GOLDBACH’S PROBLEMS

ALEX RICE

ABSTRACT. These are notes from the UGA Analysis and Arithmetic Combinatorics Learning Sem-
inar from Fall 2009, organized by John Doyle, Neil Lyall, and Alex Rice.

In these notes, we introduce Vinogradov’s Three Primes Theorem, the solution to the ternary
Goldbach Problem and an application of the Hardy-Littlewood Circle Method. We first state the
result in its most accessible, least quantitative form, and then introduce the more quantitative
version, encapsulated by an asymptotic formula for the three-fold convolution of the von Mangoldt
function. Next, we begin the meat of the circle method by defining the major arcs, and giving
an estimate on their complement, conditioned on a powerful analog of the Weyl Inequality due to
Vinogradov himself. We then give an estimate on the major arcs that provides the main term in
the asymptotic formula and proves the result, provided we take Vinogradov’s minor arc estimate
and a theorem of Siegel and Walfisz on faith.

Secondly, we utilize many of the same lemmas and estimates from the proof of Vinogradov’s
Theorem to obtain a partial result of the more well-known binary Goldbach Conjecture.

1. VINOGRADOV’S THREE PRIMES THEOREM

Theorem 1 (Vinogradov, 1937). Every sufficiently large odd integer can be written as the sum of
three primes.

This phrasing of the result is perhaps the most satisfying, but in truth, the full result is far more
quantitative, and gives an order of growth for the number of representations of an odd integer as
the sum of three primes. We begin with the definition of the quantity in question, and a discussion
of intuition for its approximate size.

Definition. Let P denote the primes. For N € N, we define

r(N) = #{(p1,p2,p3) € Py : p1 + p2 + p3 = N},

where Py =P N [1,N].

How big would we expect (V) to be? We know from the prime number theorem that |Py| ~
3

%, so | P3| ~ longgN. Of course, for (p1,p2,p3) € P3;, we have that p; +p2 +ps € {1,2,...,3N},

so if we assume that these sums are more or less "uniformly distributed” (quite the assumption),

loé\fN . 3%\, ~ loi%v. In fact, we will show that there exist C' > 0 and
2
Ny € N such that (V) > Clo]gV73N for all N > Ny. We begin our attack, much like in our discussion

of Waring’s problem, by using orthogonality and phrasing the question more analytically.

then we would expect 7(N) ~




Definition. For f: N — C, we define f*: N — C by

PN =S F) ) fks) = / (Fu(@))*e2mNeda,

1
ki+ko+kz=N 0
where fy(a) =) f(k)e >k

The first equality defines the notation, while the second equality follows from the orthogonality

relation
/1627rikada: 1 lfk:()
0 0 else

We notice that f* is non-negative real-valued as long as f is, and we also see that 15(N) = (),
but it will be beneficial for us to utilize slightly modified functions in place of 1p.

Definition. We define g,A: N — [0,00) by

0, else

logp, ifn=peP logp, ifn=pkpeP keN
o) =4 EP T TPE ) = -

A is known as the “von Mangoldt function”, and will ultimately be the function of concern. We
see that

g (N)= > log(p)log(ps)log(ps) < r(N)log® N,
p1+p2+p3=N
so it would suffice for us to show that there exist C' > 0 and Ny € N such that g*(N) > CN? for
all N > Ny. The following lemma shows that we can actually replace g with A.

Lemma 1. There exists a constant C such that |A*(N) — g*(N)| < CN? log N for all N € N.

Proof.

[A*(N) — g™ (N)[/6 < Y. logpilogpslogps

k k k
P ! +P22 +P33 =N
k12>2

<logN > (log, Nlog,, N)(logpilogps)
p1VN,p2<N
= Z log®? N < CN3 log N by the prime number theorem.
p1VN,pa<N

O

Our attention will now be focused on the von Mangoldt function, and since we’re done comparing
these convolutions, we will use the notation R(/N) = A*(NN). The full result is encapsulated in the
following asympotic formula for R(N), the derivation of which will be our ultimate goal.



Theorem 2 (Vinogradov, Quantitative Restatement). For any fized A > 0,

2
RNy = SV y2 0(1022 =),

2

where

1 1
e(N) =JJa- oY [T+ o)

p|N PN

We see that G(N) = 0 for N even, but if we could show that G(N) is bounded uniformly above
and below by positive constants for all odd N, then this formula would indeed yield a stronger
result than previously stated. This turns out to be pretty easy.

