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PREFACE TO 1945 EDITION (3~

In this new edition neayrly 400 corrections of errm:s “and other
changes, have been made. Practically all of these ﬂrc‘contnbuhom.
either directly or indirectly, of Professor R. G, RR’CHIBALD Brown
University, of Doctor L. J. CoMRriE, London, England, of the MaTHE-
MaTicAL TaBLEs ProJect, New York City, @nd of Dector J. C. P.
MiLLER, University of Liverpool. A snp,);\ementary bibliography

- compiled by Professor ARCHIBALD has-been added to increase the

N

usefulness of this work, N7
New York, March 1945
N Dover Publications
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PREFACE TO 1938 EDITION

‘The prineipal points in which this third edition of the Tables of Functions
differs from the second cdition of 1938 are as follows: Tn the complete clliptic
integrals of the first and second kind, formulae and numerical tables havesbeen
added for other than the Legendre standard forms. The numerieal calculbtion is
thereby improved in many cases. In the eylinder funetions the Debye gevids have
been brought into a more eonvenient form by limiting them tu real “values of
the index and by limiting the angle of the argument to valuesywhich oceur in
practice; they have thus been freed from the additional detérminations which
necessarily added to the difficulties of the general case. Detalled numerical tables
are given for the Lommel-Weber and Struve function$\of brders zero and one.
Formulae and graphieal representations are given faui\'the confluent hypergeo-
metric functions and for the Mathien functions associated with the elliptic cylinder,
which will enable these two classes of functions o e employed more widely in
scientific calcuiations. DAY

The clementary functions which ocenpigdithe first 75 pages of the second
edition have been omitted. A separate bagk will shortly appear in which these

_are given with complete numerical tables and many graphical representations.
Many people who sre interested in gtd use the clementary functions never eome
into contact with the higher fumetions and for such people the greater part of
the complete wark would be méxe* ballast,

Again I have the pleas r(of’t-ha.nking many helpers. Mr, H. Nugaoka (Tokio)
and Mr. G. Witt (Berlin) h[h'e informed me of corrections to the fables of elliptic
integrals and functions,\Mr. R. Foli {now of Berlin-Siemensstadt) has caleulated
and drawn PFig. 28 Joulp. 54 for the elliptic integral of the first kind. The par-
ticulars cuneerningit-he complex zeros of the Dessel function J_p(;.r; +'£y)'on
p. 230 and 231 @tctaken from a thesis by Mr. W. Burkhardtsmaier. The fungtions
J, (25) to J;(29) on p. 179 were calculated by Mr. M. J. di Toro (New York)
at the suggestion of Mr, Ernst Weher.

Megae\ B. Hague and G. W. 0. Howe of (lasgow kindly looked through the
Enghsh) fext.

Mrs” E. Schopper, née Bachner, (now in Dessau) calculated the Mathieu fune-
tions and worked out the graphical representations. Mr. 8. Kerridge (Stuttgart)
contributed additional material.

Mr. E. Heidelbauer (Stuttgart) not enly did a great amount of caleulation,
drawing and correction, but also undertook the difficult task of the page ar-
rangement of the text, formulee and diagrams.

My heartfelt thanks are due to all these sincere helpers. I am indebted to the
staff of Mesgrs. Teubner, on whose ability, care, and patience such heavy demands
were made. 1 must also thank the publishers for mecting my wishes in sach a

friendly manner.

Stutigart, April 1938, '
Fritz Emde.



PREFACE TO 1933 EDITION

When in 1909 Jahnke and 1 published the “Functionentafeln” there wag no
other collection of tables of the higher functions and we therefore anticipated a
great demand for our book. The sales at first by no means came up to our ex-
pectutions, but since the war the book has. had to be twice reprinted, and\the
frequent references to it in physical and technical publications show thab it is
much used in all parts of the world. It is again out of print. Unfortunafely the
‘preparation of this new edition was upaveidally dela_} ed and it hag ‘taken much
longer to complete than was anticipated.

It ‘was folt that the widespread use of the tables demanded: t'he adoptlon of a
high standard in the preparation of the new edition, apd & have done all that
was in my power to make the use of the higher ﬁluci-l(ms as convenient as
possible. Many new tables have been added amd old\bnes extended. If every
pnew table had been included the price of the book would have become excesswe,
but where it has not been possible to include 2 tahle,\curves have been given. These
eurves have been plotted to such a scale and With’ such fine subdivision that the -
numerical values can be read off with somg\acéuracy.

I bave tried especially to show in a clear manner by means of graphncal re-
presentation the general character of™ the complex functions, hecauss in this
way their use is greatly simplified, “THe res! and imaginary parts of the fune-
tions are not shown graphma,ll{ because such & method of representation is
completely upset if the functipn’is multiplied by a ecomplex constant. The fune-
tion is represented by a sm{i ACe the ordinates of which are equal to the modulue
of the funetion; this surfice is called the relief of the function. In this method,
which is a.dopted hers/f0r the first time, the function reveals itself in its en-
tirety, so that, as tests Have shown, even mathematicians, who are only familiar
with the function’ v\axled as it were in formulae, hardly recognize it. Whereas
formerly one hﬁd' tb link up in his- mind the separate and disconnected character-
istics and péculiarities of a function, ome can now ses the whole range at
a glance. &9 '

Unfm’tu‘nately time did not allow of all the functions being represented in this
maniter,) Much remains to be done and I hope that Mathematical Institutes will
continue the work, It is really a matter for text-books rather than for tables
of functions. In every text-book of differential calenlus it is regarded as essential
to illugtrate the nature of simple functions in the real domain by means of
curves; ig it considered unmnecessary for more complicated functions in the com-
plex domain?

The tables on pages 12 to 20 will shorten caleulation with complex quanti-
ties, especially if one uses a slide-rule. '

When we were preparing the first edition no tables existed for many of the
higher functions. One had to collect what ome could find, Tables for many other
functions have since been calenlated and published in periodicals and hooks, so



Preface.

that thers are now more than one could include in & book of reasonable size
intended for general uge. In preparing this lnew edition I had therefore to pick
so; 1 hope that I have chosen wisely.

anf’&:hi{:f the'ﬁrslzeeditinn great use has been made of the work of the Mathe-
matical Tables Committee of the British Association. Forturately this committes
has decided to publish collections of the very accurate tables which they have
caleulated in past years, Two volumes have already been published. The mathe-
maticians, physicists, and engineers of the whole world regard with the greatest
wonderment and gratitude this colossal undertaking of their English eolleagues,
who have taken upon themselves almost, entirely the heavy load of new. Gompu-
tation. It is hardly to be conceived that other countries can continue mugh longer
to iook idly on without halping in this work, AN

One must not imagine that thers is no need of further compuytation, This
book, indeed, provides a general review which will enable oneifo judge with
greater ease and certainty than heretofore just where furtherPeomputation is re-
quired. It is not tables of a few functions caleulated toa high degree of accu-
racy so much as those of many functions calculated with vhedium accuracy that
constitute the most pressing need. Whether one wished to become familiar with
the functions or to use them it is not necessary tHad they be known with great
aceuracy. It will ba time enough to compute thé‘walues to many decimal places
when some exceptional practical case arises which calls for great accuracy; and
even t.l_wn this accuracy will, as a rule, aiily be required over s limited range.
Even in the computation of mathematieil tables the expenditure of time and
troubic{ should bear some relation to _the usefulness. of the resnit.

