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Introduction

An elliptic curve over Q is said to be modular if it has a finite covering bya modular curve of the form Xc(S). Any such elliptic curve has the property
that its Hasse-LVeil zeta function has an analytic continuation
and satisfies a
functional equation of the standard type. If an elliptic curve over Q with a
given j-invariant is modular then it is easy to see that all elliptic curves with
the same j-invariant
are modular (in which case we say that the j-invariant
is modular). A well-known conjecture which grew out of the work of Shimura
and Taniyama in the 1950’s and 1960’s asserts that every elliptic curve over Q
is modular. However, it only became widely known through its publication in a
paper of Weil in 1967 [We] (as an exercise for the interested reader!). in which,
moreover, IVeil gave conceptual evidence for the conjecture.
Although it had
been numerically verified in many cases, prior to the results described in this
paper it had only been known that finitely many j-invariants
u-ere modular.
111 1985 Frey made the remarkable
observation that this conjecture should
imply Fermat’s Last Theorem. The precise mechanism relating the two was
formulated by Serre as the s-conjecture and this was then proved by Ribec in
the summer of 1936. Ribet‘s result only requires one to prove the conjecture
for semistable elliptic curves in order to deduce Fermat’s Last Theorem.
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Proof.
(i) Let G = imp0 and let Z denote the center of G. Then we
have a surjection G’ --+ (G/Z)’ where the ’ denotes the derived group. By
Dickson’s classification of the subgroups of GLz(fi) containing an element of
order p, (G/Z) is isomorphic to PGLz(k’) or PSLz(1;‘) for some finit.e field k’ of
characteristic p or possibly to As when p = 3, cf. [Di, $2601. In each case we can
find, and then lift to G’, an element of order m with (m. p) = 1 and m 2 3.
except possibly in the case p = 3 and PSL2(Fs) 2 Ad or PGLz(F3) z S*.
However in these cases (G/Z)’ has order divisible by 4 so the 2-$10~ subgroup
of G’ has order greater than 2. Since it has at most one element of exact order
2 (the eigemalues would both be -1 since it is in the kernel of the determinant
and hence the element would be -I) it must also have an element of order 4.
The argument in the Ad, Sd and As cases is similar.
(ii) Since pu is assumed absolutely irreducible, G = im pu has no fixed line.
We claim that the same then holds for the derived group G’. For otherwise
since G’aG we could obtain a second fizzed line by taking (gz) where (2~)is the
original fixed line and g is a suitable element of G. Thus G’ would be contained
in the group of diagonal matrices for a suitable basis and either it would be
central in which case G would be abelian or its normalizer in GLz(I;), and
hence also G, would have order prime to p. Since neither of these possibilities
is allowed: G’ has no fixed line.
By Dickson’s classification of the subgroups of GL2(k) containing an element of order p the image of im pc in PGL2(1;) is isomorphic to PGLz(k’)
or PSLz(K) for some finite field li’ of characteristic
p or possibly to A5 when
p = 3. The only one of these with a quotient group of order p is PSLg(F3)
when p = 3. It follows that p { [G : G’] except in this one case which we t,reat
separately. So assuming now that p i [G : G’] ae see that G’ contains a nontrivial unipotent element U. Since G’ has no fixed line there must be another
noncommuting
unipotent element 2: in G’. Pick a basis for P~]G, consisting
of their fixed vectors. Then let r be an element of Gal(Qc/Q)
for T\-hich the
image of pe(r) in G/G’ is prescribed and let pe(r) = (z 3. Then