Lemma 2. ) 5
<—=<6(N)< —F++— <3 forall N odd.

@ ="M ==
Proof. The outermost inequalities were inserted for aesthetic purposes only, and follow from the
fact that ((2) = %2 < 2, and ((3) = 1.2, so we turn our attention to the middle.

For N odd,

N

and for all N,

O

Now our goal is more clear and we proceed with deriving the asymptotic formula via the Hardy-
Littlewood Circle Method. For this, we must partition the circle into major and minor arcs,
much like in Waring, where we thought of the major arcs as those points which were “close to
rationals with small denominator.” However, what we took as our meanings of “close” and “small
denominator” were inspired by the Weyl Inequality and the range of denominators for which it
provided a worthwhile estimate. The same will be the case here, but we need an analog to the
Weyl Inequality in terms of the von Mangoldt function, and we will define the major and minor
arcs appropriately based on that estimate.

Lemma 3. If a € [0,1] and |a — a/q| < 1/¢* for some ¢ € N and (a,q) =1, then
~ 1 4 11 4
[An(a)| <C(Ng 2 + N5 + N2gz)log" N
for some absolute constant C'.
Lemma 3 was Vinogradov’s main achievement in proving this theorem unconditionally. Hardy
and Littlewood attained the result in the 1920’s, but they needed to assume the Generalized

Riemann Hypothesis to get the required estimate on the minor arcs.
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Corollary 4. If we suppose further that, for a fited B > 0, logP? N < ¢ < —X— | then

logP N’
~ N N N
|Mﬂaﬂ§€( Nt )mgN@gﬁ—7¢—<
log2 N log2 N logz 4 N

Now, given a fixed A > 0 as in Theorem 2, we set B = 24 + 10 and we define the major and
minor arcs as follows.

Definition. For (a,q) = 1, we define the arc

log? N}
N )

a
M%:{@6[071H|0‘_6‘<

the major arcs
log? N

m= U U M,

¢=1 0<a<q
(a,q)=1

and the minor arcs

m = [0,1] \ 0.

Lemma 5. For sufficiently large N, 9 comprises a small portion of the circle and the individual
arcs in M are pairwise disjoint.

3B
Proof. The first part is clear from the definition, as the measure of 9 is at most w.

The second part requires only slightly more argument, so let’s assume o« € Ma (M, with % #+ Z—:,
q q/

then we have

which implies
max{q,q'} > ( N
X149, e S >
¢ 21ogB N

for sufficiently large N, i.e. one of the original arcs was not in the collection of major arcs, since its
corresponding denominator was too large. O

1/2
) >logB N

The following estimate on the minor arcs follows almost immediately from the definition and
Lemma 3.

Lemma 6. There exists a constant C such that

An(a)] < C—5——

for all « € m.

Proof. Fix a € m. By the Dirichlet Principle, there exists 1 < g < logng and (a,q) = 1 with

B
But, since @« € m and |a — %] < logNN, we must have ¢ > log? N.

Therefore, ¢ lies in the required range for Corollary 4 and the estimate applies. O
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Corollary 7.

n 3 _2milN. N2
A VYol < C .
’/( N(a)) e a| o 1

Proof. Recall Plancherel’s Identity, which states in particular that

1 R N
/ Rv(a)2da = 37 |AGH)12
0 k=1

From this fact, Lemma 6, and the prime number theorem, we have

| / (Rn(a))PeiNagq| < / An()ffda<c—N / Ax(a)2da
m log2 N

N

= Ak ———— Nlog N
log?_4 N ¢ Z A logg_4 N

o N2 . N2

1()g§75 N B 1OgA N

0

This tells us that the contribution from the minor arcs to the integral R(IN) can be absorbed
into the error term from the asymptotic formula, so if we take Lemma 3 on faith, then we can turn
our attention to the major arcs. In order to estimate the integral over the major arcs, we need to
estimate XN near rationals with small denominator, so it’s only natural to begin by considering
A N at rationals with small denominator.

