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Chapter 1

Introduction

The hydrogen atom has a long history as a testing ground for new physical
ideas. It is one of the most simple bound states one could imagine, consisting
of a single electron and a much heavier proton and thus it is very easy to
treat theoretically and to measure very subtle effects experimentally. [Balmer
(1885) first discovered the spectral lines of hydrogen due to transitions of the
electron from higher excited states to the first excited state above the ground
state. Balmer/ found that the wavelengths corresponding to the spectral lines,
the so called Balmer series, follow the law

1 1 1

Already in 1888, Rydberg presented an empirical formula,

)

1 1 1
ARd(——> nm N mgsn. (12

which describes the wavelengths of transitions between two different states of
excitation in terms of two integer numbers. Later these were identified with
the principal quantum number of the hydrogen atom, of course. The Rydberg
constant Ryd introduced in eq. amounts to ~ 1.1 - 10" m~!, which
corresponds to an energy of approximately 13.6 eV. The series of spectral
lines originating from transitions to the ground state were found by Lyman
(1906)) in the ultra violet and more spectral series of hydrogen have been
discovered in later years at lower energies.

The first theoretical model that explained the hydrogen spectrum was
developed by Bohr| (1913) in a series of papers. In this model, the electron
orbits the proton on classical trajectories, like a planet orbits the sun, but
the angular momentum of the electron is set to be quantized, L = n € N.
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This in turn leads to discrete energy levels,

Ryd ma?

Ryd =
n27 y 27

where m is the reduced mass of the electron in the hydrogen atom and « the
fine-structure constant, introduced by Sommerfeld in 1916. The Rydberg
constant follows here as a prediction of the theory. The transitions between
the different Bohr levels lead to the emission of photons with wavelengths
given by the Rydberg formula (L.2).

Already [Michelson| (1892) found that the spectral lines were actually mul-
tiplets of lines very close together. At first this could be explained in the more
refined Bohr-Sommerfeld model (Sommerfeld} (1916]) but it was only with the
upcoming of the new quantum mechanics that a satisfying answer could be
found.

In (1925 Heisenberg introduced a new perspective on the microscopic pro-
cesses of atoms, which he called matrix mechanics. It was elaborated rigor-
ously by Born and Jordan| (1925) and Born, Heisenberg and Jordan (1926))
and is nowadays known as the operator formalism. Using this new formal-
ism [Pauli| (1926]) was able to derive the Bohr energy levels . Very soon
afterwards, Schrodinger| (1926) introduced the wave function and with it
the equation named after him. From this equation he was able to derive
the energy levels but with the wave function he also found the spatial
distribution for the probability to find the electron in the hydrogen atom.
Again soon afterwards Dirac| (1928a,b)) developed a quantum theory which
incorporated special relativity at its basis. The equation named after him
naturally includes the spin of the electron and reduces to the Schrodinger
equation in the non-relativistic limit. The Dirac equation can also be solved
for the hydrogen atom (Gordon| [1928)) and features the line splittings found
by Michelson| (1892), which are due to the electron spin (spin-orbit coupling)
and relativistic corrections.

In |1947 Lamb and Retherford| found yet another very small splitting be-
tween spectral lines which could not be explained by Dirac’s theory. This
additional shift, called Lamb shift, originates from quantum effects of the
electromagnetic field. Its theoretical description makes it necessary to quan-
tize the electromagnetic field. The effort to extend the quantum mechanics
of point particles, interacting via a classical electromagnetic field, to a full
quantum field theory had already started much earlier in the late 1920s and
involved contributions by many physicists. It is a theory of quantized fermion
and photon fields and was called quantum electrodynamics (QED). For two
decades, however, serious divergences which occurred in the calculation of
observable quantities made it unclear how to make use of this theory. The

E,=—

(1.3)



experiment of Lamb and Retherford| (1947) constituted an important guide
for the theoretical development in this point, because soon [Bethe| (1947)
found a way of how to extract useful information out of QED despite di-
vergent expressions. Subsequently the theory was elaborated mainly in sev-
eral series of papers by [Tomonaga| (1946)), Koba et al.| (1947alb), Kanesawa
and Tomonaga, (1948a,bl), Tomonaga and Oppenheimer| (1948) and indepen-
dently by |Schwinger| (1948alb, [1949a,b|) but also independently by Feynman
(1948clfallb, [1949bla, (1950) and also by [Dyson| (1949alb). [Salpeter and Bethe
(1951) then elaborated a field theoretic framework for the treatment of rel-
ativistic bound states in which dynamics is governed by the Bethe-Salpeter
equation. The theoretical predictions derived from QED are able to repro-
duce experimental results to an accuracy never seen before.

This is, however, not the end of the story. Feynman| (1948¢c) proposed
a new way to view quantum mechanics, which he called the spacetime-
approach, and is nowadays known as the path integral formalism. This
formalism is equivalent to Heisenberg’s matrix mechanics and Schrodinger
theory and is especially useful in the field theoretic context of QED. Solv-
ing the path integral of the hydrogen atom, however, turns out to be very
complicated and involves much more elaborate calculations than in previous
approaches. It took a long time until this problem was finally solved by Duru
and Kleinert, (1979).

Meanwhile progress was made using the methods of group theory to un-
derstand the symmetries governing the dynamics of the hydrogen atom. Al-
ready the derivation of the energy levels by Pauli (1926)) relied on its SO(4)
symmetry. It was shown by [Kleinert (1968a,b) that all properties of the
hydrogen atom that were known from Schrodinger theory could be formu-
lated in terms of group operations of its symmetry group SO(4,2), which is
therefore called the dynamic group of the hydrogen atom.

to be mentioned: effective field theory

This script gives an overview over the fundamental, theoretical methods
in the treatment of the hydrogen atom since the upcoming of the "new”
quantum mechanics in 1925. At the current moment it comprises the non-
relativistic treatment via the formalisms of Heisenberg, Schrodinger and
Feynman, including group theoretic methods, and relativistic treatments us-
ing the Dirac equation both for the electron and for the two-particle system of
electron and proton. Also the lowest order of radiative corrections (O(ma®))
is reviewed in the context of QED.

The only experimental input that enters into the calculations are the
fine-structure constant o and the masses of electron m, and proton m, from
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which the total mass M = m, + m, and the reduced mass m = m.m,/M
are calculated. The values of these quantities are taken from Nakamura and
Particle Data Group (2010),

o = 7.2973525698(24) - 107°
m. = 0.510998928(11) MeV
m, = 938.272046(21) MeV
M = 938.783045 MeV
m = 0.510720781 MeV. (1.4)

It is also a common way to represent the value of the fine-structure constant
as ! = 137.035999074(44). The theoretical energy levels which are cal-
culated will be compared to the experimentally measured values which are
taken from NIST and can also be found in |Kramidaj (2010). Table dis-
plays the experimental results for the ground state 1s up to the 4f state as
well as the relative deviation of the energy levels from Bohr and Schrodinger
theory and from Dirac theory. One can see that even without radiative cor-
rections from full QED, the theoretical models reproduce the experimental
values very accurately.

To be included in the future:

1. effective field theory
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Table 1.1: Experimental values of the hydrogen energy levels as given in
(Kramidal, |2010) and the relative deviation of the theoretical energy lev-
els from the non-relativistic theories of Bohr, Heisenberg and Schrodinger
(O(a?)), from the relativistic Dirac theory, expanded up to order a?, and
from the QED calculations up to order o’.

State | Experiment (eV) [ Dev. O(a?) | Dev. O(a?) | Dev. O(a”)

181/2 0
2P 2 10.1988055286 9-10°° 3.10°° 3.10°°
251/ 10.1988099034600 | 9 - 10~ 3.10°¢ 3.10°8
2P 5 10.1988508929 1-107° 3.10°¢ 3.10°8
3Py, 12.087492922 1-107° 3-10°° 3-10°8
351/ 12.087494224 1-107° 3.10°¢ 3.10°8
3Ds 12.087506341 1-107° 3.10°¢ 3.10°8
3Py, 12.087506364 1-107° 3.10°¢ 3.10°8
3Ds 12.087510821 1-107° 3.10°6 3.10°8
4Py, 12.74853166921 | 1-10~° 3.10°° 3.10°°
481/ 12.74853221952 | 1-107° 3.10°6 3.10°8
4Dy, 12.7485373313 1-107° 3.10°¢ 3.10°8
4Py, 12.74853733962 | 1-1075 3.10°¢ 3.10°8
4D; 5 12.74853922041 | 1-107° 3.10°¢ 3.10°8
4F5 12.748539221 1-107° 3.10°¢ 3.10°8
4F7 12.7485401632 1-107° 3.10°6 3.10°8
Continuum | 13.598433770784 | 1- 1077 2-10°° 3.10°°




Chapter 2

Heisenberg’s matrix mechanics

Given the problems that the ”old quantum mechanics” of the models of |Bohr
(1913), Sommerfeld| (1916]) had and the fact that these models were based on
quantities which are in principle unobservable, such as position and orbital
period of the electrons in an atom, Heisenberg invented a novel way to think
about the microcosmos. Only observable entities enter his approach, which
is somewhat similar to classical physics concerning its overall structure but
completely different in character.

The seminal ideas of Heisenberg| (1925) were elaborated further mathe-
matically by Born and Jordan| (1925), Born et al.| (1926)) to become the "new
quantum mechanics”, called matrix mechanics. Since there are many books
on basic quantum mechanics, their formalism is presented here only briefly
in a modern notation.

2.1 Matrix mechanics

Let H be a Hilbert space and ‘H* its dual and [¢) and (x| their respective
elements (i.e. vectors and covectors). We denote the scalar product on #H
as (x|¥). The state of a quantum mechanical system is represented by a
vector in H. Given the components 1, = (n|¢)) with respect to a basis |n)
the components of (1| are given by ¢ = (¢o|n). From this we deduce the
relation (x|¥)" = (1|x). Observables are given by operators A acting on the
vectors [¢), which represent quantum mechanical systems. Every possible
outcome of a measurement of the quantity A corresponds to an eigenvalue a
in its spectrum,

Aly) = aly). (2.1)

12
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The expectation value of an operator is denoted by

(dy = lAlw) (2.2)

@l
One of the "axioms” of matrix mechanics is that the vectors |¢) are constant

in time, while the evolution of operators A is generated by the Hamiltonian
operator H,

[A, H], (2.3)

where dA/ dt = A. This equation is called the Heisenberg equation. The
Hamiltonian operator H (from now on simply Hamiltonian) is easily ob-
tained from the classical Hamiltonian function H by substituting dynamical
variables with operators. For example the Hamiltonian for a single parti-
cle of charge ¢ in an external 4-vector potential (P, ff) is obtained from the
classical Hamiltonian function as

(ﬁ_ qA<t7 f))Q ' (ﬁ_ q/T(t, '%))2

H +q®(t,7) — H= 5 + q®(t, 7). (2.4)
m

However, since operators do not commute in general, this correspondence
principle does not determine the Hamiltonian uniquely. This is to be ex-
pected since one can only derive classical mechanics from the more funda-
mental quantum mechanics and not the other way around.

From the Heisenberg equation it follows that an operator which does
not explicitly depend on time represents a conserved quantity, if and only if it
commutes with the Hamiltonian. For the momentum and position operators,
correspondingly, we have

L e 4 2

5= 15 11), P =< [7 ). (25)
The second ”axiom” is given by the commutation relations of the position
operators 2/ and momentum operators p;,

[ij7j7k] = 07 [ﬁj;ﬁk] = 07 [ij7ﬁk] = 5jk' (26)

One might now wonder why this formalism is called matrix mechanics and
also why we even introduced the Hilbert space H and its elements |¢)) if
dynamics are given by the operators, anyway. First, if we chose a basis |n)
every operator A is equivalent to a matrix with components @y, = (m|A|n).
In the early papers on quantum mechanics such as the ones referred to in this
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work, a basis that diagonalizes the Hamiltonian His always chosen implicitly
so that all operators are indeed given by matrices in the energy eigenbasis.
The second point needs a little more explanation. One can write down a
formal solution to eq. for operators that do not explicitly depend on
time, 9, A = 0. If we define the unitary time-evolution operator U as

ty N-1
Ultx to) = Texp | —i / atfi(n)| = lm 7] (1- i), (@7
N—o0

to n=0

where t,1, = At +t,, At = (tx —to)/N. The action of the time-ordering
operator T is such that all expressions on its right get ordered with later
times to the left, i.e.

Ulty, to) = (1 - mtﬁ(tN,l)) . (1 - mtﬁ(tl)> (1 . z’Atﬁ(tO)) . (28)

Obviously U has the properties

Ut tr) = U (tg, 1), Uty ts) = Ulty, to)U (to, 1),
%ﬁ’ti) —iH(tp)U(ts, ), %tfl’) = +il(tp, t)H(t).  (2.9)
The solution to eq. then reads
A(t) = U (t, to) A(to)U(t, o). (2.10)

In this expression lies the answer to why we introduced the Hilbert space H.
Outcomes of measurements a(t) are given by expectation values

a(t) = (A(t)) = (V| A@)), [¥) = [¥(to))- (2.11)

Since the prescription (2.10]) basically shifts time-evolution to the operator
U we do not change the predicted outcome of measurements by attaching U
to the vectors |v),

a(t) = WOIAR(@), o) =U)l(t), A= Alt).  (212)

In going from eq. to eq. we did not change the formalism, but
only the picture of the quantum dynamics. The prescription corresponding
to eq. , where operators evolve and states are constant is called the
Heisenberg picture, whereas the prescription corresponding to eq. ,
where operators are constant and states evolve, is called the Schrodinger
picture. In the Heisenberg picture dynamics are completely given by the
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operators, thus it is justified to call it matrix mechanics. One should note
that in the Schrodinger picture, eq. (2.12) implies the equation of motion

d(t))
dt

= (0| (t)) = HI (1)), (2.13)

?

which is the time-dependent Schrodinger equation (see chapter for the
abstract vector |1(t)).

Before we proceed to the actual derivation of the hydrogenic energy levels,
let us write down some important relations. Concerning the commutators of
the position and momentum operators one can show by induction that

[y, (3")"] = —in(@)"6® ) =[5 f(@)] = —iVaf (),
&0, (p)"] = +in(pe)" 6Dy = [FfP) = +iVf(@).  (2.14)

A very important quantity is given by the angular momentum operator,
L=7Ixp, (2.15)
which satisfies the commutation relations

[#9, LF] = ie?™ay, [, LF] = ie?*p,

(L7, LF] = ie’™ L, [f(), LF] = 0. (2.16)

The properties of eigenstates of the angular momentum operator are needed
for the derivation of the energy levels. Therefore an individual section is
devoted to them.

2.2 Angular momentum eigenstates

Let us consider the commutation relations among the components of the
angular momentum operator,

(L, 7] = ie* Ly, (2.17)

This commutator defines the Lie algebra of SU(2) and SO(3). The square of
the total angular momentum operator commutes with all three of its com-
ponents,

L2 = (B2 + (L3 + (1%, %0 =0.  (218)



16 CHAPTER 2. HEISENBERG’S MATRIX MECHANICS

Let us define states of the form |m) that diagonalize L3,
L?|m) = m|m). (2.19)

Since L3 and L? commute, this bases diagonalizes L2 as well. From egs.
(2.17) and (2.18]) one can see that the raising and lowering operators,

L* =L'+il? (2.20)

satisfy the commutation relations

~

[L*,L7] = 2L°, (L%, L*] =0, (L3, [*] = +L*. (2.21)
From these relations it follows that
L3(LH)"m) = (m+n)(LD)"|m) = (L¥)|m) x|mEn). (2.22)

Thus the operators L* indeed raise and lower the quantum numbers of an-
gular momentum eigenstates. Let us now consider finite dimensional repre-
sentations of the Lie group underlying the Lie algebra . Thus we label
every state by an additional quantum number [, which limits the values that
m is allowed to take. Let us now write

LE|1,m) = ¢f )l m £ 1), i, €C, (2.23)

where for a finite-dimensional representation, we have ¢;; = ¢;_; = 0. Since

L* changes the quantum number m only by one, [ and m have to be half
integers,

m| < 1, 9\m|, 2l € N. (2.24)

In order to determine the cfcm, we consider the square of the total angular
momentum operator. It may be written in terms of the raising and lowering
operators as

L= LY+ 134 (13?2 = LD — 13 4 (132 (2.25)
Since Z%Q commutes with L* its eigenvalues are independent of m,
(U, m|L2),m) = (1, L2\, +1) = 11 +1). (2.26)
We can further use the fact that (L*)" = L¥,

e |? = |LE|L, m)[* = (I, m|LFLE|1,m)
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— Lm|(L2F 13— () Lm) =11+ 1) —m(m+1).  (2.27)

Since we are free to chose the phase, we set all ci[m to be real,

clfm =Cm =V —m)(I+m+1), Clm = Clim—1- (2.28)
Thus every state |, m) may be represented as L* acting [—m times on 1, £1),

1, m) = (2;)['3—% (LFYF™(1, £1). (2.29)

2.3 Derivation of the hydrogen energy levels

Let us now consider the Hamiltonian H,q, of the proton and electron in the
hydrogen atom,

2 P B «Q
Hyy = —2 + Pe —, (2.30)
2m,  2m, |z, — Z.|

where the position and momentum operators of the proton commute with
those of the electron. Analogous to classical mechanics we introduce center-
of-mass (CM) and relative coordinates and momenta,

7= fp — fe, R = (mpf’p + mef’e)/M,
7= (mep, — myp.) /M P =p,+p., (2.31)

where M = m, + m.. The total Hamiltonian (2.30|) then separates into a
CM and relative part,

R fyz ) ) ]%»2 o
Hy=—+4+H, H=———. 2.32
tot 2M+ 2m T (2:32)

In the following we will only concentrate on the relative part H. The equa-
tions of motion for this system read, analogous to classical mechanics,

L o o af e

Using these results, we can directly show that the angular momentum oper-
ator L represents a conserved quantity,
dL s 1

Z_ZLH=2% v H v H] x p=0. 2.34
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From this it also follows that,

=i Lxp—pxL), [p? L*=o.
(2.35)

=i
S~

[Z, L% = i(L x & — & x L),

Further we define an operator that represents the Laplace-Runge-Lenz (LRL)
vector,

2, in z I%x;—gxi Z
gLl & Lxp-pxlL ¥
2ima T 2ma 7
Ixi & & Fxi @ #
— PP 2 PE2 P T (2.36)
ma ma 7 mao ma T

where the different representations will become useful in different situations.
As in classical mechanics, this operator also represents a conserved quantity,

The LRL operator U serves to find the energy eigenvalues of the system. For
this purpose, using Ryd = ma?/2 again, we calculate its square,

e (Exi_ b #\(_BxL, @ ¢
mao mo T mao mo T

A

H N
=1+ —(1+L%. 2.38
* Rya LY (2.38)

Further we calculate the commutator of its components with themselves and
with those of the angular momentum operator,

U, U7] = —R—ydikak, (U7, 1] = ig* U (2.39)

Analogous to section [2.2] we define raising and lowering operators for the
LRL operator,

Ut =0 +iU2 (2.40)
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They satisfy the commutation relations

A A A A

o 2H I3 A HIL*
Ur.U]=— U3 . Ut =

U, U] Ryd ' U°, U= :FRyd,
[U*, LF] = +20°, [0+, L) = 7U7,

[U*, [ = £2(0°L* — UL +£1)), [U° LY=L U"—U"L*. (241)

The square of the LRL operator may thus be written alternatively as

Yy e, HLP ... HLI} .
U2=UTU" + Ryd + (U =UU" - Ryd + (U%)2 (2.42)

Let us now investigate the action of U3 and U* on a state |E,l,m), which is
an eigenstate of the Hamiltonian H with eigenvalue F,

H|E.l,m) = E|E,l,m), (2.43)

and angular momentum and magnetic quantum numbers [ and m according
to section 2.2 From the commutators of U3 and U* with L? we can see that
the first leaves m invariant while the second raises/lowers m by one,

(E', I, m'|U°|E,1,m) « 0pr 50 m,

(B U, m|U%|B, 1, m) < 8 56m me1, (2.44)
where the energy-9 is a result of []:I, UZ] = (. But the components of the LRL
operator can also change the angular momentum [ of a state as can be seen

from the third line of eq. (2.41). From these commutators we can deduce
the relations

A~ 2Cl A~
El 1WUT|E, 1 =——— -  (RE 1|U3|E, 1 1
< ) 7m+ | | 77m> £_2(m+1)< ) 7m+ | | 77m+ >7
. 2Cm .
(B0 mlU B, Lm +1) = 7= (B0 m| 0| B, 1,m),
Cm

(B, I, m|U%|E,Il,m) = =2 (E,l',m|U"|E,l,m+ 1)

|

- Cle (B, U, m+ 10U, 1,m), (2.45)
where we have defined £ = I'(I'+1) —I(I+1). Using (U*)" = U~, we obtain
from eqgs. (2.45)) the two relations

crm  L4+2m

E,lI',m|U°|E,l,m) =
< Y 7m| | 9 ?m> Cl7m£+2(m+1)

(B, I',m +1|U%|E,1,m + 1)
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cm L —2m

- E.l 1103\ E. 1 1).
cl/7m£—2(m+1)< ’ ,m+ | | 7’m+ >

(2.46)
The consistency of the two lines in eq. allows only three values of [,
L=0 & I'=l, L=1+2l+1) & I'=Il+1 (2.47)
Let us consider the case I' = [. Eq. then yields
(E,1,0|U°%E,1,0) = (E,1,I|U°|E,1,1) = 0, (2.48)
but also

E.1.m|U3|E.1 E.1.m/|U3E. .m/
(B, L,m|U°|E,l,m) _(E,1,m/|U°| ,,m>7 (2.49)

m m/

for arbitrary m,m’ # 0. Setting m’ = [, however, shows that the matrix
elements of U? with I’ = [ all vanish and so do the matrix elements of U*
according to egs. (2.45). Thus we obtain

UP|E, 1, m) = Cron/(L+1)2 —m2|E,+1,m)
+ Cry V12 —m?|E, 1 —1,m)
UA|E 1,m) = FCu/(xm+ D[ £m+2) |E,l+1,m+1)
+ O VJIFm) (I Fm—1)|El—1,m+1), (2.50)

where (11 is symmetric in its two indices due to the hermiticity of U3 and
does not depend on m. Writing £ = — Ryd £ we may conclude from these
relations that

2mé = <E7 la m|[(j+7 U_]|E7 la m> - 2m(cl2,l—1(2[ - 1) - Cl2+1,l<2l + 3))7
(2.51)

which for general m implies

E+ (20 + 3)C?
Cliy = \/ T ARty (2.52)

Let us define a quantum number n € N that labels energy eigenvalues, £ —
E,, Ciy—1 — O}y, such that n determines the maximum angular momentum
compatible with the energy E, via I < n. Inserting C}, ; = 0 into relation

(2.52)) then yields,

. B TL2 _ l2
Gl = \/5"(2l +1)(20 - 1) (253)
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Table 2.1: Experimental values of the hydrogen energy levels as given in
Kramidal (2010) are compared with the non-relativistic energy levels AE,
in eq. (2.56)). The relative deviation from the experimental values is of the
order 1075,

State | Exp. levels (eV) | AE, (eV) | Deviation
1S, |0 0
2P /2 10.1988055286 10.1987150105746 | 9-10~°
2512 10.1988099034600 9.10°¢
2P )2 10.1988508929 1-107°
3P1/2 12.087492922 12.0873659384587 | 1-107°
391, | 12.087494224 11075
3Dz 12.087506341 1-107°
3P1/2 12.087506364 1-107°
3D1/2 12.087510821 1-107°
4P1 /9 12.74853166921 12.7483937632182 | 1-107°
451 /7 12.74853221952 1-1075
4Dy /2 12.7485373313 1-107°
4P 17 12.74853733962 1-107°
4Dy /2 12.74853922041 1-107°
4F'1 /2 12.748539221 1-107°
4F1 /9 12.7485401632 1-107°
Continuum | 13.598433770784 | 13.5982866807661 | 1-107°

We can now determine the energy eigenvalues E,, from the expectation value
of U2 for states |E,,l,m) = |n,l,m),
(n, 1, m|U%n,I,m) =1 —E,(1+1(1+1))
= (Cly)*(L+m+1)(21 + 3)

+ (CF_)? (L= m)(20 = 1) + mé,. (2.54)
Inserting eq. (2.52)) yields the energy levels
1 Ryd
gn — E, En - —7, (255)

which are identical to the ones derived by Bohr (1913)). Electronic transitions
to the hydrogen ground state then liberate the energy

1
AE, = Ryd (1 - ﬁ> , (2.56)

which are compared the experimental values in table [2.1]



Chapter 3

The Schrodinger equation

Soon after Heisenberg’s new formulation of quantum mechanics [Schrodinger
(1926)) found another approach to the field. Even though the two formalisms
looked completely different at first sight and seemed to have a different phi-
losophy at their base, it turns out they are completely equivalent to each
other. With the Schrédinger equation one has a partial differential equation
at hand which determines (up to normalization) a function v, the wave func-
tion, which is defined on spacetime and the absolute square of which gives the
probability density to find the particle (electron) at the given event. In this
chapter we introduce Schrodinger’s formalism and use it to find the solution
for the hydrogen atom.

3.1 Schrodinger’s formalism and its relation
to matrix mechanics

Schrodinger| (1926) started out from the Hamilton-Jacobi equation for a time-
independent Hamiltonian

—

H (:E 650) - F, Sol(; 7o) = / Az P, (3.1)

where Sy is the reduced action. Schrodinger’s ansatz was now to introduce
a function 1 via

So(#) = In (), (3.2)

where the reduced action Sy is viewed as a function of the end point. For a

Hamiltonian of the form
9
= P —
H = — .
@5 = i+ V@), (33)

22
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eq. (3.1)) implies

V()2 ; ;
SV (45— i) o, »
m
This is however not the equation Schrodinger| was looking for but the (double)

Hamiltonian density of a variational problem with action J,
1=5 [ #ov@ (~5n + V@) - E) 6@ (35)
= - xP(T) | —— ) — z). .
2 )y 2m

Variation with respect to ¢ then gives the famous (stationary) Schrodinger
equation,

(=g + V@)~ ) wld) =0 (3.

2m

provided that the surface integral

/ A2 01 ity Vb, (3.7)
ov

which results from a partial integration, vanishes. These are the historical
arguments by which Schrodinger ”derived” the equation (3.6) named after
him. It is not manifest that the formalisms of Heisenberg (see chapter [2)) and
Schrodinger are indeed equivalent. Heisenberg’s formalism is concerned with
the evolution of operators, such as the position and momentum operators
and p that act on vectors |¢) living in a Hilbert space H. The Schrodinger
formalism, on the other hand, deals with a wave function 1, where positions
are given by vectors Z in configuration space and momenta have been replaced
by derivatives. Nowadays one would rather express Schrodinger’s formalism
in a different way that makes the connection to the Heisenberg formalism
obvious.