has det(6) = det PO(T) and trace 6 = sa(rn@ + c) + br,?? + a + d. Since p 2 3
we can choose this trace to avoid any tn-o given values (by varying s) unless
rn5’+ c = 0 for all r. But rap + c cannot be zero for all r as otherwise
n = c = 0. So we can find a S for which the ratio of the eigenvalues is not
cd(T). det(b) being, of course. fired.
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Sow suppose that impa does not have order divisible by p but that the
associated projective representation
p7; has image isomorphic to 5’4 or As, so
necessarily p # 3. Pick an element r such that the image of PO(T) in G/G’ is
any prescribed class. Since this fixes both det pe(r) and U(T) we have to show
that we can avoid at most two particular values of the trace for 7. To achieve
t,his we can a.dapt our first choice of r by multiplying by any- element of G’. So
pick 0 E G’ as in (i) which we can assume in these two cases has order 3. Pick
a basis for pa. by extending scalars if necessary. so that D ++ (” n-1). Then one
checks easily that if pa(~) = (z i) we cannot have the traces of all of 7, or and
&- lying in a set of the form {oft) unless a = d = 0. However we can ensure
that pa(r) does not satisfy this by first multiplying r by a suitable element of
G’ since G’ is not contained in the diagonal matrices (it is not abelian).
In the AA case. and in the PSLz(Fs) 2 Ad case when p = 3, we use a
different argument.
In both cases we find that the 2-Sylow subgroup of G/G’
is generated by an element z in the centre of G. Either a power of z is a suitable
candidate for pa(u) or else we must multiply the power of z by an element of
G’, the ratio of whose eigenvalues is not equal to 1. Such an element exists
because in G’ the only possible elements without this property are (71) (such
elements necessarily have determinant
1 and order prime to p) and we know
q
that #G’ > 2 as was noted in the proof of part (i).
Remark.
By a well-known result on the finite subgroups of PGLx (Fr,) this
lemma covers all pa whose images are absolutely irreducible and for which p0
is not dihedral.

Let Ki be the splitting field of pa. Then we can view 16’~ and I%*: as
Gal(Ki($)/Q)-modules.
Me need to analyze their cohomology.
R.ecall that
we are assuming that pa is absolutely irreducible.
Let z be the associated
projective representation
to PGLz(k).
The following proposition
PROPOSITION1.11.

is based on the computations

Suppose

that po is absolutely

in [CPS].

irreducible.

Then

Proof.
If the image of pa has order prime to p the lemma is trivial. The
subgroups of GLz(k) containing an element of order p which are not contained
in a Bore1 subgroup have been classified by Dickson [Di. $2601 or [Hu, 11X27]
Their images inside PGL2(X-‘) where I;’ is the quadratic extension of I; are
conjugate to PGLz(F)
or PSLz(F) for some subfield F of k’. or they are
isomorphic to one of the exceptional groups Ad, 5’4.45.
Assume then that the cohomology group Hl(Kl(<,)/Q,
IV,) # 0. Then
by considering the inflation-restriction
sequence with respect to the normal
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subgroup Gal(Kr(&)/Kr)
we see that &, E Hr. Xext, since the representation
is (absolutely)
irreducible,
the center Z of Gal(Ki/Q)
is contained in the
diagonal matrices and so acts trivially on WA. So by considering the inflationrestriction sequence with respect to Z we see that 2 acts trivially on G (and
on IV:). So Gal(Q(<,)/Q)
is a quotient of Gal(Kr/Q)/Z.
This rules out all
cases when p # 3, and when p = 3 we only have to consider the case where the
image of the projective representation
is isomorphic as a group to PGL2(F)
for some finite field of charact.eristic 3. (?;ote that SJ = PGLz(Fs).)
Extending scalars commutes with formation of duals and H’, so we may
assume wkhout loss of generality F C k. If p = 3 and #F > 3 then
H’(PSLz(F),
W,J) = 0 by results of [CPS].
Then if p?; is the projective
represemation
associated to pc suppose that g-i imEg
= PGLz(F) and let
H = g PSLz(F)g-‘.
Then 1%‘~Y I+‘~ over H and
(1.18)

H1(H:

W)$E

N H’(g-‘Hg.

g-l(wAFQ)

= 0.