Definition. For N,r,q € N, we define

on(ra)= Y Ak),
1<k<N
k=r(mod q)

and note that

N
AN(%) _ ZA —27rzka Z Z A(l{?) —27rik’%

k=1 r=o 1<k<N
k=r(mod q)

q—1 .
_ Z Z A(k) 727rzr7 Z/(/}N T‘ q Qﬂer.

r=o 1<k<N
k=r(mod q)

To estimate this rephrased sum, we invoke a useful identity, which we will prove, and a famous
theorem, which we will not.

Lemma 8 (Siegel-Walfisz Theorem, 1936). If (r,q) = 1 and 1 < q < log® N, then there ezists a
constant cg > 0 such that

N
= —— + O(NeesVieel),

This is a quantitative strengthening of Dirichlet’s Theorem on primes in arithmetic progressions.
Roughly, it states that the primes are “evenly distributed” in the congruence classes coprime to q.
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Lemma 9 (Ramanujan Sum). If (a,q) =1, then

> el = yg),

0<r<qg—-1
(r.q)=1

where p(q) is the standard Mébius function.

Proof. Recall that

Zy@:{;”zﬂ

else
din

SO we can write

q—1
Z 6727rira/q _ Z Z M(d)ef%rra/q’
0<r<g-—1 r=0d|(r,q)
(rg)=1
which, after switching the order of summation, equals

-1

Z p(d) Z em2mirala — Z p(d) Z e~ 2milda/a (setting r = Id)

SHS)

dlq 0<r<q—-1 dlq 1=0
d|r
4 ifd=q
= u(d)-{¢ = u(q)-
0 else
dlq

Lemmas 8 and 9, plus a little additional elbow grease, yield the following estimate.

Lemma 10. If (a,q) = 1 and 1 < q < log® N, then there exists cg > 0 such that

Ay (%) = Ha) o~ VIEN
AN(q) o N oW ey,

Proof. We first note that the primary contributions to the rewritten sum A N(%) come from classes
r which are coprime to q. More specifically,
LY enge i< Y S AR < Y logp
0<r<q—1 0<r<g—1 1<k<N plg
(rg)>1 (r,g)>1 k=r(mod q) pF<N
<) “(log, N)(logp) = log N - #{plq} < C'log® N.
pla

Now we proceed by substituting in the results from the lemmas.
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r=0 0<r<qg—1 0<r<qg—1
(r,q)=1 (r,g)>1

= Y (AL o(NeemVIEN )2 L O(log? )
0<r<g—1 ¢(q)

O

In order to extend our estimate to all of the major arcs, we utilize the summation by parts formula

N N
Zakbk = Snbni1 + ZSk(bk — bk+1), where S, = a1 + as + - -+ + ay,
k=1 k=1

including the special case

N N

Zbk = Nbyi1+ Zk(bk — bk+1).

k=1 k=1

With these facts and Lemma 10, we get the following estimates for A ~ on .

Lemma 11. Ifa = ¢ + 3, (a,q) =1,1<q<logB N, and |B| < logf,N, then there exists cg > 0
such that

Ax(o) =MDy (8) 4 O(veer V),

¢(q)
where
N .
() = 3 e
k=1
Proof.
N S 1. 4 .
Ay(a) =Y Ak)e a2,
k=1
so setting ax = A(k)e_%ik% and by, = e~ 2™*B in the summation by parts formula, Lemma 10 yields
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N
)6—27ri(N+1)B + ZAk(
k=1

g g)(e—%rikﬁ B e—2m’(k+1)6)

_ (M(Q)N—l- O( —CB\/W)) —2mi(N+1)8 + Z : q LadC 7y A O( —CB\/W))(Q—%rikﬂ . 6—27ri(k+1)5)
k=1

¢(q) (9)
_ @(NefQM'(NJrl)ﬁ + iv: k(eme'kﬂ N 6727m'(k+1)ﬁ))
¢(q) pt

+ O(Ne*CB\/W) + i\]: O(Ne*CBm)efQﬂik,B(l _ (2mif),
k=1
which, by the aforementioned special case of summation by parts and the fact that |1 —e2mif | < C|B]
and |8 < logﬁN, equals