Let us consider matrix mechanics in the Schrodinger picture as given
in eq. (2.12). We now choose a continuous basis |Z) that diagonalizes the

position operators Z,
oy =an, 1= [dep@, @@ -PE-p. 69

i.e. we can define a function (¢, ¥) as

o(t, %) = (Z[P(1)). (3.9)
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Thus the function ¢ is defined on the configuration space and [t (¢, Z)|? gives
the probability density to find the particle at time ¢ at position #. The

expectation value of an operator A reads

(A(t)) = / & (7 A1) (1, ). (3.10)

as given in the position eigenbasis |Z). Acting with a vector |Z) on egs.
(2.14])) gives us the matrix elements of the momentum operator in the position
eigenbasis,

0, f(@)]17) = D) (=iV) (@) = (gplT) = @ - §)(—iV).  (3.11)

Let us now act with (Z] on eq. (2.13)),

D, 7) = / dy (F|H(t, 7, 9)\) 0t 5)

where H(t,#,—iV) in the second line means the classical Hamilton function
with momenta p replaced by —iV. This equation is known as the time-
dependent Schrodinger equatiorﬂ The Hamiltonian corresponding to the
example ([2.4]) reads in this formalism

-

(V — igAl(t, 7))?

H(t, %, —iV) = — o

4 q®(t, 7). (3.13)

Of course, all ambiguities of the Heisenberg formalism concerning the transi-
tion from classical mechanics to the quantum mechanical analogue (and not
the other way around) remain.

Thus the Schrodinger formalism is simply concerned with the evolution of
the components (¢, Z) of the Hilbert space-vector |i(t)) with respect to the
position eigenbasis |Z) in the Schrédinger picture of matrix mechanics. The
advantage of Schrodinger’s formalism is clearly its much more intuitive notion
of a function 1 defined on spacetime with its absolute square || representing
a probability density (if the term ”intuitive” applies to quantum mechanics at
all) as opposed to the abstract formalism of matrix mechanics. Also different
formalisms have different strengths and weaknesses so it is very useful to have
alternative formulations at hand to be able to switch to the one which is most

!Quite frankly, the i0; in eq. (3.12) may be viewed as the matrix element of an
operator p' = —p; in a spacetime basis |t,Z). The 4-momentum operator would then

read p,, = —i0y,.
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efficient for a given problem. Especially in the case of the hydrogen atom
the stationary wave function (&) gives us valuable information about the
spatial probability distribution to find the electron. In the next section we
will therefore solve the Schrodinger equation for the hydrogen atom, which
yields the same Bohr energy levels as found in the previous chapter, but also
inspect the properties of the resulting wave function.

3.2 The hydrogen wave functions

In this section we derive the solution to the hydrogen atom using the non-
relativistic Schrodinger equation, i.e. we solve the equation

A A
( p_ e @ ﬁl—z'at> U(t, Ty, Te) = 0, (3.14)

2m, 2m. |, — 2.

where 7, and Z. are the positions of proton and electron, respectively. Let
us introduce center-of-mass (CM) and relative coordinates,

—

7= X — Te, R = (m,@, + m.Z.)/M, M =m, + me. (3.15)

—

Making the separation ansatz (¢, Z,, Z.) = ¥(t, R)Y(t,7), we obtain

A 5 S (A
viE7) (_ﬁ N iﬁt) vt R) +9(¢ B) <_2n2 - % - z‘at) o(t,7) =0,

(3.16)

where m = m,m./M is the reduced mass as given in eq. (1.4). Obviously the
CM-Schrodinger equation is solved by the one-parameter family of solutions

Vi(t, B) = e/ FR-iKt/@A), (3.17)

These wave functions satisfy the completeness relation

/ % il B, o) = (B — ). (3.18)

Since we consider a bound state, the solution of the remaining part of the
Schrodinger equation will have a discrete spectrum. Due to the spherical and
time translation symmetry of the problem we write

o ipaGu(T
(£, 7) = ¢ Entng“Ylmw,go), (3.19)
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where Y}, is a spherical harmonic (see appendix . In order for the wave
function to be orthonormal, the wave function v and its radial part g have
to satisfy the conditions,

/dgr 7VZ);FL’l’m’(t? mwnlm(u F) = nn’5ll’5mm’a

o0

/dr o (1) g (1) = O (3.20)

0

In spherical coordinates, the Schrodinger equation becomes

(_6_3 LUt o En) gui(r) = 0. (3.21)

2m 2mr? r

Defining C,, = v/—2mFE,, and x = 2C,,r we have

I(l+1 ma 1
(aﬁ It " ) + - Z) g (r) = 0. (3.22)

From the asymptotic behavior in the limits x — 0 and x — oo, we get the
form

g (1) = e Py, (). (3.23)
The equation for u then reads
(wai + (2 +2-2)0; + ? —1- 1) Ui () = 0. (3.24)

Up to normalization u is given by the Kummer function,
Up(z) o< M(I4+1—ma/C,, 20 + 2, x). (3.25)

Since the bound-state wave function ought to be normalizable, the first ar-
gument of the Kummer function has to be a negative integer,

l+1—ma/C, =—n,, where n, €N, say. (3.26)
Let n =n, + 1+ 1€ N and Ryd = ma?/2, then

c, =2 B, =4

n n
These are the same energy levels found by Bohr| (1913) and |Pauli| (1926)
and which are given in eq. (2.55). A comparison with the experimentally

(3.27)
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measured has been given in table Now will proceed with our calculation
of the wave functions, however.

For negative integer values of its first argument one may express the
Kummer function in terms of the Laguerre polynomials,

[(n, +1)[(21 +2) L2+

M(—n,, 2l +2,2C,r) = T(m +2052) Ly

(2C,7). (3.28)

The radial bound state wave function then reads
gu(r) = A artle “"3/2LQZ+1 (). (3.29)

The normalization constant .4 may be calculated according to eq. ([3.20)),
using the generating function of the Laguerre polynomials (see appendix ,

' oo A2 o0 »
1L [ar(gu(r)? = 52t [ e e (@20 o))
0 0
2 gn—l-lgn—I-1  exp [—% — rjz]
- ﬂ do 22427 Y z — 21;11 ! L
2C, / (n=101-=112(1—y)?*+2(1 - 2)
y=2z=0
_ A (2i+2) anllanll —Yy—-ztyz
2071« ((n -1 - 1) ) (1 - yz)21+3 y=2=0
_ A, (n+1+ 1)+ n—-1-1)(n+1)!
20, (n—1-1)!
2
AL n(n 1)
S == (3.30)
Thus we obtain the final result for the radial wave function,
(n—1—-1)! I+1,—Cpr 7 214+1
gnl —W (2077]’) € Ln_l_l(QCnT). (331)

The first few radial wave functions g,; that belong to the energy values in
table are displayed in figure 3.2 They are labeled by their principle and
angular quantum numbers n and [/, using the numerical value of n and the
scheme S, P, D, F, G, H, ... for[ =0, 1, 2, 3,4, 5, ... The explicit expressions
of the first few radial wave functions read

g10(r) = V4 rye /2

V0o
2

Tae /2 (2 — x9)

Goo(r) =
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1S 2P

25 - T 3P - 1

IS )

I — 3D e |
AD

0 04 08 12 16 0 04 08 12 16 2

r (nm) r (nm)

Figure 3.1: Bound state radial Schrédinger wave functions g,,; as given in eq.
(3.31) for n < 4 and I < 2. See text for the nomenclature of the different

states.
e _
921(7“) = _122 9536 w2/2

/C« 2
gso0(r) = 3 3 e/ (3 — 33 + %)

C!
g31(r) = =3 x%e_m’/Q (4 — x3)

72
C e
goa(r) =\ 55 e /2 (3.32)

3.2.1 Orthogonality of radial wave functions

Let us show explicitly that the orthonormality relation holds, following
the approach of Dunkl| (2003). Since g, is already normalized, we only need
to show that the right hand side of eq. vanishes for n # n’. Conse-
quently we will drop all irrelevant prefactors in the following calculation:

O;/drgnl(r)gn’l(r)
0
w 20+2
Ty () pakr (TN pav (T2
X /dml (nn/)z+1e ( " )Ln—l—l (g) Ln’—l—l <n’>
0
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o0

o /dyy2l+26_yLil+lll(ay)Lil,Jr}1(by), (3.33)
0

where we have defined

r (1 1 2n/ 2n
V=5 (n+n’>’ T n+n (3:34)

Writing further
N=n—1-1, N =n' -1, a=20+1, (3.35)
we can combine eqs. (B.16)) and (B.17) to obtain

LY (ay) = Ly (ay) — LY (ay)

- éczuv,a,k,a) (+* ) L (y) (k= N'D),

—a

_ \N-1
Q(N,a,k,a)—%(]v;f:l). (3.36)

Inserting this into the last line of eq. (3.33) and using the standard orthog-
onality relation of the associated Laguerre polynomials (B.18]) yields

o

/ dy e VLS (ay) Ly (by)

_ iiQ(N,a,k,a)Q(N',a,%b) (1ia)k (1 E b)p

(k= ND)(p - Na) [ dyy e L ) L5 )
0

x X(N,N' a,a,b), (3.37)

where we have defined ¥ as the sum

min(N,N’)
k— N'b)(k — Na) y*
(N, N’ b) = ( — :
(N, N, ,0,) kzg NV R rarDim G
thereby introducing the parameter
b b 4dnn’
a _a nn (3.39)

ab—1 :_(n—n’)Q'

TT a0
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Reformulating the numerator in terms of -,

YN —k)(N' — k) —k(k+a+1)

(k — N'b)(k — Na) = — , (3.40)
we see that X vanishes,
. / min(N,N")—1 1 ’YkH
(N, N',a,a,b) kz:; (N—k—DI(V —k-Dl(k+a+D) &
min(N,N') 1 Pyk
B ; (N — )N —k)l(k+a)! (k= 1)
= 0. (3.41)

Hence we have explicitly shown that the radial wave functions satisfy the
orthonormality relation (3.20)).

3.2.2 Radial expectation values

Of great importance are the expectation values of powers of the radial coor-
dinate, (r°),

o0

() = /d3x |Vt (Z) P15 = /dr (g (r))?r*. (3.42)

0

From eq. (3.21]) one can deduce the following relation between the expecta-
tion values of different powers,

s2—1

(s +1)C* (r*)py — (25 + Dma (r* 1) + s (l(l +1)— ) (r*=2),; = 0.

(3.43)

From (1) = 1, one can easily derive (r™') as well as expectation values of
larger integer powers of r. Both (r~2) and (r—3) are also very important
expectation values. However, (r~2) has to be calculated explicitly,

) 9 0
<l> = /drm = QCnAil/dxxﬂe_gc([/ilfllﬂ(x)y
nl
O 0

r2 r2

_ 20”"4%[(20' anflflanflfl 1 1 1

(n=1-=112"" # l—yl—2z(1—yz)?2+t

y:z:[)
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2C, A2, (20)!

1)2

C((n—=1-=1)!

| ~—

g j (20)!
s K o ) n+1
e’ (50 ) < (571)
02
:n(l—l—nl/Z)

Thus we may present the most commonly required radial expectation values,

n?(5n® =311+ 1)+ 1 3?2 —1(l+1
poga =R =D
2.2
=y L
= T o = 1)
3.3
= m°a (3.44)

TR+ 1)1+ 1)

3.3 Continuum wave functions

In section |3.2| we have derived bound state solutions to the quantum me-
chanical Coulomb problem, as it applies to the hydrogen atom. These states,
however, do not form a complete set since a free electron might as well be
influenced by the presence of the proton as it is the case in e.g. a scattering
scenario. Thus we also have to consider the continuum states, where the
energy IX > 0 may take any positive real value. The bound states together
with the continuum states form a complete set,

(%) l 0o ©0
SN DT Inim)(nim] + / dk |klm) (klm| | =1, (3.45)
=0 m=—1 \n=Il+1 0

where k = v/2mFE means the absolute value of the wave vector. Obviously
|nlm) and |klm) are closely related to each other since they are eigenstates
of the same Hamiltonian . Let us write the stationary continuum wave
functions as

() = 22

Yim (0, #). (3.46)
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2.5 s
. leV, =0 ——
’1 1eV, =5 - -
100 eV, 1 =0 -

e 100 eV, =5 -]

Figure 3.2: Continuum radial Schrodinger wave functions hy; as given in
eq. (3.50) for angular momentum [ = 0, 5 and energy F = 1 eV, 100 eV,
respectively.

In order to find the radial continuum wave functions hy; we simply have to
drop the constraint on eq. (3.25) that the wave function be normalizable
over an infinite volume,

hia(r) o< M(1+ 1 —iv, 2] + 2, —2ix), (3.47)

where v = ma/k and © = kr, i.e. we make the replacement C, — —ik,
E, — —F as compared to the bound case. The normalization constant of
the continuum wave function is chosen such that the completeness relation
(3.45) is satisfied. We may rewrite eq. in position space as

> ( > Vi (T2 (71)

+ /dk szm(:i"z)lem(fﬂ) = 0°(Ty — 1), (3.48)
0

which together with eq. (B.12)) implies that for every [ we have

D gulra)gi(r) + /dk’ hi(r2) by (r1) = 6(r2 — 71). (3.49)

n=Il+1

The normalization constant is most easily derived from the branch cut of
fixed-energy amplitude in the complex energy plane. The concept of the
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Figure 3.3: Continuum radial Schrodinger wave functions hy; as given in
eq. (3.50) for a repulsive Coulomb potential, i.e. negative v, for angular
momentum [ = 0, 5 and energy £ =1 eV, 100 eV, respectively.

fixed-energy amplitude is explained in chapter [l Here we will only write
down the result which is also given in eq. (}5.144)),

T +1 —iy)| 244 . )
(1) = 2k QYN (1 4+ 1 — dv, 21 4+ 2, —2ik
u(r) Vorl(2l 1 2)" (2hr) M ih)

- \/gﬂ(_y, kr), (3.50)

where F; means the Coulomb wave function. Note that the wave functions
for a repulsive Coulomb potential, « — —«a, may be readily obtained from
eq. by replacing v — —v. Due to the lack of bound state solutions
in this case we may infer from eq. the following completeness relation
for the Coulomb wave functions,

o

/d/{:Fl <%, l{:r2> F (%, km) = g5(r2 — 1), > 0. (3.51)
0

3.4 Parabolic coordinates

Apart from the previous treatment in section it is also very instructive
to solve the relative-motion, stationary Schrodinger equation (3.16]),

(_A _ e E) »(F) = 0, (3.52)

2m r
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in parabolic coordinates (X,Y, ). They are related to the usual cartesian

coordinates (z!, 2%, %) via

' = VXY cos o, 2? = VXY sin g,
X-Y X+Y
R 7 =r =0 (3.53)
while the inverse relations read
X =r+a° Y =7 — 2%
1
¢ = arctan $—2, XY = (z')* + (2*)% (3.54)
x
In these coordinate we have the metric g,
dX? dy?
= (do')? + (d2®)* + (d2?)* = 3 (7 + 7) + XYdy?, (3.55)
and its inverse ¢!,
2
=07 +0;+0; = - (X0% +Y0%) + ﬁaj, (3.56)

respectively. The determinant of the metric then yields det g = r?/4. The
Schrodinger equation (3.52)) may expressed in parabolic coordinates via

——— Vg '] detg|V = _89”\/|det98

(8XX8X + Oy Yoy) + ﬁag (3.57)

m

Multiplying eq. (3.52)) by —mr then yields

1/1 ,
<8XX8X+8YY8Y+ (X + Y) op

+ma + mTE(X + Y)) (X, Y, ) =0. (3.58)

The fact that this equation separates in X and Y makes it apparent why
this coordinate system is so well suited for solving for the hydrogen wave
functions. Let us now make the definitions

— V_2mE, Y= % z=CX, y=CY, (3.59)
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to rewrite eq. (3.58) as
x

(8@8&; ~ 7

1 1
+ Ea; + 0,y0, — % + @Qﬁ + 1/> V(X,Y,0)=0. (3.60)

We now make the separation ansatz

V(XY ) ox g, (x)gy(y) (3.61)

to obtain

x  m?
gy(y) (8z$8x - Z - E)
Y

gm(.’L’)
() (a yo,~ ¥ - %) 0,(1) +rgn(@)gy (W) = 0. (3.62)

4

=Bgy (v)

(&

Since the two terms on the left-hand side are independent of each other,
they must be constants times ¢,g,, adding up to —vg,g,. It is sufficient to
consider the equation satisfied by g,,

2

r m
(&c:ﬁ&p 1 +v+ B) gz(x) = 0. (3.63)

From the analogue with eq. (3.22)) for spherical coordinates we set
go(z) = 2™ 2e=2/2 L, (1), (3.64)

which yields the analogue of eq. (3.24))

|m|+ 1

<x8§+(\m| +1—2)0,+v+ B - ) L,(x)=0. (3.65)

This equation is again solved by Kummer’s function,
L.(z) x M((|m|+1)/2—v— B,|m|+ 1,z). (3.66)

To obtain the corresponding expression for g,(y) from g,(z) we must replace
r—yand v+ B — —B in eqgs. and . Like in section we
are interested in normalizable, bound state solutions. Therefore we require
that the first argument of the Kummer function must be a negative integer
so that g, and g, may be expressed in terms of Laguerre polynomials,

m|+1 _m[+1

B —
v+ 5

ni, -B = Ngo, niy,Ng € N. (367)
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This yields
v=mn1+ny+|m|l+1:=n, (3.68)

where we have identified the principal quantum number n of the Bohr energy
levels. The resulting wave function ¥(X,Y, ) is now characterized by the
quantum numbers nq, no and m,

eimgo

¢n17n2,m(X, Y, gp) = Anlm,m \/_2_7T (CZXY)'mVZ e~ Cn(X+Y)/2

LIMe. x)Limc,y),  (3.69)

where L$ are again the associated Laguerre polynomials. Let us now calcu-
late the normalization constant, using the measure dXdYdp (X +Y)/4, to
obtain

[e's) 27

X4+Y
1= / dXdYy I / dep [,y myan(X, Y, 0) 2
0 0

ni,nz2,m m| —(x m m 2
/ dady (x + y) ()™ e @) (LI () Lim ()
0

A
= St (0 4 gl ginlo), (3.70)

where

%P = /dm 2P (LO(x))?. (3.71)

0

With analogous calculations as in eq. (3.30) we obtain

I'n+ 14+ a)
n!

'n+1+a)

Ia,l —
" n!

2n+1+0a).  (3.72)

a0 __
I = ,

Inserting into eq. (3.70)) yields

203 n1! n2!
Aninam = = . 3.73
e \/ n (ny+|m|)! (ng + |m|)! (3:73)




Chapter 4

The Dirac equation

In 1928 Dirac| presented a relativistic treatment of the quantum theory of the
electron. It does not constitute a new formulation of quantum mechanics but
a relativistic generalization of the formalisms of Heisenberg and Schrédinger,
where the non-relativistic Hamiltonian in e.g. egs. and is re-
placed with a corresponding relativistic version. The relativistic equation of
motion for the wave function, called Dirac equation, was very soon after its
discovery solved by (Gordon| (1928)) for the case of the hydrogen atom.

The Dirac equation can be formulated in a Lorentz-invariant manner and
naturally includes the electron spin as a degree of freedom which was missing
in the previous non-relativistic approaches. Also the Dirac equation predicts
the existence of antiparticles which, according to Feynman and Stiickelberg,
can be interpreted as particles of opposite quantum numbers which travel
backwards in time. The antiparticle of the electron, the positron, was dis-
covered in [1933 by |Anderson.

4.1 DMotivation and properties of the Dirac
equation

Let us start from a non-covariant classical Hamiltonian for a relativistic par-
ticle and its naive quantum mechanical counter part,

H=\2+m> — H=\/p2+m? (4.1)

Simply promoting the dynamical variables to operators obviously yields an
expression which we do not know how to deal with. Dirac’s idea, however,
proposed a Hamiltonian of the type

A

1>

Q

= ap+ pm, (4.2)

37
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where the operators & and B are called Dirac matrices and are set to commute
with p’and #. However, egs. 1’ and 1) can only be equivalent if

G5+ fm = /(@5 + Am2 £\ e, (43)
This in turn implies for & and B
{a!, a7} = 269, {a', 3} =0, B =1. (4.4)

If given with respect to a basis, these operators become matrices @, 5. From
the above relations we can easily show that all four matrices have only eigen-
values &1 and that Tr 8 = Tr o’ = 0. Thus the Dirac matrices can only be of
even dimension and at least 4 x 4, since we need four independent matrices.
Throughout this work we will chose the basis such that @ and § are given in
the Dirac representation,

S(2h) (00w

where the blocks in these expressions are 2 x 2-blocks and & represents the
2 x 2-Pauli-matrices,

() (7)) w

which satisfy the relations
{o", 07} =269, (0", 0] = 2ie"¥ gy, (4.7)

In the following we will use a position eigenbasis so the Dirac equation for a

—,

particle in an external 4-vector potential (P, A) reads,
(—i(at +igd(z)) — id(V — igA(z)) + ﬂm) W(z) =0, (4.8)
where z = (¢,Z). In this equation, the wave function has four components,

U(x) = (V,)(z) = (a,z|¥), a € {1,2,3,4}. Inspecting the properties of the
Dirac equation we find that ¥ is most conveniently written in the form

V() = < %; ) , (4.9)

where the two-dimensional quantities ¢ and x are Weyl spinors which trans-
form in the spinor and conjugate spinor representation of the Lorentz group,
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respectively. The quantity W, which is called a Dirac spinor, thus transforms
in a mixed spinor and conjugate spinor representation.

Eq. may be easily reformulated in a Lorentz-invariant manner by
defining the y-matrices,

=8 esa=( % 0) ww
as well as the matrix s,
Vs = t€upa* Y VY = 1y = ( ]? ]é ) : (4.11)
and multiplying eq. by 7Y from the left
(=" (0, —igA,) +m) V(x) =0, (4.12)

where Ay = —®. From eqs. (4.4) we infer the anti-commutation relations,

{4} = =29, ", =0. (4.13)

The matrices v* transform as vectors under Lorentz transformations while
vs5 is a pseudo-scalar,

e L Vs — 75 = det A ;. (4.14)
Further we define the operation of Dirac conjugation as
T=0M0 =00 =t 3 =90 =5, (4.15)

and introduce the Feynman slash notation, A = YA, so that eq. (4.12)
reads

(=i — qA(z) + m) ¥(z) = 0. (4.16)

Let U™ denote solutions to eq. (4.16) for particles with charge £¢. Using

: 0 1
- =% o 2
ede =0, 5—20—(_1 0), (4.17)

one finds that the two solutions are related to each other by the operation of
charge conjugation,

o) = cutHr C =i’ (4.18)
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i.e. eq. (4.16) is invariant under the exchange
T ), +q < —q. (4.19)
Writing the Dirac equation in terms of the Weyl spinors ¢ and x yields

(=i, + q®(z) +m)p(x) = id(V — iqA(
(i0, — q®(z) + m)x(z) = —id(V — iqA(x)) (). (4.20)

&
=

—
¥

It is easy to see that for a time-independent 4-vector potential, we may write

so that

(m+ E — q®(2))x(7) = —id(V — igA(Z)) (7). (4.22)
Charge conjugation is performed in egs. (4.22)) by the replacement

E— —F, q < —q,
P(T) <> ex* (), X(T) < —ep™ (7). (4.23)

Hence we find that if () is a solution to the Dirac equation with positive
energy E then the charge-conjugated Dirac spinor ¥(~) represents a solution
with negative energy —F. The negative energy solution corresponds to an
antiparticle (positron), i.e. a particle (electron) of opposite charge which
travels backwards in time.

We can see from eq. that it is possible to express the spinor x in
terms of . For a non-relativistic system we have W = E — m < m and

q® < m, so that eqgs. (4.22)) become

(q®(7) = W)p(7) = o (7),
x(@) = “ D) (4.24)

The dynamics are now completely determined by the Weyl spinor ¢. The
equation of motion (4.24)) for ¢ is called the Pauli equation, which was pro-
posed to explain the properties of an electron in an external magnetic field
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B=VxA (Pauli, 1927). Using the properties of the Pauli-matrices 1}
we may reformulate eq. (4.24) as

(_(ﬁ —iqA(&))®  g¢5B

om o T 4®() — W) p(T) =0, (4.25)

where § = /2 is the spin operator and g = 2 the Landé g-factor. Obviously
the Pauli equation (4.25)) reduces to the Schrodinger equation (3.13)) if the
effect of spin is neglected.