As in the old edition no attemptibias been made to obtain more then a rea-
sonable degree of a0ouracy. The(last decimal place in the values given must be
regarded as uncertain, Any one'wha requires greater accuracy must consult tables

giving a further decimal\plsea. References to more accurate tables are given
It each section,

N\

intended to Ber¥e\8n entirely different burpose from those given in text-books
and have thef8fofe heen arranged from an

e entirely different point of view. It
must be Temembered that the fermulae are here merely accessory and make no

claim to tompleteness. Bome of them represent unfulfilled promises, — directions

:luar cp.l&i]zlml:ing instead of the results of caleulation, Bome of them, on the other
ho:}:’}vzo?d h & Decessary however many tables one had. In future editions,
1

in bo_th German and English.
ThW; hhll-eference to various mattars of detail the
- fe Tadle of Powers wag calenlated on o ansviga nova caleulating machine

Pf{"ﬁdECt ean with u single turn be put back into the
ttul'lb er multiplication, I must express my gratitude to

gart agent for the Brunsviga machines, who kindly
my disposal. A machine with the followi‘ng properties

following points might be noted.

machine as a factor for
Hurr Otto Hess, the Sty
placed the machine at



) Preface.

would be very useful: 1) one should be able to calenlate on it from left to
right without striving after an absolute accuracy which is almost always ngeless
because the numbers with which one siarts are not absolutely accurate; 2) one
shonld. be able to throw baek into the machine with a single turn not only
products but also guotients; 3) a storage mechanism should enable one to sum
a number of terms having either all the same or alternate signs without having
to write down intermediate resuits.

The section on cubic equationy has little in common with what one finds on
the subject in text-books of algebra but it gives graphical and tabular aids to
their snlution. Only short fables arve given for the elementary transcendentals.
The more extended tables, which one really requires, can be found incthe books
given on pages 76 to 78. The real subject of this book — the Migher fune-
tions — begins on page 78. Spherical harmonics of the second %kind and the
associated spherical harmonics bave been added to the section{om spherical har-
monics and are represented by curves. The section on Bessel functions has been
- greatly extended. The Nielsen definition of the functions,aﬁ the second and third
kind (¥ and I} is now uniformly introduced throughoit all the tables. The
multiplicity of definitions which was formerly so iroublesome has thus beén done
away with. The tables of the more imporfant Be gl functions are now 8o com-
plete that they can be used as convemently 28.thé circular functions. Riemann’s
Yets function has been included, Many aids\ahd simplifications are at the ser-
vice of those who bave to carry out ealculations if they know of their existence
and where to look for them; the bibliography at the end of the ook will be
found useful in indicating where suchiaids are to be found.

1 am indebted to Herr Karl Willy Waguner for the curves on pages 238 to
941 showing the behaviour of the Bessel function J, () for a real argument «
and high order p. These ¢ r\{és, Wwere caleulated in 1922 by Herr Hang Salinger
and Herr Hans 8tahl otl?;\e Technical Department of the Lmperial Telegraphs.
Those functions related €o)J, () which I have called A, (x} were caleulated by
Herr A. Walther (Datmstadt), Herr 8. Gradstein and Herr K. Hessenberg
at the suggestionsofHerr R. Straubel of the Zeiss Works in Jena. The tables
{p. 260—258) @ppear here for the first time.

My thankgare due to all those above entioned and also o the many friends,
too numerghs to mention by name, in all parts of the world, who have in the
past ’be.e!i{ good emough to write tu Jahnke or to me making corrections and
suggestions. :

Eugén Jahnke died of heart failure on 18% Octoher 1921 at the age of 5T.
Only a few weeks previously I had discussed with him at Hudolstadt the pro-
gramme for the new edition. Neither of us at that time had any idea what
it would ultimately look like. He was not able to take any further part in
the work. _

My wife, who had assisted in the preparation of the first edition, also did
much laborious computation for the new edition and it was a grief to her when
increasing ill-health compelled her to give up this work. Fate denied her the
pleasure of seeing the completion of the ook, '

I am deeply indebted to Professor G. W. 0. Howe of Glasgow University who
has read and corvected the English text — a friendly token of the days now
long past when we were associated in the electrical industry.
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It would have been impossible for me to have made such far-reaching im-
provements in the new edition had it not been for the long coniinued and able
assistance of my fellow worker Herr Rudolf R4hle. He has made most of the
new calculations, drawn all the new diagrams, collected the formulae for the
spherical. harmonies and the Riemann Zeta Function end translated the text
into English. The greater part of the task of correction has also fallen to him.
The arrangement of the tables, diagrams and formulae with respeet to the pages
was often a difficult mattér requiring considerable ingenuity, This new edition
thus owes very much to Herr Rthle and I am deeply indebied to him." I must
also thank Herr Dipl-Ing. Gottfried Hinsch for help with the computhtion and
Herr Erick Heidelbauer who has given great assistance with the drawings and
other matters. N '

Finally my sincere thanks are due to Mess™ Teubner/and their siaff, espe-
cially Herr Thilo, for their patience under trying . gireninstances. A special
word of praive is due to the publishers for their effoxts t0 keep the price of the
book as low as possible. That the quality of the preduction has not been allowed
- to suffer thereby is obvious from an exa.minati(%‘ﬁf the book.

Stuttgart, Angust 1933. O :
{:' Fritz Emde,

9
N o
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2656 | 1op | M, + 3% 3 281
T e RS 40 a) 282
259 C

260 N

261 X1

264 153\-39,,, 88y, OPy, 88 . .

284

265 J' 166 «rals Fanktion vong 286

gﬁ& I67 ce;(x, ¢) Belief . ..
P\ 168 ceg(, @) ... .....

189 eeyiz, q) ... ..
]
H (rf)‘ﬂﬁﬁ 170 ce,(z, g) Relief . ..

171 se; (x, q) Keliaf . . .
268 172 ceyfm, gy ...
173 sey{x, ) . .......
174 ceyfw, g) Relief ..
270 | 175 8e; (x, g} Relief ..
271 | 178 eep{m, g) o ovvn -
272 | 177 83 (Ty ) -vovvnn.

