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ADDENDUM TO “A HILBERT SPACE OF DIRICHLET SERIES
AND SYSTEMS OF DILATED FUNCTIONS IN L2 (0, 1)”
HÅKAN HEDENMALM, PETER LINDQVIST, and KRISTIAN SEIP

In the present note we comment on some relevant references of which we were
unaware when we published our work in the Duke Mathematical Journal in 1997
[HLS]. We also take the opportunity to report about the present state of a conjecture
in this work. We would like to thank M. Balazard, J. Neuwirth, and E. Saksman for
valuable pieces of information.
The main problem treated in our work was to ﬁnd necessary and sufﬁcient conditions for completeness and basis properties of the system ϕ(x), ϕ(2x), ϕ(3x), . . . of
functions in L2 (0, π ), where
ϕ(x) =

∞


an sin(nx),

n=1

∞


|an |2 < ∞.

n=1

Thus series of the type
(1)

c1 ϕ(x) + c2 ϕ(2x) + c3 ϕ(3x) + · · · ,

∞


|cn |2 < ∞,

n=1

are considered. The auxiliary Dirichlet series
(2)

ϕ(s) =

∞


an n−s ,

s = σ + it,

n=1

plays a central role. We assume that a1  = 0. As in [HLS], we denote by Ᏼ the Hilbert
space of square-summable Dirichlet series.
In 1944 A. Wintner [W2] introduced series (2) and derived a necessary condition for
the L2 -convergence of all series (1) with square-summable coefﬁcients: the auxiliary
Dirichlet series (2) has an extension as an analytic and bounded function to the
half-plane σ > 0. A. Beurling in [B] used the same Dirichlet seriesin a seminar in
−s is a
1945. In hindsight one may say that Wintner’s condition means that ∞
n=1 an n
multiplier. This characterization of the multipliers is the content of our Theorem 3.1.
Wintner also gave some sufﬁcient conditions for the system {ϕ(nx)}n to be complete in L2 (0, π ). In particular, he studied the example
ϕ(x) =

∞


n−λ sin(nx)

n=1
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and proved that the corresponding system of functions is complete if and only if
e(λ) > 1/2. This is now a special case of our Theorem 5.8. The completeness has
been studied in [B], [Bo], and [NGN].
The Riesz bases were given the following characterization in our work.
Theorem 1. We have a Riesz basis in L2 (0, π) if and only if ϕ(s) is analytic
and bounded away from 0 and ∞ in the whole right half-plane e(s) > 0.
In other words,
(3)




∞
−σ −it 
δ≤
a
n
≤M
n=1 n

when σ > 0,

for some positive constants δ and M. Here we want to acknowledge that R. Gosselin
and J. Neuwirth earlier had given a similar criterion, though under an additional
assumption that, strictly speaking, makes their condition sufﬁcient but not necessary.
In [GN], they formulated their results in terms of the boundary function
ϕ(it) =

∞


an n− it ,

−∞ < t < ∞.

n=1

Theorem 2 (Gosselin-Neuwirth). Suppose that ϕ(it) is almost periodic in the
sense of Bohr. Then we have a Riesz basis if and only if 1/ϕ ∈ Ᏼ and
inf

−∞<t<∞

|ϕ(it)| > 0.

The auxiliary Dirichlet series ϕ now deﬁnes a function that is uniformly continuous in the closed half-plane e(s) ≥ 0 and analytic in the open half-plane. We refer
the reader to [Bes] for the relevant theory of Besicovitch almost-periodic functions.
Under the assumptions of Theorem 2, it is easy to see that we have (3). However,
the almost periodicity of ϕ(it) is far from needed to guarantee (3). An example is
induced by the Dirichlet series
 3e + 1 1
1
1 −s
−s
−s
3 + e−(1+2 )/(1−2 ) =
− 2−s +
8 +··· ,
ϕ(s) =
4
4e
2e
16e
satisfying the inequalities
1
< |ϕ(s)| < 1 when
2
The inequalities follow from the estimate




0 < e−(1+z)(1−z)  < 1,

e(s) > 0.

