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Abstract

The Gauss-Weierstrass density function
f(x)=e™

enables a representation of Riemann’s duality equation in the form
E(s)=<(s)A- s)ﬁxS f '(x)dx} ={(1- s)sﬁ xS f ’(x)dx} '
0 o
The modified Bessel-Hankel functions ¥ (x) := arctan[Y, (x) / J,(x)] and
0, (%)= % [920 +Y2(x)]= % 2c0s mTTe’z“i”m“’“’ cosh(2v7)d rt
00

are linked by the relation x¢, (x)d¥, = dxWith a log(x) — singularity at zero ([27] G. N.
Watson). For an appropriately defined T,,(s/2) and Re(s+2v)>0 itholds

[, 00 %[ Lo oD ot L)

As @, (x), which is an integral of a square of a real-valued function, has a

representation in the form

1*3*_(2n-1)

1 1 =
0, () =DP,x" P, v,Nn
X 2v ( X) ; n.2v .2, 2n ( )

and as x(/;ZV(x) defines a distribution function for 0 < Re(2v) <1 the corresponding

density function ] might leverage existing techniques or conjectures to

%[X(sz(x)
prove the RH, e.g. Ramanujan’s Master Theorem, Polya’s argument about the zeros
of certain entire functions or the Berry conjecture, when replacing the Gauss-
Weierstrass density by the Bessel density function, taking advantage of an
appropriate choice of the parameter 2y .

Every feedback to this paper is highly appreciated: fuchs.braun@gmx.de
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0. Introduction and Preliminaries

Our terminology follows those of [8] H.M. Edwards and [27] G. N. Watson. Throughout this
paper we denote with log x the natural logarithm, i.e. logx = log, x = Inx-

The Gauss-Weierstrass density function
(0.1) f(x)=e"™

fulfills the following key properties

i) TXSf(X)% converge, defining the Gamma function e.g. in the form
0 X
* —s/2 B s d -2
(0.2) IT (s) :=F(1+§)7z' =£x &[e }jx
i) xf (x)~ f'(x) is a decreasing function for x — oo
i) the Fourier transform relation { 1 e,oyzy 1 e;
2o oVar
For the entire function
(0.3) EE) =TT ()6-DL() = (s-DEOVE) = (5= ¥y (0 X
. - 2 "o T N
(04) with W(XZ) — ie*mzﬁ
Riemann’s duality equation, valid for all complex values s,
(0.5) £(8) =4 (s)(s — DI (s) =& ~-5)
can be written in the form
(0.6) E(s) = (s)(L- s)ﬁxs f ’(x)dx} =(- s)sﬁ xS f ’(x)dx}
0 0
applying Jacobi's ¢ —relation ([8] H.M. Edwards 10.3)
(0.7) G =3 e ™ =3 f(x) =1+23 e ™ =14+ 2 (x?) :G(%)-

An equivalent formula to (0.7) is given in [12] H. Hamburger, by

(0.8) icoti;zx=1+22e*2’mx:i+§ 21 _
1 7iX /2 X" +n




The hyperbolic secant function

(0.9) g,(t)=

cosh at

fulfills similar properties than (0.1), e.g. for its Fourier transform it holds

0.10
(0.10) f@=2— -y 9
coshz2 @ 2 a
and ([17] B. E. Petersen, chapter 2, §3)
(0.11) . % i a7
4coshntzzl:(_l) —21:[(—1) ¢ }

From [15] N. Nielsen, chapter IV, 8§22, 23, 25 we recall

T
sinhtz

(0.12) r@/2+it)|* = =[r@/2-i)* » {r(v)|” =

From [11] I.S. Gradshteyn, .M. Ryzhik, 9.61 9.63, [27] G.N. Watson, 7-51) we note

(0.13) N : totlog g
- ; (2n)' %=t ;BZ" (2n)!
0 2n 1 o t2n
E, ) —_= -n°
cosht Zol " (2n)! cost g( )" Ea (2n)!

with Bernoulli numbers B, and Euler numbers E_ .

