matter. For we shall demonstrate in what follows
that, according to our equations, inertial masses interact with one another (albeit very weakly) in the sense
of the relativity of inertia. What must be expected in the light of Mach’s idea?

1. Theinertia of a body must increase when ponderable masses are accumulated in its vicinity.

2. Abody mustexperience an accelerating force when masses in its vicinity are accelerated, and
this force must be in the same direction as that acceleration.

3. Avrotating hollow body must generate a "Coriolis field" within itself, which deflects moving bodies
in the direction of rotation, as well as a radial centrifugal field.

We will now show that, according to our theory, these three effects expected based on Mach’s ideas must
indeed exist, albeit to such a small extent that confirmation through laboratory experiments is out of the
question.”



Point 1 addresses the problem discussed in detail here of the influence of the gravitational field on mass.
The final remark regarding the smallness of the effects is not entirely correct, insofar as “laboratory
experiments” are understood to include astronomical observations. Since the changes in all physical
quantities in a gravitational field are interrelated, one can certainly relate the first-order general relativistic
effects (redshift and light deflection in a gravitational field) to the small change in mass.

Point 3, however, is of particular interest (point 2 will not be discussed further here). This concerns the so-
called Thirring effect, according to which, inside a rotating hollow body, a mass point moving
perpendicular to the axis of rotation is deflected in the direction of the hollow body’s rotation. The
centrifugal effect mentioned above within rotating hollow bodies also follows from the theory, as Mr.
Thirring has shown. This effect seems to point directly to Mach’s principle, and some have sought to see in
it a confirmation of Mach’s ideas (analogy to Newton’s bucket experiment). However, the unsatisfactory
aspect of this interpretation lies in the fact that H. Thirring frames the problem in terms of his
approximation method such that the metric field merges into the limit values of the pseudo-Euclidean
metric in infinite space, so that the hollow body actually rotates relative to empty “absolute” space.

To make the connection with Mach appear more compelling, Mrs. Ch. Soergel-Fabricus has modified
Thirring’s calculation as follows: Instead of starting from the Euclidean metric of empty space, one starts
from the metric in the closed Einstein universe as the “basic metric.” Then, isolate a small fraction of the
matter at every point and let it rotate “rigidly” at a constant angular velocity along a previously chosen
spatial geodesic. After determining the gravitational field in a first approximation to the Einstein metric, one
discusses the motion of a test body to see whether the influence of the rotation can be described by
Coriolis and centrifugal forces and how these additional forces arise. One can now very simply summarize
the results of Ms. Sérgel -Fabricus be summarized very simply as follows: the form and magnitude of these
additional forces are exactly what one would expect quantitatively based on Mach’s principle. Boundary
conditions do not apply in the Einstein universe, so that the total inertial effects are attributable to the
internal interaction of matter.

Ms.Soergel-Fabricius’scalculations seem significant to us not only because they give Mach’s
ideas a more concrete form, but above all because this example clearly shows how the two lines of
thought traditionally associated with the Mach principle, are intrinsically connected: the effects
understood as the “relativity of inertia” with the cosmological problem. It thus also becomes apparent that
the entirety of Einstein’s views does indeed stem from a single source.

In this context, it should be particularly noted that even when assuming the hypothesis of the relativity of
inertia, it makes good physical - and at the very least practical - sense to speak of “absolute rotation.” For
there are cosmological models with non-zero density (e.g., static Einstein -cosmos), in which, essentially
(i.e., apart from trivial coordinate transformations), an axially symmetric coordinate system can be
introduced in only one way, such that, with respect to this system, all matter is at rest and no Coriolis or
centrifugal forces occur. Such a system approximately assumes the role of an inertial system in the
standard theory; with respect to any other reference frame “rotating” relative to this distinguished system,
the familiar “apparent forces” immediately arise. However, in such a cosmological model, it poses no
fundamental difficulty to attribute the occurrence of these forces to interactions of matter. - In many
models, it even makes concrete sense to retain the concept of “absolute velocity.” As examples, let us
consider the non-stationary world models with isotropic expansion or contraction. In these models, the
following simple law applies to peculiar motion (translational inertial motion of isolated masses):pR =
const , where p = p(t) denotes the momentum measured “relative to the substrate,” andR = R(t) denotes
the time-varying (average) radius of curvature of the cosmos. The substrate itself has a specific state of
motion at every location and at every time, which is equated with that of rest can be defined. This “rest
frame” is apparently physically well-defined; for mass points that have zero velocity relative to this frame
do not change their state of motion (p(t) = 0). The fact that the momentum (and thus also the velocity)
relative to the substrate generally (for p > 0) and increases during contractions can, in the sense of Mach’s
principle, very well be understood as the effect of an induction of the surrounding matter (the material
substrate) on the mass point (this is an effect as described above under point 2 (p. 400). In the expansion
of a cosmos without matter (such as the de Sitter cosmos, in which the state of motion of the substrate is
nevertheless determined everywhere), such a physical interpretation would of course be invalid. The
paradox of the concept of “absolute velocity” lies in the fact that even in this case such a concept can still
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be defined kinematically (i.e., with respect to the “substrate” that has become immaterial). With this
conceptualization, which is possible “in itself,” one has, however, already strayed so far from the original
concept of velocity - which is, of course, a relational concept, i.e., based on the perception of a materially
detectable reference body - that such concepts and ideas cannot be perceived as anything other than
“unnatural” or “unphysical.”