178 § o, und e
179 tber .
276 | 180 againat T

276 | 181 ecey{zw, g} = uw—-tv

Abbreviation‘s used
throughout.

7 . om
§0+%31n39-

lieg: ¥ Hechter )
ead: 1 right angle
8041 | n = 3,041+ 10m,

0,0° 7 = 0,000 7 =0 T.16™3

288
288
289
290
200
201
291
292
292
253
293

. 204

295
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L. Integral-Sinus, -Kosinus und -Logarithmus,
L. Sine, cosine and logarithmic integral,

+
o I
Eaw o | T~
_ / 1 @/ [Tl
1 .
A1 Y NS
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A / A
y
Pt = T
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Fig. 1. Inte Smus, -Kosinue and -Logarithmus,
Fig. 1. /8ine, cosine and logarithmic integral
) :\ 1. Definitionen.
N 1. Definitions.

&

AN __ w—t
~O —Fi(—z)= =f‘Tdt>0, oo >a >0,
§ x

Ei(—zé") =Ei (x—iO) = Ei- (z)
Ei{—ze %) = Fi (¢ +¢0) = Eit ()

U

&b a8

=ftgmteas o




9 ;. Integral-Sinua, -Kosinus und -Logarithmus,
1. Sine, cosine and logarithmie integral.

‘\ly_v:‘? 500 1000
]
,I’ i

W

/ RS
7 '.I~\
A hEt
Aful\p'l‘ g 4 .}ﬂ i
/ j
1600
100 l/
/’ A !
/'
. A
. /
. 7
oy
/ ¢ {i /) /])
. — o
o - \ 5 J%v é
\\ Fig. 2. i {x) 233 1i ().

. :§ v

2 :', - _ a 4 ’
€ {‘-——:-’:Ei.(ﬁw) +@iz=Inyz +f4—~@0¥2 ldt=Inyz+ —;;—2*+ za*:; e
\ ) 0

wo i where

1 ) o
ly=C =f“;"" dt -f%‘dt = 0,796 599599 — 0,219 383 934
0511215665,
y=¢"=1,781072.
Fi ..1: =C8iz+Ciz=lie (exponential integral)
= Ei+(z) + iz = Ei~(z) — in = } Ei* () + }Ei~(2).



I. Integral-Sinus, -Eosinns wnd -FLogarithmus.

I. Sine, cosine and logarithmic integral. 3
- x N
. fat _ @ {Integral-Logarithmus)
hz "J Int Ei (in#) {Logarithmic-integral}
Giiy=i-8iy, Siz=[""dl, Siew=3%
Q
Bity=1i Giy, Six=3;é—|~si:c, 8 g = — [ B
‘ t bo: t\
@I?y»—-i + Ciy, f‘m dt—lnyx-—jﬂdt
v « T . '
City=i5 +Ciy, ‘ {Integrai-Kosinus | Cosing; mtegral)
\
Stz (Integral-Sinus | Sine int 1)
n ~1ne
31 g -] ine in BQ@
Nihsrungswerte bei kleinem z: 1 Approxim\wns for small values of w:
' : - n
Gla=Biz=2z, sios_——(-e-w )
{Etx~01:c~E1x~E1(—xj-—-—»ln— Hz~——5
A %

2, h\}lbkonvergente Reihe.
ﬁrSeml gonvergent series.

Em*‘*ﬂ’(\'f); H(x)“'l'f'?"i‘xs * |z] >> 1.
.~\ —siy—l—i-Ciy:%fH(t'y)

‘o

™

8111 .’.l: COo8 X . k1 COB X

sig=—-——, Sla=g——rF, z>>1

01\
A

8. Negative'und rein imaginire Argumente.

8, Negative and pure imaginary arguments.
Gi(—2) = —Giz, Gi(we ) =Cintin, Bi(ze")=Fi(—2)+iz
Si(—2)=—8iz, siztsi(—a)=—=n Ci@ze)=Ciztia

CiytiSiy=Ei(Ltiy) Fig
Cig+isiy=ERidg—izx = Ei*(iy)
Cig—isiy = Bi (—iy) + iz = Ei~ (—1y).



1. Integral-Sinus, -Kesinns und -Logarithmus.

L Sine, cosine and logarithmie integral.

4.In

tegrale,

4. Integrals.

o

et e o :
fmd‘=—e Ei[—m(a+2)]
EmOEY e ey Fd g
IW dit=—e¢ Eit im(a+a) N
i imt e gma - ’\:\.
ft’+ai ¢ dt = — ¢ Bi (—ma) R\
0 ;'\,,.
t—i—sa imt _ __ p-ma + ' 'f N
ft’-’- 3 € di e-™ Eitma m"
fEl (—mt)dt=zEi (—mx)%i:"_’“.
L ’ 1_e£mz
fEl*' (im?) dt~xEl+am:x+—m
t ™ pt
» ‘_"-——— L
fe* Clgtdi-— ln(1+g’)
a \’s,a ,
~P Pl =._..._ »
fe“’:}l gt dt » B0
NG )
:"\xf ;ostOitdt=_ sintsitdt:-%
”s’\ 0 " ] .
.»\:"jj(’%i‘tdt= sitedt=2, fCitsitdt=-1n2.
\\3'0 0 [

b, Bici-Spirale.
Trigt man Ciz wnd Bizx als recht-

winkligeKoordinaten einer shenenKurve

auf (Fig. 3), so ist der Kriimmungs-
radins der Kurve BE= % =¢* (s= Bo-
genléinge). Die Kriimmung wiichst ex-
ponentiell mit. der Bogentiinge. Solche

Spiralen eignen sich als Profile ven
Kurvenlinealen.

5. Biei spiral
If we draw Ciz and Siz as rectan-
ar coordinates of s plane ourvé
fig. 8), then the radius of curvature

1 —
of the curve is R= - = ' (3=19ﬂ8't'h

of arc). The curvature increases expo-
nentially with the length of are. Such
spirals are suitable as profiles of PFrench
| eurves.




L. Integral-Sinue, -Kosinns und -Vogarithrous.

1. Bine, cosine and logarithmic integral b
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Fig. 3. Sici-Spirale.
Fig 3. Sici spiral.
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& -

Genanere Tafelns | More-fignre tables:

. ; ) . . - bis 2= 50
a) K. Tani, Tables oPeil#) and ci (z) (Meguro, Tokyo 1931). & Dezimalen; 2 ,
b} Brit, Ass. Adv,\Sg:,( ])ﬁa.thema(xical tables‘, vol. 1 (London 1951). 10 Dezimalen;
bis = 40. L {
Pra gt Nr. 3. Juni 1929, S.181—215
¢) T.Akaht % pap. Inat, phys. chem. res., Tokyo, table Nr } ; 8 215,
} gibb e~ =,I’$::ﬂn S—l])i}i%—- «} 1?111? & bis & gelt.t’anden Stellen fiir # = 20 ... 50 in Schritten
von 0,023 .