N
a) DI (1+ |BIN)Ne-envisN) — D, gy 1 0((1ogP N)NeenvVIEN
o(q) = o)
ma) ¢ Vg N
B)+ 0O CpVIoBN,
" o) wiB)+ O )
O
Corollary 12.
Y g)
K o 36271‘7,'N04da: C.(N / v /B 3€2TriNﬁdIB_’_O N26783m7
| Exta) D7 SO [ () ( )
where ‘
Cq(N) — Z e2mNa/q‘
0<a<g—1
(a,q)=1
Proof. For sufficiently large N, by Lemma 5,
log? N
/(AN(Q))?)eZwiNad Z Z / 3 27erad
m g=1 0<a<g—1
(a,q)=1
log N
Z Z / C_I (ﬁ)_i_O(Z\fech\/logN))3e?ﬂ'iN(a/qu,B)dﬂ7
g=1 0<a<q—1 Bl<los N (b 9)
(a,q)=1

which, after applying the binomial theorem to the error term and noting that u(q)® = u(q), equals

log® N

Z Z / 18l< logB N Q) (VN(B))?’ + O(N3e*CB\/10g7N))627riN(a/q+ﬁ)d/B

3
=1 0<a<qg— 1 QZS )
(a,9)=




w(q) 2m’Na/ 3 3 —cpyvIog N\ 27N B
= e (vn(B))” + O(NZe BV ))e dp
= o)’ ogazgq_1 18| < losZ N
(a7Q):1

Y uq)
ot o /|5| oy N (B)PENEAE 1 O(N2(logP N)een VRN
q=1 <
Y ) |
) z;¢d% ! weﬁm“ww”%%w%ﬁ+OMﬂf%ﬁ@W) 0
= N

To make better sense of this estimate we use the following two lemmas, from which the asymptotic
formula for R(N) will follow.

Lemma 13.
N2 N2

82miNBgg — 1V 1 _
/|B|<1°g,€N(VN(ﬁ)) VoG = T4 O )

Proof. We first note that fol(VN(B)):sez”N Adp is simply the number of ways of writing N as the
sum of three natural numbers (15(/N) in our previous notation). Once the first two natural numbers
ni,ns, are chosen with 2 < nj +ny < N — 1, then there is exactly one choice for the third natural
number, n3 = N —ny — ny. Of course, for each 2 < k < N — 1, there are exactly k — 1 ways to
write K = n1 + no. In other words,

N-1 N-2

! N-2)(N—-1) N?
[ow@pervias = S k-1= Y k= BEAEED I Lo,
0 k=2 k=1
Therefore, it will suffice to show
3_2miNB ! 3 _2miNg N?
v e MYPdB = v e ™AL + O(—=5—).
L 3O E 03 = [on(@ a3 40 )

Recall the following estimate on the geometric series, which we used in our discussion of Waring to
prove the Weyl Inequality.

N
——} < C————, where ||| = m1n|5—n|

v (8 |—|Z e < min{W, 1+ NaI’

k=1

HB |
Applying this estimate, we have

1 A A k@
[ ow@yremas— [ ow@renasis [, T v@)Pas
0 |B| <o logZ N
1710g§N N l N N 1
<C — _)dg=2C 3d 2CN{/ ———d
C oy TN P =2 fun T B =208 | L
-1 1% N?
—ON?2|—— cC————,
[(1 —+ 5)2:|logBN o 10g2B N
and the result follows. O



Lemma 14.
Z o(q)?

1) Cy(N) + O :
log2z N

=1
k) >
)| < ¢(q) for all g. Combining these

q=1
Recall that for every e > 0, there exists a constant ¢, > 0 such that ¢(k) > c.k'~€ for every k € N
We also see that |Cy (V)| < ¢(q

so in particular, we can fix ¢ = cs

facts, we have
00 log N 00
1(q) 1(q) [Cq(N))|
2 (q)? Z ¢( fD“Cq = 2 ¢q(CJ)3
q=1 log? N
oo o0 1
<cy 1330’/ LS
2 log? N x2 log2 N
= 49 o (N) is
#(q)3 4

log® N q
). We see that An(q) =

) B Cy(N) = S(N
a multiplicative function of ¢, as p and ¢ are known to be multiplicative, and C,(N) can be seen to

Now it will suffice to show that > >
be multiplicative in g by the Chinese Remainder Theorem. We can also see, by arguments similar

to those above, that »- 2, [An(q)| < co. Therefore, we can write
I AnGY).
) =0 for all p € P,k > 2. This yields

> An(g) =
q=1 pEP k=0

However, by the definition of the Mébius function p, An(
L
2 6.