4.2 The free Dirac equation

Before we proceed with the solution for the hydrogen atom we will briefly
consider the Dirac equation for a free particle. This will be of much use in
later chapters. The Dirac equation for a free particle reads

(i@ +m)¥(x) = 0. (4.26)
Performing a Fourier transform yields
(p+m)¥(p) = 0, (4.27)
where p = (p°, p). This equation has non-trivial solutions only if
P = +FE, E=\/p?+m (4.28)

Two eigenvectors of this matrix equation can be easily found for p = (m, 0),

ui<0>:¢%(%), 5+=(é), §_=($). (4.20)

We can now obtain general expressions for us(p) via a Lorentz transforma-
tion S(A). Regarding that the Dirac spinor ¥ transforms in a mixed spinor
representation under Lorentz transformations (see e.g. |Srednicki, |2007)), we
may perform an active boost on u with the matrix

1 — —
S(A(y)) = S(¥) = exp {—Z[gﬁ, ,Yo]} = 1 cosh |y7| + 7iad sinh %

E 1 _PG
_ e ( w  Eim ) (4.30)
2m E+m 1
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where 77 = ¢/|y], p/m = fisinh |y] and E/m = cosh|y|. The transformation
yields

S(@) (=my” +m)S™H(G) S (F)us(0) = (p + m)us(p) = 0, (4.31)

where s = 4+ and

VvE + m &,
us(p) = ¢ : (4.32)
\/E+m s
Solutions corresponding to negative energy states, p° = —F, are obtained by

charge conjugation of wu,

zquC@@y:s<J§%%Zﬂ). (4.33)

The two Dirac spinors v, satisfy the equation

(—p +m)vy () = 0. (4.34)

Also the four Dirac spinors us and v, satisfy several important relations,

u, (P)us(p) = 2mo, s, ui(ﬁ)“é’(ﬁ) = Ui(ﬁ)%(m = 2E0,,

@”(ﬁ)@s(ﬁ) = _Qmar,sa u (mUS(ﬁ) = 0

Us(ﬁ)ﬂs(ﬁ) = _ﬁ +m, sz ﬁ) - }’5 (435)
s==+

as well as the following completeness relations,

Z (us(@ﬂs(m - Us(@@s(m) = 2m7

s==+

(us (Pl () + v~} (~p) = 2E. (4.36)

s=+
Let us define the time-independent wave functions
(@) = ¢ us(p). V@) = e Tu(p), (437)
which are solutions to the time-independent, free Dirac equation,

(FEY* =7V +m)wi (%) =0, (4.38)
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and satisfy the completeness relation
[d> (v@u @) v @u @) = s@- 7). (13)

where dp = d®p/((27)32F). We may expand any function ¥(¢, ) in terms of
o)

D)
s?p

() 4y 3. 0 (BT = q
Ay (t) = / &’z W ;" (T)W(t, 7). (4.40)

4.3 The relativistic hydrogen wave functions

Now we consider the hydrogen atom in the context of relativistic quantum
theory using the Dirac equation. However, we postpone the rigorous treat-
ment of the relativistic Coulomb problem as a two-particle problem to chapter
Bl Here, we consider the hydrogen atom as a single particle problem with
a particle of reduced mass m in an external Coulomb potential —a/r. The
Dirac equation for this problem reads

HU(z) = 0, H= —w’9+m—7°%. (4.41)
We make the ansatz
U(z) = e~y (), W) = ( “;
and insert it into eq. to obtain

(E—I— 2 —m) p = —idVy,
r

(E +24 m) X = —idVo. (4.43)
T

Let us consider the angular momentum operator J=L+8 , with the orbital
momentum operator L and the electron spin operator 5,

L= —ifxV, §:< ) §= % (4.44)
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We find
[f,H}:[E,H}+[§,H}:7x§—?x§:0 (4.45)

Thus there exists a basis which simultaneously diagonalizes the Hamiltonian
and the angular momentum operator. We can use this fact in the following
ansatz

@ =220 0 0.0),  xuula) = L)

The Weyl spinor (2 is defined as

O (0, 0).  (4.46)

1 1
Z > 0,01l 1mus 5 ms) (1, mu; 5y m| g, m) (4.47)

mp=—lmg=+1/2

1 ,/k;Jrl—mY’m, 0,
5 k 1/2( ©) (4.48)

26+ T\ —sgukyJh+ 5+ m Yimnp9) |

where Y},,, means the spherical harmonics. The quantum number k is defined

as
B oLy —l-1, j=14+1)2
s (D)= I
where j = [ 4+ 1/2 is the total momentum quantum number. By means of
the identity

-

Gd Gb = b + idd x b (4.50)
we may insert unity in the form 1 = (¢'¢,)? into eqs. (4.43)) to rewrite
gV G, = 0, + ; —igé, x V = % (0,7 + K), (4.51)
where we have defined the operator
K=1+42L=1+J?-L[*-52 (4.52)
Eqgs. then read

K
(Enk + % - m) Ink ka = (ar + 7) fnko_—)é'rQ—kma
K
(Enk + % + m) Sk Qg = — (ar + 7) k0 Er Qe (4.53)

Note that €2 is an eigenstate of K,

K = —kQm. (4.54)
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Further we obtain with the properties of the spherical harmonics
06 Qem = Q_pm. (4.55)

Thus we may rewrite egs. (4.53)) as
k
r r
k
((8r+—)g+ (E+g+m> f) Q_pm =0, (4.56)
r r

or equivalently

o) (e PN e

(.

|

-~~~

=M

Gordon| (1928) has attacked this equation directly by a power series ansatz
of the form r?e=" 3" a;r’. The simplest way to solve eq. , however,
which also shows the analogy to the non-relativistic case of chapter |3] is to
bring it into a Schrodinger type form by performing another derivative,

0? ( g ) = [M? +8,M] ( g ) (4.58)
f f
kK —a? 2F« 9 9 10
e (o)
1 kE « g
(550

The second matrix in cornered parenthesis has the eigenvalues

Ay = 17, v =Vk?— a2 (4.59)

Taking care of the fact that k£ can be both positive and negative, we diago-
nalize it by the transformation B’ = A~! B A, where

4= ﬁ ( S R ) /

A*:E——;L——< @ k‘”). (4.60)
Y2%k(k—y) \ k=7 «

<?):A(Zt>, (4.61)

With the definition
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as well as

x =2Cr, C=vm?— E?, (4.62)
eq. (4.58)) becomes

+1 Fal 1
8§ui = {% - Fag + Z_J ui. (463)

This reminds of the non-relativistic, radial Schrodinger equation (3.22). Cor-
respondingly, we make the ansatz

+ +
< Z_ ) = g7e "/ ( “ijL_ > (4.64)

so we obtain from (4.63|)

E 11
2O+ (2y+1+£1—2)0,L* + (%—7—§$§>Li:0. (4.65)
N——

=n,

As in chapter [3] we are interested in bound state solutions, which have to be
normalizable and so we require
1 1
0<n, —=-F -, n, € N. (4.66)
2 2
Consequently, if n,, = 0 the only solution for L™ in eq. is the trivial
one, L], o =0.
The two solutions to eq. (4.65) may again be written in terms of the
Laguerre polynomials L¢. From the normalization condition we obtain the
energy levels

am m

C = E=—u (4.67)

2+ (n, +9)? _
\/a (n. +7) 1+(m+7)2

The expansion up to order o* of this expression yields

E.x a? ot /3 1 6
2 ) 4
(4 - ) 0 (1.68)

~ 1 — —
~

m o2 | o3

where we have reintroduced the principal quantum number n = n, + |k| by
comparison with the non-relativistic energy levels from chapters [2] and [3]
The energy difference between a state (nk) and the ground state is given by

AEnk = Enk - El,fl
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Table 4.1: Experimental values of the hydrogen energy levels as given in
Kramida| (2010) are compared with the fourth order expansion in « of the
energy levels E,; as given in eq. (4.69). The relative deviation of the relativis-
tic Dirac theory from the experimental values is about three times smaller
than for the non-relativistic Schrodinger theory.

State | Exp. levels (eV) | AE,; (eV) | Deviation
181/2 0 0
2P /2 10.1988055286 10.1988394699345 | 3-107°
2512 10.1988099034600 3-107°
2P3)9 10.1988508929 10.1988847278836 | 3-107°
3P1/2 12.087492922 12.087526855611 | 3-107°
391, | 12.087494224 3.10°6
3D3)2 12.087506341 12.0875402653737 | 3-107°
3P3/9 12.087506364 3-107¢
3Ds)2 12.087510821 12.0875447352946 | 3-107°
4P1 /9 12.74853166921 12.7485656019936 | 3 - 10~°
451 /7 12.74853221952 3-107¢
4D32 12.7485373313 12.7485712592372 | 3-107°
4P3/9 12.74853733962 3-107¢
4Ds 2 12.74853922041 12.7485731449851 | 3-107°
AF5; | 12.748539221 3.10°°
4F7 12.7485401632 12.748574087859 | 3-107°
Continuum | 13.598433770784 | 13.5984677125623 | 2-107°
1 1 3 1
:Ryd (1—$+a2 (14-4—7#— ]k]n3)) :|:O(Oé6). (469)

The Dirac energy levels include the fine structure of the hydrogen atom,
which is given by the order a* correction in eq. . The fine structure
includes a relativistic correction to the motion of the electron and a correction
due to the spin-orbit coupling. The deviation of the Dirac energy levels from
experiment is of the order 107% and improves the accuracy of the Schrodinger
energy levels roughly by a factor of three (see table .

One should note that the definition of n in eq. is indeed equal
to the non-relativistic one when k is negative so that |k| = [+ 1. When k
is positive, however, we have k = [, so that n, has to be larger by one as
compared to eq. to obtain the same n. Specifically, we require n, > 0
for £ = [ since the principal quantum should satisfy n > [. In brief we will
see that this condition is indeed always satisfied.
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To continue we write the solutions for «* in analogy to chapter [3| as,

+ 2’y+1
< Uk ) = gle %/ AML% L) (4.70)

U AL, Ikl
However, since we have obtained this solution by differentiation of eq. (4.57))
it is too general. This reflects in the fact that we have two unknowns, A,
and A_. Note, that in the special case n = |k| the upper component in eq.

(4.70) vanishes, u* = 0, so that A_ remains as the only unknown variable.
In order to fix the ratio F = A_/A, for n > |k| we plug our solution into

ca. (5D,
ut u+
| (1 0
a xr\ 0 —1
1 Ea —(Ek 4+ ~ym) ut
+E<Ek’—vm —Ea ”(“_ R

Considerung the case n = |k| we have u™ = 0 so the upper component of eq.

(4.71) yields

Ek+~ym =10 for ~ n,=0. (4.72)

Hence we have found that n, = 0 enforces negative values of k£ and thus
n > [ as we had argued above. For n > |k| we may derive the ratio F from
eq. . Since the individual orders in x have to cancel each other, we
consider only terms of the order z7 in the upper row of eq. ,

n, + 2 n, + 2 EE+ym n, +2vy—1
oo () (5) ()

T ny — 1 20’)/ Ty
(4.73)
N _ Cny(n, +27) _ym—kE
Ek +ym C
(7\/oz2 (ne +7)? — k(n, + 7)) . (4.74)

Thus we know the relation between u™ and v~ and see that u~ /u* is of the
order aif k > 0 and 1/« if & < 0. In the ladder case the factor 1/a is canceled
by a corresponding factor in A,. The constants A, may be determined from
the normalization condition,

/ AT AVANE AP / dr (g;ik / A | Qe |” + [ / dQ|ka|2>
0
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/dT gnk+fnk /dr( Uk, +unk2 Q%U:L_ku;k)’ (4.75)
0 0

The individual terms are calculated by means of the generating function of
the Laguerre polynomials (see appendix ,

/dr u;“,f = ﬁ dx 22 2 (L2 (2))?

AQ
="=* [ dgaP 2"

2C
ny—1qn,— —ﬂ — ZE
(O~ 0P (L~ 721~ 272
y=2=0
_ AL T2 +3) gl oy 2ty
2C ((nr — )12 ¥ (1 —y2)2* |
AT 42y +2) + (n, — DI(n, + 27 4+ 1)
20 (n, — 1)!
3 r 2y +1

C (n, — 1)!

[, A (n, +7)L(n, +27)

/drunk == F nr! s (477)

0

o [ 20 AL A T(n, +2y+1)
—92— tus, = =2 . 4.
0
Using these results in eq. (4.75)) implies for n, > 0
2 2
LA et 2y ) () T e TN )
C (n, — 1)! ny(n, +2v) kn,+~

so that we finally obtain the normalization constants as

| -y (Ekz) | Bk

+_\nr+7F(nr+27+1)2 ym ym
Cn,—1)! n.+v+ 2/ + (n, +7)>
N +2y+1) 2% (02 + (n, +7)?)




20 CHAPTER 4. THE DIRAC EQUATION

domey— 22+ (n, +
A= |Gl mety—iver (e +9)? (4.80)
Llnr +27) 2% (a2 + (ne +7)?)

For n = |k| we simply set Ay = 0 while the expression for A_ remains valid
with n, = 0.

4.3.1 A short summary

Let us briefly summarize the results in the previous section. The wave func-

tion reads
9nk(1) () (0
\I/nk;m(T,@,SO) = ( ankr Qk ((é(p;) ) ’ (481)

where

1 \/k‘i‘% —m Yim—1/2(0,¢)

o 1 (4.82)
VIRFT\ —sgnk [kt 4 m Vi a(0.0)

and

( i ) B 2k<z —) ( Wy > ( Z?ZE;; > - U8)

For the functions u™ we have obtained

( tr(r) ) = (2C,r)7 e Cmr ( Ass 207 Ly 1 (2Crir) ) . (4.84)

unk(r) A—,nkLgL’Z 1(20 k’l“)
where,
R [ N e
+,nk \ L(n,+2y+1) QZ_z (@2 + (nr +7)2)
Cn r! T + - CKQ nr -+
A = el m - iV el (4.85)
\ Dl +29) 25 (02 + (n, +7)?)

The constants Ci, E,r and v are given by

Bup =~ Cu=\/m*— E%,  y=VkZ a2 (486)

I+ &r

where

_ _ N B e N I o
n. =n— k|, k—:!:(]+§)—{ 1 P—1-1/2 (4.87)
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4.4 Expansion of the wave functions

In chapter |§| we will calculate radiative corrections of the order o to the
Dirac energy levels . Thus we will have to take care to which order
in « each term contributes. For this purpose we expand the Dirac wave
functions ) to the linear order in «,

7“ — k| - 1)! M y~Cur
(r) \/ (n+ |k|)! (2Car)

2C, rL2|k|’T (2C,r)
B2 12 e (2Cur)

GnT Qn\k\

ulf, (1) [Cn (n—|k])! o
( u,,. (1) ) - \/ﬁm (QCHT)\kI o C

2|k|+1
( s 2 L2 (2C0r)

Lz"“‘|k|1(20 r)

) +0(a?), k>0,

) +0(e?), k<0, (4.88)

where now C; ~ C,, = ma/n. Thus, to linear order in «, the radial wave
function reads

<gnk<r> ) _ ( O (k) (1) + O(=k)uy )
(1) O () [t (1) = 57t ()] + O(= ) [ (1) + 5510 (r)]
+ O(a?), (4.89)

S
—~
=
~

where the upper line is completely of order 1, while the lower one is of order
. Let us define the function g5, as the non-relativistic radial Schrodinger
wave function as derived in chapter [3] i.e.

) _Cur
g (r \/ _—n+z (2C,r)* e L2 (2C,r), (4.90)

where [ > 0 as usual. In this non-relativistic limit the large component g,
of the Dirac spinor is given in terms of the Schrodinger wave function as

gnk () = @(k)gf|k|(r) + @(—k)9§,|k|f1(7”) = gm(r). (4.91)

Up to higher orders in « this expression is exactly the same as eq. (3.31)).
The small component, however, takes a different form depending on whether
k is positive or negative,

o (k) (gik_m\/l L R >)

2Ikl
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+O(-k) (9§,|k|_1(7“) + (/1 = k—Q)

n2
5 (95,1—1(T)\/ 1- % - 951(7")) ) k>0
= (4.92)
a 1+1)2
. (gzm g5/l u) k<0

4.5 Proton recoil and reduced mass

In section we have silently assumed that a particle with the reduced mass
m of the electron in the hydrogen atom is subject to an external potential
—a/r. In chapters [2| and [3| we could perform the same coordinate transfor-
mation to relative and CM coordinates as in classical mechanics. Thus we
could separate the CM- from the relative motion-Hamiltonian. The situation
is not so simple, however, in the case of the Dirac equation, because already
in classical special relativity the notion of the CM coordinate requires the
specification of a certain coordinate system. In chapter |8 we rigorously solve
the Dirac equation for the two-particle system of electron and proton but in
this chapter we help ourselves in a much simpler way.

Consider the electron in the rest-system of the proton. We then obtain
the same solution to the Dirac equation as in section but with m replaced
by m.. The 4-momenta of electron and proton read, respectively,

_( Ee (M
where the electron energy E, is the one obtained in section [£.3]

m o?
E, = —%, A= /1 4+ — . 4.94
A (n, + )2 ( )

The total energy of the system then reads

Bt =/ —(p+ P) :\/m2+m2+2mpEe
_M\/l—— 1— A1), (4.95)

Expanding Ey. /M to second order in m/M and A to fourth order in « yields

Eiot m m?

~ - _ _1_
MNI M(l A7) WE

(1—A1)?
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Ryd /1 o 1 3—m/M
~1- e 2 - . 4.
M (n2 ta (]k!n:” 4n4 )) (4.96)

Hence we should modify eq. (4.69)) to read

1 L+m/M 3—m/M 1
AFE,, =Ryd|[1—- — 2 — . (4.97
L ( e ( TR A |krn3)) (4.97)

However, since a'm /M < o this correction is of no consequence for the order
a* energy levels considered in this chapter. Higher order recoil corrections
are only important if even higher accuracy is envisaged than the order o’
radiative corrections calculated in chapter @ Therefore the a*m/M will not
be considered in this work.



Chapter 5

Feynman’s path integral

In 1948 Feynman proposed a third formulation of quantum mechanics which
he called the "spacetime approach” and which is very different at first glance
and yet equivalent to matrix mechanics and Schrodinger theory. The focus
of this formalism is neither on state vectors living in a Hilbert space nor
on wave functions but on a probability amplitude called propagator which
describes the transition of a system from one state into another. This tran-
sition amplitude is calculated by integrating over all possible intermediate
states. In the case of position states, i.e. the transition of a particle from one
location to another, the intermediate states constitute paths. Consequently
one integrates over all paths from the initial to the final position which is
way Feynman’s spacetime approach is nowadays known as ”path integral
formalism”.

Regarding the date of discovery of the formalism, this chapter is in the
right historical order, as the previous chapters. However, the solution to
the hydrogen atom in the path integral formalism was not found until 1979
by Duru and Kleinert. At first it was doubted that the method they used
was indeed valid until it was reviewed by Kleinert| (1987) in a rigorous man-
ner. In this chapter we perform the calculation of Duru and Kleinert| (1979),
which is already far more involved than the calculations in previous chap-
ters and which includes a change of variables that transforms the flat three-
dimensional position space into a four-dimensional space with curvature and
torsion and spinor-valued coordinates. A treatment of the subtle issues that
arise in this calculation is beyond the scope of this work and can be found
in Kleinert| (2004).

Feynman used the path integral formalism in his original formulation of
quantum electrodynamics (QED) in the late 1940’s and it is also the way
quantum field theory is presented in chapter [l Hence this formalism is
reviewed a bit more carefully than the other approaches presented so far.

o4
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5.1 Non-relativistic path integrals

The central question in the path integral approach is: Given a system has
been measured in state [1(t;)) at time ¢;, what is the probability that it will
be measured in state |x(¢s)) at time ¢;7 Let us illustrate this formalism for

the special case of a charged particle in an external 4-vector potential (®, A),
governed by the Hamiltonian

2m

+ ¢®(t, Z). (5.1)

Let us recall the time-evolution operator as given in eq. (2.7)),

tn

Ulty, to) = Texp | —i / dtH)| = lim T (l—igﬁ(tk)), (5.2)

N—o0

=

to n=1

where t,,1 =e+1t,, e = (ty —to)/N and T is the time-ordering operator as
explained in chapter 2 We now want to investigate the amplitude

K(tg,xiti ) = (x(tp) Ut s, t:)[b(8:)
= [ g ()1 . )| E )

:/defd3x,~XT(tf,ff)K(tf,ff;ti,:fi)z/)(ti,fi). (5.3)

Thus the amplitude K(tf,x;t;,1) for the transition |¢(t;) — |x(t;) has
been formulated in terms of the amplitude K(t;,Zy;t;, ;) for the transi-
tion (tf, ¥y) — (t;, 7;). The quantity K (ty, Zy;t;, @;) is called the propagator
since it represents the amplitude that the particle propagates from ; to
in the time span t; —t;. First of all, from the properties of U it is clear that
for tf = tl

K(ti, Tp;ts, Ti) = (T4|T) = (T — 7)), (5.4)

i.e. the particle can not travel a finite distance in zero time. Let us now
separate the path under consideration into N infinitesimal sections,

T = Z(ty), Ty = Z(t;),

t, =th—1 t+¢, to = tiv €

I
—~
ot
ot
~—
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to approximate

N
KLy, i ti, @) = (Fg ULy, 0)135) ~ (F| T T (1= e (b 3,5 ) 132)-
k=1

(5.6)
We now insert a complete set of momentum eigenstates into every factor to
obtain
N & N-1 N ﬁg
= . SN k 3 - - . o\ /-
K(tf,wf,ti,xi)H/W‘ H/d ZL'I‘TH<xj‘ (1_25%> ‘pj><]7j|
k=1 =1 J=1
2 12 5 1 o\
q A (t 7‘7:) qA<t 7x>p . S\ /o
—ie ( 8mj 2j +54®(t;,2) | 05)(pj]
2 12 jan A jan
— q A (t],l’) qu(tJ7$> 1
_ ‘ —qd(t
ie|py) (P} 3m om + 2(] (t5,7)
2 — — — Jak
CqCA(L, T NA(t, Z) |,
ot A DN AT >] .
m
N & N-1 N
. k. 3 iSc(ty,@5t5—1,%5—-1)
H/(Qﬂ')?’ H/d“” [t
k=1 =1 J=1
N /D3PD3x eiSelty Epitii) (5.7)
where

. Pj—4q _’_qq)(tj,fj)"i_q)(tjafj*l) ’
2m 2
3 ie \** 3
D P = 2rm d Pk,
k
N-—1
m \3/2 m \3/2
po=(5) Il () @ =

Let us make the following approximation which is justified in the continuum
limit,

O(t;, 7;) + B(t;, T1) T+ Ty
J J 2 J J ~ (I) t], J J , (59>
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and similarly for A. We recognize S, as the classical, canonical (but not min-
imized) action. Abbreviating x = (¢,Z) we may express it in the continuum
limit as
g
Se(xg; ;) :/[df-ﬁ—dtH(t,f,ﬁ)]. (5.10)
Note that the momentum states in eq. (5.7 could have been inserted dif-
ferently, resulting in a slightly different result for the times-sliced, classical

action S.. E.g. in the case of the hydrogen atom (ff = 0) it is convenient use
S, in the form

)
Sel@jswj) = Pi(T; — Tj) —ie (% + Q‘I’(fj—l)) 7 (5.11)

The difference between these two versions of S, is an overall, constant factor
of e#4(2(E@N)—®(Z0))/2 which vanishes in the continuum limit.

Writing A, = ff(tk, (xg + xx—1)/2), the p-integral in eq. 1' can be
readily performed,

ﬂ 1€ 3/2/d3p Pk (T —Th—1)— <pk: qu)2
2mm

k=1

=

N im(Z, z, )
H im@)? rL(fk—fk_l)qu’ (5.12)

so that
/ Dip iSelesivs) — (iS(agimi), (5.13)

where S means the classical action in Lagrangian form

ty

ﬂ@woz/ﬁLwiﬁ,
t;

i:?

5 + ZqA(z) — q®(z). (5.14)

L(t,Z,7) =

The meaning of this new formalism can be easily interpreted. The propaga-
tor, i.e. the amplitude K (zy;x;) to find a particle at the event (¢;, Zs) given
it has been found at (¢;, #;), where ¢; < ty, is given by the a summation over
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all possible paths which connect ¥y with Z;. This is expressed in the path
integral measure D3z o II,,d*z,,, where all intermediate steps are integrated
over the whole space and the limit of infinitely many steps is performed.
Every path is weighted by a phase, however, which is given by the exponen-
tial of the classical action integrated along the path. The propagator is thus
given by

)
K(xpa;) = /D% S (5.15)

In the path integral formulation it is especially easy to see how classical
mechanics arises from quantum mechanics in the limit of ”large” systems.
The situation becomes most vivid if we introduce an imaginary time 7 = it
and define the so called euclidean action Sg = —i.5,

g
K(wf;xi) = /Dgwe_SE(xf@i)’
m [ ar Az -
Sgp(zy;ai) = /dT [5 (E) —ZEQA(x)+q<I>(x) : (5.16)

it;

Egs. show clearly that K receives the largest contribution from those
paths which are attributed to the smallest euclidean action. Paths corre-
sponding to larger Sk are exponentially suppressed. The most important
paths are thus centered around the classical path where §Sg = 0. The cen-
tering around the classical path gets more and more pronounced the larger
the euclidean action Sg of the system is. Thus it comes that for macroscopic
systems in very good approximation only the one path with 6Sg = 0 con-
tributes. This argument does not change substantially if we return to the
real time formalism. A sizable change in the action between neighboring
paths results in a rapidly oscillating phase factor e** unless they are close to
the classical path where the action becomes extremal, S = 0. Therefore the
contribution of neighboring paths far from the classical one are not exponen-
tially damped but instead cancel each other out due to the oscillating phase
factor €. Only those paths contribute where the action does not change
substantially from its extremum.

Let us draw the connection between the path integral formalism and
Schrodinger theory. Since Schrodinger’s formalism is equivalent to matrix
mechanics, this will also show the equivalence of path integrals to the latter.
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Let us note that from eq. (5.15) and the path integral measure ([5.8)) it is

immediately clear that

3 - 2
K(:C:”;xl) = /Dgxeis(xg;xl) = /dgiﬁz/Dgﬂi eis(x?’;x?)/'DBx eiS(xz;m)
T2 1

1
= /d3x2 K(x3;29) K (225 11), (5.17)

where t3 > t5 > t1, i.e. the amplitude to propagate from x; to x3 is given by
the amplitudes for x; — x5 and xo — x3, integrated over all possible inter-
mediate positions 5. Using this property we can show that the propagator
(5.15)) satisfies the Schrodinger equation. Let us consider the change of the
propagator within an infinitesimal time step ¢,

(t+e,%

Kit+edim) = [
zo

)
D3.’L' eiS(t+8,:E‘;a:0)

s (M )3/2 Kt im(Z — )
/d y (—27”.5 (t. ¥ w0) exp 5
—l—iq(f—gj)/f (t+5,x;y) — ieq®P (t—i—s,x;y) (5.18)

Let us make the shift ¥ — ¥+ ¢ and further define for convenience € = ie and
Z = yy/m/e. The rate of change in time 0,K (¢, ¥; x), expanded in powers
of € then reads,

K(t,, — Kt 2.
ZatK(t,f’ xo) = lim ( 71’,[50) ( +5,.T,CUO)

e—0 €

o1 . 3z e/
= lim — [K(t,x;xg) — / e (1 — eq®(x)

. <1 + \/%*v + 5 (ZV)(2V) + 0<e3/2>> K(t, 7, m]
i)t [ T (1t

— —

+ % (V — iqA(x)>2 )] K(t, % x0)
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(—iﬁ - q/f(x)>2
- 5 +q®(z) | K(t, ;). (5.19)

Thus the propagator obeys the same dynamics as the wave function. K (x;xg)
also satisfies the Schrodinger equation with respect to xg if one exchanges
6t — —ato, V — VO, H — .[{T7

(—i@t + H{x, —Zﬁ)) K(z;29) =0,
(+ih, + B (w0, ~i¥0) ) K (::20) = 0. (5.20)

The propagator can hence be used to propagate the Schrodinger wave func-
tion in time. Let the state of a system at time ¢; be [¢(¢;)). At a later
time t; the state is then [¢(tf)). We may then express the wave function
P(xp) = (Z|(tr)) in terms of the propagator as

Y(ag) = (Tle U |y(t,)) = / P, (ple O\ 7) (0 (t))
:/dsxi K(zg;2)Y(x;). (5.21)

This reflects the fact that the amplitude ¢(xf) to find the particle at z;
is equal to the amplitude K (z;x;) that the particle propagates from x;
to zy times the amplitude to find the particle ¢(z;) at z;, integrated over
all possible initial positions 7;. Eq. also makes it clear that if the
propagator satisfies the Schrodinger equation so does the wave function and
vice versa.

There is also another, very important relation between the propagator and
the wave functions. Inserting a complete set of eigenstates of the Hamiltonian
in the first line of eq. and writing T' = t; — ¢; yields

K(zgpz) = Z%(@Wl(@)e—wﬂ+/dp¢p(ff)¢£(fi)6_iEpT7 (5.22)

with the wave functions 1, /,(¥) = (7| E, /) for discrete and continuous eigen-
values, respectively.

In the next section we will calculate explicit expressions for propagators
of some simple systems. Before we proceed, however, it should be noted that
in a non-relativistic context one is usually interested in the so called causal
propagator,

K= (zpa) = Oty — t) K (xy; ;) (5.23)
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which allows only for evolution of states forward in time. Combining the

property (5.4)) with eqgs. (5.20]) we find that the causal propagator is basically
the Green’s function of the Schrodinger equation,

<—i3t + H{(z, —zﬁ)) K (x;20) = —i6*(x — m0),
(i, + B (w0, —i¥0) ) K (;:20) = =6 (& — o). (5.24)

In the following all calculations will always be concerned with the propagator
K if not stated otherwise since the causal propagator K~ can always be
obtained by a simple multiplication of the ©-function.

5.1.1 The propagator of the forced harmonic oscillator

The harmonic oscillator is a system which is perfectly suited for the path
integral formalism. The fact that the electromagnetic field is essentially a
field of forced harmonic oscillators distributed throughout space explains why
QED is so easily formulated in terms of Feynman’s path integral approach
(see e.g. Feynman| 1949al).

The harmonic oscillator also plays a major role in the calculation of the
path integral for the hydrogen atom. Due to a Kustaanheimo-Stiefel trans-
formation it is possible to transform the three-dimensional Coulomb problem
into a four-dimensional harmonic oscillator in terms of spinor-valued coordi-
nates. Thus we will take a closer look at the path integral of the harmonic
oscillator. For preparation of the field theory treatment in chapter [6] we will
also consider the forced harmonic oscillator.