" Lebrbitcher: ! Text-hooks:

a) Néﬁlﬁmilch, Compendium der hiheren Analysis, 1L (4. Aufl, Braunschweig 1895,
3. 197-—205). . )

b) N. Nials en}, Theorie des Integrallogarithmus (Leipzig 1908 bei bTeubner).

¢) E. Landau, Verteilung der Primzahlen, 1 (Leipzig 1009 bel -Tgu rer).

d} F. Ollendorff, Hochfrequenztechnik, S. 567 (Berlin 192§ bfns pringer).

) F. Ollendorff, Erdstrime, 8. 76, 127, 216 (Berlin 1928 bei Bpringer).



6 1. Integral-Binus, - Kosinus and - Logarithmps.
l. Bine, cosine and logarithmic integral.

B () Ei {~7)

—0 -0
—4.0179 —4,0379
—3,3147 —3,3547
0,04 +0,039996 —2,6421 —2,8013 02,8813
0.05 +0,04999 | —24191 —2,3674 —2.4879
0,08 --0,05999 ~2,2371 ~2,1753 —2.2953
0.07 +0,06998 —2,0833 . —2,0108 —2,1508
0.08 +0,07897 —1.8501 —1.8669 —2,028%
0.09 -+0.08986 —~1,8328 —1,7387 ~AL,0187
[ o0 +0,00894 ~1,7279 —1,6228 15229
0,11 +0,10993 —1,8331 —15170 I\ 17370
612 +0,11990 ~1,5468 —1.4193 7Y —1.658
0y].3 _L0!12988 _'1!4672 _"1!328? {2 _195339
0.14 +0,13985 —1,3938 —1.2438 " ~1.5241
| o1 +0,14981 —1.3055 —33640 —1,4645
0,16 +0.15977 —1.2618 <0887 —3,4002
0,17 1016073 —1.9020 ONTOI72 —1,3678
018 - +0,1797 13,1457 409481 ~1.3008
0,19 +0,1896 ~1,0825 ) —0.8841 —1,2648
I 0% 40,1998 —1,0422 « M —0,8218 ~-1,2997
0.21 -+0,2095 —0,9944 % —0,7619 --1,1699
0,22 -+0.2184 -0.9490 —0,7042 -1,1454
0,23 +0.,2283 — 09057 —0,6485 ~1,1099
0.24 +0,2392 .0,8643 —0,5947 —1,0762
0,25 +10.2491 A -0,8247 —0.5425 ~1,0443
0,26 +0:2590 ¢\ —0,7867 —0,4919 ~1,0139
0,27 +0.2689 N —0,7503 —0,4427 —0,9949
0.28 +0, % 0.7153 —0,3949 (8573
0,29 +0. —0.6816 —0,3482 --§,8309
0,30 4-0.2985 --0,6492 —0,3027 —0,9067
0;31 y ﬂ.3QB3 —0;8179 ‘_052582 '_0;8815
0,32 40,3182 —0,5877 —0.2147 --{0,8583
033 [\\+0.3280 —0,5585 —0,17210 —0,8361
03¢ {\" +03378 —0,5304 —0,13036 —0.8147
0.35-0% +0.3476 —0,5031 —0,08943 — 06,7942
,0,36) +0,3574 —0,4787 —0,049268 —0,7745
{0,837 +0,3672 —0,4511 —0,00979 —0,7564
0,38 +0.3770 —0,4263 002001 | —0.7371
0.28 +0.3867 —0,4022 - +0,08718 —0,7194
0.40 40,3985 —0.3788 +0,10477 —0,7024
0,41 +0,4062 —10,3561 +0,14179 —0,6869
0,42 +0.4159 —0,3341 . 4017898 —0.6700
0.43 +0,4256 —0,3126 +0,2143 —0,6546
0.44 +-9,4353 —0,2918 +0,2498 —0.6397
0,45 -+0,4450 —0,2716 +10.2849 —0,62563
0.48 40,4548 —0,2517 +0,3195 —0.6114
0.47 +0,4643 —0,2395 30,3637 —0.5078
0.48 +0,4739 —0,2138 -+0,3676 —0,5848
0,49 40,483 - —{0.1956 +0.4211 —0.5721




I. Integral-S8inus, - Kosinus und - Logsrithmus.

1. Bine, coeine aud logarithmic integral.

x Bi (z} Ci {z) Ei {z} Ei(—=x)
0,50 +0,4931 —0.17778 1-0,4542 —0.5598
0.51 +0.5027 —0,16045 +0.4870 —0,5478
8.5¢ 40,5123 —0,14355 40,5195 —0,5362
0.53 +0.5218 —0.12707 +0,5517 —0,5250
0.5¢ +0,5313 —(,11099 40,6836 —0,5140
0,55 40,5408 —0,03530 +0.8153 —0,5034
0,58 +0,5503 —0.07999 . 40,6467 —0,4930
0,57 +(,5608 ° —0,06504 +0.6778 —0,4830
6,58 40,5693 —0,05044 -+0,7087 —0.4732
0,59 1-0,6787 —0,03619 +0,7394 —04838
6,50 +0,5881 —0.02927 -+0,7699 0,454
0.63 +0,5975 . —D.028875 -+0,8002 (20,4454
0.52 +0.6069 _+0,0%4606 40,8302 \ +—0,4368
0,83 +0.51863 +0,01758 +0,8601 4 ¥ —0.4280
.54 +0,8256 +0,03026 40,8888 ‘(|  —0.4197
0.85 +0,6349 +0,04265 +0,9108 —0,4116
0.:66 +0,6442 4-0,05476 -+0,9488 —0,4036
0,87 1-0,8535 +0,06859 A4:0,8780 --0,3969
2,68 +0,6628 +0.07816 \ {421,0071 —0,3883
.69 +0,8720 +0,08845 +1.0361 -0,3810
.70 +0.6812 4+0,10051 ¢ 41,0849 —0,3738
0,71 -+0,6904 +-0,11138) +1,0936 —0(.3668

7% -+0,8996 + 6,12183 +1,1222 —0,2599
0.74 +0.7179 f0.14230 +1.1791 —0.3387
0.75 +0,7270 NF0.15216 +1,2073 —0,3403
0,76 +4,7360 4016181 +1.2355 —0,3341
0,77 +0,7451, ¢ +0.37124 +1,2636 —0,3280
0.78 +0.7541 %\ +0,1806 -+1,2816 —0,3221
.79 +0,763%, 40,1895 +1.3195 —0,3163
0,80 DRI +0,1983 +1.3474 —0,3108
0.81 00,7811 +0.2069 +1.3752 —0,3050
0.82 20,7900 +0.2153 41,4009 —0.2996
0.83 \NY-0,7989 +0,9235 + 1.4306 —0.2943
0.84 A0\ +0,8078 +0,2316 +1,4582 —0,2691
0,85 +0,8166 40,2394 +1,4857 —0,2840
0,86 +0,8254 40,2471 +1.5132 —0,2790