The corresponding “ & —relation” of (0.9) to (0.7) is given by

(0.14)

" | 1 1 _..27, »
G 0=, nx _Z{coshﬂnx} 2 ﬂnziG &

X X X
neZ COSh( ) neZ neZ COSh -

whereby

(0.15) jxi _r(s)c(s) and TL%_Z “rs)e(s) (e formally £y = T

coshx X o sinh x x 5 Sin ht

with

2n

(016) *0Q) — " yked 2 and * - T
CE =20 G ¢ (2n+1) zzmz(Zn)!\Ezﬂ\

The related formulas of the Zeta function are

1 d _ (_1\n+l (272_)2n
£(s) = e an ¢(@n)=(-1) 201 >




The corresponding proof of (0.5) for (0.14) leads to a representation in the form

(0.18) 255 T(S)C(S)E7 (s) = jxsy/ (x)—+27zjxls *(27zX)Y Ziif X 9 '

Our Bessel polynomial approach uses alternatively to (0.1) the Bessel functions of 1% and 2™
kind

(0.19) 0,00 = 2200 +¥200]=2 K06 )

HOCof = 2
/

Ccos v

0, (X) = j j 2xsintoshe s (2y 7)d ot = — j K, (2xsinht) cosh(2t)dt
00

(see appendix and [26] G.N. Watson 13-75). With the notation from [26] G.N. Watson
7-35)

Qx0) 1 _ 33 3147

t = o N
an(y/(x)) P(x0) 8x 512x° 16384x°
and
Y ()| 7.
arctanLv(x)}— 2 @Dy

we recall from [26] G.N. Watson 15-52, 15-53, the following alternative representation

1
1-y'(x)

X@,, (X) =

The Mellin transform of K (x), given in [26] G.N. Watson 13-21, we state in

Lemma 0.1: For Re(u) >|Re(p)| it holds

(0.20) ) ]et”’le(t)dt T N e > Pyp(tp ; Py
0
ii) Tyz" Kl(y)d—y: 22"’2F(n7£)1“(n+1) for neN
0 y 2 2
|||) 7‘.‘ K (y) dy =1*3*5. (2n-1) =L (ZI"I) .

Lemma 0.1 is used to show



Lemma 0.2: For ¢,,(X) and Re(x) >0 the following asymptotic expansion holds true

1 1 s
(021) =, (5) = § Pn.zvxzn
X &

with P 1 @m)!IT(v+n+1/2)
MM gl T(v—n+1/2)

We recall the proof of lemma 0.2 from [26] G.N. Watson 7-51, 13-75 in the appendix,
to give some insight into the analysis technique. Some formulas to be used in this
proof we recall in

Lemma 0.3 For neN it holds

@) T@/2+n) (<)
2'nt Yz JaT@/2-n)

; 1 1
L. T?CE+nr*’(z-n=x°
(2 ) (2 )=7

and Stirling formula in the form

RGN €0 L LS S A N APE L
nl 2'nl nt 2

nra2-n)

Proof of lemma 0.3 is given in the appendix.

Substituting the variable y =nx in lemma 0.3 leads to
Corollary 0.4 For K(X)i=iK1(2nX) , keN and Re(s)>1 it holds
) (kD) Y =2% k- ks D=2t tat for keN
0 y 0 y 2 2

@t
2(4k)r

)@= ek D E KD -
Ty X 7 X
From [26] G.N. Watson 15-61 we recall the identity

(0.22)

K. e ) :[’;T[Jf(x)wf(x)]

and note the special relation Ky, (X) = e’
2 Jx




We use the abbreviation

(0.23) Pz = () ~1)(2v)° =3)...(2v)* —(2n-1)°)
(v.n) = I'(v+n+1/2)
T(v-n+1/2)

and get from [26] G.N. Watson 7-22 and lemma 0.3

(u+,1/u+,1+)

(024) (v,n) = J'Vn+v—1/2 1-v) 21y

u+,1/u+,1+

with the contour integral ( I : , given in [26] G.N. Watson 7-4, and

(025) pn,2v _ (Zn)' pn,Zv _ (_1)n pn,2v n! pn,Zv

(V' n) = 221 B 22" n! (2n)| - \/;l—‘(l_n) (Zn)' - \/% (2n)|
2

The relation to the polynomials in (0.21) we summaries in

Lemma 0.5: For the polynomials in (0.21) it holds

i) _ 1*3*...(2n-1) o Pn.2v
I:’n.2v : on (V’ n) ZZn%
) P =) [*3x @), p gy L3@0D)
(2m)12
ii) 1“(1 +n)
_ i l _ (—1)” E pn,2v
P2 = NS F(Z +n)(v,n) =

7 F(%— n) (2n)!

iV) pfn,Zv = ((2‘/)2 _(2n+1)2) pn,2v

V)  F(n)=2"(2n+1)?P,,=2"@2n+1) 2P, ,=F(-n) .