An(q
o= [0+ 42
We know that ¢(p) =p — 1 and p(p) = —1, and we can see that
—1 ifp|N
Cp(N) = .
p(V) {—1 if pt N
Putting it all together, we have
Cp(N) 1 1
~TTa - 1+ = G(N),
)= IT0- g I+ =) =)
]

(=12 2%

peEP

ZAN = [0

and the result follows

We are now ready to put the final pieces together. In particular, we will directly apply Corollary
10

7, Corollary 12, Lemma 13, and Lemma 14



Proof of Theorem 2.

1
R(N):/O (KN(Oé))?’ez”Nada:/im(KN(a))?’e%"Nada—i-/(IAXN(a)):seQ’”'NO‘da

N o) i N?
_ C.(N 3 27riNBd 0 N2 —Cp+/log N 1)
; o) o(N) |5|<10g£N(VN(ﬁ)) e B+ O(N-7e )+ (logAN)
1 N2 N2 N2
= (&(N) + O(logigN))(7 + O(m)) + O(logTN)
~_ B(N) 4 N?
== N +O(logAN).

0

We have now shown not only that every sufficiently large odd integer is the sum of three primes,
but also that the order of growth of the number of representations of an odd integer as the sum of
three primes agrees with our expectation.

2. A PARTIAL RESULT OF THE BINARY GOLDBACH CONJECTURE

Using a similar heuristic as before, we could also guess that the number of representations of an
even natural number N as the sum of two primes would be on the order of log#N. Using the same
estimates we have already obtained in our exposition of Vinogradov’s Theorem, we can show that
this is the case for “almost every” even integer, in an appropriate sense, yielding another a partial

result to the binary Goldbach Conjecture, also originally obtained in the late 1930s.
Recall that for S C N, the density of S, denoted §(S), is defined as

1,N

)

if the above limit exists. We wish to investigate the density of a particular set of integers, the “bad
guys” if you will.

Definition. Let F = {n € Neven |n ¢ P+ P}, and Ey = EN|[1, N].
Note that Goldbach’s Conjecture is precisely the statement that £ = {2}. We will obtain the
weaker result that 6(E) = 0, or equivalently §(P + P) = 1/2, the statement that almost every even

integer is the sum of two primes. We start by defining the appropriate weighted count and the
corresponding singular series, analogous to what we did previously.

Definition. We define

1
GOV = 30 ACk)AGk) = [ ()6 o,

ki1+ko=N
& pe)? _ LIRS » SR
and GQ(N)—;(b(q)QCq(N)—(MHNl—I—p_l)(p]_;[Vl 12

11



The equality of the two expressions for the singular series follows in identical fashion to the
corresponding formula in the ternary problem. Note that G2(N) = 0 for N odd, and Ga(N) > 1
for NV even. A direct analogy to the Vinogradov result would be an asymptotic formula of the shape

N
G(N)=62(N)- N+ O0O(———).
(V) = &2(N) - N + 0 30)
Such a result would be a quantitative version of Goldbach’s Conjecture, and would in particular
imply that E is finite. Obviously this is out of reach, but a weaker way of displaying that G(NV)
looks like G2(N) - N is to bound the mean-square difference. This turns out to be tractable, and
yields the promised result.

Theorem 3. For a fixed A > 0, there exists a constant C depending only on A such that
N

D (G(n) = &y(n) -n)* < C

n=1

N3
logA N

Before we get our hands dirty with this proof, let’s see why it gets us what we want.

Corollary 15. |Ex| < C and in particular 6(E) = 0.