~0,87 +0.8342 +(,2546 +-1.5407 —0.2742
0.88 +0,8430 +(.2619 +1,5681 —0,2694
0,90 +0,8605 +0.2761 41,6228 —0.2602
0.91 +0,8692 10,2829 +1.8501 —0.2657
0.92 40,8778 +0,2898 +1.6774 —0,2513
0,93 -+0,8865 +0.2961 -+ 17047 —0:2470
0.94 +0,8951 +0.3024 +1,7319 —0,2429
0,95 +0.9036 +0.3086 +1.7561 —0,2387
0.98 +0,8122 40,3147 +4-1,7864 —o,ggg
0,97 +0,9207 40,3208 +1.8136 ~g’ 2308
0.98 40,9292 +0.3263 -+1,8407 02269
0,99 40,9377 +0.3319 41,8879 - 0231
1.00 40,9481 +0.3374 +1.8951 —0




8 L. Integral-Sinums, -Eosinus und -Logarithmaus.
1. Bine, cosine and logarithmic integral,

x 8i (2) Ci (2) B (=) Ei ().
1,0 +0,9461 +0,3374 +1,8951 —0,2194
1.1 +1,0287 -+0,3849 +2,1674 --0,1860
1.2 +1,1080 +0,4205 +2,4421 —0,1584
1,3 +1,1840 +0,4457 +92,7214 -0,1356
1.4 +1,2562 -+0,4620 +3,0072 —~0,1162
1.5 +1,3247 +0,4704 +3,3013 —0,1600
1,6 +1,3892 +0,4717 +3,6053 —0,08631
1,7 +1,4496 +0,4670 -+3,9210 —0,07455
1,8 --1,5058 -+0,4568 +4,9499 —0,08471
1,9 -+1,5578 -+0,4419 +4,5937 — 0785620
2,0 +1,6054 +0,4230 +4,9502 | -£0,04830
2,1 +1,6487 ~+0,4005 +5,3332 « 20,04961
2,2 +1,6876 - +0,3751 +5,7328 4N\ —0,03719
2,3 +1,7222 +0,3472 +8,1544 /M ¢ —0,03250
2,4 +1,7505 +0,3173 +6,6007< ¢ ~,02844
2,6 +1,7785 +0,2859 -+7,0738)" —0,02491
2,6 -+1,8004 +0,2533 + 17,5761 —0,02185
2,7 +1,8182 +0,2201 +8,7103 —0,01918
2,8 +1,8321 +0,1865 {+8,6793 —0.01686
2,9 -+1,84992 +0,1529 £ \F9.2860 —0,01482
3.0 -+1,8487 +0,1196 N +9,9338 —0,01304
31" +1,8517 +0,086994\ [ 10,6263 —0,01149
3,2 +1,8514 +0,05526" +11,3673 —0,01013
3,3 +1,8481 -+-0,02468 +12,1610 —,0°8939
34 | +1,8419 —0,004518 +13.0121 —0,0°7890
3,5 +1,8331 =0,03213 +13,9254 — 0,(26970
3,6 +1,8219 L$--0,06797 +14,9063 — 0,0°6160
3,7 +1,8086 |, —0,08190 + 15,9606 —0,0°5448
3,8 +1.793¢ %\ —0,1038 +17,0948 —0,0°4820
{l 39 +1,7765 > ~0,1235 +18,3157 —0,0%4267
4,0 +1,7582,\.) —0,1410 +19,6309 —0,0%3779
4,1 +1,7387 —0,1562 +-91,0485 —0,0°3349
4,2 + L7184 —0,1690 +92,6774 —0,0?2968
4,3 41,6973 —0,1795 +24,9274 —0,0%2633
4,4 .N‘LB?&B —0,1877 -+ 96,0090 —0,0%2336
4,5 G183l | —0,1935 + 27,9337 --0,072073
4,6 .00 +1.6325 —0,1970 +30,0141 —0,0°1841
47 +1,6110 —0,1984 +32,2639 —0,021835
4,8) <-1,5900 —0,1976 -+ 34,6979 —6,0%1453
4,8 -+1,5698 —0,1948 -+ 37,3325 —0,0%1291
5.0 +1,5499 —0,1900 +40,1853 —0,021148
6 +1,4247 - 0,08808 + 85,9898 —0,0°3601
7 +1,4546 +0,07670 +191,505 - (,0°1155
8 +1,5742 40,1224 + 440,380 —0,043767
9 41,6650 +0,05535 | -+1037.88 —0,011245
10 +1,8583 —0,04546 | +2492,23 —0,0%4157
11 +1,5783 . —0,08956 -+8071,41 —0,0°1400
12 41,5050 —0,04978 | +149538,5 —0,0°4751
13 +1,4994 +0,02876 | +37197.7 —0,0°1622
14 +1,5562 +0,06940 | +93192,5 —0,0°5566
15 +1,8182 +0,04628 | -1-234 956 —0,071018




I. Integral-Sinus, -Kosinus und -Logarithmue,
I. Sine, cosine and logarithmic integral. 9
v 8i () Ci (x) p () Ciw) |
20 41,5489 +0,0442 ;
2| Iihe | TOOss | 10 | “lsess | 000400
30 116688 | —0,03303 | 160 | 41,5789 -+ 0,001409
35 +1'59%9 | —001148 | 170 | -+15653 +0,002010
40 +1,5870 +0.01902 180 | -+1,5741 ~,004432
45 | 41,5587 | 40,018 19
50 11,6516 e 200 | 18k * o 00aars
56 +1,5707 ~0.01817 300 | 41,5709 —0,003332 £,
_gg +1,6867 | —0,00481 w0 | +1571 —0.002124
oy 11222 +0,01285 500 +1,6726 —0.0009320
5618 | +0.01092 800 | +1, )
76 +1,6686 | - —0,00533 700 +}g%3 80007738
80 +1,5723 —0.01240 800 | TLE714 | £ R0.001]18
gg --1,5824 —0.001935 900 +1,5707 N0,001109
o0 +1,5757 +0.009986 | 10 +15702 | +0,000826
415630 | +ogorio | 100 | LG8V | —000003
100 -+1,5622 — 0,005149 10 41,5708 +0,00000£
110 +15799 | ~0.000320 | 310° +.~1,§703 —0,0000004
:ﬁg +16640 | +o00a78L | 107 | 3.5708 +0.0
115737 | —o000m3e | o O 7 0.0
[ "
o Max, .. Ot Mazx. , .
= | wn @R JT | in, i z)
05 | +0472000 1 40,281 14
15 | —018 41 5 | —0152 64
2.5 493 77 3 | +010396
35 | 0089 564 4 | —0,078 636
45 {\+ 0,070 065 5 | +0,063 168
5.60|— 0,067 501 6 | —0,052 762
854 +0,048 742 7 | + 0,045 289
Lt | +00373% 9 | +0035280
Y85 | —0033433 | 10 | 0031767
I w5 | +oos0eeo | 1L | +002888
N 15 | —ooprer | 12 | 0026489
~O 125 | +0543k | 13 | +0.024 458
< 135 | —o0365 | 14 | -0.002713
| 12% | +oeelen | 15 | +0021201
| 155 | —0,020 519 .