Proof of lemma 0.5 is given in the appendix.



The objectives of this paper are:

1. we propose the density function

d d[e& o 1& 177"
= -—I>P =—=>2nP,, | =
dX [X¢2v (X)] dX|: > nAZVX :| X4 n n.2v‘:x:|

(lemma 1.1) as alternative to the Gauss-Weierstrass density function (0.1) to overcome
current issues in the Zeta theory (e.g. [8] H.M. Edwards 10.3) .

2. we give the Mellin transform of (0.19), which is an integral of a square of a real-valued
function, enabling e.g. the analysis technique from [10] G. Gasper, to prove that certain
Mellin transforms of sums of squares have only real zeros.

3. we sketch a few options to prove the RH, based on an appropriate choice of the free
parameter 2v, using specific properties of the Bessel polynomials and the function xg,, (x),

given in lemma 1.1, e.g. that it defines a distribution function for 0 < 2v <1 .

In order to make a first link to Polya’s arguments we recall

Lemma A (Polya): If ¢ is a polynomial which has all its roots on the imaginary axis, or if ¢
is an entire function which can be written in a suitable way as limit of such polynomials, then

It (* wulst(u)diu has all its zeros on the critical line, so does OOUHF(U) (log u)d7u .
u 4 u
0 0

In this context we also recall from [6] D. Bump et.al.

Remark B An operator which takes an even function q(v) and replaces it by 4+ -a(v-1)
14

has the property of moving the zeros of a function closer on the imaginary axis, and so an
eigenfunction of this operator should have its zeros on the imaginary axis.



1. Main result

This section gives the Mellin transform of the Bessel functions of 1% and 2" kind

2

(1.1) ACE HORACIE 2l e’ 7)

T

We summaries the key properties of (1.1) in lemma 1.1. The proof resp. the
references to the literature are given in the appendix.

We use the following abbreviations ([27] G.N. Watson 13-74)

0,, (X):=tanht-2vtanh21t >0 forx>0and 0<2v <1

Q,, (X) =tanht+2vtanh2utsinh?t >0 forx>v .

Lemma 1.1 It holds

|) ?,, (x) = 4'Coﬂjj'e—2><sinhtcoshr cosh(2v7)d dt = 4cos zv

00 r

zavvmjj‘efzxsinhlcoshr cosh zsinh 2m ddt
0 00

for —1<Re(2v)<1 ,Re(x)>0,

) 000w, = T violw = 2 with g :—arctan{Yv(X)}a
X 3,09

i) forx>0 and 0 <2v <1the function x¢,, (x) is increasing with
0T xp,, (x) T1 for 0« x resp. x —w

due to

%[X%V(X)] = %I K, (2xsinht) tanhtcosh(21t)@,, (t)dt > 0

0

iv) forx>v the function vx* -v?¢, (x) is increasing with

0T Vx?—vip, () T1  for ve—xresp. x>

due to

d [\/ﬁ ] 4 x 7 .
— WX = X)|= ————| K, (2xsinht) tanhtcosh(21t)Q2, (x))dt >0 -
ax VX V0 002 2 [Ko(axsinn (2)2,,(x)



We combine lemma 0.1 and lemma 0.2 in

Corollary 1.2 It holds

(1.3) [X%, )]= ZZn X2 >0

In order to formulate the Mellin transform of (1.1) we use the notation from

Definition 1.3 For Re(s+2v) >0 we put

(1.4a) O, (X) = = 0, (N (3) = <D2
. (X) I(/?V(X)(ﬂv( ) L (= )
1,dx
(1.4b) Quty, =X, (YA, =5, ()~
S+2V
3/2 F(—)F( )r(
(15) er(%) = |:2:| Cos v 1 s s s+2v s—2v
i 2292 2292

Lemma 1.1 enables the calculation of the Mellin transform of (1.1), which we give in

Proposition 1.4 For Re(s+2v) > 0it holds

) [0, 00 % =[xt =[x 0, (0¥, =1, ) -
0 X 0 0 2
i) o 1-s s
jxqoo(x) —B( —)r() :
0
i) [ o _ 1 1-s s, s+1/2s- 1/2
!uoﬂ,z(x)x 5 BC S M=) -
whereby
s-1
(1.6) 2 Iﬂ(s+1/2 s-1/2