The classical action of an harmonic oscillator, driven by a force F reads

ty .
D2 222
S(xya;) = /dt (m% + Ff) . (5.25)

t;

Since this action is additive in every dimension the full, three-dimensional
propagator will simply be a product of one-dimensional propagators

K(ty, Zpti, @) = K(ty, xpti, ) K(tp, ypsti, ui) K (g, 255, 2). (5.26)

Let us separate the (one-dimensional) path given by positions {x(t)}, t; <
t < t; into a part which extremizes the action of the free harmonic oscillator
{z(t)}, i.e. the classical path, plus quantum fluctuations {y(¢)},

z(t) = z(t) + y(t), g[z] i 0. (5.27)
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Since the end points of the paths {z(t)} are held fixed, we have
2(ti) = i, 2(ty) =y,
y(ti) =0, y(ty) =0 (5.28)

Thus we may write the one-dimensional action of the forced harmonic oscil-
lator as

ty
S = m/dt /thz m/dty z—l—wz)
=0
t; =
ZSZO —SZ,F
g 2 2,2
+/dt (r:z% +Fy) . (5.29)
t;
g

It is easy to see why the third term in the first line vanishes. If we expand
the action around the path x = 2z, we obtain

Sz +y] = S[z] + /dtyfss[] 1/dt 2(;2‘2[z]+ N (5.30)

It is always possible to expand the action in this way and the linear term in
y always vanishes by definition of the classical path z in eq. (5.27). In the
special case of the harmonic oscillator, however, this series truncates after
the quadratic term since the full action itself is only quadratic in the position
variable. This is the reason why the path integral approach is so well suited
for the harmonic oscillator.

By a purely classical calculation we obtain

(t) = xrsin(w(t —t;)) + z;sin(w(ty — 1))
A= sin w7’
S.0 = ((2F + a?) coswT — 2xp1;) (5.31)

mw
2sinwT
where T' =ty — t;. We insert this into the one-dimensional propagator

Kf’L — eisz,()‘i“isz,F /Dy eiSy,F’ (532)

where Ky = K(tp, x5 t;, x;) and

ty
m F
S0 =1 [ar <y (07 +?)y - 2%)
t;
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ty
o1 1 F
S Y G 9 +u?) (y— -
2/ ( m82+w2)(t+w)(y 8t2+w2m)

t;

ty
v (w2t F (5.33)
2m 07 + w? '

The first part of this equation can be brought into the form

ty
—% dty (0} +w?)y (5.34)

ti

by a constant shift of the path y, which leaves the measure Dy invariant.
The discretized version of this expression reads

N-1
m m
A Z Yn (yn—l-l - (2 - W252)?/n + yn—l) = _yAy7 (535)
2¢e — 2e
with the (N — 1) x (N — 1) matrix
2 —w?e? -1 0 0
—1 2 — w?e? —1 0
A= 0 12w -1 | (5.36)
0 —1 2 — w?e?

Since the second part of eq. (5.33)) is independent of y one may write the
propagator as

Kfi — 92,0115 F+iSFGF /Dye?eyAy,

_ M S, o+iS. p+iSrar 5.37
Vo | o

where we have defined

ty

1 1
S =— [ dtF—=——F. 5.
FCE ™ om / 02 4+ w? (5.38)

t;
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Let d" = det(A™) denote the determinant of the (n — 1) x (n — 1) submatrix
A™ = (A;;), where i,j < n. The determinant of the matrix A = A" is then
given by dV. One can show by mathematical induction that the relation

dn+1 — 24" + dn—l

= + w?d" =0, l<n<N -1, (5.39)

holds among the set of determinants {d"}. The first term on the left-hand
side has the form of a discretized, second order derivative so that eq.
resembles the equation of motion of a harmonic oscillator. Hence we find the
solution

arcsin(we/2)

T (5.40)

d" = asin(wen) + [ cos(wen), W=

which is periodic in n. The constants « and S may be determined by con-
sidering the case of a free particle (w = 0), where eq. (5.39) may be readily
solved,

d" =n = a=—, B =0. (5.41)
w=0 we

Let us perform the limit N > wT in dV, which yields

sin(@eN)  sinwT

det A =dV = — ~ (5.42)
we we
Thus we obtain for the one-dimensional propagator
Kfz' — mw eisz,0+isz,F+iSFGF’ (5'43)

2misin w1’

where 2z and S, are given in egs. (5.31). In order to solve the problem of
the forced harmonic oscillator we rewrite eq. ((5.38) as follows,

tr

o i / 1 o /

Sror =5~ / ' F(t) Jm—0(t = O)F (1), (5.44)
t;

The quantity sandwiched in between the Fs is the Green’s function G of the
harmonic oscillator

G(t,t St —1t), (5.45)

/):—
02 4+ w?
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which satisfies the equations
(07 + W) G(t, V) = (07 + wW*) G(t, 1)) = 6(t — t'). (5.46)
Implementing the boundary conditions y(¢;) = y(t;) = 0, it is given by

: _ : -
G(t,t’):@(t—t’)smw<t tr)sinw(t’ —t;)

wsinwT’
Lo t)sinw(t’ —ty)sinw(t —t;)

5.47
wsin wT' ( )
Due to the symmetry with respect to interchange of the times ¢ <> ¢’ we may
express Spgr as

ty t

Sror = m / dt F(#) sin(w(t — t,)) / dt' sin(w(t’ — 1)) F(t).

(5.48)

For given F' the propagator may now be calculated by the evaluation
of ordinary one-dimensional integrals. Here we want to give explicit solutions
to several simple but important special cases.

First let us consider the case of a constant force, F(t) = f = const.,

rp+a; 4 sin? %
Sap = , 5.49
w=1 2 w sin w1’ ( )
1?7 4sin® <L
S =—(1—-—1. 5.50
FeE o2 wT sinwT ( )
Taken all together, we obtain for the three-dimensional propagator
mw 3/2 mw — wT
0= () P
f 2mi sinwT’ P [2 sinwT ( o8 2
7\’ T fTsinwT
o . g W Sin w

—1 (X — W) Sin 7 + W) > (551)

where X = Fp—7; and X = (T +7;)/2. From this result we may now derive

—

the propagator for a free harmonic oscillator (f = 0),

mw 3/2 1mw > wT = wT
Kpi= (5 X2 co? UL _ 42 gin? o
1= Grismar/) P [231an< % e
(5.52)
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whereas for a particle under the influence of a constant force (w = 0) we
obtain

m \3/2 imX? = 1 f_QT:)’
Kp= ( , ) FXT — , .
f 2w P [ 2T +if 24m (5:53)
while the free particle propagator (w = f= 0) reads
m \3/2 imX?2
K= ( ) 5.54
1= \omir) P | or (5:54)

As a last point we note that for the free particle case eqs. (5.24) allow for a
much simpler derivation of the causal propagator K f>l and hence Ky,

> —1

K7 = 4 .
18 Zig, — Agj(2m) —ov? @)

_/ d4p _Z'eip(zf—xi)
= G P ) o

d’p -
=0(T) / Wexp {—— +7,pX}

2m
m \3/2 im)zz
=0(T) <27m'T) PN o
— O(T)K . (5.55)

In the second line, 0" means a very small, positive quantity which is supposed
to approach 0 as soon as it is safe to due so.

5.1.2 The path integral in spherical coordinates

For a spherically symmetric problem such as the hydrogen atom it is useful
to reformulate the path integral in spherical coordinates. For convenience we
use the imaginary time formulation of egs. and consider the case of a
central potential. The discretized expressions then read

Ky = /D3x6_s,

an/2 V-1
D3y = <£> H drnrid cos O,dp,,

2
TE ol

N
m
S — Z (2_5 (r2 412 = 2rpry_1c087,) + 8V(7"n—1)> ) (5.56)
n=1
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67
cos 7y, = cos b, cos b, 1 +sin b, sin b, 1 cos(p, — pn_1), (5.57)

where ¢ = ¢T/N. We may express the exponential of the cosine in terms of
a spherical modified Bessel function of the first kind,

o

=D (20 + 1)is(h) Po(cos 1), (5.58)

which are connected to the modified Bessel functions of the first kind via

) = [ o), (5.59)

and where P, means the Legendre polynomials. The latter are connected to
the spherical harmonics via the addition theorem

€h COS Yn,

47

l
PZ(COSVTL) = 20+ 1 Z Yim(envgon)yﬁn(enflvgpnfl)'
m=—1

(5.60)
Consequently the path integral may be written as

Ky = /D?’xﬁ { exp [— (2% (r24+r2_)) + €V(rn_1)>}

00 In
. mTTLTTL— *
SAr lz_ozln <Tl> Z Y, m,, (O, gpn)Y}nmn(Gn,l, gpnl)}.

Mmp=—Iln

(5.61)

Due to the orthonormality of the spherical harmonics the angular integration
merely yields a product of d-functions so that only one sum over [ and m
remains and only the spherical harmonics at the end points survive,

o 1
K=Y Y Iy .

T
1=0 m=—1 ¢

Riiy,
N m
Rpi= | D - :(— 2 4 2
fi,l / T exp [ 25 (Tn + 7’”,1

3N/2 YT
Dr = TETy (47T)N <—2m > H drnrz (5.62)
e
n=1

For large arguments, i.e. small €, the Bessel function features the asymptotic
behavior

2x 2x

i) “ =7 < (1— W+l i) (5.63)
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The second term in bracket constitutes the well known centrifugal barrier.
We want to filter this term out by introducing a further modification to the
Bessel function,

ir(z) == 22 e %y (z), (5.64)
so that the radial path integral in eqs. (5.62)) reads

Rfi,l = /DT e_Sra
N

S, = Z (; (rp —7n1)” — Ing (%) + 5V(7’n71)> ;

n=1 €
I'm i I'm
Dr=,/— —dr,,. 5.65
" 2me }_[1 2me " ( )

Up to the appearance of the Bessel function this expression look very similar
to the one-dimensional, cartesian case. Naively one could approximate the
Bessel function by the centrifugal barrier to obtain the action

N
naive m 2 l(l - 1)
S =2 <25 ) g T ) ) (560)

However, this approximation is invalid for [ # 0 since we have to integrate
over all paths whereas the paths converge slower towards the continuum limit
the closer they approach the central singularity of this r~2-potential. The
solution to this problem is elucidated in the next subsection.

5.1.3 The fixed-energy amplitude

The propagator Ky; describes the transition of an initial state [¢;) = |¢(t;))
into a final state [1)f) = [¢(¢)) in time. Thinking of a particle it describes
the particle’s propagation in spacetime. It is, however, very helpful instead
of the transition (¢;, ;) — (ts, Z) to consider the transition #; — 7'y at fixed
energy E. More generally this means

(tis [9i) — (t, [9p) — i) T [y, (5.67)

for some initial and final states. The amplitude for this transition between
states at constant energy is called the fixed-energy amplitude and is given
by the Fourier transform of the causal propagator

Gy = G(ZT|E) = /dT TR (t + T, T3 1, 7o), (5.68)
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where we have written T' = t; —t;. More specifically, for a time independent
Hamiltonian, we obtain for G;,

o 7 ole—{H-E)T |3 Ttz
Gy / T (@l PTNE) = (7 ———z). (56)
where 0% means a very small, positive quantity which is supposed to approach
0 as soon as it is safe to due so. The operator —i/(H — E) is called ”the
resolvent” and the —:0" insertion in eq. tells us how to avoid the
singularities. Consequently, the fixed-energy amplitude is nothing but the
matrix elements of the resolvent. In the case of e.g. a free particle we obtain

o0

Gy, = /dT( ' ) o vipr _ M iXVamE 570
! 2miT 27TZ|X| ( )

0

Writing the propagator Ky; as in eq. ([5.22) yields the following expression
for the fixed-energy amplitude,

wn<ff)w;;(fi) + d ¢p(ff)¢;(fi)

G i = RN PAs N2y
ST, —E— o PE, —E—ior

(5.71)

Consequently the fixed-energy amplitude has poles at the positions which
correspond to the actual particle energy. From eq. (5.71) we may calculate
the discontinuity along the real axis in the complex energy plane,

disc (G ;) = G(f; Zi|E +i0%) — G(Zp; 7| F — i0%)
= 270(Ey — E) tu ()05 (F)

+ / dp2m8(E, — E) ()07 (i). (5.72)

Since the eigenstates if the Hamiltonian satisfy the completeness relation
S imtal+ [ dplo) o] =1 (5.7)

we obtain for the energy integral over the discontinuity,

/ B e Gr) = Y 5)+ [ dhn(@i@)
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— (] (Z ) (n] + / dp |p><p|) 2
— (#|T) = 6 — ). (5.74)

From eq. (5.69) we see that the fixed-energy amplitude virtually emerges
from an integration over propagators which describe time-evolution with an
effective Hamiltonian operator

H=H-FE. (5.75)

The fixed-energy amplitude has a remarkable property which yields the solu-
tion to the centrifugal barrier-problem we encountered in the last subsection
in eqs. and which eventually allows us to solve the path integral for the
hydrogen atom. This property is based on the additional integration over the
time interval T', which allows for arbitrary, invertible reparameterizations.

First we note that we may complement the resolvent on the left and right
with regularization operators Az and S\R,

L Y N (5.76)
H ArHAL
Classically this corresponds to the reparameterization d1' = dsA. In the
following we consider reparameterizations of the form Ay, /R = AL /r(Z) even
though an s- or p~dependence would be possible as well.
Let us now consider a Hamiltonian of the form

. p? .
H="" 7). .
o + V() (5.77)

We may now formulate the fixed-energy amplitude as a path integral,

[e's)
Gfi = /ds <ff| S\Le_ij\Rﬁj\Ls/A\R ’fz>

0
oo

N-1 N
:/dS)\LJ)\Rﬂ‘/Hdg.fj H<fk|€_iARH/\L€’fk_1>
j=1 k

0 =1

° N-1 N
~ /dS )\L,f)\R,i/ H dgfL’j H<fk| (1 — Z'/A\R?:[S\Lé‘) |fk_1>. (578)
s j=1 k=1

Let us insert a complete set of momentum eigenstates |p) for every factor,

dSPk - I e e s .
/ —(2w)3<l’k‘ (\pk><pk| — Z)\RH|pk><pk|)\L€> | 1), (5.79)
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so that the fixed-energy amplitude reads

o0

Gy = / ds A\ AR / D3 D3p e,
0

N ~2
S=>" [ﬁn(fn — Tpo1) — €N (% + Vo — E)} , (5.80)
n=1

where we have defined \,, = A ,,—1 AR, as well as

N . 3/2
1€\,
D3p = ( ) d3pk7

m 3/2 N—1 m 3/2
Dir = dm;. 5.81
g <2m'5)\N> 11:[ <2m'5)\l> . (5.81)

Of course we can perform the D3p integration again which yields

o0

Gfi = /dS )‘L,f)\R,i /D3ZL‘ GiS,
0
N Tn(Z, — Tps)?
S=>" B —eh (V= EB)|. (5.82)
n=1 n

Let us now investigate how we can use the gauge freedom we have obtained
from the functions Ay, to prevent singular potentials like the Coulomb po-
tential and the centrifugal barrier in egs. to cause any trouble. Re-
peating the steps that lead to egs. and using an imaginary parameter,
s — —is, yields the fixed-energy amplitude in radial coordinates,

[e.o]

00 l
ZGfi_/dS/\L’f)\RviZRfi,l Z ! (f @f) ! ( 90)7
=0

Tf T;

m=—I

0
Ryia = /DT e on,

N-1
[ m m
Dr = drp | ———,
" 2meEAN }_[1 " 2mEN,

N
_ m(ry, — rp—1)? - (M,
Sy = g [ on +eX, (Vi — E) — Inj, ( = )] . (5.83)
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The appearance of A in the argument of the Bessel function allows us to get
rid of the singular centrifugal barrier. The choice \,, = r,7,_1, for example,
yields the action

N
m(ry, —rp_1)? I(1+1)

= _— _ - F el I .84

Sy ; [ S +erpra—1 (Vy, )+e 5 (5.84)

Generally this means that any r~2-potential where we may approximate

Tnlrn_1 1 ~1 (5.85)

2
L

can simply be absorbed into the centrifugal barrier. If we have, say, a poten-
tial of the form

Vi(r)=Vo(r) + %; (5.86)
we may simply write the action as
X Tm(r — ra)? legi(loit + 1)
SEDD {W +erntna (Von — B) + 620 —— 1, (5.87)

n=1

where

= —= 41 (142 2+L2 (5.88)
eff — 9 9 . .

Since the Bessel functions #; are defined for any real [ we may simply reformu-
late eq. by reintroducing A and fleﬂ. Consequently, any r~2-potentials
may be treated in spherical coordinates by ignoring them initially and in the
end substituting | — leg in Ry ;.

Now way have gathered all the tools necessary to solve the path integral
for the hydrogen atom, which we will attack in the next section.

5.2 The solution to the path integral for the
hydrogen atom

We now want to calculate the path integral for the hydrogen atom. Since
the Coulomb potential is singular at the origin we first have to calculate the
fixed-energy amplitude so we can make use of the additional gauge freedom
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as described in the previous subsection. In the continuum limit the action of
the Coulomb problem is given by

S:ijds<@§2+A<%+lﬂ>, (5.89)

0

where the dot means a derive with respect to s, 7 =d7 /ds, and the arbitrary
function A represents our gauge freedom. The central singularity can be cured
by the choice A = r. Schematically this yields

S ;’2
S‘/\T:as—l—/ds (m; —|—Er>

0
s 2
—2F
» __" CKS+ %/ds (\/;2 . \/;2> . (590)
0

m

The result would look something like a harmonic oscillator with angular
frequency w = /—2F/m for E < 0, which is a problem that has already
been solved in subsection [5.1.1, However, we still need to make a suitable
choice of coordinates u in order to make sense of the term #?/r. The hint
lies in the expression r = @2, since, loosely speaking, the square root of a
vector is a spinor. So let us write

2(utud + u?u?)

1, 2

5 = ( 23 i 254 ) . T=2g2= 2(utut — u?u?) . (5.91)
ut? w2 — 3 —yt?

where & means the Pauli matrices. Further we write

wb out wt u?
7= A'(u)u, A= vt —u® —u® o |, (5.92)
L Tk

r =i (5.93)

In order to calculate the Jacobi-determinant that belongs to this change of
coordinates we have to introduce an auxiliary dimension, parameterized by
the coordinate z*. Our choice of z* is guided by the symmetry of the resulting
4 X 4-matrix,

drt = vPdu' — u'du® + utdu® — uPdu’. (5.94)
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We thus obtain

US u4 Ul U2

4 3 2 1

- - u —UuU —U u
u u —U —Uu
u2 _ul u4 _u3

with the four-dimensional vector ¥ = (2!, 2% 23, 2%). The measure of the

path integral may be augmented by a fourth dimension through an insertion

of unity;,
] im(ay, — 2, ,)°
L= H - 27rzs/\ P [ 2e\, ’ (5.96)

so that the measure reads

2 N—1 m 2
Dir = da? d*z . 5.97
T= %o (27?25)\]\;) TH <2ma/\n+1> (5.97)

Note that we also have to integrate over z3,. The action is still given by

S = Z ( x” )° AV — E)> : (5.98)

but now # means the four-dimensional vector. Now we can perform the
coordinate transformation. Noting that

ATA = a2, (5.99)

we obtain the following expression for the metric
g = di?* = 4i*di?, (5.100)

while the four-dimensional integral measure reads
d'r = 16u*d*u. (5.101)

Further we obtain

—

B — Ty = Aty + tin1) - (i — Tn1). (5.102)

With respect to these coordinates the action and integration measure read,
respectively,

N
un+un 1) (ﬁn —ﬁn,1)2
— e\ - F
S = g ( 2o, edn(Va ),
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drt /oma2 \2 S omii2\ >
Dip = 09 N d*u,, n) o 5.103
’ 16y (ma\N) £[1 U\ Tigh, ( )

In order to regularize the Coulomb potential we set

)\L,n = 17 )\R,n =Tn = )\n =Ty = l_l,'s (5104)

The expression (i, + u,_1)? in eq. (5.103)) can be approximated by 44?2 to
lowest order in Au,, = u,, — U,_1. This yields

2 n— »
_as—l—Z(m 1) —l—aEui),

piy — 4o (2m 2Jhld4u 2m (5.105)
1672 \ Tie "\rwie ) '

The whole procedure concerning the transformation of the action and the
integral measure is in fact quite involved since one changes from a flat space
to a space with curvature and torsion. More details on this issue can be
found in Kleinert| (1987, 2004)).

It is now safe to perform the continuum limit. Setting

om 2 N—-1 om 2
Dy = <%) I . (%> , (5.106)
n=1

we obtain for the fixed-energy amplitude

/dS/ /D4 1as+21mf0 ds(u —w2i )
16r;

2
/ ds / 2 \* oot (@ ) eomen207) | (5.107)
167“2 17T SIn WS ’

where w = /—E/(2m). Comparing with eq. (5.52) shows that this result is

closely related to the propagator of a four-dimensional harmonic oscillator.
In order to obtain an explicit expression for G; we have to perform the z*-
integration. For this purpose it is helpful to express the spinor z, defined in
eq. (5.91)), in spherical coordinates,

cos(f Up+)/2
2= ﬁ( 81n(((9//22)) o2 ) (5.108)
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where v € [0,47[. The definition of z* in eq. (5.94) then yields
dz* = r (cosOdyp + dy). (5.109)

Since the endpoints in eq. are held fixed the z{-integration reduces
to an integration over ;. The only quantity in eq. that depends on
7 is Usu;. To find the exact dependence we briefly consider the case of two
dimensions, where # is given by

ut + iu? = \re¥/?, (5.110)

In this case we would obtain

Uspl; = \/T§T; COS L (’Oi,

= i1, = ,/W. (5.111)

The form of eq. (5.111]) shall be the role model for the following calculation.
In the four-dimensional case we have with eq. ([5.108))

L [7¢ri + T 5T
Uri; = %COS X5
2r r; 6 97/ — z+ — Y
COS X = % <COS —f COS — COS L 14 2] i
rr; + Tyl 2 2 2

0 . 0; <Pf—90z‘—7f+%)

Td; =rsricos(pr — @;)

sin — sin — cos
e s g 2

U o _ 6. —o» o
= Liﬂ oS by — cos I P oo I
T+ T 2 2 2

— cos L + sin 2L P W T ) (5.112)
2 2 2
and further
Tpd; =ryr; (sinfysind; cos(py — ;) + cos by cosb;) . (5.113)

The expression for cosy in eqs. (5.112)) may be rewritten as

cos(0¢+6;)/2 sin i .
COS(/yf i / T cos( 0; 0; ));2 COS((ZZ; i ))é Sln(/yf - 71)/2

cos (05+6;)/2 sin(pr—p;)/2
cos (05—6:)/2 cos(py—p;)/2

cos X = (5.114)
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This is now an expression of the form cos a cos b—sin asin b, so it follows that

:’Yf—%Jrﬂ

5.115
2 Y ( )
where
O+ 0;)/2 si —©;)/2
f = 2arctan cos(fy +0:)/2 sinlpy = ¢i)/ : (5.116)
cos(f; — 0:) 2 coslipy — )2
Using the identity
e = Y L(2)e™? (5.117)
and writing s = —io yields the fixed-energy amplitude
—q T omw \ > 4mw T+ TT
Gp=—|[d I \/
A 7 <Sinhwa) 0 (sinhwa 2
0
. ea072mw(rf+ri)c0thwa. (5118)
This expression may be further rewritten if we define
2 a (5.119)
= 2mw v=— =wo .
Y 2w7 y )
and make use of the identity
2 o
Io(z cos(v/2)) —Z (20 + 1) Pi(cos ) Iy 41(2) (5.120)
z
1=0
to obtain
—im I dy —k(rs+r;) coth
sz _ e vy T’f T3 ) CO Yy

o 2m, /T¢7; J sinhy
0
e 2k /T57;
: Z(2l + 1) P(cos vsi) a1 <—f) , (5.121)

— sinh y
where 7, means the angle formed by Z; and Z;. Using eq. (5.60) yields a
separation into spherical and radial parts according to eq. (5.62)),

0o l

S Yim 9f ©r) zm(ew%)Rm’

i
=0 m=—1
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2k /T
ery—k(rf+Ti)C0thy]2+ ( f ) (5.122)

sinh y

Ryig = —2im, /rfrz/

sinh y

This integral may be written in closed form in terms of Whittaker functions,

_im I +1-v)

Ry == T'(20+2)

Wy7l+1/2 (2]{?7“]0) M,,J_,_l/g (ZkT’Z) . (5123)

In the following we would rather use the Kummer functions which have al-
ready encountered in chapter 3] The Whittaker functions are related to the
Kummer functions via

Myy(2) = 2"TV2e 22 M(1/24+b—a,1 + 2b, 2)
Wop(2) = 2222 U(1/2 + b —a,1 +2b, 2),

which yields the radial fixed-energy amplitude

_im I(+1-v)
&k T(20+2)
U+ 10,20+ 2,2kr )M+ 1 — 0,21+ 2,2kr;).  (5.124)

Ryig = (2kr ) (k)T @R s

From eq. (5.71)) we know that the fixed-energy amplitude has isolated poles
at the bound state energy levels. In eq. (5.124]) the I" function has isolated
poles for negative integer arguments,

v—Il—1=n"eN = v=neN n>I[l+1. (5.125)

Thus we are able to identify the bound states of the Coulomb system. In the
limit v — n the I' function behaves like

’ 1 2n
D)V (—n - ) & ~
()" T(=n" +n—v) N s
2 E 2 k2 1
-z == ,  (5.126)
nE+ma?/(2n?) n2mkE,—FE
where we have identified the bound state energy levels E, = —ma?/(2n?)

in the last step. Let us write the fixed-energy amplitude in the form of eq.
(5.71]),

o0

1 Ryu(ry) Ry,
Rpi= 2 5 E,—E
n=I{+1

(rs) + /(continuum states). (5.127)
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Comparing with eq. (5.124) shows that we first have to express U in terms
of M. The identity

w (H M(a,b, ) l_bM(1+a—b,2—b,z)>

sin b

Ula,b, z) =

lta-—bI0b) T(a)T(2 — b)
(5.128)

may be rewritten for —a € N as

Ula,b, z) = (—1)@%1\4(@ b, 2) + zlbr(llf(;)l)Mu +a—0,2-b,2),
(5.129)

where we have used that
Sm”m =T(1—2)(2) = (=1)"T(1 — n — 2)T(n + 2). (5.130)

However, since —a € N, the second term on the right-hand side in eq. (5.129)
vanishes so that

Ry = i lﬁ (2krf)l+1(2km)l+1 S Fn+1+1)

ML+ 1—n, 20+ 2,2kr ) )M(L+ 1 —n, 20 + 2, 2kr;)

n=I[+1

+ / (continuum states). (5.131)

As before we express the Kummer function in terms of the associated La-
guerre polynomials,

Fin+ DINa) 4
M(— =———"° 5.132
(wmoaz) =~ L (o), (5132)
and, for k = /—2mE, = ma/n = C,, obtain the same result for the radial
bound state wave functions as in eq. (3.31]),

C, T(n-=1)

ST T QO e LN @0 (5133)

gu(r) =

The complete, stationary wave function reads

Vnim () = g"lr(r)Ylm(e, ©). (5.134)
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The continuum or scattering states may be obtain by the replacements
W — —iw, k — —ik, v —iv, (5.135)
where now w = y/E/(2m). The radial fixed-energy amplitude now reads

m (I +1—iv)

Ryia =
T TRl 2)

mu’l+1/2 (—QZk'Tf) Miy’l+1/2 (—2Z]€7°Z) s (5136)

and the discontinuity across the branch cut then yields the continuum states,

disc (Ryii) = 2 Re {Ryi1}
- % WWmHlﬂ( 2ikry) My, l+1/2( 2ikr;)
L mIl+i+iv)
ko T(20+2)
_m My 4172 (—2ikr;)
ko D2+2)
+ (=DM + L+ i)Wy (2ikrg) ] (5.137)

W_ivis1/2 (20krs) M_iy 1419 (2ikr;)

[F(l + 1— iV)Wiy,l+1/2 (-22k')"f) +

The expression in square brackets in the last line may be reformulated by
means of the identity

ru+1) . .
Mn — TR ur(u—i—l/Q)WH
rp+1) ,

TR (2 e, 5.138

T1/2+pu—r) wlze”) (5.138)
to yield
, m |T(l+1—w)* _, : )
disc (Rf“) = ? ‘ (]:\2(2l I 2))‘ (& iw,l+1/2 (-22]677) M,l'y’lJrl/g (27,le> .