Legendre, GauB und das britische
Committes on mathematical tables be-
nutzen fiir die Funktion verschiedene
Zoichen:

r(l+) = I{z) =z}

IL Die Fakultit.

11 Factorial funetion.
Legendre, Gauss and the British Com-

dlnx!

iy
= }—‘ = !P’(m).

mittes on mathematical tables uge diffe-
rent signs for the function:



10 1L, Die Fakultit.
II. Factorial function.

I. Definition und Berechnung
1. Definition and computation.

i\
w 1+_
a) #!=lim —’-—"L— = (___%l
L i *
U (s +ff:) R
v=]
O v C=0b677215665,..
B PR y=¢ =1181072... &
b) Setzt man | b) Putting < ~\

2=z -+ iy=reée #! = het, 1 +~—"—3-f'»§=.‘=r,,e‘9',

2o 38t h=—a—, n—yﬂ’(x)+2’(¢3~9n -¢a)
g
I
LD}
) << 1, = 'm:” 1;:
it
;!;i'h A - 015 -— Ogss 055‘ -
¢, = 0422 784 33{5 ¢, = 0,001 192 7564
¢y = 0,067 3{»2&01 g, = 0,000223 156
C; = 0,007'385 551 O, = 0,000 044 926.
Weiter ist P\ | Further we have
L m@ty)  a—apte
\ gintxz |- Gintwy AL+ :

2 &

, p=¢—0—@p—v +24
mit, NS . :
\J Ayt 44, = Cyrefe — Cypdelde — Cyrdetfio —..

Wlth\
gy - Y ¥,
tgo‘- Tga’ tg'P—l_x’ =1+z
d) z>>1, zl=)2rzz*e*- H(z),
WO 1 189 571
where Hz) =14 5 12a: 36 — Sigios  fie8ssor
2.1 1
0 o>>1 al=)Feopern* ¢ Vi+1e

whore A=z~ wry) “alE—wEm) T



I1. Die Fakultst. 11
. Factorial function.

) z=0, y>>1, (iy)l-«-ke"l,
o h= l/2::ye s

where o @m-xy

n = T+ 3(1719“‘1)—.'12—!,

2. Besondere Werte. N\
2, Specinl values, \\\'
Im folgenden bedeute » eine positive |  In the followingn algmﬁ}s a positive
genze Zahl: integer: N
: #47) x
Or=1, ml=1-2.3...(e—Dm  riliis= (),
Besiduum (= ;)ﬂ; 1
(""”)1 = residue ‘T—f. 1
(—0,8)! =Vm = 1,772 453 8b1 .
i
(v+05)1 =V “""w‘?”“
N )
(—n—0,5)! _V‘; 1-3°8...0n—1)
2>0, min(#sl) =046 163! = 0,88 560.
.\'\s.:
“'Ii“."FunktiOnalgleichungen.
x'\’ > 8. Functional equations.
\~ a) Rekursionsformel,
a) Recurrence formula.
(g+1)1-z1(3+1) g+ =2!(g+1}(2+2)...(¢+n)
z! £ _
3—1)! = | -m)l = ey T
b) Spiegelung am Punkt — 0,5.
b} Reflection &t the point —0,5.
x s
(=t = E—1)lemag  z'sinams
® __ ®=(05+3%

(—05—a)!= (F—08jTcosms (05 2)lcoans

#e(1—E)
) (l—s)l= gloinms



12 " 11, Die Fakultit.
I1. Factorial function.

Es gei | Let
Po=e¢ P,=z2(1-24d—2)...(n"—2%), n=12...
Go=1, Q.—(025—(22—)(625—2) .. [(n—L)nt 025

dann ist | ther we have

(n+2)1(n—2)! = 'é?ﬁ?é
(——ﬂ+z)1(—n—z)!=ﬁ N
(m+ 05+ )l (n+ 0p—g)t = 7 dnta P
(—n—05+ ) {—n—0,5—£)! = o - o O .
Fiir # = 0 + iy werden diese vier | Forz=0+¢ zgf ’thfesg {our expressions

/m
2
5

Eee
N
\Sese;
WG e

-
*
uF
.
o
4
2R
e T
i | it Wl
| 7

T

i

kS,

2
T
IM
Zipa
T o
@ L3
=

-2

\,
iy
T
“&\GJ
Fooo
3

LEE
LS
S
N

N

NS

-5
i i -k -5
fir -2 -2

N
DA

[} LF3

Fig. 4. Hbhenkarte zum Relief der reziprolien Fakultiit.
Fig. 4. AHitude chart of the relief of the reciprocal factorial function.



13

11, Die Fakultat
1I. Factorial fanction.

Fig. 5. Relief der Ralultat,
Fig. 5. BRelief of thq‘fsatorial fanetion,

) 'il.ﬁ

7
T
7

i

—-Z

-1

HH
1]
/1
i

I

H

I
171
[/
I

:
-

L 1if

-
-2

e A Y T, TN T Y o s 7 ==

- e
AP0 4 M WL P 3 VOO W i o o = = 1= |
T R e s N
mapuawss—— N
—— e A

e

Fig. 6. Reliof der reziproken Fakultit,
Fig: 6. Relief of the reciprocal factdrial funotion.



14

II, Die Falultat.
II. Factorial function.

Ausdriicke reell und hedeuten das Qua-
drat des Betrages jedes der beiden kon-
jugiert komplezen Fektoren auf den
linken Seiten.

xl=Hx =

bocome real and denote the sguare of
the modulus of each of the two eon-
Jjugate complex factors on the left-hagd
gides.