N , T )F(—*)

Proof of Proposition 1.4 is given in the appendix . o



Applying the same arguments for (1.3) leads to

Proposition 1.5 For Re(2v) and Re(...)>0it holds

sy fys O dx 8 5 S\ < _s-3 _ s-3, 4 S—3,,5-3
I (s) -—!X dX[Xcozv(X)] M (2){Zola;mf(m 5 T(A=m)+—=) ~Tl=—=)I(—")
Proof of Proposition 1.5 is given in the appendix .
Applying the Miuntz formula (see appendix) to
1
gives
(L8) O 000X =] xS[w;(x) —1T¢2V(t)dt}dx for 0.<Re(s) <1.
0 X 0 X 0 X

We use (1.5) and (1.8) to sketch a few options to prove the RH on the next two pages:

From here on it’s WIP (work in progress) only.
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Option 1: If for 0<Re(s) = o <1 there is an appropriate setting of 2y = ¢(s) fulfilling a
representation in the form

*) r,, (g) = 2(p(8)) 2 (p(1—5))

at least on the critical line, then there is a representation of the Zeta function as transform of
a self-adjoint integral operator, which is positive definite at the same time. Therefore there is
a underlying eigenfunctions/eigenvalues system, defining a corresponding Hilbert space,
which gives the domain of the operator. This is the Berry conjecture.

The famous Gamma identity for 0 < Re(z) <1
9(Dg-2)=—"— With g(2):=1() ,
Sin nz

might be seen as counterpart of (*): Its proof is using the “Haar measure” property on the

multiplicative group of positive real numbers (R’,,*)) (see also [8] H.M. Edwards 10.2 for the

corresponding Fourier analysis technique and handicaps in the context of self-adjoint
operator and its transforms) of

du =% with  du(o0 =1 =g
to be applied to

I'(z) :='sze‘xdy(x)

It holds by replacing X — Xy with du(xy) = du(y)
P@(L-2) = [ [ X'y e e du(y)du(x) = [ [ xy*"e™ " du(y)du(x) -
00 00

Exchanging the order of integration and replacing y _, _*_with ¢, X ) = dgu(x)
1+y 1+y

F@ra-2)=] [y e  du(au(y) = [ [ v 'e du(du(y)

r@ra-2 = [ Y du)] e dut = [ X duty):

11



Option 2: G. Polyéa (20]) observed that

2x

H(x):=27) (22n*e™'? —3n%e™/?)e "™
1

is asymptotically similar to
H(x)~ H (x):=8x" cosh(g x)e 2700 as X —>+oo

and proved that

E'(2) = [H"(x)e™dx = 2[ H"(x)cos(2x)dx = 47:2{&2 ,21)+ K, ,(27)
—o0 0 2 4 27
has only real zeros.

Polya’s underlying argument (using the infinite (Weierstrass) product representation), proved
by using a difference equation in z for the modified Bessel function of the third kind, is

Lemma O2: If —o<c<o and G(z) is an entire function of genus 0 or 1 that assumes real
values for real z, has only real zeros and has at least one real zero, then the function

G(z—ic)+G(z +ic)
also has only real zeros. Especially it holds that the function
F..(2)= Kiio @+ Ki(zsic) (@)

has only real zeros for —oc<c<ow anda>0 .

Unfortunately =(z) is no approximation to Z(z) ([26] E. C. Titchmarsh,10.1). This
disadvantage might be overcome by an alternative function =™ (z) properly defined, using

P12
HO 0 = 2|, 0 2)

T

-_ﬁ 2 2 _ﬁ
02,00:= 0200+ Y2 ()= .

as generating function. In [10] G. Gasper the reality of the zeros of ="(z)is proven, analyzing
integrals of squares of certain real-valued special functions.

12



Option 3: [20] G. Polya obtained the following general theorem about zeros of the Fourier
transform of a real function:

Lemma O3: Let 0<a<b<oo and let g(x) be a strictly positive continuous function on (a,b)
and differentiable there except possible at finitely many points. Suppose that

900
T

at every point of (a,b) where g(x) is differentiable. Suppose further that the integral
T ax
G(s) :=Ix g(x)—
0 X

Is convergent for a* <Re(s)<g* . Then all zeros p of G(s) in this strip satisfy o <Re(p)< f .