N
logA N’
Proof. If n € E, then

Gn)= > (logp)(logpz) < Y (logp)(logn)

k k k
p11+p22:n p°<n
k1 or ko>2 k>2

< Z (log, n)(logp)(logn) = Z log?n < Cy/nlogn.
p<vn p<v/n
In particular, there exists Ng € N such that

n2
(Gln) — &a(m) - m)? >
whenever n > Ng and n € E. In other words, for sufficiently large n,

4
—3(G(n) = 62(n) - n)? > 1p(n),
which implies

1
IEn| < No+4 Y —(G(n) — Sy(n) -n)* for all N > Ny
No<n<N n
Therefore, it will suffice for us to show that

Mo
> 5 (Gn) =~ &sn) -m)* < C
n=1

N
log? N’
for which we use summation by parts. Letting a, = (G(n) — G2(n) - n)? and S, = > j_; ax, we

have from Theorem 3 that S, < Clogjn for all n > 1, so summation by parts yields

N N N
an, SN 1 1 N
Bl Sp(— — —— )< C(———
T AP e (1ogAN+/2

N
1
so it will suffice to show that / Tdm <C
2 log™x

1
Ag

dx),
log

log? N’
12



By dividing the interval [2, N], we see

N 1 VN 1 N 1
/ T—dz —/ G dx +/ ——dx
2 log”x 2 log”x VN log™x

VN N N
< —+2t——<C0——.
log” 2 log™ N log™ N

This proves the corollary, but the theorem remains. O

Proof of Theorem 8. Fix A > 0, and define B, 91, and m as before.
We see that G(n) = G1(n) + Ga(n), where

Gi(n) = /im (Ap(@))2e¥™™ doy
and
Ga(n) = /m (A (@))2e>™ ™ day.,

By Cauchy-Schwarz,

N N N
> (G(n) = &s(n) - n)? < 2( Y Gr(n) = Saln) -nf + Y [Galn)?),
n=1 n=1 n=1

and it will suffice to show that
Iv3
logA N

N
> [Gi(n) = &2(n) - n[> < C
n=1

and

N

Aﬁ
Yo 1Ga(n)fP < O—5—.
il log™ N

For the latter, we notice that G2(n) is a Fourier coefficient for AN (a)? - 1y, and hence by Bessel’s
inequality,

N ~
> 1Ga)P < [ R(e)'da:
n=1 m

Invoking Lemma 6 and Plancherel’s Identity, we have that

N ) N2 L ) N2 N )
§ : G <C— A do=C—F—— § A
|G2(n)]* < 1og38N/0 |An ()] da logB,gNm! (n)|

n=1

N3 N3
SC—F55-<C——.
log" " N log™ N
This need to jump to the mean-square value in order to estimate the minor arcs is the primary
obstruction to obtaining a true asymptotic formula the way we did in the ternary problem.

To estimate G1(n), we invoke Lemma 11, apply arguments virtually identical to those in Corollary
12 and Lemma 13 (just replacing the cubes with squares), and after noticing that

1
/ vn(B)%2T = #{(n1,ma) € N2y +my = n} =n — 1,
0

13



we obtain the following estimate for n < N.

N 5N (q)?
G1(n) = 4(n) - n+ O(——5—), where &5(n) = 5Cq(n)
log2 N =1 o(q)
Now we see that because
N N N
Z |G1(n (n)-n|> <20> |Gi(n) — &h(n) - nf* + ZTLQIG&(”) — &5(n)[?)
n=1 n=1
< C( + N? Sh(n ,
<oy Z| )
N N
it will suffice to show that Sh(n) — 6 2<0——.
it will suffice to show tha ;| 5(n) a(n)|* < log N

For this, we use the following facts:

—————— a generalized version of Lemma 9

&l n wla)® Mm@ wa)? n(%)é(q)
62( ) 62( ) q:lo%]\f <Q)2 ¢ Qi]n)) _§logf%q<oo (q)2 ¢<%)
q,n)=d
_ plda)® pla)dlde) (o d
Tl 2 G e =)
(q,N)—ql
d)2u(q)®6(d
= z|: Z Al )¢léfl§g¢g?;)3¢( ) (since d|n, (¢,n) =1 = (d,n)
dn log N<q<oo
(gn)=1
_ ) p(q) pd? oo d
=2 o) NZ<J< o@? =2 gy My



which yields Sa(n) — &4(n) < Clogn, and hence

N
Z |85(n) — Ga(n)|? < Clog N> |&h(n) — Sa(n))
n=1
<Clog]\f§:§:'u <C’logNZ p(d)” 4
n=2 d\ logBN - d=2 d ¢(d) logBN

N N
<c <c ,
logB~ ' N dzzzz ¢(d) = logP PN T T logh N

and the result follows.
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