I'{x+ 1)

& 0 1 P 3 4

5 6 7T 8.9 | d

Y

0.8 — 943 B98 B35 784
514 474 436 399 364
182 156 131 108 085
0.8 975 060 946 834 922

873 6868 864 860 858

B62 866 B70 876 882
935 9047 969 972 986
0.9 086 106 126 147 168
314 341 368 397 426
618 652 688 724 761

1.0 000 043 088 131 178

=

667 738 809 882 956
1.2 422 503 586 670 756

1.3 293 388 483 ”550 678
1.4 298 404 514, 825

1.6 447 571 696\ 824
1.8 766 907 Q51" *196 *344
1.8 274 436.,\600 767 936

2, 000 Q19" 037 057 078
198 7919 240 262 284
224\448 473 498 54

~ 711 740 768 798

981 *013 Y046 *079 *112

3. ,0N7323 360 398 436 474
~\.J 717 760 803 846 891

3/ 171 220 289 320 371
694 751 808 8B7 926

5, 299 3656 431 499 587
3.0 :86, 00 076 153 231 311
813 8901 990 *081 *173

7 767 859 963 *089 *176
8, 855 975 *096 *219 *3M4
10, 136 275 417 &61 707
11.  ~ 632 796 960 *128 *299
13 381 4672 766 962 *163
15, 431 665 BB2 *113 *348

10x1. 784 810 B37 864 891
102, 067 098 128 161 194

465 516 568 621 675
1.1 018 078 140 202 268"

*001 7%7 *033 *G50 *068 |+ 15
191 /214 938 962 28 |+ 23
466~ 487 518 551 584 |+ 30
. 7997 837 87 917 958 [+ 38
J\292 269 316 365 415 |+ 46
‘730 786 842 GO0 959 |+ 55
330 395 462 599 598 |+ 64
*031 %107 *I84 *2627 *341 [+ 75
842 930 *019 *105 *“Q01 |+ 88

N
735 687 642 _ 597 555 |— 49
330 298 2670237 209 [— 3¢
064 044 026\ W07 *990 |— 21
912 902 893 835 873 |— 10
857 856\0\B56 B57 859 |~ 1

880 896\ 905 9K 824 |+ 7

777 878 981 *083 *190 |+ 99
862 9RB *085 *204 *326 |+1l4
*0g4 *218 *351 *437 %625 |+131
*494  *646  *799 *9E5 **ii3 |+150
*108 *281 *457 *836 <*Bl6 |+172

095 115 136 156 177 i+ 19
307 330 353 376 400 |+ 23
549 575 602 628 BAG |+ 25
827 857 888 918 950 !+ 28
*146 *181 *glg *251 *287 |+ M
513 553 693 634 675 |+ 33
L 936 981 *(28 *075 *122 |+ 46
! 423 478 529 583 638 |+ 52
986 *047 *108 *i7l *235 |+ 60
837 707 779 851 925 |+ 70

391 473 556 840 726 |+ 80
*087 *362 *458 *556 *656 [+ 94
*085 *396 *508 *6p2 *738 |+109
*471  *600 *731 *864 *999 (1197
855 *005 *158 *314 *471 |+148

*79 %648 *827 **009 **194 |+173
*366  *572 *782 *995 **211 [+204
*586  *820 **Q75 **395 **579 238
| 820 948 977 *006 036 |t %g
287 280 294 329 384 Gt
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1. Die Fakulit.
II. Factorial function.

ry

o~
™

"moTouny [RH0E; [Eooidioat oy, A Bof

‘e exoxdizex oy L "ALf

+ ﬁ.ﬁu_ a = o

N

N




16 II. Die Fakultit.
II. Factorial funection,

= 8 1 2 3 4| 5 8 7 8 g |a

— 9416 8820 82039 7586 6951 8302 - 5640 4965 4273 | 635
3538- 2866 2140 1402 0652 | *0889 *9li4 *8327 *7528 *B717 | 763
5884 5050 4212 3365 04856 1605 0713 *0811 *8887 A7973 | 880
0,7 7038 6093 5133 4173 3198 2213 1219 0215 *92062.8¢8181 | 985
06 7151 B112 5065 4010 2947 1876 0798 *9714 *Bpg2 M7523 {1071

0.6 6416 5308 4192 3069 1941 0808 *9673 *8531 %380 *6235 {1132
04 6082 3926 2767 16056 044l *90756 *8107 *6338( *65768 *4598 |1166
0.3 3427 2257 1086 *0917 *8749 | *7582 *B416 *5254.7%4094 *2937 |1167
02 1783 0633 *9486 *8345 *7207 | *6072 *4950 3831 *2717 *1811 (1135
+ 0,1 0511 *3420 *8336 *7280 *6194 | *5136 "403§ 78060 *2022 *1008 |1058

£ 0.0 0000 0094 1976 2847 3904 4848 .5778" 6695 7597 B485 | w44
9358 "0215 *1066 *1882 *2691 | *3483 *4253 *5016 *B755 *G476 | 792
—0,1 7179 7863 8527 9171 9797 | *0401\ %0985 *1540 *2091 *2612 ) 604
—02 3112 3589 4044 4477 4887 5278, 563 5980 8297 6591 | 388
6861 7106 7327 7524 7696 7844 7968 8066 2139 6187 | 148

.

8209 8207 8180 8127 B049 7945 7816 7663 7484 7279 | 14

7049 6796 6516 6211 58824 [ 5520 5161 49 4323 3673 | 353
3399 2002 2382 1839 1274 0686 0076 *3446 *8794 *Bl20 | 588
—0]1 7426 6712 5370 5236 4465 36656 2858 12033 1191 0333 | 790
—00 9460 8572 7669 6762 15822 4879 3925 2909 1982 0996 | 943

+ 0,0 0000 1004 2016 3035 4060 5000 6126 7164 52056 9249 | 870
+ 0.1 0294 1339 2383 {3427 4468 5506 6540 7568 8591 9606 |1038
- 02 D614 1614 2603’3\3581 43548 5502 6442 7367 8277 8170 | 954
0.3 0045 0902 ~ 4566 3349 4121 4868 5592 6289 6361 | 782
7604 8220, 8 9360 9883 | *0374 *0833 *1256 *1845 *1998 | 491

04 2314 25938833 3034 3195 3315 3394 3430 3424 3374 ¢ 120
3279 43148 2065 2725 2447 2122 1750 1330 (862 (345 ; 325
0.3 977859163 8498 7782 7017 6201 6335 4418 3451 2434 | 816
136770249 *3081 *7863 *6596 | *5280 *3915 *2502 *1040**9531 :1318
0,1,*\2@75 6372 4724 3032 1296 | *9515 *7892 *5829 *3925 *1881 |1780

TN,

[ . £
OIS GO I WoI=~IM WWERE SE-Ima RWR-D

'.\".

AN

\ M dn I : .
)= T ef Fig. 9, p. 1?‘
@ e 1 2 3 4 ' 5 s 7 8§ g |a
60|05 772 609 448 289 133 | *978 *8268 *676 *528 *382 | 165
1104 238 095 *D55 *Bl6 *B79 : *543 *410 *277 *147 *0i8 | 138
‘2 |—02 830 764 640 BI7 395 : 275 155 038 *921 *806 | 120
3|01 692 479 487 357 248 | 139 032 *926 *821 *717 | 19
4 —06 614 512 411 311 211 | 113 016 *081 *iTe *ao7i | 98
b|+0.0 385 458 550 642 732 | 822 911 *000 *087 *174 | 90
6|+01 260 346 431 515 598 | 6BF 763 845 926 *006 | 83
71402 085 165 243 321 3498 | 475 551 626 V01 776 | M0
8 860 923 996 *069 *141 | *212 *283 *353 *423 *403 | 71
9.+03 562 630 699 766 B33 | 900 967 *032 *098 *163 | 67




I1. Die Faknlfit.
1. Factorial function.