The parameter 2y might be chosen appropriately to achieve

g 2

IO

fore.g. (1.7),i.e. g(x)=g;, () -

We note (see appendix), that applying Polya's lemma to Mintz's formula (1.8) yields no
information about the location of non-trivial zeros of the Zeta function.

Option 4. Lemma O2 is re-formulated in [6] D. Bump et.al., that an operator, which takes an

even function q(v) and replaces it by 9"+ -8("-1) has the property of moving the zeros of a
14

function closer on the imaginary axis, and so an eigenfunction of this operator should have
its zeros on the imaginary axis:

If one restricts to 1/2 < Re(s) = o <1 and put
2vi=p(s)=Re(s—o) itholds 0<2v<1 .

Assuming that

£ = O, 0L =[x {co;o 0-1[0. (t)dt} &
0 X 0 X 0 X

has at least one zero might lead to a contradiction, taking into account that it holds

@, (X)>0 %[X(pZV(X)]>O : j 0, (t)dt = —cos( 2V)IIIeZ‘Si"“f’mh’cosh[(zv)r]dzdpdt-

13



Option 5: Link the Bessel polynomials appropriately with Ramanujan’s Master Theorem
([1] B. C. Berndt, The first quarterly report, 1.2 Theorem 1), i.e.

TF(x)xs‘ldx =T (s)p(-s) for F(x)= i%(_x)k in the neighborhood of x=0
0 0 H

taking advantage of its properties given in lemma 0.5.

T L2k +2)
the Riemann Hypothesis are

Motivation With (k) 1 the Hardy/Littlewood resp. the Riesz equivalence criteria of

(5.1) RH holds if and only if F(X)=i @(_X)k oy -
LY

(5.2) RH holds ifandonlyif 3 (kf—l)ll);(;k) X~ O/ .

Ramanujan motivated his formula with the following wordings ([1] B. C. Berndt, chapter 4, Entry 8):

“Statement: If two functions of X be equal, then a general theorem can be formed by simply writing

@(n) instead of X" in the original theorem

Solution: “Put X =1 and multiply it by f(0) then change X to X, x2,x3,x*.... and multiply

f'(0) £"(0) f"(0)
o2 3T

positive as well as for negative values of N . Changing f(x") to ¢(n) we can get the result.”

. respectively and add up all the results. Then instead of X" we have f(x")for

1
Example: arctan x + arctan — = -
X 2
Ramanujan’s building process:
f (0)[arctan1+ arctanl]:z f(0) - ') arctanx+arctan1 = ro = ’ (0 arctanx+arctan1 = "Oz..
2 i} X o2 21 X 202

Replace arctan z by its Maclaurin series in Z , where Z is any integral power of X. Now add all the
equalities above. On the left side one obtains two double series. Invert the order of summation in each
double series to find that

®© . f(x2n+l)+ f(X—Zn—l) _z .
2.1 2n+1 =5 @

0

Replace f(x") by ¢(n) to conclude that

o o0 P@n+D)+e(-2n-1) & )
;( g 2n+1 =570

Of course, this formal procedure is fraught with numerous difficulties, but the theorem was finally
correctly proved by G.H. Hardy.

14



Option 6 (just recalls known criteria)

There is a “modified” Zeta function representation & (s) = ¢ (s)I1" (s) , which can be realized

either I) as a “convolution” f*(1/2+it) = (G*dF)(t) = TG(Z—iU)dF(U)

or ii) as “Fourier integral” E'(2) :TuHF(u)q)(log u)d7u
u
0

where g(z) ::ful’ZF(u)d—u has all its zeros on the critical line
u
0

15



Appendix

Lemma 0.2: For ¢,,(X) and Re(x) >0 the following asymptotic expansion holds true

*§02v( ) Z n2vX

Proof of Lemma 0.2: From the expansion

(A.1) cosh 21t = coshtz n(( )n) 2% sinh®*" t=cosht) a,  sinh®"t
0

given in [26] G.N. Watson 7-4, 13-75, we get by substituting the variables first by
u=sinht and then by y =2xu the identities

0, (X) = fj K, (2xsinht)cosh(2ut)dt = 4 j K,(2xsinht)cosht(>a, , sinh?" t)dt
Ty Ty 0