(5.139)

The radial wave functions can now be derived from the completeness relation,

[dE . ,
[ 5 dise (Rpso) + 3 gulrg)gia) = 3t = ), (5.140)

where

o0

[ dE
/Q—disc (Ryiy) = /dk P (r ) gy (1) (5.141)
T
0
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Since dE = kdk/m we may combine this relation with eq. (5.139) to obtain

the complete, stationary continuum wave functions,

hkl(T‘)

r

Xklm(f) = Yim(ev @)7 (5142)

with the radial wave functions
B T+ 1—iv)
V2rD(20 +2)

or expressed in terms of the Kummer functions and Coulomb wave functions,
respectively,

hia(r) ™2 My 4170 (—2ikr) (5.143)

_ |F(l +1- iy)‘eﬂV/2+ikT

V2 D20+ 2)

= \/%Fl(—y, kr), (5.144)

where we have dropped an unobservable prefactor of (—i)'*1 as compared to
eq. (5.143]). This is the same result we already found in chapter |3| without
having to derive the normalization factor.

(1) (2kr)TIM (141 — v, 20 + 2, —2ikr)



Chapter 6

Radiative Corrections

In this chapter we will derive the radiative corrections of order o to the rela-
tivistic energy levels given in chapter [4] For this purpose it will be necessary
to introduce some concepts of quantum field theory (QFT) so we can make
use of the quantum action formalism. This will allow us to derive a modified
version of the Dirac equation that includes quantum corrections.

We will consider an electron moving in a background Coulomb field and
then calculate quantum corrections for the interaction of the electron with
the background field and with its own electromagnetic field. More elabo-
rate calculations concerning the vacuum polarization and the 3-point vertex
function can be found in appendix [A]

6.1 Quantum electrodynamics

In this section we proceed from the theory of quantum mechanics used in
the previous chapters to the theory of quantum electrodynamics (QED).
We elaborate some basic principles of QFT which are needed to calculate
the lowest order radiative corrections to the relativistic energy levels. The
calculations in this section follow or are inspired by Feynman and Hibbs
(1965), Feynman (1962), Itzykson and Zuber| (1980), |Peskin and Schroeder
(1995)), Kleinert| (2004]), Srednickil (2007).

6.1.1 Towards quantum field theory

In previous chapters we have considered the quantum properties of an elec-
tron, both relativistically and non-relativistically, in the fixed background
field of the much heavier proton, i.e. we treated the electromagnetic field
like a classical field. The results of the relativistic quantum theory of the

82
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electron deviates from experiment by a fraction of ~ 3-1075. The main part
of the deviation is due to the quantum nature of the electromagnetic field
itself.

In order to treat the quantum properties of the electromagnetic field, we

-,

consider the classical action of a free 4-vector potential A = (P, A),
ty
1
Slty, Agsti, Ai] = 3 /dt/d% A, (n””82 — (9“8”) Ay, (6.1)
ti

where Ag/; = A(ty);, ¥). While it is totally legitimate to use the action (6.1)
for the electromagnetic field to calculate its propagator from an expression
like,

Ay
/,DA eiS[tf,Af;ti,Ai}’ (6.2)
A;

it will not be useful to do so in many instances. The explicit choice of ¢; and
ts specifies a reference frame and thus breaks the Lorentz covariance which is
present in the classical theory. In the hydrogen atom relativistic corrections
represent only a small contribution to the essentially non-relativistic nature of
the system and often times we will have to choose the CMS as reference frame.
In many cases in this chapter, however, we will perform fully relativistic
calculations and thus it would be very useful to think about a relativistically

covariant alternative to eqs. (6.1)) and (6.2)).

Let us start by defining an infinitesimal 4-volume element of spacetime ¢

such that
/ d'z =Y, (6.3)

where the sum goes over all resulting cells in the discretized spacetime. Now
let us consider some complex scalar field ¢ and an integration of the form

/ DYDYT o | [ dibodes], (6.4)

where we have written 1, = 1 (x). This integral is no longer a path integral
like in chapter [5| but a functional integral, since we now integrate over all
configurations of a field ¢/ defined on the whole spacetime. Let us normalize
the functional integral measure in the following way:

1= / DyYDy' e,
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Si= S lealox [ dtelu

dibydit
DYDY = [ imﬁ’ (6.5)

For the verification of the first line one needs to make the replacement 6 —
d +407. This functional integral satisfies the relation

/ww%meﬁz{Q“%“- (6.6)

i/6, x1 =19

The right-hand side of this equation evaluates to either zero or infinity in
the continuum limit. From eq. (6.3) it further follows that the spacetime
integral evaluates to ¢ so that we may write

/ DYDY (2) (1) €850 = 6 (5 — 1), (6.7)

Using this representation of the § function we can find an alternative way
to calculate the causal propagator according to eq. - ) for a system with
Hamiltonian H

—1
—idy, + Hy — i0*
f Dy DY WWW)W(%) e’

54(33f — ;)

)

K7 =

[ DyDt i
| DYDY ()t (a) e 6.8
Bl [ Dy Dyt eis ’ 6.8
where now
S = / dha (10, — H + 07 ). (6.9)

In the second line in eq. . we have made a change of variables, ¥ —
(i0, — H + i07)¢. The resulting new factors emerging from the functional
integral measure are canceled out by the numerator.

Let us summarize our recent findings: In chapter [5| we have calculated
the non-relativistic, causal propagator Kf>i by considering the two events x;
and zy, where t; > t;, and integrating over all spatial paths which connect Z;
with 7}, weighted with €. Now we have found that the causal propagator
can also be calculated by defining a Lorentz invariant action in which
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a Lagrangian density is integrated over the whole spacetime. The causal
propagator then emerges from the expectation value (1(z;)w'(z;)), which
measures the correlation between excitations of the field 1 at the two events
x; and xy. In other words, the causal propagator Kf>i to find a particle at
xy, which had been found before at x;, is given by the expectation value
((zp)w(z;)) that an excitation at x; of the field 1 is correlated with an
excitation at . The field ¢ is in this case not the Schrodinger wave function
of course but rather connected to an operator ¥f(z) which adds to a multi-
particle state |®) a particle of species ¢ at the event z. Correspondingly, the
operator QZ)(ZL‘) removes such a particle at the event x.

6.1.2 Electrons in an external potential

In the previous subsection we have introduced the concept of QFT to calcu-
late causal propagators (in the following we will simply call them propaga-
tors) in a relativistic context. Here we will as a first step consider a scenario
which is already familiar from the quantum mechanical treatment in the
previous chapters: the interaction of an electron with an external 4-vector
potential V. As before the electron is treated as a test charge of reduced
mass m in this classical potential and we assume that the Dirac equation
corresponding to this problem may be solved analytically.
According to eq. the action of such a system reads

S\p,v = /d4l’ \I/(—'H\p,v)\l/, /H\py = —’Lﬁ + €V + m, (610)

where W is a Dirac spinor representing the electron field, which is moreover
Grassman-valued, i.e. it obeys the following anti-commuting algebra,

{U(21), U(2s)} =0, (U(21), T(z2)} = 0. (6.11)

Functional derivatives of ¥ and ¥ are hence calculated according to

%
0u(ay) W (x2) = =V (22) § w(ay) = 0 (21 — 22),
- I
‘S\TJ(m)\P(@) = —V(xa) § U(x; 54(% — ),
0w(an) W (22) = 03 () ¥(22) = 0. (6.12)

In this relativistic, field theoretic context the expectation value of an operator
is calculated via

o1 gl — S DYDY O[T, W] eev (v
(O[w,¥]) = TDUDT e

(6.13)
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The denominator in this expression is an integral over all possible field con-
figurations and hence represents the partition function Z of the theory,

7 = / DYDY ¢Sw.v [PV, (6.14)

Defining now Dirac-spinor valued Grassman fields 7 and 7 as external sources
for the fields ¥ and W, respectively, we can turn the partition function Z into
a generating functional Z[n, 7] for correlation functions,

Z[n, ) = / DUDY ¢/Svv W+ de (Pnav), (6.15)

However, it is even more practical to define the connected generating func-
tional W{n, 7] via

Win, 1l = In Z[n, 7], (6.16)

so that expectation values may be calculated according to eq. (6.13]) very
conveniently by differentiating W with respect to n and 7,

<OA[\IJ7 \I/D = O[_5777 577]W[777 ﬁ]

: 6.17
S (6.17)
The minus sign in front of 4, is due to the anti-commuting nature of the
Grassman fields. Completing the square in the exponent of the generating

functional and shifting variables like in eqs. (5.33) and ([5.34]) yields
2l = Z el 429 1Sy i)

Zo = / DYDY SrvI¥¥ = 1

! 6(x — a'), (6.18)

Sv(@o) =

where we have rescaled the functional integral measure such that the partition
function, i.e. the generating functional in the absence of external sources, is
equal to unity, Z[0,0] = Zy, = 1. Obviously the quantity Sy which appears
in the exponent of the generating functional is the (causal) propagator of the
electron under the influence of the classical, external potential V.

An important quantity which may be readily calculated from eqgs.
is the electron propagator S in the absence of the external potential, V = 0,

Svoo(zs, @) = S(xy — ;)

o(xp — ;)
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B —82+m2—20+ 0wy = i)

:Z-/ (d4p (p — m)eler—=)

2m)t p? +m? —i0t

— [dpemy [@(T)wgy@f)@if;(@)
s==+

where T' = t; — t; as usual and we have used the time-independent, free
()

5 (7) defined in egs. (4.37) and the relativistic energy

E = (p? +m?)Y 2. Note that for V' = 0 the theory becomes invariant under
spacetime translations so that the propagator only depends on the difference
xy — x; in this case. While remaining integral in eq. can be done in
closed form, the resulting expression is rarely useful so we would like to keep
it in the current form.

wave functions W

Apparently the (causal) propagator has picked up contributions from
paths which travel backwards in time. In the case of fermions like the elec-
tron these correspond to antiparticle contributions but they are also present
in the photon propagator. It is now clear that we would lack these contribu-
tions had we calculated the propagator from a functional integral like in eq.

(62.

6.1.3 The free electromagnetic field

Our second step towards the full theory of QED is to consider the QFT
of the free electromagnetic field, i.e. the theory of non-interacting photons.
According to eq. the action for this system is simply given by the
classical one,

1
Sy = / d*x 5AM(MW — OrOY)A,, (6.20)

where A is the well known 4-vector potential. The action S, is invariant
under the gauge transformation,

A— A+ 0T, (6.21)

for some arbitrary function I'(x) of spacetime. The gauge freedom of the
photon field A allows us to replace the term 0*0” in its Hamiltonian with
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some operator G* which is in accord with the choice of gauge and drops out
in gauge invariant expressions,

1
Sy = / d'e SA(-HE)A,, HE = o2 — G, (6.22)

Like in egs. (6.15) and (6.16)) we define the generating functional of the free
electromagnetic field in the presence of a 4-vector valued, external source J
and the connected generating functional as

Z[J] = / DA eSalA+ [ dle M AL W[J] =1nZ[J). (6.23)
As for egs. (6.18) we complete the square in the exponent of the generating
functional and shift variables to obtain
Z[J] =7 efd4md4r/ %J“(r)DHU(x—r’)J”(z’)
Zy = /DA@ZSA[A] =1,

L
T MY (@) ot

)

D, (x — ") §(x —a'), (6.24)

where we have scaled the functional integral measure such that the partition
function is equal to unity, Z[0] = Zy = 1. Expectation values of operators
(O]A]) may be calculated analogous to eq. by differentiating W with
respect to J,

(O14]) = Ol )W1J]] (6.25)

J=0
Calculating the free photon propagator D is fairly easy. However, we first
have to inspect the influence of gauge freedom on the propagator and the
partition function more closely. Focusing on the partition function we see
from eq. that in the absence of the source J a gauge transformation

according to eq. (6.21)) yields
Z[0] = / DA Sl = / DA’ ¥l (6.26)

Simply renaming the field A” — A shows that the partition function is invari-
ant under gauge transformations. This remains true if a source J is added
since it may be defined to couple to the transformed field instead. Since two
fields A and A’ correspond to the same physical situation if they are related
to each other by a gauge transformation we have to fix a gauge to enforce
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that every physically inequivalent field configuration is counted only once.
To do this formally we will use the method of |Faddeev and Popov| (1967),
i.e. we insert unity into the partition function (6.26)) in the form

| = / DF&[G[A’]]‘ ; 3G1A]

=l A = A+ 0T, (6.27)

where 0[f] is the functional generalization of the d-function and G[A’] is some
condition that the gauge transformed field A’ has to satisfy. E.g. Lorenz-
gauge is enforced by G[A'] = 9, A" while Coulomb-gauge needs G[A'] = VA,
etc. In the following the determinant in eq. will be independent of A
so that we can treat it as a constant under the functional integral. Inserting

eq. (6.27)) into eq. (6.26]) then yields

SG[A] SIGIA] €541 (6.28)

= / DADT ‘det

Transforming A — A’ and then renaming yields

— (/DF ‘d D /DA5 etsalAl, (6.29)

We have thus managed to formally extract an infinitely large prefactor out
of the functional integral and instead integrate only over physically inequiv-
alent field configurations. Since such a prefactor always cancels out when
an expectation value is calculated we may simply redefine the generating
functional and the partition function as

Z _~ efd4xd4 @' 2 J#(x) Dy (x—a') J¥ (')

Y

Zy = / DAS[G[A]] ¥4l = 1, (6.30)

where a proper rescaling of the functional integral measure has also been
performed. Let us now calculate the free photon propagator. First, in the
Coulomb gauge, VA = 0, we have

Ak
Dy(z) =0, Dij(z) = (5’“ af )ij(x). (6.31)

Hence the propagator reads

Doo(l'f — ZEZ) = —F
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Bk e* X 5T
:i(S(T)/ IO
2m)? k2 4x|X|

0101 1
Di ) — ;) = i — R 54 —

_Z/ d4l€ “_k’ikj eik(xf—xi)
) e\ T T ) TR o

— /El\l;eigi (mj - %) (O(T)e ™" +0(=T)e™"), (6.32)

where X = Ty —7; as well as w = k| and dk = d®k/((2m)%2w). While the
remaining integral in eqs. can be done in closed form, the resulting
expression is rarely useful so we would like to keep it in the current form. Also
very important is Lorenz gauge, 9, A* = 0, where the propagator satisfies

0,0
D#V(x) - (5up - %) Dpu('r); (633)
so that we obtain
_ 9u0y 1 -4
DMV(wf - xz) - (nlw 92 ) aj% 0t ) (l’f I’Z)

_ / d4k3 B ku/k}/ eik(:pffxi)
) e\ T TR ) TR ot

— . ke ke, , .
= /dk kX (nw, - 22 ) (O(T)e ™" +O(=T)e“") .

(6.34)
Finally, in Feynman gauge we have
D, (zy—x;) = Lié‘*(mf — ;)
g 97 +i0*
d4k, e’ik(l’ffzi)
= M / :
(2m)* —k2 440+
= T / dk "X (O(T)e T + O(=T)e“T) . (6.35)

6.1.4 Quantum electrodynamics

The theory of QED emerges when the electron field from subsection [6.1.2] is
allowed to interact with the free photon field from subsection [6.1.3] In the
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case of the hydrogen atom it is very helpful to separate the photon field into
a classical, external potential V' like in subsection [6.1.2 which represents
the Coulomb potential and a quantum field A which give rise to the Lamb
shift. In the following, however, we will only consider the quantum field A
to clear up the notation. The external potential can be restored anytime by
the replacement A — A + V.

Naively we might write the full QED action as,

Snaive - S\I',O + SA + Sint7 Sint = —€ / d41‘ \IIA\P; (636)

where Sy g and Sy are given in egs. , with V = 0, and , respec-
tively. However, the interaction of photons with matter gives the fields A and
U and parameters e and m a different meaning than before. In subsections
6.1.2] and |6.1.3| we could identity these quantities with observables like field
strength, electron charge and (reduced) mass. The interaction represented
by Sint, however, includes self interaction of the electron with its own electro-
magnetic field, thus effectively changing its mass from m. But the interaction
with the own electromagnetic field also changes how the electron interacts
with photons from other sources and hence effectively changes e. The fields
A and ¥ are effected in the same way. To account for this change of param-
eters due to the omnipresent interaction we have to replace the action (|6.36|)

by

S= / d'z [%Aﬂ(nﬂw + GV Ay + U(Zaid — Zom — Zee AU | . (6.37)

This action is obtained from eq. by simply rescaling A — Zil/ ’A and
similar for ¥, e and m. Perturbative calculations show that Z; = 1+ O(«).
We may adjust the Z-factors such that A, ¥, e and m take certain values
under certain conditions, i.e. we impose renormalization conditions. E.g. we
might want to adjust m such that it equals the measured (reduced) mass of
an electron. Other normalizations might be useful as well, depending on the
situation.

Since we will have to resort to perturbation theory to calculate radiative
corrections to the hydrogen energy levels we have to separate the action ((6.37))
into a part which we now how to handle analytically plus a perturbative part
which we call S;,;. For the present case we set

S =84+ Sy + Sint (6.38)
with the the same S4 and Sy = Sy as in subsections [6.1.2] and [6.1.3]

1
Sa= /d4$ 514“(_%%/)141/7 HZV = _77/“/82 - gHV,
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Sy = /d4l’ @(—H\I;)\If, Hy = —i$ +m, (639)
and with the interaction part
1 _
Sint = /d4x |:§A/J<_5HZV)AI/ + U (—6Hy — Zee )|, (6.40)

where, setting Z; = 1+ 9;,
OHY = —0a(n"0* +G"), Hy = —0uid + Gm. (6.41)

Thus we have separated the full QED action into a part containing the
free electromagnetic and electron fields and into another part containing the
interaction of electrons with the electromagnetic field and the corresponding
rescaling terms.

A peculiarity of this separation is that in perturbative calculations the
contributions from highly energetic sub-processes cause certain correction
terms to become infinitely large. However, all problematic terms of this kind
may be regulated such that they diverge only in a well defined limit and thus
can be absorbed into the renormalizing Z-factors.

Historically the appearance of these divergences and the necessity of
renormalization represented a major problem for the theory of QED, which
was finally solved by [Tomonagal Schwinger| |Feynman| and Dyson|.

While it is surprising at first that e.g. the correction term 6,,m to the
electron mass is infinitely large, one might consider the following: Say, that
we have adjusted the Z-factors such that the parameter m is equal to the
free electron mass as measured in experiment, m = Mex free. Say further, we
compare the mass of a free electron to that of an electron in a bound state,

Mex free — Mex,bound = (5m,free - 6m,b0und)mex,free- (642)

We now find that the infinite parts in the Z-factors cancel out in this expres-
sion since highly energetic processes are insensitive to whether the electron
is bound or not. The remaining correction is indeed small and in excellent
agreement with experiment. The tricky part in the separation in eq.
is that Sy actually describes an unphysical "uncharged electron”. A physical
electron with charge —e, however, is always interacting with its own elec-
tromagnetic field which moreover becomes stronger the closer the electron is
approached. Therefore self interaction becomes more important the higher
the energy of the photons under consideration. Consequently, the mass dif-
ference relative to the ”uncharged electron” becomes infinite in the absence
of a cut off (or a different regularization) on the photon energy.
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Let us now proceed by inspecting the action of QED a little closer. While
the naive action S,y is invariant under the simultaneous gauge transforma-
tion,

A— A+ 0T, U — ey, U — ey, (6.43)

for some arbitrary function I'(z) of spacetime, this is only true for S in eq.
(6.37)) if Zy = Z.. Fortunately this is ensured by an identity due to (Ward,
1950) so that the action S is also invariant under the gauge transformation
(6.43)).

Following the procedure of subsections|6.1.2|and [6.1.3|we define the gener-
ating functional Z|[n, 7, J] and the connected generating functional W{n, 7, J]
of QED using the Dirac-spinor and 4-vector valued, external sources 7, 7 and
J,

Zn,7,J] = / DUDIDA J[G[A]] e SIT VAN 'z (TntavIr ),

As before expectation values may be calculated very conveniently by differ-
entiating W with respect to n,  and J,

(O[9, W, A]) = O[-6,,63,6,)W[n, 7, J] o (6.45)

As usual we complete the square in the exponent of the generating functional
and shift variables to obtain

Z[n, 1, J) = S0 0n0 7o, 4, ],
Zoln, 1, J) = Zo el @ #d's’ (M@=t 374 @)D w=a')* 1)

?

Zy = / DUDUDA §[G[A]] eSaAF+iSeW:9] = 1 (6.46)

where we have scaled the functional integral measure such that the partition
function of the non-interacting theory is equal to unity, Z,[0,0,0] = Zy = 1.

From egs. (6.45) and (6.46]) we may write the electron and photon prop-
agators, S and D, of the full theory as

Sy —xi) = =On(ap) ey W n, 1, J]

n=ii=J=0

1 )
— 5’($ — ) + —_elsint[*(snﬁﬁv%]
g Zn, 7, J]

- | d'z S(zp —x)n(2) /d4y 1) S(y — ) - Zoln, n, J] :
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Dy — i) = 0gu(us)0sv @) Wn, 1, J]‘ )
n=n=J=0

1 .
=D, (xp— ;) + . —— [—67,67,0,]
S Z[n, 7, J]

./d%Dﬂa(xf —SU)JO‘(SU>/d43/ TP (y) Dy — wi) - Zoln, 0, J]

(6.47)

From these expressions it is apparent that indeed the electron and photon
propagators of the non-interacting theory, where Si,; = 0, are simply given
by S and D in the exponent of the generating functional,

Sy — ;) = S(xy — 3;),

int=0

D(xy — ;)

=D, (x;— ;). 6.48
Sin=0 w(@p = i) ( )
Let us now define the self energy ¥ of the electron and the vacuum polariza-
tion II of the photon in the following way:

SHe—y) =5z —y) —iS(z—y),
(DY (x —y) = (D) (z —y) —idI" (z —y). (6.49)

The quantities > and II capture the effect of self interaction of the electron
and photon, respectively, that we had mentioned above. One should keep
in mind that the presence of an external potential would most likely destroy
the translational invariance of S, D, 3 and II, i.e. S(z,y) # S(z — y), etc.
Performing a Fourier transform in egs. and inverting yields the very
useful expressions

1 d*p e
(@) =73 / (@) p+m— (p) — 0

d*k eike
Duulr) = / (2m)* (D-Vymw (k) — iTlw (k) (6:50)

with the Fourier transformed expressions

X(p) = /d4x e Py (z), (k) = /d4xe_ika(m). (6.51)

The exact form of D is specific to choice of gauge of course. E.g. in the case
of Coulomb gauge, we obtain

—

. d4k’ eika’c‘
D00($) = l/ 1> y
(2m)* k2 4 1100 (k)




6.1. QUANTUM ELECTRODYNAMICS 95

—

1 d*k kik! etk
Dyy(x) = = v < 52
4l = 3 / (2n) (5’ P ) K2~ TT0 (k) — 0 (6:52)
while in Lorenz gauge we have
1 d*k k, kP etk
Dy(r)== [ — (0.,  — =& . 6.53
w2) = 5 / (2m)? ( S ) K2ner — 107 (k) — 0+ (6.53)
Finally, in Feynman gauge we have
1 [ d% ¢k
D v — - " . . 4:
() i / (2m)4 k2nprv — TI#v (k) — 40t (6.54)

Further we may expand eqs. in a geometric series for S and D,
Sti =Sy + / S ta12ab5i + / StaiXabSpetBedSdi + - - -
ab ab.cd
,Dlw,fi = D/ﬂ«fi + /b DupyfaiHZZDW,bi
+ / Dyp i1 Dy 118 Dy + .., (6.55)
ab,ed

where [, = [d'ad'b... and ¥, = X(a—b), etc. In order to calculate the

geee

O(a®) corrections to the hydrogen energy levels we have to consider the O(«)
contributions to 3 and II. From eqgs. (6.47) we may infer the expressions,

S(x —y) = ie*y"S(x — y) Dy (x — y)v"
— 0Hy(2)8" (x — y) + O(a?),
[ (z — y) = —ie* Te[S(x — y)7"S(y — x)y"]
— 6HY (2)6*(x —y) + O(a?).  (6.56)

6.1.5 The quantum action

The field theoretic formalism developed in subsections to is very
powerful but in the context of a bound state we can go even further with the
quantum action formalism.

The Legendre transform I' of the connected generating functional W de-
fined in eq. is called the quantum action or effective action,

iL[Q,Q, Bl = Wn,7,J] — /d4:c (Qnln + 7] + J*B,[J]) . (6.57)
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The functionals W and I' satisfy the relations

W =, ool =17,
6,W = -Q, 10l = —n,
5,W = B, 65T = —J. (6.58)

The equations in the right row are called the quantum equations of motion
for the fields €2, €2 and B. The meaning of these variables can be elucidated

by considering eq. ,
Q] = (V) Qln) = (D), B =(A);. (6.59)

Thus the functionals (£2,), B) correspond to the expectation values of the
fields (W, W, A), i.e. their classical values in the presence of non-vanishing
sources (7,7, J).