\f7e deduce also that H’(impa,
II;{) = 0.
Finally we consider the case where F = F3. I am grateful to Taylor for the
following argument. First we consider the action of PSL2(Fz) on W’,Jexplicitly
by considering the conjugation action on matrices {A E Afz(Fs) : trace A = O}.
One sees that no such matrix is fixed by all the elements of order 2. whence
H’(PSL2(F3).

IV>) N H’(Z/3.

(WA)c2”c2)

= 0

where C’2x Cz denotes the normal subgroup of order 4 in PSLz(Fa) N -34. Next
we verify that there is a unique cop\- of A4 in PGL2 (Fa) up to conjugation.
For suppose that =1. B E GLz(Fs) are such that A2 = B2 = I with the images
of A. B representing distinct nontrivial commuting elements of PGLz(Fs).
\le
can choose A = (A -4 by a suitable choice of basis, i.e.: by a suitable conjugation. Then B is diagonal or antidiagonal
as it commutes with,A up to a
scalar, and as B. .4 are distinct in PGLz(F3) we have B = (5: -i- ) for some
a. By conjugating
by a diagonal matrix (which does not change A) we can
assume that a = 1. The group generated by {A, B} in PGLz(Fa) is its OVAI
centralizer so it has index at most G in its normalizer N. Since LV/(.4. B) 2 Ss
there is a unique subgroup of N in n-hich (.A. B) has index 3 xvhence the image
of the embedding of AA in PGL2(F 3) IS indeed unique (up to conjugation).
So
arguing as in (1.18) by extending scalars we see t,hat H’(im,~a. IV,“) = 0 when
F = F3 also.
0
The following lemma was pointed out to me by Taylor. It permits
dihedral cases to be covered by the methods of Chapter 3 and [TIV].
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dw

integer n and any irreducible
Galois stable
exists an element u E Gal(Q/Q)
SUCILthat

>
subspace

X

# 1:

(ii) o fires Q(<,n).
(iii) fl has an eigenvalue

1 on X.

Proof.
If PO is dihedral then pe 8 i = Indg x for some H of index 2 in G,
where G = Gal(Kl/Q).
(As before. K 1 is the splitting field of pu.) Here H
can be taken as the full inverse image of any of the normal subgroups of index
2 defining the dihedral group. Then IIT, @ i N 6 @ Ind$(X/X’) where 6 is the
quadratic character G + G/H and X’ is the conjugate of X by any element of
G - H. Sote that y # y’ since H has nontrivial image in PGLz(i).
To find a a such that 6(a) = 1 and conditions (i) and (ii) hold; observe
that Ai
is abelian where M is the quadratic field associat,ed to 6. So
conditions (i) and (ii) can be satisfied if PO is non-abelian.
If 00 is abelian (i.e.,
the image has the form Z/2 x Z/2): then we use hypothesis (b). If Indg(x/X’)
is reducible over L then Ii, g il is a sum of three distinct quadratic characters.
none of which is the quadratic character associated to L. and we can repeat
the argument by changing the choice of H for the other two characters.
If
X = Ind$();/X’) E k is absolutely irreducible then pick any cr E G - H. This
satisfies (i) and can be made to satisfy (ii) if (b) holds. Finally. since g E G-H
we see that o has trace zero and o * = 1 in its action on X. Thus it has an
eigenvalue equal to 1.
13
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2

In this chapter we study the Hccke rings. In the first section we recall
some of the well-knon-n properties
of these rings and especially the Gorenstein property whose proof is rather technical. depending on a characteristic
?, version of the q-cspansion principle. In the second section WC compute the
relations bct\veen the Hecke rings as the level is augmented.
The purpose is to
find the change in the T)-invariant as the level increases.
In the third section n-e state the conjecture relating the deformation rings
of Chapter 1 and the Hccke rings. Finally we end xv-it11the critical step of
shoving that if the conjecttue is true at a minimal level then it is true at
all level>. By the rc,~ults of the al,pendir the conjccturc is eqnivalent to the
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