|z| < 1,

which also shows that we get square-summable coefﬁcients. The corresponding system is a Riesz basis, according to our theorem. However, the function ϕ(it), −∞ <
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t < ∞, is not uniformly continuous, because of the behaviour at the points t =
2nπ/ log 2, n = 0, ±1, ±2, . . . , and a fortiori not almost periodic in the sense of
Bohr. This Riesz basis is outside the scope of Gosselin’s and Neuwirth’s theorem.
Let us turn to the conjecture of almost everywhere convergence of the Fourier series
associated with a Dirichlet series. A “character” χ is deﬁned as a totally multiplicative function of absolute value 1: χ (mn) = χ(m)χ(n) when m, n = 1, 2, 3, . . . and
|χ (n)| = 1. We conjectured that for an arbitrary square-summable sequence {an }n of
complex numbers, the series
∞

an χ (n)
n=1

should converge for almost every character χ. This is analogous to L. Carleson’s
convergence theorem for Fourier series [C]. Recently, E. Saksman and H. Hedenmalm [HS] proved that this is so by adapting C. Fefferman’s technique in [F], which
transfers the problem of convergence of multiple Fourier series back to Carleson’s
one-dimensional Fourier series setting. It is a simple application of this result that
√

χ (1) + χ (2) + · · · + χ (N) = ᏻ N log1/2 N(log log N)1/2+ε
holds as N → +∞ for almost every character χ. This settles the conjecture on
character sums made in [HLS].
Finally, we point out that two intriguing series of the form (2) were mentioned by
B. Riemann in the sixth section of his famous Habilitationsschrift, published in 1854.
See [R], [CW], [W1], and [H]. The ﬁrst study of “general” series of this type seems
to be due to F. Jerosch and H. Weyl in 1909 [JW]. Some more recent work about
pointwise behaviour is [G] and [Ber].
References

[Ber]
[Bes]
[B]
[Bo]
[C]
[CW]
[F]
[G]
[GN]
[H]


I. Berkes, On the convergence of
cn f (nx) and the Lip 1/2 class, Trans. Amer. Math.
Soc. 349 (1997), 4143–4158.
A. Besicovitch, Almost Periodic Functions, Dover, New York, 1955.
A. Beurling, The Collected Works of Arne Beurling, Vol. 2: Harmonic Analysis, Contemp.
Mathematicians, Birkhäuser, Boston, 1989, 378–380.
D. Bourgin, A class of sequences of functions, Trans. Amer. Math. Soc. 60 (1946), 478–518.
L. Carleson, On convergence and growth of partial sumas of Fourier series, Acta Math.
116 (1966), 135–157.
S. Chowla and A. Walﬁsz, Über eine Riemannsche Identität, Acta Arith. 1 (1936), 87–
114.
C. Fefferman, On the convergence of multiple Fourier series, Bull. Amer. Math. Soc. 77
(1971), 744–745.
V. Gaposhkin, Convergence and divergence systems (in Russian), Mat. Zametki 4 (1968),
253–260; English translation in Math. Notes 4 (1968), 645–649.
R. Gosselin and J. Neuwirth, On Paley-Wiener bases, J. Math. Mech. 18 (1968/69),
871–879.
P. Hartman, On a class of arithmetical Fourier series, Amer. J. Math. 60 (1938), 66–74.

178
[HLS]
[HS]
[NGN]
[R]

[W1]
[W2]

HEDENMALM, LINDQVIST, AND SEIP
H. Hedenmalm, P. Lindqvist, and K. Seip, A Hilbert space of Dirichlet series and systems
of dilated functions in L2 (0, 1), Duke Math. J. 86 (1997), 1–37.
H. Hedenmalm and E. Saksman, Carleson’s convergence theorem for Dirichlet series,
manuscript, 1999.
J. Neuwirth, J. Ginsberg, and D. Newman, Approximation by {f (kx)}, J. Funct. Anal. 5
(1970), 194–203.
B. Riemann, “Über die Darstellbarkeit einer Function durch eine trigonometrische
Reihe,” Habilitationsschrift, 1854, in Gesammelte mathematische Werke und wissenschaftlicher Nachlass, Teubner, Leiptzig, 1892, 227–265.
A. Wintner, On a trigonometrical series of Riemann, Amer. J. Math. 59 (1937), 629–634.
, Diophantine approximations and Hilbert’s space, Amer. J. Math. 66 (1944), 564–
578.

Hedenmalm: Department of Mathematics, University of Lund, Box 118, S-22100 Lund,
Sweden
Lindqvist and Seip: Institute of Mathematical Sciences, Norwegian University of Science
and Technology, N–7034 Trondheim, Norway