Let us now expand the quantum action I' in terms of the fields (€2, 2, B)
and only keep the first few terms,
1,9, B = / rdty Q) — o)
T Q(y)oQ(x)
5T
0B, ()0 B, (y)

T
50(y)00(2)5 B, (=)

1
+ §/d4$d4y B, (x) B,(y)

Q) Bu(2) + ...
(6.60)

+/d4xd4yd4z§_2(x)

Higher orders in the expansion will not be needed in the rest of this work.
Obviously the quantum action I' is gauge invariant just like W and hence not
all combinations of €2, 2 and B can arise in the expansion. Also from the non-
interacting theory one easily finds that I'[0, 0, 0] = 0. From differentiations of
the relations , taking care of the anti-commutativity of the Grassman-
valued fields, we obtain

64(:1: —y) = 5Q(x)Q(Z/> = 00(2)05() W
= / 4"z [6a(@)n(2)] [On() Oni) W]
= / d*2 [6a(@) 0a )il D) On) W1,
6",6(x — y) = 0B, (0)Bu(y) = 0, )00 () W
:/fdhmﬂ®mmﬁwwm
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=~ [ B0, Brfr W) (661

Hence, according to eqs. (6.47]), we obtain for vanishing sources, n = 7 =
J =0,

62T 6T

0000 =iS ! (x —y), 3B (@)0B, (1) =i(DY"(x—vy). (6.62)

Similarly the remaining coefficient in eq. may be calculated as follows:
0= 5Bu(w)54(x — )
= 05, (w) / d*2 [8a(a)002)iT] (090 Oy W]
=/#d%w%w%mﬂﬂM@MMW
- / d*2d*v [0, ()08, (0)iL] [0a@)0a )i L] [0, ()0t Ony W] (6.63)
Again setting n =71 = J = 0, we define the 3-point vertex function Vs as
—eVi (2,9, 2) = da@y)0a()0B, )
= i/d4ud4vd4w Sy —u)(DH"™ (2 — )
6740070 Oy W] S™H(w — z). (6.64)
Inserting these results into eq. for the quantum action yields
M B = [ dadly [90) (57 - ) - (VB)(w.v) O
B~ 9By, (66
where
(eV3B)(z,y) = /d4z eVi(x,y, z)Bu(z). (6.66)

Using the relations (6.58) we may derive from I' the quantum equations of
motion for the fields 2 and B ,

5oT = 0, 55l =0, (6.67)

which yields

/ d'yiS (x — y)Qy) = / d'y (Vs B)(z,y)y).
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/d4yi(D_1)“”(ac —y)B,(y) = /d4yd4z Qy)eVs(y, z, 7)(2). (6.68)

Analogous to egs. (6.56]) we expand the 3-point vertex function to first order
in «,

V:I;(l‘, Y, Z) = 7M§4(x - 2)54(y - Z) + 5V§<x7 Y, Z),
SV (x,y, 2) = 04" 0% (1 — 2)6* (y — 2)
— eQWO‘S(x —2)v*S(z — y)v’BDag(x —y)+ O(on), (6.69)

where we have assumed that §. = Z, — 1 = O(«). It will be helpful to use
egs. (6.49) and to write the quantum action in the form

0, Q,B] = / d*z (Q [—Hy —eB] Q- %Bﬂj”B,,)
+ [ataaty (mx) S(e - y) - (VseB) (e, 5)] Qy)
+ 3BT (@ = )B)). (670

Apparently the first two lines of eq. (6.70) are just equal to the classical
action like in eq. (6.36)). Similarly the quantum equations of motion ([6.68))
may be rewritten as

[ +cB(@)] ) = [ d'y [S(a — y) ~ (VaeB)(w,)] ),
i Bula) = [ &1 (@ = ) Bufy)
- /d4yd4z Qy)eVs(y, z, 2)Q(z).  (6.71)

Now we have reached a good starting point for the calculation of radiative
corrections to the relativistic energy levels.

6.2 The quantum equations of motion for the
hydrogen atom
In this section we apply the quantum action formalism elaborated in the

previous section to the case of the hydrogen atom. The calculation of the
corrections to the hydrogen energy levels is performed in section
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We will rename the electron and photon fields from the previous section,
(Q,Q, B), back to their original names,

(Q,Q, B) — (T, T, A). (6.72)

Keep in mind, however, that their meaning has changed from the quantum
fields in subsection to their expectation values as in subsection [6.1.5]
Further we will regard the photon field A as a pure background field, while
the dynamical quantum part of A is to be considered in the self energy > of
the electron.

The quantum equation of motion for an electron in an external photon
field A as given in eq. is a Dirac equation for ¥ that includes radiative
corrections,

i)+ m + eA(x)] U(z) = / 2y [ — y) — (VeeA) (@, y)] U(y). (6.73)

The correction terms on the right-hand side of this equation comprise a
variety of contributions which are collectively denoted as Lamb shift and the
major part of which is due to the modified self energy of the electron in the
hydrogen atom as compared to a free electron.

In this chapter we will calculate the order o® corrections to the energy
levels. In order to do this we have to discriminate photons of different wave-
lengths against each other. Hard photons, with momenta of the order of the
rest mass m, are important only in the immediate vicinity of the proton, i.e.
over distance scales ~ m~!. They contribute only to high energy processes
which are encountered e.g. in the Uehling potential. The coulombic part of
the proton potential is generated by soft photons with momenta of the order
of the electron momentum, ma. Their wavelengths are of the order of the
atomic size, ~ (ma)~!. Their contributions to the vacuum polarization are
derived in appendix [A]in the limit of small photon momenta since ma < m.
However, there is another energy scale to cover, the ultra soft (US) scale,
consisting of photons with momenta of the order of the binding energy, ma?.
Those photons do not contribute to the Coulomb potential but to a shift of
the energy levels. Will we introduce an ultra soft cutoff K, which satisfies

ma? < K ~ma < m (6.74)

to separate the ultra soft from the soft contributions. It is important to realize
that this procedure breaks Lorentz covariance. In the following when we
speak of soft and ultra soft photon momenta or non-relativistic electrons we
refer to the CMS. Throughout the whole chapter we will perform calculations
for ultra soft and soft photons separately.
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6.2.1 The photon field

Let us apply the above mentioned separation to the photon field A by dividing
A into two parts,

A=A> + A%, (6.75)

where A~ contains only contributions from soft photons (momentum k& 2 K)
and A< those from ultra soft photons (k < K). The ultra soft part is simply
taken as a free photon field whereas the soft part yields the background
potential of the proton. A~ is taken to be the solution to the second line of
eq. , where the right-hand side is set to be the 4-current of a proton

at rest in the origin,

/ dy (D) (0 — ) A2 (y) = —id"(x), T’ = e"o(D).  (6.76)

Let us choose the Coulomb gauge, VA> = 0, and use egs. 1) and 1)

to write down the solution to this equation,

d?’k eikf
(27) k2 4 1100(0, k)

eA; (z) = —ie / d'y Dy (z — y)J" (y) = 1uoe” /

«
= 77110; + 6(514; (x),

31, LikZ
d’k e 0

T (0, k). (6.77)

edA; (1) ~ —nuoe2/

In the modification ed A~ to the Coulomb potential we have kept the first non-
trivial term of the geometric series since it contributes to the O(a’)-
corrections to the energy levels. The vacuum polarization II is calculated in
to the first order in « for soft photon momenta, k% < m?. e§A> is then

obtained from eq. as

11(0, k)

d3k ez‘Ef
>0 — 2
edA; () = nuoe /(277)3 7
40

= No{s 5°(2). (6.78)

We will solve eq. (6.73]) with the Coulomb part of A~ and treat the correction
term 0 A~ as well as the ultra soft field A< as a perturbation. The ultra soft
contributions then appear to lowest order only in the electron self energy and
not in the three point vertex function,

(0VseA) = 6V7eA”, 5=+ ¥<. (6.79)
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Correspondingly the soft field contains the Coulomb potential and correc-
tions to it, while the soft vertex function contains corrections to the way the
electron interacts with the potential. The complete contribution of the ultra
soft field, however, is accounted for in the ultra soft self energy ¥ <.

In the following we will consider the electron field ¥ to be the exact
solution to the equation

[—z‘a +m— 70%] W(z) =0, (6.80)

while the remaining terms in eq. (6.73)) are included in a perturbation Hamil-
tonian H®),
HOW () = ed A (2)¥(x) - /d4y Bz —y) = (V5 eA™)(x,y)] U(y).
(6.81)

The solutions to eq. (6.80) are of course the ones derived in chapter ,
while the radiative corrections to the Dirac energy levels are given by the
expectation value of the perturbation Hamiltonian H™.

6.2.2 The soft vertex function
Let us write down the Fourier transform of dV3eA,

d4p d4p/ ip;zfip/y 17 / e /
(0VseA)(z,y) = / @2n) 2n)! e Vi (p,p)eA,(p' —p), (6.82)

with the momentum space expression in Feynman gauge,

: Al 7, S(p + Dy S(p + 1)y
1% 1 — 2 v ) 2
Vi (p,p) = ie /(27r)4 s + 04"+ O0(a?).  (6.83)

The correction to the vertex function is given in appendix in the limit of
small photon momenta as

a ¢? m a 15*q,
Vi (p,p') = 7“37% (n# + g) — o qu , q¢=p —p, (684)
This expression includes contributions from all scales. We have to exclude
the ultra soft photons, however, since these are to be considered in the ultra
soft self energy < only. Thus we have to calculate the first order correction
to the vertex function, 6V5, from eq. by inserting the ultra soft cutoff
K and using free electron propagators,

Ug! (ﬁ)dV;MQ?, p/)us (ﬁj
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d*l
_ — )
= 05ty (P )y us(p) — e /IC )
. g (P)y (p + 1 —m) " (p+ 1 —m) wus(p)
(0" +1)2 4+ m? —i0*) ((p+ 1)> + m? — i0F) (12 +m2 — i0*)
R O Tty (P')7us (P)

—ie? / 7 dpp'uy (P') 7" us (P)
x (2m)* (2p'l — i0*) (2pl — i0*) (12 + m2 — i0+)
— o /
= e ()7 u.(5) (07 + Z1(p.p)) (6.85)

where Z5 = 1+ §5 is the renormalization factor specific to the ultra soft
regime,

Zo =77+ Z5. (6.86)

In going to the second line of eq. (6.85) we have neglected [ against m in the
numerator and [? against pl and p'l in the denominator. We calculate 6Vy
for non-relativistic electrons, i.e. in the CMS we have

1 1 0
pZE(ﬁ>, p/ZE’(ﬁ,), qu’—p%E(ﬁ,_U>, (6.87)

where
' m 2 =2 2 —y 2
F~FE=—u— 0T =0 0" &~ v cos . (6.88)

V1— 02

To calculate the integral I we perform the [%-integration in the complex plane,
closing the contour above the real axis. Further we write

- .
= i= By = /12 +m2, (6.89)

K
T(pp’)—@/M/@ L !
’ 2) B} ) Am 1 —Gl/E 1 - 0'/E,
1

i / dcos?
21 — (I/E))|zv+ (1 — z)v'| cos V)2
1

SIS
o\
-

de | "
Elg O/ 1 - (l/El)2(x17—|— (1 — $)17’)2. (690)
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For non-relativistic electrons (in the CMS) we have v < 1 and may expand
I(p', p) to linear order in v?, using ¢* ~ 4m?v?sin® /2,

1

/ d”2 - /72
I(p',p) = — 3 —— (1 —v?cosh) [ da 1+ﬁ(”+(1—$)”)
0 0

i
dl 12 q2 l2 (]2
~ — 1— — 4+ [ =
/ B ( +2m2+El2 <” 6m2)>
0
2
= —{ (aursinh£ — 1) (1 —v +q—)
My 2m?2
2
+ <arsinh £ — é) (112 — q_) ]
my, 3 6m2

2 2K 5 2 2K
v | Lo (2 m (6.91)
3m? m, 6 3 my
The definition of the electron charge
Uy (P)OV5 "1 (D) P 0, (6.92)
¢ =0
enforces
2 2K
Z§:Z§:1—g[v—+1—ln—} (6.93)
|3 My

It appears worrisome that the velocity v? appears in the counter term since
it will become —A /m? in position space. In order to check that this term can
indeed be absorbed into a counter-term, we have to inspect the derivative
of the ultra soft self energy, 8¢E<. So far, however, the soft vertex function
reads

La ok 11 o iSHq,
6V =6V — 0V5y = Vs <lnE — ﬂ) R — (6.94)

Thus we are able write down the first part of the perturbation Hamiltonian

(6.81)) explicitly,

- 402 m 31 io® YT
HY(z) =~ | — (In— 4+ — ) 6° Rh R/
() =7 {3m2< 2/C+120> @)~ Tom 7’3] (2)+

- /d4y Sz —y)U(y). (6.95)
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6.2.3 Renormalization of the free ultra soft self energy

In this subsection we check that the renormalization of the free ultra soft self
energy is consistent with the result (6.93)) for the soft vertex function. Let
us write the self energy of a free electron in terms of its Fourier transform,

4
Vtree (€ —y) = / ) (6.96)
Tee (27_‘_)4 Tee ) .

with the momentum space expression in Feynman gauge,

Siree(p) = € / <d4l .50+ I — dgp — Omm 4 O(?). (6.97)

2m)4 2 +m2 —i0+t

The self energy is renormalized such that it vanishes for a free electron, and
that the residue of the free electron propagator is one,

as(mzfree(p)us(m = 07 ﬂs(mapgfree(p)us(@ =0. (698)

These are the two conditions which constrain Zy and Z,,. We make the
separation Z; = Z: + Z° again. The electron propagator in eq. (6.97) is
substituted by a free propagator, so that

Us(P)[Efree () + 65, — 05 us(P)
_ie? / d' @)y (= — 1+ m) 7 us(p)
2mi (2 1 m2 —i07)((p+ )2 + m2 — i0%)

1
R e’ m i (p)us 27)/ (12 4+ m2 —i0%)(pl — i0F)
d3l 1
= e’miis(P)us 15)/ 21)32E} E — dl/E,

a dl [? 1 1 —vl/E;
_E“s(ﬁ)“s(ﬁ)/ E? —20l/E, 1+l/E

Us(p)us(D) (1 - —) /’CC;,—Q ( ;é—;) : (6.99)

In the limit of m, — 0 we have

7 112 Kdl 2

m
Sy e
0

>1IQ
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l

d”4 di Ll Mg, MM
E2 E4 2 ", !

so that we obtain a condition for the Z-factors,

< < v’
zs—zs=""(1-"). (6.100)

Let us now check our result from subsection on Z5 = Z§ by calculating

the derivative of Xp,.,

s (D) [OpEiree (p) + 25 — 1us(p)

d*l 1 1
— 2_5 a / 1 s 3
zeu(ﬁ) P (2%)4(12—|—m,2y—z0+)7 ;yH—l—l—m—zO*w U(ﬁ)
(6.101)
In order to calculate the derivative with respect to p we note that
ap = (’}/H)_lapu = —7“3pu (6102)
and hence
- Vo =" Ya ! Vu- (6.103)
p+AT" p+Ap+ AT

For the present case we thus obtain

2,62/ d*l us(P)us(p) m?
(27)* (12 +m2 —i0") (pl — i07)?’

U (D) [0 Siee (P) + 03 Jus(P) = —

(6.104)
which can be calculated using
i K oK FdPm? 1
m
=arsinh — —1—In— —1, T =, 6.105
/ B = arsin " n - / o 3 ( )
0
According to eq. (6.98) we then obtain
2 2K
Z§=Z§=1—9(”—+1—1n—>, (6.106)
™\ 3 M.y

in agreement with eq. (/6.93)).
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6.3 Calculation of the energy corrections

Now we will calculate the radiative corrections to the energy levels. One
should note that to the order o only the Schrodinger energy levels enter the
calculation. For the same reason we will often times approximate the Dirac
wave function by the non-relativistic Schrodinger pendant.

6.3.1 The energy corrections

The shift of the energy levels caused by the perturbation Hamiltonian (6.81|)
is given by

1 _ .
OBk = = / d'2 U (2) HOW, 0 (), (6.107)

where T is the temporal extent of the integration range. In previous chapters
we have simply calculated the energy levels and afterwards presented them
like in eqs. and as measured relative to the ground state. In
QFT, however, we will on several occasions encounter intermediate results
containing divergent terms. Those unphysical contributions may be absorbed
into the Z-factors in eqs. (6.83)) and by specifying renormalization
conditions on X2, 8,)2 and 0V3. Additionally, we have introduced the arbitrary
cutoff £ so we can not make sense of the direct result of eq. . In
any case, however, the unphysical, arbitrary terms cancel out whenever a
measurable quantity is calculated. E.g. Bethe (1947) derived a physical
result from eq. by simply calculating the difference dFE,; — 0 Fee,
where 0 Epe is the energy shift of a free electron that follows from eq. .
In the following we will therefore calculate the quantity

AE,, =0E,, —0E1 1 (6.108)
so we save ourselves a lot of trouble by directly canceling out the Z-factors,

the K-dependent terms and a lot of other terms that we otherwise would
have to carry through the calculation.

Inserting eq. (6.81]) into eq. (6.108]) yields
TAE,, / 04 [T (2)e0A” (2) U () — U o(2)ed A7 (2) W11 o(2)]
- / ed y [T (2) (@ — 9) o () — T 10(2)S( — 1) _10(y)]

[y [ )07 W)
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— ‘1’1,—1,0(@ ((5V3>€A>)(JI7 y)\Ijl,—l,O(y)} . (6109)

In order to calculate the main part of the Lamb shift we need to consider eq.
(6.97) where S = S, represents an electron propagator in the Coulomb field.
We separate Y into soft and ultra soft parts again,

Y =% +¥< (6.110)

However, soft and hard photons do not feel the binding of the electron in the
hydrogen atom so the electron looks nearly free at these energies and [ Uy
changes only negligibly for the different bound state levels. We may thus
approximate

/ [‘I’nkmz‘l’nkm - @1,71,02‘1’1,71,0] ~ / [\I’nkm2<‘1’nkm - ‘1’1,71,02<‘P1,71,0} .
(6.111)

The remaining self energy comprises only ultra soft contributions, or more
specifically,

NS (x —y) = ie* Ay (x — y)Se(x — y)y”, (6.112)
A§V<:Ij' — y) = 77“1// %e*i|ﬂ|y0*$0|+i§(g*f)7 (6113)
K
N —iF |20 —y0
SC<:C - y) = sgn(:L’O - yo) Z \Ij(%k)/ /( )\Ij(%k?/ /(y) e By vl
n/k/ ’
+ (continuum states), (6.114)

where we have employed Feynman gauge in the photon propagator. Substi-

tuting the propagators ((6.113) and (6.114)) into the self energy (6.112)) yields

Y (z —y) = isgn(2® — ) Z /dqqu

/k/ ’

. f}/ﬂ\pnlk/m/ (f)\lln/k/m/ (y)f}/#elq'(ff?j)7i(En/k/+Q)|wofy0‘ ) (6 115)

where ¢ = |¢] and the sum ) .., is understood to include continuum states.
This result is to be inserted into eqs. (6.95) and ((6.109)).

6.3.2 Soft contributions

Let us separate the energy shift into two parts,

0En, = 05, + 6EY, (6.116)
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due to soft (S) and ultra soft photons (US). According to eq. (6.95]), we have

402 m 31 io? YT
OBS, = | @20, (D) |— (In— + —— T) — — | W (T
nk / W) |35 (Mg + 155 ) ) = 4 73 | Yo ()

— _»f —
(q;)Z—gfonkm(:c). (6.117)

4o m 31
= 5 (I = ) [ W (0)
32 (nzlc M 120) [ ¥t (0)]
;2
i
d*x !
4mm T ¥ pkem
To order o, only the lowest order parts of |¥|?* contribute. According to the

results of section [£.4] this leaves only us with
_ 2
U, —1(7) G-
—| = —7’121(%71(0))25&—1

— |12 ~ 13
|\I/nkm(0)‘ N}}_{% -
3 m3as

—0f,—1 R~ 3
™

Skt (6.118)

where, of course, it is more common to write d; _1 = d;0. The first part of

§ES, is thus obtained as
Zg:s; (m % n %) 5o (6.119)
Let us now turn to the second part of eq. ,
= _87(:;2 /dga: {(p“i—f&ﬁ(p%— (Eﬁw)Ti—fgo}
_ 8:;2 / B ot {56, ? ©, (6.120)

where we have used eq. (4.43) to write y &~ —idV/(2m) in the second line
and performed a partial integration in the third line. The commutator may

be written as
L= OF ., 2(K —-1)
|:O'v, 7‘_3:| = 471'53(117) + T, (6121)

where K =1+ 2SL = J? — [* — §2 as in chapter . Again we approximate
the Dirac wave function by its Schrodinger equivalent so that the result of

eq. (6.120)) becomes
> 1+ k
i ) . (6.122)

mao
50— (1—30
273 ( to = ”0)1(z+1)(21+1)
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The last term is not present for [ = 0, i.e. k = —1. Thus we may write this
expression most conveniently as

5

mao
_—. 6.123
23 (2l + 1)k ( )
Taking eqgs. (6.119) and (6.123)) together, we obtain
dma® m 31 ma’®
0B, = —— [n—+ — | §g— ———
nlk = 33 (n ST 120) Y 2mn3(20 + 1k
ma® [(4 m 31 1
=—Fl=-h—=4+—=)0o— ———|. 6.124
™’ K:’) "ox T 90) T k201 1) (6.124)

Despite the fact that soft contributions to the Lamb shift are rather small,
they are still very important from the theoretical side because they allows
us to eliminate the arbitrary parameter K in combination with the ultra soft
contributions.

6.3.3 Ultra soft contributions

The largest fraction of the Lamb shift originates from the ultra soft self energy
(6.115)) which we are now going to calculate. Since we aim to calculate the
difference AE,;, = 6E,; — 0E; _1 we will drop any contributions occuring in
the calculation that do not depend on the hydrogen quantum numbers n, k,
m. The ultra soft contribution to the energy levels reads

K
dgqdS) _ .. . 1 1
5EUS:g / ]nkm 2
nk w; 4 mkm En+E;+q+En—E;—q ’
n m 0
(6.125)

(I = / S G S A ) (6.126)

Keep in mind, however, that the sum ) ,,, , also includes continuum states.

Let us abbreviate I = [g;ﬁ;m’, VU =V, im, ¥V =V, and separate I into a

transverse and a longitudinal (and temporal) part,
112 = 1y + |1, (6.127)
where

1P = = [1°) + |13/, 112 =|(1 - q® /)T (6.128)
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The first term in brackets in eq. (6.125)) is approximately 1/(2m) and there-
fore we make only a small error be writing

o / 5. V(G () D (F)y ()
2 E,+E +q v D | dady 2m

n/k./ / /kl /

U ()7, Y003 (& — Py (y) 1

2m m

Hence this part approximately cancels out in the difference (6.108)) and may
be dropped. Next let us look at the longitudinal part of I in the remaining

part of eq. (6.125)),

L W 8 i TS DT e ki WO
E,~E,~q ¢*(En — B, — q) -
Using
(-Miﬁ +0m — 9) U, (7) = B, U, (7) (6.131)
r
we may rewrite the second term as
- O o 2 - 2
‘/d?)x al [—mow +9°m — =, em] V| = (B, — Ey)? /dgx VAP
r
(6.132)
The longitudinal part thus reads
L 2 E’+q / 5 0 i
dPx Ve Ty 6.133
B —E —g (6.133)

Since the wave function is exponentially damped by a factor of the order ma,
while the phase factor of the ultra soft photon varies with angular velocity
g ~ ma?, we may use the dipole approximation and set ¢’ ~ 1. Then by

the orthonormality of the wave functions,

Ij)? 1
SV = 5,000 Oy = _mF - 6.134
& & 2 Bm g~y O

Thus we may also drop the longitudinal part since it only gives a constant
contribution. Let us turn to the transverse part. We may again use the
dipole approximation and perform the spherical integral to obtain

dQ 2 _ 2
/4_““2:5’/6[3”/“’
T

2 .
= §|1|2. (6.135)
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Again we make use of the dipole approximation so that the energy shift reads

2 - K
SEUS = B—j |12 <—IC + (B — E,)In m) ; (6.136)
n' k' m/ n w

where we have used that K > |E,, — E,/|. Let us consider the first term on
the right-hand side. The sum over the squared integral reads

> P Y [Edy i @v@me. 617

nl,kl7 / / k,/ ’

Due to the negligible overlap we make only a small error by using complete-
ness relation to replace

> VHY(E) = (& - i) (6.138)
lkl /

This replacement together with the orthonormality condition of the wave
functions yields a constant result for the first term in eq. (6.136)) so it may
be dropped. We now want to combine our result for JES, from eq. (6.124))
with §EUS in order to get rid of the arbitrary and unphysical scale K. For

this we need to calculate the quantity |ﬂ2(En/ — E,). Using eq. 1} to

write y ~ —i&6¢/ (2m), we may rewrite the overlap integral as

. _ Hiz 2\ v

2m m

Then we note that, to this order of accuracy, Hs®nim = Ennkm, where Hg =
—A/(2m) — «a/r is the relative-motion, stationary Schrodinger Hamiltonian
from eq. (3.16)). With this knowledge, let us first inspect the quantity

Z \I1?(E, — = ——/d?’xgo HS,V} + [6,]{5] 6) ©
n! ! !
= —Lg/d?’:z:goi 6 —g,ﬁ] + [6,—%} 6) ©
_ 2”_0‘,90( 5)|? ~ Qmo‘ St (6.140)

In the second line we have performed a partial integration of one integral,
which gives us a minus sign, and then rewritten the factor F,, — E,, as Hg
acting on . This allows us to make use of the completeness relation to take
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out ¢ and one integral. The resulting commutator simply yields a d-function.
Consequently, to this order of accuracy, we have

Ama® 203 - 1
SEYS = Ooln I 4+ — —171? E,—FE,)ln ———
nk 3 1,0 111 + 3 Z |O[ ’ ( ) n ’En — En/”

n' k' m/’
(6.141)

mn3

where we have regarded the fact that I[=T1 nk'm’ oiven in eq. (6.139)), is of

nkm
the order . First we observe that the logarithmic term containing K vanishes
for non-S-wave states and hence we may replace K with some arbitrary value

as, for example Ryd = ma?/2. But the dependence on K vanishes even for

[ = 0 since combining eqs. (6.124) and (6.141)) yields the total energy shift

dma’ 31 1 3
0B = 2 (2 yn— ) - o
P [<1zo+ na2) Lo 8k(2l+1)}
203 Ryd

«“ By — E)ln—2
T 2 I TR

n' k' m’

(6.142)

Following Bethe| (1947)) we now introduce the average of the logarithm in eq.

(6.142)), the so called Bethe logarithm, Viall_-|

3
_ n —17'k'm’ |2 1 1 |En - En’|

which is independent of the magnetic quantum number m as we will show

in subsection [6.3.4] In this notation the fifth-order correction to the energy

levels reads

Ama’ 31 1 3
SE,y = = )Gy o —Iny(n0)|.  (6.144
"7 3 [(120+ na2> T TR G )} (6.144)

Thus the final values for the energy levels, relative to the ground state, in-
cluding the result of the Dirac theory (4.68]) read

1 1 3 1 8a (19 1
AEpy =Ryd |[1— —4+a? (-4 )2 (2~
g Y { 2t (4+4n4 |k|n3> 3 (30+ na2’y(n,l)>

IStrictly speaking this can only be interpreted as an actual average in the case of
S-states, where may we rewrite eq. (6.143) as

5 Jon 28— ) 1B

> lo P(E - E)

Iny(n,1) =

For [ # 0, however, the denominator in this expression would vanish.
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5 0 —hw(n,z)ﬂ + 0(a%).

8a’ 31 il 1 5
[ n_ e —
3rnd \\120 ' a2) 0 8k(2 +

(6.145)

6.3.4 Calculating the Bethe logarithm

Let us reformulate the overlap integral

- iAv,
[= / iz £V (6.146)

mn

by writing —zﬁ/m = [Hg, 7] and hence
L™ = (B = Ea) I G

nkm
[e9)

Tk = / 0 gutie () gui (7).