4% > ndu A& T L du
0 () == [UK )Y a, u™) === a,, [u”™ Ky (2xu) —
% 0 u Ty 0 u

1< oy o dy 21&, 0 on [ 2ni dy
(pZV(X):ﬂZO:aV’"!;[ZX} Ko(Y)7=;;;2 a, X !;y Ko(Y)7
From lemma 0.1 we get
20+ 2) = [y Ko(y) Y
2" 5 y

resulting into

P ()= YA T )
Using the formulas
(A.2) (n)! _r@/2+n) (" ie. Fz(gm)rz(;_n):”z
22"l Jr AT/ 2—-n) 2 2
it follows
{(2n)!}2ﬁ_r(1/2+n) ,
2'nt] " Jn
: 1< 0| (2N)! (2m!(v,n) 2
l.e. X)=— a X -7 . ®
¢2v( ) X; v,n |:22nn!j| ; 22nn|

16



We note the special cases

) Py=(-1) W for 2v:=0
b) B, =1 (;?r)]:*(lz —(%)2)(33 —(\f)z)...((Zn ~1)° —(7“2;'_1)2) for 2v:=1/2

=+n
Proof of lemma 0.3 For neN it holds Stirling formula n!=n2 e™c,

, k<o, <k+1, C, =€

whereby _ SES
e

i — 2 ! n—o
limy, =y  imS% _yor—e - Ilmi(zn) o, .

Con - n 2l \rz

Putting ;.- -1 resp. 1-;—L_p with sinz(t+n)=(-1)" into the two formulas
2 2 2

r'z+n+)=(s+n)(s+n-1....s+)I'(s+1) and I(z2)r(1-z)sinz=r

leads to
1"(%+n) (n—f)( —f) ..... (;) and F(%+n)l"(%—n)8inﬂ(%+n)=ﬂ’

which completes the proof of lemma 0.3. e

Proof of lemma 0.5:

) p I8T.Cn-D . o PHZV follows from Stirling’s formula

n2v " 2n \/%

”) pn,zv = (_1)n[1*3*...(2n —1)]2 , Pn.o — (_1)n M

(2n)r>
1
N p _ 1 rdinyem= Y PG p,,, follows from lemma 0.3
" Jr 2 ’ 7l @
2
iv) P2 = ((2v) =D((2v) =3)...((2v) = (2n =D1))((2v) +D((2v) +3)...((2v) + (2n 1))

nzv = (@) +D((2v) +3)...((2v) + (2n =D))((2v) + 2n +D))((2v) - D((2v) =3)...(2v) - (2n-1))((2v) - (2n +1))

and therefore p_,, =((2)? ~(2n+1)*)p,,,

V) evident.

17



Proof of Lemma 1.1

i) from [11] I.S. Gradshteyn, I.M. Ryzhik (6.518) we recall

4cosvr T

HORACIE
and from [27] G. N. Watson, 6-3 the formula

K,, (2xsinht) = [e ™" cosh(2vr)dz »
0

which gives ¢, (x) as Neumann-Nicholson integrals in the form

@, (X) = 4COﬂ”e-z“‘”“‘mh’ cosh(2vz)d it

00

With KO (5) — ]geffcoshtdt , 1/2(X) I
0

it especially holds

P, (X) = ZJ;TI K, (2xsinht)dt = ;IIe‘“S‘"h‘“’Sh’drdt
and
“2xsinht 1 7 e
Py, (X) = ijl,z(zxsmht)dt ﬂf\fjm 4m£mdt :
. R g2xsinht
e V70, ()= =Y | et ™

ii) 0, (0d¥, == [J 2()+Y/7 (x)]d‘P _dx with W (x) = arctan{ Y, (X) } ,
? X 3.0

This relation to Hankel functions

H® (%) =30 +iY, () =R, (x)e"

with
T R R (R )
and

is given by (see [26] G.N. Watson 13-73, 13-74, 15-8)
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IKQV(szinht)dt for —1<Re(2v)<1, Re(x)>0
0



0, (00, =2 100 + 2 (0, ==

iii) iv) are given [27] G.N. Watson 13-74 e

To prove proposition 1.3 we will use
Lemma A.2 It holds

i) ZﬁTsinh’s tdt :2JZTsinh“tdt _r(i)r( )= Jr B(1 > ;) for 0 <Re(s) <1

1...5s
N = 1"(*) <)
if) '[cosh’s xdx _1 1 2 EB(, 7) for Re(s)>0
i) [N gL 208 for Re(s+p)>0
o cosh® x
o - u _
vy [ X g Tgta vod for —1<Re() <Re(v)
5 cosh” x 2 2 2
V) Tcoszgt dtzﬁ \T(V+i§)\2 for v>0
Yeosh®t 2 TOI(v+1/2)
. zl2
vi) _[sin"’lxcosv’ldxf— (’u ) for Re(u),Re(v)>0 .

