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THEOREM 4. Let a be an arbitrarily often differentiable function on the real line
having countably many isolated zeros s1, S2, . . . of finite orders ml, M2, ..., respectively.
Denote by A the multiplication operator mapping x into Ax = ax and let E be any
linear space satisfying X = E (3 R*. Then there is a unique continuous linear
op rator A-l :X -- X whose range is orthogonal to E and is such that AA-1 = I.
The boundedness and local property of PE can be proved by using the fact that
every E satisfying E n R* = {a} is locally finite dimensional. Precisely, X =
E @ R* if and only if for every root Sk there exist elements ex e E (X = 0, ...
Mk- 1) with the property that EX(M)(5k) = 6d,, for X, ,u = 0, . . ., mk - 1, where
6),,5 is the Kronecker delta and at each s,, (n + k) the functions Ex vanish with order
Mn. A natural division operator (A-1)*:R* - X is defined on R*, which maps
r* eR* into r*/a E X. Although the operator (A-')* is not continuous, it can be
extended in many ways to a linear operator (A -1) *: X -- X. Namely, each A-1
ha- an adj oint (A -1) *: X -* X whose restriction to R * is the natural division
operator. The null-space of the adj oint operator associated with E is the linear
space E.
T>.e crucial point in the proof is the verification of the condition "[u:au E W]
I) 1 's to Au for every W in 'U." The only non-trivial tool needed in the proof of this
p. po-ition is the generalized mean-value theorem of the differential calculus. The
Dame proposition leads to the solution of the division problem for special types
of divisors in the case of several variables. This includes division by linear functions and by quadratic functions of the form a(si, ... Sn) = Eaksk2, where ak .
o (k = 1, . .., n). Earlier Schwartz proved that division of individual distributions
by "regular" functions is possible.' The principle of localization and a change in
variables show that division by regular functions can be treated globally:
THEOREM 5. Let a be a regular function on a finite dimensional Euclidean space
S and let A :X -- X be the operator corresponding to multiplication by a. Then
there exist continuous linear operators A-1 :X X such that AA -1 = I.
A satisfactory solution of the division problem in general would depend on the
proof of the proposition " [u :au E W] belongs to A for every W in A."
1 L. Schwartz, Theorie des distributions ("Actualites scientifiques et industrielles," No. 1245
,

[Paris: Hermann, 19571), 1, 126-28.
Note added in proof: I was recently informed that the problem of division of fixed distributions
was solved by both L. Hormander and S. Lojasiewicz working independently.
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The purpose of this note is to present some results on the spectral theory of
singular integral operators of the form

Lx(X) = f(X)x(X) + tj cl
+k(
() )d
- X
A
anI
acting on functions x(X) belonging to the class LI(a, b). (The integral which
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appears here is to be interpreted as a Cauchy principal value.) We shall assume
that f(X) and k(X) are real, continuously differentiable functions on the interval
a < X < b, such that the functions f' (X) 4 k' (X) have only isolated zeros and
where k(X) > 0 almost everywhere on the interval a < X < b.
From the theory of singular integral equations' and some results on integrals of
Cauchy type, one can prove
THEOREM 1. The limit points of the spectrum of the operator L lie in the closed
interval [A, B], where A = min{f(X) - k(X)}, B = maxIf(X) + k(X)}.
Next we introduce the functions

E(l, z)

exp {2 anfblogf~f

=

+

du

H(l, X) = E(l, X + iO) - E(l, X - iO),

F(, z)

E(t + iO, z)

=

-

E(-i, z),

and
ob

1
J
+ in, X)
A(t) = - 2ri lim
-,oJ a {H(Q
>0

- H

-i-, X)}dX.

n

Here t and X are real. Then one can prove
LEMMA 1. A(t) > 0 almost everywhere on the interval [A, B].
and
THEOREM 2. The transformations
1

*

b

- H
- iv, X) h(X)dX
lim
Rh(X) = -J H( + i', X)
27ri V).x)(o
>o
-V/2k(X) A (t~)

and
W)

S9

cBF(t, X + iv) - F(, X -i)
(i)dt
J
27rt77--.o A2k (X)A(~Q)
1

i

generate isometries R and S between the subspace L4 of L2(a, b), which is the closure
of the linear manifold L? generated by the elements /2/k(X)H(w, } where

V~_k _(X)Y

ranges over all complex numbers in the exterior of the interval [A, B] and the space
L2(A, B). S is the inverse of R. The space L? is invariant under the operation L.
Furthermore, if h(X) belongs to L>, and if g(t) = Rh(X), then tg(t) = RLh(X).3
From Theorems 1 and 2 we obtain
COROLLARY. The set of limit points of the spectrum of the operator L is the entire
interval [A, B] and if k(X) i 0, a < X < b, then the spectrum of L consists of precisely all the points of the interval above.
Now, one is in the position to prove
THEOREM 3. Consider the function G(X; t) = {f(X) - t- k(X) }/{f(X) - + k(X)},
a < X < b. Suppose that when f(a) - k(a) < t < f(a) + k(a), the function G(X; t)
changes sign at most once in the interval a < X < b and that for all other values of i,
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the function changes signs at most twice. Then the operator L has a simple continuous
spectrum from A = min{f(X) -- k(X)} to B =
+ kI(X)} and the transformations R and S of Theorem 2 furnish a complete spectral representation for L.
F(Q, z) satisfies an identity of the form

maxIf(X)

(Z2 -ZOP% Z1. Z2) F(Q, z1) F(t, Z2) = {E(t + iO, z1) E(t -iO. 2) Q(Q, zD)Q( Z2)_______
(- iO. zD) E(Q + iO, Z2)}, A

< t < B,

where for each fixed (, P( , z1, Z2) is a polynomial in z1 and Z2 with real coefficients
and Q(Q, z) is a polynomial in z with real coefficients. We now make the following
hypothesis:
HYPOTHESIS A.

P(%,

Z1,

Z2)

1
Z2)
C.(, z)Cj(Q,
j= 1 Q~t zlQ,O , Z2)

N

1

QQ9, ZA%~t Z2)

A (t
where the Cj(, z) are polynomials in z, with real coefficients.
One can now prove
LEMMA 2. Suppose that when f(a) - k(a) < t < f(a) + k(a), the function
G(X; t) of Theorem 3 changes signs at most three times in the interval a < X < b,
and that for all other values of i, the function changes signs at most four times. Then
hypothesis A is satisfied and

P(, Zh, Z2)

1

Q(Q, ZA)Q(t, Z2)

A
A()

X"'B(t)/A (0) /B(t)/A(A)

Q(U, Zi)

Q( , Z2)

where B(s) > 0.
THEOREM 4. If the function G(X; t) satisfies the conditions stated in Lemma 2,
then there exists an isometry 61 of L2(a, b) onto the direct sum 3C of the two Hilbert
i 0, A
< B}. 61 "coincides"
spaces L2(A, B) and L2(Z), where E =
with the transformation R of Theorem 2 on the subspace L4 of L2(a, b). Furthermore, 61 furnishes a spectral representation of the operator L. Thus the spectrum
of L has multiplicity <2.
More general self-adjoint operators of the form

I IB(t)

MX (X)

=

f(X)x(X) +

I

rti J

<_t

I g(X )x( )d
M X

can be shown differ from a direct sum of operators of the form L and multiplication
operators by completely continuous operators. Thus we have a method for obtaining the essential spectrum of operators of the form M.
* This research was
performed under the auspices of the Atomic Energy Commission, while
the author was a Visiting Mathematician at Brookhaven National Laboratory.
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