0
G — / AL, & Q. (6.147)
From eq. (4.91)) we see that, to this order in «, J may be solely expressed by
the radial Schrédinger wave functions g2. Also from eq. (B.13)) we see that
only allowed values are m' =m, m+1and !’ =1[+1, or in terms of k and £/,
K=k+1, —k—1+1. (6.148)
Inserting this into the sum of the Bethe logarithm (6.143|) yields
w1 |K|-1/2
S > P = (B - B
k' =—n' m/=—|k|+1/2
m+1
e 3 (e der)
m’=m—1
m+1
I Y (|G§jj’m 2 4 |Gyl |2>] . (6.149)
m/=m—1

From eq. (B.13) we have G, 2™ = G172 — () as well as
: (37—

RV (S R R O[EE =) B
G =tey , G, =e, ,
V2(20 —1) 2l — 1
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Gt _ g \/(l + % +m)(l + % +m) i _ (I+ %)2 m2
m . V220 + 1) » o4l
2 — (3 4+m)? 9
~—I,m=+1 — 2 ~—Il.m _ m
kl — 2 y — )
Cim eif@l -2 +1)’ Cim “Rr-n@+1)
(6.150)

The sum in the Bethe logarithm thus becomes

T ()]

mEm' 2 — (g, — B, 6.151
Pl ) - (6.151)
so the complete Bethe logarithm ((6.143)) reads
m2a?n® <~ U P+ (L D]
1 I = nl nl
wy(n 1) = =g ; 2+ 1
Ew — En 31 [En = B (6.152)
. n .
Ryd Ryd ~’

where we have to regard the fact that J is of the order (ma)~'. The major
contribution to eq. comes from the continuum states. This expression
has to be evaluated numerically and a simple numerical calculation performed
by the author yields

Iny(1,0) = 2.985, §E; 1 =3.359-10"° eV,
Inv(2,0) = 2.817, 6Fy 1 =4.293-107° eV, (6.153)

But already this crude result improves the results of the Dirac theory tremen-
dously. The shift of the ground state energy level 0 _; is by far the largest
and simply including this shift in eq. and ignoring all other order
ma’-contributions reduces the relative deviation from experiment down to
~ 3-107% i.e. two orders of magnitude for all non-S states. But even for the S
states this already reduces the deviation below 5-10~7. And also the shift for
the 2S state in eqs. accounts for 1038 MHz of the 1057 MHz measured
for the 2S;/5-2P1 /5 splitting by Lamb and Retherford, (1947). Over the years
detailed calculations of the Bethe logarithm have been performed. In table
[6.1] we present very accurate results from [Drake and Swainson| (1990) for the
states displayed in the previous tables. These values have also been used
to compute the energy levels corrected up to order o from eq. in
table . Jentschura and Mohr (2005) have calculated the Bethe logarithm
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Table 6.1: Numerical results for the Bethe logarithm from |Drake and Swain-
son! (1990) for some of the lowest lying hydrogen states and the corresponding

fiftth-order corrections from eq. (|6.144)).

State | Invy(n,) dE,i (eV)

151/ | 2.984128555765498 | 3.35940976992458 - 10°
2S1/2 | 2.811769893120563 | 4.29589892444639 - 10~°
2Py 5 | -0.030016708630213 | —5.32544917436815 - 10~®
2P3)5 4.01908763410275 - 108
3S1)s | 2.767663612491822 | 1.28018610080462 - 10~°
3Pz | -0.038190229385312 | —1.44212817216688 - 103
3P3/2 1.32662347478746 - 1078
3D3/5 | -0.005232148140883 | —3.28393634350078 - 10~
3Ds /2 5.02231859736224 - 107°
4S1/2 | 2.749811840454057 | 5.41329635333724 - 10~
4P /2 | -0.041954894598086 | —5.82013533143648 - 10~°
4P3/5 5.86053567915214 - 107°
4D35 | -0.006740938876975 | —1.27966851564170 - 10~
4Ds 5 2.22453278753488 - 10~
4F5/9 | -0.001733661482126 | —1.12999848892155 - 10~?
4F7)9 1.21501976498660 - 10~'°

for states up to n < 200. One can see that radiative corrections improve
the results of the Dirac theory by roughly a factor one hundred. Also the
famous splitting between the 25, 5 and 2P /5 levels is calculated to this order
of accuracy to yield ~ 1051.62 MHz which deviates only by 0.6% from the
experimentally observed 1057.83653507 MHz.
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Table 6.2: Experimental values of the hydrogen energy levels as given in
Kramida (2010) are compared with the relativistic energy levels E,; includ-
ing corrections up to fifth order in o as given in eq. . The lowest
order radiative corrections improve the accuracy of the pure Dirac theory by
roughly a factor one hundred.

State | Exp. levels (eV) | AE,; (eV) | Deviation
1S, |0 0
2P1 /2 10.1988055286 10.1988058225823 | 3-107°
251/ 10.1988099034600 | 10.1988101717357 | 3-10~®
2P3/9 10.1988508929 10.1988511739767 | 3-1078
3P1/2 12.087492922 12.087493247092 | 3-107°
3512 12.087494224 12.0874945416994 | 31078
3D3/2 12.087506341 12.087506667992 | 31078
3P3/2 12.087506364 12.0875066845422 | 31078
3Ds /2 12.087510821 12.0875111462192 | 3-1078
4P/ 12.74853166921 12.7485320020757 | 3-107°
45 /2 12.74853221952 12.7485325492255 | 31078
4D3)2 12.7485373313 12.7485376638598 | 3- 1078
4P3/9 12.74853733962 12.748537671 3-1078
4Ds 2 12.74853922041 12.7485395531119 | 31078
4F'5 5 12.748539221 12.7485395497574 | 31078
4F7 /5 12.7485401632 12.7485404938828 | 31078
Continuum | 13.598433770784 | 13.5984341184646 | 3 - 1078




Chapter 7

The group theoretic approach

Group theory has many applications in physics as it approaches the concept
of symmetries in a systematic way. Symmetries put restrictions on the states
and dynamics of physical systems. The orbital eigenstates of the hydrogen
atom follow from its manifest SO(3) symmetry and the energy levels from its
hidden SO(4) symmetry. In this light sections [2.2] and [2.3] already presented
applications of group theory.

Further properties of the hydrogen atom can be derived from its symmetry
group SO(4,1) (Bander and Itzykson, [1966ajb, and references therein). In a
series of papers, Kleinert| (1968a,b)), Barut and Kleinert| (1967a,blic) showed
that the hydrogen atom possesses the even larger symmetry group SO(4,2),
the dynamic group, from which not only energy levels and states but also
the matrix elements of the dipole and momentum operators can be derived.
Thus all properties of the hydrogen atom that are known from Schrodinger
theory can also be derived from group theory.

This chapter is restricted to the derivation of the bound state energy
levels and radial eigenstates from the SO(4) and SO(2,1) symmetry groups,
respectively. We compare the results to Schrodinger theory and briefly in-
troduce the generators of the dynamical group SO(4,2). More information
on the application of group theory to the hydrogen atom can be found e.g.
in Kleinert| (2004), Kibler| (2004), |Gilmore| (2008)).

7.1 Deriving hydrogen energy levels from the
SO(4) symmetry group

As a first application of group theory we will derive the hydrogen energy
levels. Important ground work has already been done in sections and
[2.3] where we worked out algebraic properties of the angular momentum and

117
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LRL operators L and U , respectively. The derivation of the energy levels,
however, is much simpler with the group theoretic approach presented in this
section.

Let us rewrite the most important results from chapter [2, which are the
commutation relations and of angular momentum and LRL
operator among each other,

(L7, LF] = ig?™ L,
(U7, LF] = i,
(U7, U% = —R—ydzeJ“Ll, (7.1)

with the Hamiltonian, eqs. (2.34]) and (2.37)),
(L7, H] =0, (07, H] =0, (7.2)

and the square of the LRL operator, eq. (2.38)),

A~

~ ~
=

a H
U2=1+R—yd(1+L ). (7.3)

The commutation relations in the first line of eq. , define the Lie algebra
of SO(3). The fact that the angular momentum operator commutes with H
means, that SO(3) is a symmetry group of the Hamiltonian, i.e. H is invariant
under SO(3) transformations. Since the LRL operator commutes with H as
well, means that the symmetry group is even larger.

The angular momentum and LRL operator together can serve as genera-
tors of SO(4), where the latter has to be rescaled first. In order to show this,
we define the 4 x 4-matrix-valued, totally antisymmetric operator Tap as

. . A Ryd -

T, = €jlel, Ty = yA Uj= (7‘4>
—-H

where uppercase indices take values {1,2,3,4} while lowercase indices are

restricted to the usual values {1,2,3}. The components Typ satisfy the

commutation relations of SO(4) generators,

[TA37 TCD} =1 <gACTBD — ganTpe — gpeTap + gBDTAC> ,
(gAB) = dlag(L 17 17 1)7 (75)
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where ¢ is the metric of four dimensional euclidean space. Hence we find
that SO(4) is also a symmetry of the Hamiltonian. In order to derive the
energy levels, we now define the operators

5 1 (> d >
J:—<L+ Ry U),
2 —H

5 1 (s> Ryd =
K=-|L- - . .
(i B20) -

They obviously commute with the Hamiltonian,

[J7, H] =0, (K7, H] =0, (7.7)
and further satisfy the following commutation relations among each other
[J7, J%] = ie?* ),
(K7, K*) = ie/"' K,
[J7, K*] = 0. (7.8)
The first two lines are identical to the first line of eq. ([7.1]), which means that
both operators are generators of SO(3). Their eigenvalues and eigenvectors
can thus be found completely analogous to the procedure for the angular
momentum operator in section Since both operators commute with each

other we can even find a basis |j, m;, k, my) which diagonalizes them both
simultaneously,

j3|ja mgj, kamk = mj|j7 my, k7mk>>

K3|j’mjvk7mk mk:|.j7mj7k7mk>>

.](.] + 1)|ja myg, k7mk>7
k(k+1)|j,m;, k, my). (7.9)

)
)
f2|j,mj,k,mk>
I?Q\j,mj,k,mw

The quantum numbers j, m;, k, my, are allowed to take the same values as {
and m in section [2.2] Making use of

UL =

S~
(P
[l

o

(7.10)

~

we readily calculate squares of J and K ,

~

N 2 1
JP=RK?= - (1+R¥d>, (7.11)
4 H
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and find them to be equal. This implies that their eigenvalues must be equal
as well,

j=k. (7.12)
Their eigenvectors can thus be characterized by only three quantum numbers,

Using eq. (|7.11) we may express the Hamiltonian in terms of f,

. Ryd
A=
14 4J?

(7.14)

The action of the Hamiltonian on a state |7, m;, my) is then readily calculated,

L Ryd .

(2 +1
Since m; and m;, are independent from each other, the multiplicity of states
with quantum number j is (25 + 1)?, which is consistent with the expected
multiplicity of states with principal quantum number n. We can thus identify
n = 27 + 1 to obtain the well known energy levels

Ryd
which we previously presented in eq. (2.55)) and which are compared to the
experimentally measured values in table 2.1l The group theoretic approach,
utilizing the SO(4) symmetry of the Hamiltonian, however, has greatly sim-
plified the derivation of the energy levels as compared to section [2.3]

7.2 Deriving radial wave functions from the
SO(2,1) symmetry group

In sections [3.2] and [3.3] we derived the wave functions from Schrédinger the-

ory. Due to the underlying SO(3) symmetry, these factorize into radial and

spherical parts as in eq. (3.19)). For the abstract hydrogen states, |n,l,m),
we therefore expect a factorization of the form,

n,1,m) = |n, 1) @ [1,m), (7.17)
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where the spherical part, |I,m), is an eigenstate of the angular momentum
operator as given in eq. . Its position space components are given by
the spherical harmonics, Y}, (0,¢) = (Z|l,m). Hence we already succeeded
in deriving the spherical wave functions from a group theoretic approach. In
this section we will also derive the radial part, |n,[), which encodes most of
the physics of the hydrogen atom.

In a first step, let us separate the radial and spherical parts in the Hamil-
tonian by defining the radial momentum operator,

. | A

Pr = ﬁ(xﬁ)ﬁ (718)
which translates to —i/r - 0,r in position space. We find that in terms of p,,
the Hamiltonian reads

= — - —. 7.19
2m + 2mr2 T ( )

Further, p, has the commutation relations

. iL? i«

7, pr] = 1, [pr, L] = 0, b, H] = (7.20)

mrd 72
The action of the Hamiltonian on an eigenstate |n,l,m), with energy E,,
leads to the equation

0= <]:I— En> |n, 1, m)

~2
P (1+1) «

S [ A L A l 21
<2m+ 2mi?2 7 n ) InsLom), (7.21)

where we applied eq. (2.26) according to the factorization in eq. ([7.17)). In
order to derive the radial wave functions we will consider the action of an

operator ; on the radial states |n, 1), where

L (1
5, = e W)

— 1. 7.22
2mao 2mar ( )

This is equal to #H /a after the angular momentum eigenstate |l,m) has
acted on it. For simplicity we will omit the index [ and just write H = H;.
Thus, the radial states are governed by the equation,

0= (’H - gEn) n,1). (7.23)
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The operator # has the commutation relations

P, H) = 22
mao
N ) FH2 W(l+1
Uaﬁmzé( iy (I + ))’

2mao 2mar

[ip,, H] =i ( i G 1)) . (7.24)

2mao 2mar

These relations lead us to the definition of the following operators:

' = 7y,

1 [ 7p? (l+1
W:_(&_WHLA))’

2 \ma maor

1 [ 7p? (l+1
w3:—(rp’”+maf~+ (+A)>. (7.25)

2 \ma maor

In terms of these operators, we may express,

7:[ _ UJ2 —|—UAJ3 _ 1’
2
mai = 0 — . (7.26)

[, &%) = iw®,
[0?,0°] = i,
[@?, '] = —i?, (7.27)

we see that the ' are generators of SO(2,1). We will investigate the prop-
erties of the eigenstates of @ in close analogy to the procedure for SO(3) in
section Let |xw,) be the eigenstate of @w® with eigenvalue w,

0*[Xw) = W[Xw ) (7.28)
We can then define raising and lowering operators,
W = w? £l (7.29)

which satisfy the commutation relations

(W3, 0F] = £, [0, W] = 20® (7.30)
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and thus allow the transformation of one eigenstate into another,

wi|Xw,l> = Ci,l‘Xwil,l>- (731)

By repeated application of the raising and lowering operators we can calculate
all eigenstates of w® once the state |y, ;) for a given value of w is known.
Since the energy spectrum of the hydrogen atom is bounded from below, we
expect the spectrum of w? to have a lower bound as well. L.e. for some value
k, we have

The operator € is the SO(2,1) analogue of I2,

= (@*)? —w® —
= (0*)? +0* — " (7.33)
It commutes with all w-operators,
[, @7] = 0, (7.34)

so its eigenvalues are independent of w. Indeed, using the definition of the
w-operators, we see that

N

Q=1(+1). (7.35)

Acting with the lowest state |xx;) on Q and using the second line of eq.
[733) vields
k(k—1)=1(+1), (7.36)

and hence k = [+ 1 or k = —I. We need to make sure the spectrum of w?
has no upper limit as the physical application requires. Let us assume there
was such an upper limit &’ for which the equation

!

W |xpg) =0 (7.37)
is satisfied. From the third line of eq. ([7.33)) we then infer

KK +1)=1(1+1), (7.38)
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and hence ¥’ = —[ — 1 or k' = [. It follows that the eigenvalues of physical
states must satisfy

w> 1+ 1. (7.39)

Before we proceed with the construction of a complete basis of eigenstates
of 1?3, we first investigate how these states relate to the eigenstates of H. In
terms of the of the w-operators, eq. ([7.23)) reads

1-&, S1+€&,
@? P ) D) =0, (7.40)
2 2
where we have written F, = —&, Ryd for the energy levels. We will now

eliminate 1? from this equation by means of a n-dependent unitary transfor-
mation matrix

A

U, = ¢n(@'=i/2), (7.41)

The transformed w* may be calculated using eq. ((7.27) in combination with
the Baker-Campbell-Hausdorff formula (see appendix ,

U, *Ul = cosh ¥, — w? sinh ¥,. (7.42)

Setting ¥, = (1/2)In &, we obtain

" an 1 1-& 1+ &
~3FTT ~2 n ~3 n 4
U,w°U]} \/g_n(w 5 +w 5 ) (7.43)

Hence we may write eq. (7.40) as

U, (m3\/5_n - 1) Ulln, 1) = 0. (7.44)

We now identify the principal quantum number n with the eigenvalues of w3
and make the Ansatz

|n7 l> = Un|Xn,l>a (745)
to obtain the equation
0, (n\/é’n . 1) xns) = 0. (7.46)

This implies &, = 1/n? and yields the well known energy levels

E,=——". (7.47)
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Let us now return to the construction of the radial wave functions from the
eigenvectors of 1?. In position space the action of the ladder operators W™
on the states |x,,;) yields the equation

1/0? (l+1
<‘f|wi|Xn,l> = <:|:8T7” - 5 ( r” + mar — ( + )>) Xn,l(r)7 (748)

mao mar

where x,(7) = (Z|xn4) is the position space eigenfunction. With the defini-
tion & = 2mar, we now make the general ansatz

Xni(1) = :Ble_x/zhn,l(:v). (7.49)

Inserting this into eqs. ([7.48]) and ([7.31]), yields the following recurrence
relations for A,

Crhihnyr(x) = — (22 +2(1+1—2)0, —2(1+ 1) + x) hoy(z),
Crihno14(z) = — (287 4 2(1 + 1)0;) hny(x). (7.50)

Since the lowest state gets annihilated by w™, we have Cj_,; = 0 in which
case the second line implies

his1.(x) = const. (7.51)

Inserting the solutions repeatedly into the first line of eq. (7.50)) yields the
non-constant parts of the lowest few functions,

his10(x) o const.,
hivau(x) o< 20 +2 — w,
hivsi(z) oc 2° — 2x(20 + 3) + (20 + 2)(21 + 3). (7.52)

As these expressions are proportional to the associated Laguerre polynomials
Ly, we suspect that all h,; take the following form,

hn,l(x) = An,lLiljll_l(xL (753)

with some normalization constant A,,;. Let us prove this claim by induction.
The expressions for the lowest few functions above may serve as base case.
For the induction step we need to show that the right hand sides of eq.
are proportional to Lilfll and Lfffll_g, respectively. Making repeated
use of the relations in eq. and omitting the argument x to unclutter
notation, we can show that

(282 +2(1+1—2)0, —2(1+ 1) +z) L2H



126 CHAPTER 7. THE GROUP THEORETIC APPROACH

= :L’Lilj-l?’_g — 2(l +1- :L’)Liljf_2 + (CE —9] — 2)Liljll—1
= (n+ LM, + (x - 2n) L2
~—n- i -

n—I

for the right hand side of the first line of eq. (7.50)). Performing the same
calculation for the second line yields

(20 +2(1+1)0,) Ly, =« Ly — 200+ L2,
= (n+ (L — LH,)
=—(n+1)L*,. (7.55)

And hence we have proven our claim ([7.53)). Inserting the results into eq.
(7.50) yields expressions for the coefficients C’ni,l,

A
erl:<n_l> n )
’ n+1,1
Ap
Co = (n+1)—2 (7.56)
’ An—l,l

The normalization factor A, ; can be determined by the normalization con-
dition of the full hydrogen state |n, 1, m),

o0

1= (n,l,m|n,l,m) = /drr2|xnyl|2
0

|ANl |2 ! —x
2ma)? dr 2 P2e (L2 )2 (7.57)
0

This integral has already been evaluated in eq. (3.30). The normalization
factor is therefore readily obtained,

For the coefficients le we then obtain

ct —\/n+1(n—l)(n+l+1),

n,l n
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Cr, = \/n_l(n—l—l)(n—l—l). (7.59)

n

+

Finally, the action of the ladder operators w™ can be written in abstract

notation as

o) = OO D ). (160)

The radial states |n,l) can then be raised and lowered using

n+1

Upir0=Ul|n, 1) :\/ nFDnEI+1)|nt1,0). (7.61)
Now there is only one task left that needs to be done and that is to draw
the connection from the radial wave functions x,,; derived in this section to
the ones derived in section [3.2] using the Schrodinger equation. Let us write
Xn,i (1) for clarity,

4CE (n—1-1)! —Cur
Xna () :\/ nl ( (nH)!) (2Cr) e~ L2 (20yr), (7.62)

where we have used eq. (3.27) to write x = 2Cyr. The total radial wave
function reads

(@n,1) = (FUnlxng) = "7 x0(r). (7.63)

The operator e’»%" is actually called tilt operator (see Kleinert, [1968a), Klein-

ert, 2004). One can show that its action on any function that can be expanded
in powers of r amounts to

eI f (1) = eV f(ePrr). (7.64)

This result is frankly not restricted to position space but is valid in any basis.
Consequently, the total radial wave function reads

. Xni(1/7)
<(L’|7’L, l> = n3/2
Cn(n—1-1)!

= 2Cn \/FW (2Cn7“)l€70nr[/721[_+ll_1<20n7’) (765)

This expression is indeed equal to the radial wave function g, ;/r, defined in
egs. (3.19) and (3.31])).
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7.3 The generators of SO(4,2)

The dynamical group of the hydrogen atom is SO(4,2). It contains the SO(4)
and SO(2,1) subgroups from which we derived the hydrogen eigenstates and
energy levels in previous sections. Dynamical quantities like the dipole and
momentum operators can be expressed in terms of SO(4,2) group operations.
In this section we merely present its generators in terms of the physical
operators p and #. In depth information, including other representations in
terms of spinors or the square root coordinates (u',u? u®, u*) introduced in
section can be found in Kleinert| (1968alb), Kleinert| (2004)).

Let Ty be a 6 x 6-matrix-valued, totally antisymmetric operator whose
components are equal to the fifteen generators of SO(4,2). The Tap must

then satisfy the commutation relations

[TAB, TCD} =1 <gACTBD — ganTpe — gpeTap + gBDTA(J> ,
(gAB) = diag(lvlale 17_1) (766)

where uppercase indices take values {1,2,3,4,5,6} and ¢ is the metric of six
dimensional Minkowski space with two timelike dimensions. In the following
we will find expressions for all of the components T4 p.

From previous considerations we already know that the components of the
angular momentum operator span a SO(3) subgroup and are thus among the
generators of SO(4,2). The LRL operator, however, is not an advantageous
choice as a generator in the representation we are developing. In the last
section we introduced the w-operators. Now we introduce the following set
of closely related operators:

Wl = 5?]3— 1,
1 [ #p2
W2:§ (m—maf),
mao
. 1 { #p?
W3 == (@ + maf) : (7.67)
2 \ ma

which are equal to the w-operators when expressed in terms of p, and after

L? has been replaced by its eigenvalue. Consequently they have the same
commutation relations among each other,

(W W2 = iWw?,
[W27 WS] = _iwla
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(W3, W = —i2. (7.68)

We readily verify that the Wi and LF commute with each other,
(W7, LF] = 0. (7.69)

The W' generate a SO(2,1) subgroup of SO(4,2) and hence we already know
six of the total fifteen generators. In order to find the remaining generators,
we consider the following commutation relations

7, L7] = 0, [, L) = ie?™™p,
[727W1] - ZTA? W?Wl] = _Zﬁ]a
- Wl o &
[T,WZ] = %, [pj,W2] = —ZEWQ,
. iW! . i .
PV = — o W3 = —i=W3, 7.70
(7, W] — [p’, W= =3 (7.70)

These relations lead us to the definition of the operator f,

[ =#p (7.71)
Its commutators with L and the W-operators read
[0V, T4 = —ie?™ L,
IV, LF] = iy,
07, W1 =0,
U Wisi 49 .
09, W2 =i ( P “%W2> ,
mao r
N Wisi 49 .
09, W3 = ( P iw3> . (7.72)
mao r

The first three lines look very promising. However, if [ is indeed a generator
of SO(4,2) then the right hand sides of the last two lines need to be generators

as well so that eq. (7.66]) can be satisfied. Hence we define

A JaN ) Wli»

U= =2
r mao

7. Wiy

VA (7.73)
r mao
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The commutators of these new operators with allr the previously found gen-
erators read

o, LK) = ie’*'y,, V7, LY = ie?"Y),

W, Tk = i6* W2, V7, T = a7k 3,

o, W = -V, VW = —itd?,

Ui, W2 = —il, VW2 =0,

T Wi =0, VI, W3] =TV, (7.74)

Among each other, they have the commutators,

o Uk =it L,
[)}j, f)k] = —i€jklil,
U, V) = gkt (7.75)

Now we are able to populate the entries of Tz in the following way,

Ajk = €jsz1l, T45 = Wl,
A]4 = aj, T = W2,
Aj5 = 9]7 T56 - Wga
[ =1, (7.76)
or written in matrix notation,
0o B -2 W ho b
—L3 0 Lt Us Vs Iy
A Pooioo U vy T
(Tap) = o e 0 W | (7.77)
Y Y S (A R

S I B 7 R G

Using the commutation relations worked out in this section, one can verify
that this definition of T4 5 indeed satisfies eq. 1D All dynamical variables
can be expressed in terms of the generators of SO(4,2),

A

o Pi _ o oyl
maowx; = j5—Tj4, ma:(TSG_T%) Tj67

mai = Tye — T, (p:ﬂ%—%W@ﬁﬂd (7.78)



Chapter 8

The two-particle Dirac equation

In the non-relativistic approach to the hydrogen atom in chapter[2], we consid-
ered the two-particle system of proton and electron and introduced CM and
relative coodinates. This lead to a separation of the Hamiltonian and reduced
the problem to a single particle of reduced mass m interacting with an exter-
nal potential —a/r. There is no simple way in the relativistic treatment of the
hydrogen atom that leads to an analogous separation of the Dirac Hamilto-
nian. For this reason we started directly with the single-particle Hamiltonian
in eq. (4.41) in chapter . A rigorous treatment of the relativistic hydrogen
atom, however, should start with the full two-particle Hamiltonian. An an-
alytic solution for this relativistic problem was only obtained by |[Marsch! in
2005. This chapter illustrates his approach.

8.1 Preparations

Let us consider the relativistic two-particle system consisting of electron and
proton bound together in a hydrogen atom. The general Dirac equation for a
single particle of mass m and charge e reads in the Hamiltonian formulation

10V (z) = (—eAO — iV — ey"7A + fyom) U(x), (8.1)

where U is a four-component Dirac spinor as familiar from chapter [4. In the
case of the two-particle problem, however, we consider ¥ to be an element
of the two-particle Fock space,

U(x) =V,(z) @ U (x), (8.2)

where ¥, and W, represent four-component Dirac spinors describing the pro-
ton and electron, respectively. Analogous to chapter [3| we call the positions

131
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of proton and electron #,, and Z., respectively and change to the CMS,

S MpTy + MT

R: prp eve
M

Ve=V,+ V. =0, V=V,=V.=-V,, (8.3)

0, T'=T¢ — Tp,

where M = m,+m,. and we let the vector potential A represent the Coulomb

potential,
o

eA = —; €, (84)

The Hamiltonian for this system then reads
> 0o 0 @ 0o 0
H:(—;+277V+7mp>®(—;—wvv+'yme>, (8.5)

where m,, and m, means the proton and electron mass, respectively. Further
we define the nuclear and electron spin operators,

1

- . 1 B
I = 5(%707) ®1, S = 511 ® (v57°7), (8.6)

to obtain the following explicit expression for the Hamiltonian of the hydro-
gen atom

—em %IV —e 4y —2i8V
H: LN p r _’_’e 8.7
( 2V =% —my, ) ® ( =215V -2 —m, ) (8.7)

In the following it will be useful to express the Hamiltonian in a spin basis,
a=[Hel+), ea=+He-) a=[")0H), a=[-)|-). (838

Again, we make the ansatz suitable for a stationary problem,

U(t, 7) = e P (7), (8.9)
and obtain for eqgs. (8.1)) and (8.7,
~E-24+M  -2iSV 2iIV 0
—2iSV  —E-24uM 0 211V
W(F) =0,
21V 0 —E—-2—uM  -2iSV
0 2iIV —2iSV ~E-2¢-M
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where M = m, +m, und p = (m, — m.)/M. Before we proceed to the
actual derivation of the solution let us consider the total angular momentum
operator,

—

J=L+S+T, (8.11)

where I = —i7 x V. One finds that

~(*Fx V)@ 1+1 @ (%5 x V) = 0. (8.12)

Correspondingly there exists a basis which diagonalizes the Hamiltonian and
the total angular momentum operator simultaneously. This will proof useful.