From these considerations, we may well conclude that, among the great variety of exact solutions to the
field equations of general relativity, there are only a few that come into consideration for describing the
actual conditions, both in terms of empirical facts and in terms of the a priori requirements to be placed
on a theory. In making the necessary selection here, however, Mach’s principle will be able to provide an
important guide. -

We could conclude our discussion here, were it not for the fact that views have recently been put forward

that are entirely contrary to the spirit of the general theory of relativity and that regard Mach’s principle in a
purely negative light. Since this is a body of thought that should not be abandoned without good reason, a
few general remarks may follow here.

All effects predicted by the general theory of relativity with respect to the planetary and Milky Way systems
are extraordinarily “small” (and therefore have not yet been determined experimentally with sufficient
precision), i.e., the deviations from the laws known since Newton, Maxwell, and the special theory of
relativity are very slight. From an empirical standpoint, it is therefore natural to proceed from the fact of
inertial systems and the Lorentz invariance of the fundamental equations applicable to them, and to
incorporate the gravitational effects into the framework of a complete conceptual language provided
thereby. This procedure was also followed in the preceding discussion. The same standpoint has recently
been taken in an interesting paper, albeit in a decidedly polemical stance against the general theory of
relativity and especially against Mach principle. W. Thirring shows in particular that in this way a far-
reaching adaptation of Einstein’s theory of gravitation—at least as far as first-order effects are
concerned—to the formalism of field theory for elementary particles can be accomplished, so that
gravitation does not appear to occupy any special position vis-a-vis other types of elementary interactions.
W. Thirring’s general view, however, goes further in that the Mach principle is not only entirely superfluous
but even contradicts the fundamental concept of quantum field theory. In contrast, it must be emphasized
that the concept of “vacuum” in quantum field theory also presupposes that of inertial systems - and that
it makes good physical sense to ask about the origin of inertial frames and the Lorentz group. This question
need not, of course, be asked within quantum field theory (itis, so to speak, “bracketed out” there); but to
fail to ask it in principle means attributing no significance to the cosmological problem.

The above-mentioned viewpoint, suggested by experience, becomes insufficient, however, as soon as one
considers larger portions of the physical world. For example, the cosmic redshift of extragalactic systems
is a powerful effect that can only be satisfactorily interpreted within the framework of general relativity
(i.e., on the basis of the non-linear field equations). From this perspective, the true domain of general
relativity is cosmology. Just as special relativity only begins to yield results significantly only when one
moves to “large” speeds comparable to the speed of light, so general relativity becomes of decisive
importance only in regions of “cosmic” scale, whose dimensions are no longer small compared to the
mean radius of curvature of the universe. With the question of the nature of the world on a large scale,
however, Mach’s principle is also restored to its former prominence.

Perhaps this latter view also sheds some light on the much-discussed question of the relationship
between general relativity and quantum theory. We have shown in §3 that the action quantumh is entirely
independent of the gravitational field, i.e., also of arbitrarily strong is not influenced by gravitational fields.
This seems to indicate that the scope of the laws of the theory of relativity and those of quantum theory are
far apart; or, to be more precise: that the aspect under which the physical world appears in general
relativity is fundamentally different from the one under which it appears in quantum theory, in such a way
that there is no hope of reducing the laws of quantum theory to those of the theory of relativity (while the
opposite does not appear entirely hopeless). This contrast is famously in the profound difference between
“macrophysics” and “microphysics,” or between classical-deterministic continuum physics and
statistical-discontinuous quantum phenomena. It would therefore be consistent to limit the scope of
general relativity to the macrophysical behavior of bodies and to refrain from extending the space-time
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structure of general relativity into the dimensions of elementary particles and atoms. This view is
suggested precisely by Mach’s principle: for according to it, space and time can only have meaning as
conceivable interrelationships between bodies and between events, but cannot be conceived as
absolute, physically effective realities. Furthermore, rulers and clocks are always finitely extended
measuring bodies whose properties cannot be readily transferred to the differentials of the metric field.
Therefore, the space-time continuum of the theory of relativity is likely to possess the physical significance
of a continuum approximation of interactions between bodies (elementary particles), which are governed
by the laws of quantum theory. This approximation will be all the more accurate the more material bodies
are involved in its construction. The space-time continuum, accordingly, it is merely the “stage” (res
extensa) on which the actual events of the world - quantum events - unfold. In this sense, the gravitational
field does indeed occupy a special position relative to all other types of fields (electromagnetic field,
meson field, etc.).

A (well-known) example may clarify this further. Let a large number of small bodies that generate gravity be
arranged in a plane in a lattice-like pattern and firmly connected to one another; other small bodies of
various massesm strike the lattice from a specific direction (roughly perpendicular to the lattice) and with
equalinitial velocitiesv ; furthermore, let the field of the lattice be superimposed by an external
gravitational field. As long as the mutual distance between the lattice points is very large compared to the

de Broglie wavelength %v , the motion of the free mass points according to the law of gravitation (principle

of equivalence), and all bodies move along identical trajectories regardless of their mass. However, if the
de Broglie wavelength is of the same order of magnitude as the lattice spacing, diffraction occurs and
there is a spectral decomposition of the incident masses according to their momenta, even though all
interactions are gravitational effects. In the latter case, we find ourselves outside the scope of classical
mechanics and gravitational theory, and the laws of quantum theory apply. It thus becomes apparent that
only the laws of gravitational theory are occasionally violated, but never the laws of quantum theory.
Quantum theory therefore takes precedence over classical theory, the most complete formulation of
which is general relativity. Consequently, the laws of the metric field, which are in principle independent of
the elementary laws of quantum theory, cannot possess absolute validity. The regularity of the metric field
would thus be linked - albeit in a statistical sense - to elementary interactions, as is, incidentally, in
accordance with Mach’s principle.