Proof of lemma A.2 From [11] I|.S. Gradshteyn, I.M. Ryzhik (3.512) 1.& 2. we get

)  For Re(x)>-1 and Re(u—p)<0 it holds

”“)j;')':;px R < ZaE 2

i) For Re(u+p)>0 and ab>0 itholds Tcosthxd 4“8( +7 y_i)

2u
5 cosh

Putting 4 =-s and v=0 resultsinto 0<Re(s)<1 and

Is'nh = =TI - Coszr(l‘s)r(s)—a(l‘s 5
2x Jor 272 T2 2

which gives Lemma A.2 i)
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Putting x=0 and v=-s gives Lemma A.2 ii)
Putting 2b=p 2u=s ,a:=1 gives Re(#iﬂ):Re(ﬂ)>o and lemma 1.2 iii)
2

iv) isgivenin [1] B. C. Berndt, quarterly reports 3.13

v) From [11] I.S. Gradshteyn, I.M. Ryzhik (3.621) we get

712

J'sm“lxcos”dx— B( ) ,  Re(u),Re(v)>0 .

Proof of Proposition 1.4 i) is given in [27] G. N. Watson, 13-74

ify Applying the variable substitution y = xsinhtcoshz i.e. x* = y*[sinhtcoshz]* it follows

COS v
27

®,,(X) =

O gy 8

J'e—2xsinhtcoshr COSh(ZVT)d ot
0

J‘qu)zv (X)% _ COS v J‘J‘J‘Xse—xsinhtcoshr COSh(ZVT)dZdt%! ox _ ﬂ
0 X 27 000 X

_ Ccos v
27

”'[yse Y[sinht cosh 7] ® cosh(2vz)ddt = dy
000 y

Cosm/_[ [sinht]” _[ [cosh 7]® cosh(2v7)dz
0

=T(s)

coszv 1

27 Tf

=T(s) (—)r( )j [cosh ] cosh(2vz)d~

coszv . 1-5

e (2 TG )j

t cosh(2vr) g2 s
oshz]’ 4z

cosh(2vr)

=I(s)

NOLICs S)j

Wit g:=v, 2u=s , a:=1and Re? +,)>0, lemma 1.2iii) it therefore holds
2

O B, ) ZB( S -v)
© -2xsinht
i) with e_ L [ gt it follows
#2 () 427 '([\/xsmht

sz%/z dx :TTXH/Z g xsinht dt% T‘Tys “2[smht 1/2 s
0 00 0%

dy 77 s112-y Y
- dt—= = smht °d y =2
X Jsinht X M v y

e
vsinht y

1 T7 ean €20™M dx 1 s-1/2 I2-s dy
X dt— = 2sinht & a¥
4\/;'([! J2xsinht ~ X 4\/;;[!)/ [ ! Jsinht

20



1 5 0 0 ~ _ dy 2
:721/2 s Slnht dtys 1/2e y ) _ L= 2-s
4 ﬂ y \z

ot—3
O =38

[sinht] ™ dty*%e~ @
y
With lemma A.2 it follows for 0 < Re(s) <1

s l- s°° 2.y d 2, 3..1-5 s
IX¢1/2(X) \/723 BT EJ. 2y y \/723 B( *)F(S )
0

Applying the formula

2 s+1/2._s— 1/2
«/ﬂr( > ( )=T(s —*)

then gives iii) .

Proof of Proposition 1.5

P gl
0

©

[xe,, (x) j % j K, (2xsinht) tanht cosh(211)®,, (t)dtd—):(
0

0

Q.‘Q_

© ©

=227 [y [K, (y)sinh * ttanhtcosh(2)@,, (Dat 2
Vs y

0 0

[y =2ris
0

_10p (s/ 2).|.sinh’S t tanht cosh(2ut)[tanht — 21 tanh 2ut Jdt
T 0

F (s/2)J'[ cosh(2vt) 2vsmh(2vt) }dt
cosh?tsinh®2t coshtsinh®*t

r (s/2) j [cosh(2ut) — 2v sinh t cosh t sinh(2ut) Jdt

cosh? tsmhS 2t

;
cosh? tsinh*?2t

F (s/ )J' {coshtZavym sinhzmt—2vsinhtcoshtsinh(th)}dt
0

F (s/ 2).[ > a,,sinh?" t— 2vsmhtsmh(2vt)}

coshtsmhS Zt{

O » o 2M-5+2 © sy 3 )
=2risr2) [, Tt [ o
oo cosht cosht

< sinh2™*2 ¢ 1 s-3 s—-3

R Cdt=-T(Mm-""r(-m)+ =

! cosht 2 (m 2 JE(@-=m)+ 2 )