8.2 Derivation of the solution to the spherical
Dirac equation

We define the operators
K;=1+2IL, Kg=1+2SL. (8.13)
Before in inspecting their spectrum and eigenbasis, we note that
iV = ~i66, 56,6V = b (~id, + 57 x V)

:ih(—c’)TJrQS—L> or ih(_aT+@)

T T

= %h (—@J‘ + KS/I) ) (8.14)

where we have defined a helicity operator

L. [ cosf® e ¥sinf
h=ce = ( e%¥sinf  cosf > : (8.15)
Further we introduce the variables
E
x = Mr, e= 5 Dg/r = =0, + Kgp (8.16)
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so that the Dirac equation (8.10]) reads

—e—2+1  LipgDyg —LhDy 0
%hst —e — %—F}L 0 —%h[D]
' ‘ U(z)=0. (8.17)
—=h Dy 0 —e— o —p +hsDg
0 —%h]D[ %hsDS —e — % —1

Let us now consider the operators Kg ;. Their commutator reads
(K, K] = 4i (5 X f) L=o. (8.18)

In order to solve eq. (8.17) we have to find a basis, in which the commutator
(8.18) vanishes. Let us insvestigate the algebraic properties of Kg/;. The
total spin operator is given by

Q=S5+1 (8.19)
One should note that
Ki+Kg=2+J>—L[*— Q. (8.20)
In the following we seek a basis of eigenvectors,
KV = kY, (8.21)
or, using eq. (8.20)),

I, ¢=0, j=I

1
k::1+§(j(j+1)—l(l+1)—q(q+1)): I+1, ¢g=1 j=1+1.
—l, q=1 j=1-1
(8.22)

One can see that £k = 1 for the singulet state and k = +1,42, ... for the
triplet states. In the spin basis of eq. (8.8) the matrix elements of Kg/; read

14+ Ly I 0 0
| oL, 1-1y o 0
Ks = 0 0 1+4ILs IL_ (8.23)
0 0 L, 1-Ls
141y 0 I 0
0 1+Ls; 0 L
Ki=| ot (8.24)

0 L, 0 1-—Ls
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We now make the following ansatz,

U(T) = ¢1(2)¢1(0, 0) +42(2)d2(0, @) +1b3(2)P3(0, ) + () 9a (0, ), (8.25)

where

o1 = Yi,mqely G2 = Yipeo, 3 = Yipes,

and where Y,,, are the spherical harmonics. The operators Kg/; then become

Gy = Yl,m+1€4> (8-26)

m B(—m) 0 0
wo= | PG i @2
0 0 B(m) —m
m 0 B(-m) 0
Ki={ gm0 iom REaE (8.28)
0 B(m) 0 —m
where LY}, = B(£m)Y]me1 and
B(m) =l -m)(I+m+1)=+/(k+m)(k—m—1). (8.29)

Note that B(m — 1) = B(—m). We now choose a new basis such that the
singlet and triplet states live in different subspaces,

1

Oy = E (€2 — e3) Yim, O =Y 101,
1
by = — (ea +e3) Yy, P =Y ,,11€4. 8.30
2 \/5( 2 +e3)Y 3 1,m+1€4 (8.30)

The change of the basis (8.26) to (8.30) is conducted via the orthogonal

transformation matrix

1 1
N P
U= 0 L L o , UTh=U" = _\/i 0 f 0
V2 V2 V2 V2
0 0 0 1 0 0 0 1
(8.31)

In this new basis the operators Kg,; become ng/[ = UKS/IU_l =K, +tK_,
where

1 0 0 0
0 m B(—m)/v2 0

Ke=10 Bem)va 1 B(m)/V3 (8:32)
0 0 B(m)/v2 —m
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0 B(-m)/vV2 —m —B(m)/V2

| B(=m)/V2 0 0 0
K_ = e 0 0 0 (8.33)
—B(m)/v?2 0 0 0

The matrix K, has the eigenvalues 0, —[, [ + 1, where 0 has to e excluded
as we have seen in the algebraic treatment (kK # 0). The corresponding
eigenvectors read

1 VI+m)(+m+1)
Aol EI¢2<l+1><21+1)(ﬁ%Zﬂzlﬂgﬂf 1))
(8.34)
1 V(- )(l—m—|—1)
A=—l=k: By=—— | —2/—m)i+m) |.  (835)

A+ \ ST+ m(tm+ 1)

In terms of the quantum number k there exists a common expression for both
eigenvectors,

) VETm) (& +m—1)
_ EQ‘M - =T sglj/k&;ﬂ/i_\{:)ﬁ(zin;(lk_—lyz) . (8.36)

Note further that K_FE; 5 = 0. Obviously the triplet and singlet states do not
mix. The same should be true for ®y. Setting K_®, = 0 implies, however,
that [ = 01. e. k= 1. There we define

E,

k>0

Tka(97(p)
1
:mwmm)(mm_nykml( ) [4) @ [+)+
+sgnk/(k+m)(k—m) Ym0, 0) (14) ® =)+ |=) @ |4)) +
k= m) k= m =D Y mis(6,6) =) @ )] (8.37)
k::nmlykm 1(67Q0>
k? — m? sgnk Y m(0,¢)
2k(2k — 1) sgnk Y m(0, ) ’ (8.38)

Bl Y mr1 (6, )
(8.39)
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as well as,
0
0 ) 1
Qunlb.0) = (D@l -1 el =2 | L a0
0

These objects satisfy Kj/g SIT O = kQm. They represent solutions of the
spherical Dirac equation with quantum numbers (k,m). Further we note
that {K]/S, h[/s} =0 and h1/52 = 1 implies

Kir/shi/sQum = —khr)sQpm. (8.41)
Thus the explicit expression for h;,s{2 reads

/k m+1 Ykm 1(9 SO)

k2 — m2 Fsgnk k+m = Yy m(0,9)

hsyt " Um0, 0) =\ | 5oy (8.42)
2k(2k + 1) +sgnk k+m 2 Yem (0, )
B Y (0, 9)
Finally we may write the wave function ({8.25)) as
: : Qe (0,
U(r,0,p) = <F1<x),thFQ(x),m,Fg(x),hSh1F4<x>>%, (8.43)

where we have already included an ansatz for the radial Dirac equation (8.17)).

8.3 Solving the radial Dirac equation

Inserting eq. (8.43)) with the new ansatz for the radial part into eq. (8.17)
we obtain

—e—241 G+ =E —0, — & 0
Pl o e, B | F@ =0 (849
0 —0, + & O, — %  —e—2-—

Keeping in mind our previous experience with the Coulomb problem we make
the ansatz

F(z) = 2"e *H(z), Z = K, v, k>0 (8.45)
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to obtain, after a multiplication by —1,

er+ < -9, +1-51 9 14k 0
9, —1-r2 e+ 2 0 —9,+1-Er ) =
—0, +1+522 0 es+ 2 9, — 1+ H(z) =0,
0 9, —1-%2r 9 y1452 e+ 2

(8.46)
where we have defined
e =(e—1)/k, ea=(e—u)/k es=(e+p)/k es=(e+1)/k. (8.47)
Let us make the ansatz

N
H(z) =) a7, (8.48)
=0

where N < oo, which is required to make the wave function normalizable.
Using the substitution r = v + ¢ yields the recursive relation

« —k—r k+r 0 —e1 -1 1 0
—k+r o 0 —k—r 1 —e O -1
a:i = 6i—1a
k—r 0 « k+r -1 0 —e3 1
0 —k+r k—r o 0 1 -1 —ey
(8.49)
or shorter,
Four constraints may be derived from eq. (8.50). First we have
o2
Mo@o =0 = det Mo =0 = v = k2 — Z, (851)
and second,
k+~
" a2
k—~

the third and fourth constraints read, respectively,

det N =0 = 0 = ejegezeq + (€1 + e4)(e2 + e3), (8.53)
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—ey
€1eséq

Niy=0 = an = eztes : (8.54)

__gc1e2eq
eztes
€1

where the first line is required in order to exclude the trivial solution of the
second line. From eq. (8.53) we obtain the following relation for &,

_ [ =e)(e®—p?)
K = \/ " . (8.55)

The as usual the energy levels may be derived from the termination of the
power series,

Myiy = Nay-. (8.56)

By Gaussian elimination we can make one line on the right-hand side vanish.
This line then contains the following information

(B —r)er — a)ezesey
(v +reg)es(er + ey) — kegeg(er — e4)

Jin =0, Q= 8.57
QCLN ’ Q —(Oé -+ 7’63)62(61 + 64) + k€2€3(€1 — 64) ( )
((k+1)es + a)ereses
Using eq. (8.54)) for dy we obtain the relation
2, 2 2., 2
o e] +e; e; + €3
= — ) 8.958
(e2 +e3) (e1 + €4) o (626361 "y + Crer e3> (8.58)

Substituting the expressions from eq. (8.47)) yields the equation

42 — & ((62 —M2)€2+1 b2 1)32+H2)

Uk 2e 2e
o et — M2

() (5.59)

2r e

This equation implies that p < e < 1. We may thus write e = 1 — ¢ and
expand the square of eq. (8.59) up to quadratic order in ¢,

Oé2

0~ 20(1—p*) = 6= 1) = 13
~ V0T = 17) = G5 — ) = 5 (1= 40+ 6¢° = 1) (1426 +3¢%)
(8.60)

(1—4¢+6¢* — p?)*(1+2¢ +3¢%)°




140 CHAPTER 8. THE TWO-PARTICLE DIRAC EQUATION

0= (O‘)2(64_“2)2—(1—62)(8—;3). (8.61)

2r e?

2

In terms of the variable y = e® we obtain the quartic equation

(1 + (%)2) ' — (14 12) v + (1 —9 (%)2) R (%)2 — 0. (8.62)



Appendix A

Elementary calculations in

QED

In this appendix we perform one-loop QED calculations concerning the vac-
uum polarization II and 3-point vertex function V3, given in eqs. and
, to the extend needed for the calculations in chapter @ We consider
unbound electrons and use the on-shell (OS) renormalization scheme. For
definitions and notation see chapter [0

A.1 The vacuum polarization

In this section we calculate the vacuum polarization II in the limit of small
photon momenta, k? < m?, to the linear order in «. Let us start from the

second line of eq. ((6.56)),

" (z — y) = —ie* Te[S(z — y)y*S(y — x)7"]
OGP0 + G (@))d N — ) + Oa?). (A1)

Let us choose Lorenz gauge, i.e. G = —0"9”. Using egs. (6.19) and defining
PH = ptv — krEY /K% the Fourier transform of IT reads

I (k) + 04k2 PP = —”2/ (jj>4 T (S~ ky5(0")

it [ g ko mp iy

emt - ((+ k)2 +m?) (B +m?)

d*l NH
= 4ie? /ng/ 5
ZEl l"‘l{?) +m2l2—|—m2)

141
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/dx/ g T ]\I;) (A2)

In the third line we have introduced Feynman parameters {z;} with integra-

tion measure
/an (n—1)! / (H de> b (i T — 1) , (A.3)

also we have performed a Wick rotation in the fourth line,

q= (—iqo, q), qg=1+ 1k, (A.4)

and, replacing x; — x, made the substitutions

N =21+ k)™ — (11 + k) +m?) n™
= 2¢"q" + 22(1 — x)K* P — ((72 + D) n*” + (linear in q),
D = x(1 — 2)k* +m>. (A.5)

Since the integral in eq. diverges we have to choose a way to regu-
larize it so the infinite parts may be absorbed properly into 4. We choose
dimensional regularization, i.e. we perform the integral in d — ¢ dimensions,
where d = 4. Also we replace e — e/i/? to keep e non-dimensional in d — €
dimensions. Inserting o = €2 /(47) and using the formulae

d‘q ()" _F(b—a——)F(a+ 9 —btatd/2
/(27r)d (@+D)"  (4m)42T ()T (%) Drreres, (4.6)
and
/ddqq“q”f(f) = én“”/ddqf(f)? (A7)

we obtain for eq. (A.2)
1" (k) + 0 4k P*

1
2
0

+ (22(1 — z)k*P* — D)

4—el(-1+%)
-1 2 D176/2 N
) 2 (47T)2—e/2 n

r(5) D_w]

(47-[—)276/2
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[ L)
_ ~€ 2 —€/2 2 v
= —16maf /dx (47T)T€/2D 2. 22(1 — 2)k2PH. (A.8)
0

Writing T1# (k) = T1(k)k*P* yields

(k%) = _2a | dxT (%) (47;52>6/2x(1 —x) —da. (A.9)

In the limit e — 0 we make use of the two approximations

2
r(%) =2 510, A6/2:1+§1HA+0(62), (A.10)
€
with the Euler-Mascheroni constant. Substituting further p? = 4we™ /1%, we
obtain
1

2 D 2
H(k:Q):?Oé/da:x(l—a:)lnﬁ—%z—(h. (A.11)
0

In the OS-scheme, the polarization tensor is set to satisfy the renormalization
condition

I1(0) = 0, (A12)
which constrains d4 to
a (2 m?
po=—|-—In—|. A.13
=5 () (r13)
Thus we are left with
1
2c D
Nk == [ dra(l —z)In—. A.14
R (A1)

0

While the integral can be done in closed form, it will suffice for our pur-
poses to consider the case where photon momenta are small compared to the
electron mass, k? < m? (soft photons, see chapter @ In this case we may
expand the logarithm in eq. to first order in k*/m? which yields

a k2 K
k) =——+0(—). A.15

(%) 15m m? * (m4> ( )
This expression causes a modification of the electron-proton interaction po-

tential which is hence no longer a pure Coulomb potential. The influence on
the relativistic energy levels is calculated in chapter [6]
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A.2 The 3-point vertex function

In this section we calculate the 3-point vertex function V3 in the limit of
small photon momenta, k? < m?, to the linear order in . Let us start from

eq. (6.69),

Vi(2,y,2) =76 (2 = 2)6%(y — 2) + 0V§ (2., )

Vs (2,y, 2) = 070" (x — 2)8%(y — 2)

— 7 S(x — 2)7"S(2 — y)y’ Das(x — y) + O(a?). (A.16)
Employing Feynman gauge the Fourier transform of V3 reads
d*l
1 M — no_ 2

VS (p7p) Zefy € /(2 )4
e [ L))
7 @0 (7 + 2+ m2) (p + D? + m2) (12 + m2)

d4 % _|_N#
= Zy* —@e/ng/ q’Y%’Yﬁ’Y
(@ + D)’

dd‘ Ly S\
/ng/ Ty
(@ + D)’
%
e? AT i € 1 NH
— 7 F - F(-) wy s
T d3(D) (< ) 27+2D)

2 D 1N
= AR [(f-2-m= S Al
efy+ /d3(<€ n/ﬁ)'y +2D) (A.17)

In the third line we have introduced Feynman parameters, substituted the
variable ¢ = [ 4+ x1p + xop’ and performed a Wick rotation. In line four we
have continued the integral to d = 4 — ¢ dimensions, performed it in line five
and expanded the resulting expression for small € in line six. Further we have
introduced the variables

¥ S(p + ) Dy (DY"S(p + D)y

D = z1(1 — 21)p* + 22(1 — 22)p* — 2pp/ w129 + (71 + T2)M* + 23M,,
NH =¥ (—xlp + (1 —x)p — m) " (1 — r1)p — 22 — m) v,
=2 ((1 —x1)p — xg;y)’) * (—xlp +(1—- xz)p’) —
—4m (1 = 221)p + (1 — 29)p )" + 2m>~*. (A.18)

In the OS-scheme we impose the renormalization condition such that e is
equal to the elementary charge as measured in low-energy experiments, i.e.

us (0")eVs (p, 1 Jus (D) o e = Cls (07 us(P)

:p = 2 )
=0

p? p? =p2=—m
k2 k2 =0
(A.19)
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where k = p’ — p. We make use of the relations

(p +m) us(p) =0, as(p) (p+m) =0, (A.20)

as well as

e () (0" + )" ua(P) = 0o (§7) (2" + 208"k, ) us (D), (A.21)

where S* = L [y#,+"], to rewrite uNu as

S ()N, (7)
= (2pp (w3 + 2122) + M*(2(1 — 23) — 2] — 23)) Ue (P")7"us(P)—
—mas(l — x3) ay (") (p + )" us(P)
—m (v2 — 21)(2 — 23) Ue (P") K" us (D)
— (2pp (23 + 2122) + M*(2(1 — 23)® — 27 — 23)) e (P")y"us(P)—
( —/

— 2imas(1l — x3)uy (p")S* kyus(D), (A.22)

where we have used the symmetry in xq, x5 in the last line. Thus the sand-
wiched 3-point vertex function reads

g (p") V5 (p, p)us (D) =t (p7) <F1(k)7“ - %Fz(/@swy) u (p), (A.23)

where
2 D 1N
(k) =2, — dF; [2-24mZ -2,
(k) 4 / 3 ( 22 D)
o m2x3(1 — x3)
Fy(k)=— [ dF: A.24
() = 51 [ ap =) (A24)
and
N = dpp/ (x5 + x129) + 2m>(2(1 — 23)* — 22 — 22). (A.25)
Considering on-shell electrons we can set p? = p? = —m? and pp’ = —m? —

k%/2 to obtain

D = kz.’Ele + (1 — 33‘3)27’17/2 + .Q?gm%,

N = 2m2(1 — das + 22) — 2k% (25 + x122). (A.26)
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For k? < m? we calculate the integral for F, in the second line of eqs.
to the zeroth order in k%/m? since the coefficient of F; in eq. already
includes k,

a

Fy(k) ~ Fo(0) = o . (A.27)

The first integral for F; in eqs. (A.24) may be expanded to first order in
k%/m? to yield

D 2 k2
/dF3 2 am™ +/dF3 (an(l et _&>
1t 1

m? (1 — x3)?

=n— -1+ —. (A.28)
v

The second integral in the expression for F} is also expanded to first order
in k?/m? to yield

1 N k2
-5 /dF3— =1L + —(ls + I3),
m

2 D
(1 — 4a3 + 23) My
I = | dF: =5+4In—
! / (1 —x3)? + x3m2 /m? ten
T3+ T1T9 11 m
L= [dF — o™
2 / (1 —x3)? + x3m2 /m? 6 TR

1—4 2 2
Igz/ng((Ilm2( 75+ T5) :§+—n@. (A.29)

1 —mx3)2+x3m2/m?)?2 6 3 m
We insert these results into the first line of eq. (A.24) to obtain

1
Fl(k;):Ze+23(2+——1n@+21n%
s € 1 m

K (1 2 m, k4

The renormalization constraint of the OS-scheme (A.19) enforces F;(0) = 1
and hence we set Z, to equal

1
Ze:1—ﬁ(2+——1n@+2ln%>. (A.31)
27 € L m

Finally, we may write the 3-point vertex function to the linear order in o and
k%/m? as

2 s QU
VE(R) = A* (1+ik—2(n@+§>)—ﬁzs by (A.32)

3mtm m 8 2r  m
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The order a corrections to the 3-point vertex function modify the way the
electron interacts with photons. They represent yet another contribution to
the level shift calculated in chapter [6]



Appendix B

Useful formulae and special
functions

In this appendix many definitions, relations and identities are listed, which
have been used in the course of this dissertation. Concerning the special
functions, most of the relations are taken from the book of /Abramowitz and
Stegun, (1968]).

Associated Legendre functions The associated Legendre functions are
solutions to the equation

m2

1 — 22

l(1 —2?) 02 — 220, +1(1+1) — Py (z) =0, (B.1)

where [, |m| € N, |m| <. Explicitly, they are given by

) (20 — 2k)! al=m=2k (1 — 22)%

Fim() = ]; (= TP —m—2y B2

If m = 0 the associated Legendre functions are equal to the Legendre poly-
nomials, Py = P,. Since —! is equivalent to [ — 1 in eq. (B.1)), one can define
P_; . := P_1m. The Legendre functions have the properties

(I —m)!

-Pl,—m - (_1>m

(l T m>‘ Ilm»
2P = (l + m)Plfl,m + (l —m+ 1)Pl+1,m
Im 2] + 1 5
P_im+1— Poim
/1 — -TZ]DIm _ -1, +21l — 1l+1, +1 ' (B3>

148
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The Legendre functions also satisfy the orthogonality relation

1

/ 0z P () Po ()

-1

2 (I4+m)!
T 2A+1(—m) Ou- (B4)

Spherical harmonics The spherical harmonics are solutions to the equa-
tion

1
1 — a2

{(1 —2?) 32 =220, +1(1+1) + 02| Yim(z, ) =0, (B.5)
where [ € N. Comparing with eq. (B.1)) makes the close connection to
Legendre functions obvious. Consequently, the spherical harmonics are given
by

204+ 1 (I —m)! ,
Yim (2, ) = Pi(z) €™, B.6
where |m| € N, |m| <. From the identities (B.3) follows
Y—l,m = I—-1,m; l,—m — <_1)mYka7 (B7)

A+ m)( —m) (l+m+1)(—-m+1)
Pim = \/(21 Th@i— et \/ @@ s (B:8)

5 ip I =m—=1)(I—m)
VI—we YE’”_\/ @D 1) e

U tm+1D(+m+2)
(20 +1)(20 + 3)

Yz-i—l,m—i-l- (Bg)

From these relations it also follows that

. l —1)(l
\% 1- -73267“)0%771 = _\/( tm )( i m> Yzfl,mfl

20+ 1)(20— 1)

(l—=m+1)({—m+2)
* \/ 20+ 1)(2 + 3) Yertmet. (B-10)

The spherical harmonics satisfy the orthonormality relation,

1 27
/dx/dngl:n(x,go)Ykn(m,go) = 0110mm, (B.11)
el 0
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and the completeness relation
[e%S) l
DY V(@)@ @) = 6(z — 2)d(p — ¢). (B.12)
=0 m=—1

Taking the previous relations together, one can derive another important
relation,

1 2w
/dx/dnglm(x,go) e Y (x,p)
1 2m

-1 0

/dm/dgp Yim(z, ) [V I*SQGW €y + —M;e_w) e_ + Ié’z] Y (@, )
10

- 5m+1,m’ (I-m—1)(I—m) (I+m+1)(I+m+2)
=64 NG) [51—111’ T+ (20-1) — O (21+1)(21+3) ]+

o Ot (m—1)(1+m) (—m+1)(I—m+2)
+é [—&—w “@ren) T oy e }*
V2
- (I+m)(1—m) (I+m+1)(I—m+1)
+ €, O [517171’\/ (2 1)(20-1) + O (201+1)(20+3) ]7 (B.13)

where €3 = (1,F4,0)/v/2.

Associated Laguerre polynomials The associated Laguerre polynomi-
als are solutions to the equation

(2024 (o +1—2)0, +n] L2(z) =0, (B.14)

where n € N, a € R. Explicitly, they are given by

pw=3 (1) S

k=0
o ]_ n 6713122
S onl 7 (1 - 2)tte »
dz e 12
- f omi (1 — z)ltagntl’ (B.15)
c

where the contour C encircles the origin z = 0 counterclockwise but not the
singularity at z = 1. If a = 0 the associated Laguerre polynomials reduce to



151

the ordinary ones, L? = L,. From the contour description, one can derive
the rescaling relation

L%(az) = Zn: ( nTe ) (1 — a)" Lo (), (B.16)

k=0
where a € R. Useful recurrence relations are
Qo Ly () = —Ly* (),
Ly(z) = Ly, (x) — Lypy (o),
zL(z) = (n+ )8 (x) — (n+ 1) L8 (2). (B.17)

The associated Laguerre polynomials satisfy the orthogonality relation

oo

/ dr 2%~ L% (x) L2 (z) =

0

'n+a+1)

b, (B.18)

Kummer function The Kummer function satisfies the equation,
[20,” + (b— )0, — a] M(a,b,z) = 0. (B.19)

Explicitly, it is given by

= ajxj azr ala+1)x?
—— —4+... B.2
M(a,b,2) ; ST SR TUESVETIS (B-20)

where (a)’ = T'(a + j)/T(a) means the ascending factorial. If a is a negative
integer, the Kummer function may be expressed in terms of the aforemen-
tioned Laguerre polynomials,

M(—n,b,z) = % LV (x), n € N. (B.21)

Other useful relations are given by

M(a,b,x) = e"M(b— a,b, —x),
x0, M(a,b,x) = a(M(a+1,b,x) — M(a,b,x))
=b-1)(M(a,b—1,2) — M(a,b,z))
=(b—-a)M(a—1,b,z)+ (a —b+z)M(a,b, )
a;bM(a,b+ L,z)+xzM(a,b, x) (B.22)
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Coulomb wave functions The Coulomb wave functions are solutions to
the equation

[2°02 + 2° — 2nx — (1 + 1)] Fy(z) = 0. (B.23)
They are expressed most conveniently they in terms of the aforementioned
Kummer function,

T+ 1+ in)|

27) e @ =m/2 N r(1 41 —im, 21 + 2, 2iz). (B.24

Fi(n,z) =

Very important is the expansion in terms of spherical Bessel functions, ji,

DI+ 1+1in)| _ =
F = 2l(21 + 1) ’”7/2§ j B.25
1(77,33) F(2l+2) (l+ ) ze i bk]k(x)a ( )
20 +3
b :]_ = —
l bl l+1 l—l—l ,'77
B 2k + 1 o _(k—l)(k:—Z)—l(l+1)b
FTRE D) 1) \TT 2% — 3 =2 )

for £ > [ + 1. In the special case n = 0 this reduces to
F(0,2) = wji(x). (B.26)

For positive n = p/k the Coulomb wave functions satisfy the completeness
relation

[e.9]

/dkFl (% kr) I (% kr') - gé(r ), 1> 0. (B.27)
0

Bessel functions The Bessel functions and spherical Bessel functions of
the first kind, J and j, respectively, satisfy the equations

[2° 2+ 20, + 2> —v*] J,(z) =0, (B.28)

(2202 + 220, + 2* — 1(1+ 1)] ji(z) = 0, (B.29)

where v € C and [ € Z. The spherical and ordinary Bessel functions of the
first kind are related to each other by

™

Ji(z) = §J1+1/2($)- (B.30)

Mg

k=0
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IR (—a?)2)
Ji(x) = (5) ;m (B.31)

The Bessel functions J, satisfy the very important completeness relation,

o

/dk kJ,(kr)J,(kr') =

0

(5(7‘—7"’).

(B.32)

Baker-Campbell-Hausdorff formula Let A and B be operators. We
then have

K
By = < K )Amé(—fx)k—m. (B.33)

By means of the well known relation of the binomial coefficients,

GO O N ER R

it is easy to show that the coefficients Ry obey the recursive relation

A ~ ~

Ro = B, Rk+1 = [A7 Rk]- (B-35)
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