sinh®* tsinh(2t) _sinh®® tsinht sinh*t
cosht cosht cosht
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1 s-3,.,5-3
dt==TQ01-—)I"'(——
S TU==—rC)

ZVT sinh®* tsinh(21t) ot = Tsinh“‘s t
5 cosht o cosht

8 ., 5| s-3 s-3 s-3,.,5-3
:;F (2){%‘,3 F(m—z)l"((l—m)+2)—1"(1—2)1“(2)}

S
Zm
2

Lemma (Muntz’ formula) For o(x),o'(x) continuous and bounded in any finite interval with

o(x) =0o(x™) and w(x) =0(x*) for X - and ¢, g >1 it holds

g“(s)_!xs @ = }[XS|:Z.1O:O)(”X) —il‘a)(t)dt}‘t( for 0 <Re(s) <1.

Proof: i) because @w(X) is continuous and bounded in any finite interval with
@(X) =0(x™“) it holds

©

xo(x)dx existsfor l<o<a ,
0

= 1
Lo

1

i.e. the inversion leading to the left hand side of (4.3) is justified.

1/x 0

if) ia)(nx) - Ta)(xt)dt = xTa)'(t)(t ~[thdt = x Jo@)dt +x [o((xt))dt = O)

1/x

The first summand is justified, because w(X) is continuous and bounded in any finite interval

the second summand is justified, because w(x) =0o(x™*), i.e. it holds

ia)(nx) =0(1) +§ with ¢ = Ta)(t)dt :

Hence x° )+ & =[x -S| [xe ) XS
2 om) j 2 ()= !;wux -

X

O t——y38

for o >0 except s=1. Also

_C]gxs’zdx :L fOI’ o<l
1 s-1

and therefore (4.3) for 0<o=Re(s) <1 e
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Lemma (Polya’s criterion) A real self-adjoint operator of the form

1/a

f@)— | x’ZG(x)d—; (i.e. G(x) real and G(x):G(%)),

which has the property that G(x)is non-decreasing on the line [1, a] has the property that the
zeros of its transform all lie on the line Re(z) =0.

Polya's criterion is given in [8] H.M. Edwards, 12.5.

Remark The lemma above is valid for an integral over a finite interval and to extend it to an
infinite interval it needs certain conditions. In order to apply Polya's criterion directly to Mintz’
formula

T oooX)dx oL 1% dx for 0<R
s)| x* ————=|x o(nx) — = | o(t)dt |— <Re(s) <1.
4()! . !{;()XQ()}X
for w(x),®'(x) continuous and bounded in any finite interval with @(x)=o0(x"*) and
o(x) =0o(x”) for X > and «, f >1, one needs to show that the function

*) P(X) = 3 (nx) —;L(Ta)(t)dt

is positive and increasing for x > 0. However, P(x)cannot be positive and increasing in the
whole range for x > 0, because otherwise its value at infinity would be positive and not 0, as
is the case, because Muentz's formula requires @(x)to vanish at infinity to order x™* with

a >1. Hence the function P(x) vanishes to at least order 1 and in particular it has the value
2

0 at infinity. Therefore, the expression in the form (*) cannot be both positive and increasing
near infinity, i.e. Polya's criterion in form of lemma 0.2 never applies to a formula of Muentz's

type.

Lemma (Theorem of Frullani) Let f(X)be a continuous, integrable function over any
interval 0< A<x<B<o.Then, for 0<b<a,

©

jf(ax)—f(bx) % =[f(0) - F(O)]IogB

o

where f(0) =lim f (x) for x > 0" and f () =Ilim f (x) for x —» .

We mention a generalization of this lemma, due to Hardy (Quart. J. Math. 33 (1902) p. 113-
144) in the form

T m n dx
{[(p(ax )~y (bx")Jlog x)° =
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