@ ¢ 1 3 4
10,0 000 057 167 220 o7 323 372 420 466
1 511 555 §39 679 718 755 791 826 859
2 891 922 980 *007 | *032 057 *080 *102 *123
3 142 161 194 208 920 234 244 254 263
4 270 277 286 289 991 292 9291 290 297
5 284 979 967 259 950 240 230 218 208
8 191 177 145 198 108 091 071 043 {028
7 005 *982 xg33 *907 | *881 *854 *825 *796 (1767
8 737 708 642 609 575 541 506 47 . 435
8 398 360 984 945 906 165 125 {083 042
0 0000 *9575 *9145 *8711 *8273 | *7830 *7383 *6933 £6478 6020
1 5558 5002 4623 4151 3676 | 3197 2715 931> 1743 1263
9 0760 0065 9767 *3268 *8765 | *B2B1 *7755 27247 *6737 *6225
3 5711 5196 4679 4161 3643 | 3122 2600, 2078 1554 1030
3 0504 *9978 *0d5¢ *8925 *B397 | *7868 *734D, 6612 *6283 *5754
5 5225 4696 2539 3111 | ©2583\(9D65 1527 1000 0474
8 9948 5423 5376 7853 | 733IN6B10 6291 5772 5263
7 4737 4999 3106 2685 | o175~ 1667 1160 0654 0150
8 9648 9147 9152 7656 | 7163 6671 6182 5634 5208
9 4728 4242 3284 2808 [v\2335 1864 1394 0927 0462
0 0000 *9540 *9080 *8526 *8L73| *7722 *7273 *6827 *6384 *5943
1 5501 5068 4634 4202 3774° | 3348 9924 2603 2084 1668
2 1055 0844 0436 003040697 | *9227 *8830 *B435 *8042 *7652
3 7265 6851 6400 6120\\5744 | 6371 5000 4632 4266 3903
4 3543 3186 2631 (2479 2120 | 1783 1438 1098 0750 0423
5 0000 *9759 *943\*g106 *B783 | 8464 *8147 *7832 *7520 7210
8 6903 6609 629705398 5702 | 5408 5117 4828 46dz 4258
7 3977 36983422 3148 2877 | 2603 2343 2079 1818 1559
8 1303 104950798 0549 0302 | 0057 *9815 *8575 *9338 *9l03
9 B870_ 8640 Ba12 886 7962 | 7740 7521 7304 7090 6878
N

N > , 4*In M x .
7 ¥ (x) = T xt of. Fig. 9,

0 1 3 4 5 8 7 8 9

0|16 449 212 x756  *537 | *324  *115 **912 **715 **521
1114 333 149 *004  *B23 | *A56 *292 *132 **976 **B3
2112 674 528 a5 107 |*973 *842 *713 *587 464
311 343 294 *g93 *BB2 | *772 %664 *56Y *455 *343
4| L0 o510 156 *ggs *872 |*781 *681 *603 *5l7 *43
510.9 348 266 106 027 |*951 *876 *801 *727 65D
6108 584 515 a7 31z | 246 181 118 055 *943
7 0.7 93 872 765 698 | 641 585 530 476 402
8 370 318 ol 166 | 117 068 020 *973 926
9|06 280 834 745 701 | 658 615 573 83l 480




18 I, Die Falultdt.
II. Pactorial function.

¢) Multiplikationssats.
a) thlt.iplieation theorsm.

1 2 ﬂ—l (2:1)“ 1{ng |
Z!( —-';)'( ;;)'..( ﬂ“—;' %
- (2 z) ! Verdopplungsfomel i
#1(z ~0,5)! Vq EDuplieation formula ).
Q!
4, Dio logarithmische Ableitung .
4, The logarithmic derivative. \\“\
dlnz" 2V
o lrcal
L
0 7 2 o g9 X4
- K AR
3 ) //
7 —F 3 /. W
AN +'/ A
S "
5 i Vamry
& 7
I .J ) {
5 N o/ + 0
M ANy
L ViRVEs T
Y 7
7 \\ '3 //
N\ '3 \ // 30
\
\ b 20
z 7Y
\ A/ | |
1 \\ = / %0
- _+ . |
o F 20 k1 89 50 50 e 30 a0 00
\ : —

Fig. 8. x! fiir groBes .
Fig. 8. x! for » large.



It. Die Fakultit.

1L Factorial fonetion. 19
Wenn ist, gilt
When ¥ =7 1 and ¢F LT o have

P(z) = ? Infelz+1)]+ —;-(%.__.}_)_... j_(l _.._1__) +..-

t 1) 0\F  (z+ 1P
—net o —matEm
BO)=—C, W@ =—C+l+t+g+ty Fm=oo
W (- 0)B) = —C — 91n2=~—1114y—-——1963510026 )
F(—05 n)——].n4y+2(1+ +i4es +2”_1)
'P‘(z)=‘F(z——1)+-;, Wig+n) = w(g)+z+l+z+2+ +z—:'ﬂ
w(ﬁ—“ﬂ)=4f(s)——-z——;§i '"_},T«?l;}-—l

W(—p) = P(e—1)+mcigne

(1 —025) = F(n—05) +
P(—05+2) = ¥(—0,p—2)+ nigme

’P(_’K 29,15) = ¥(n— 0,20)— =

F
T
o[l /
18]
5 /|
/) W
10 | . —
,.&'?\ .\5_7:"/
I ” .
Ran :
§ \l‘“ Vd
\ —
N 4
N Re v o
et
ki 2Sseenn
¥ I i
0
et N
) Coal 's
-5
~Ig
% -3 =2 - [ 1 2 7§ 5 F: T [ s i

Fig. 9. Logarithmus der Fakultit und seine Ableitungen, ®
¥ig. 9. Logarithm of the factorial fanction and its derivatives.



20 1. Die Fakulfst.
II. Factorial funchion.

5. Die Ableitung der logarithmischen Ableitung.
B. The derivative of the logarithmic derivative.

: S 1
=2

v=l
Wenn und ist, gilt.
When 7=~ 1 and € @+ ET we have I\
, 1 1 .
w(e) = z 2z’+653 oA )
I (0) =% = 1,644 934067 O
:N.’S
213"(”)=__(_-1_+i +,..+L)’ ’{f’a\(t’,-"n)=m
W (—0,5) = - = 4,934802 201 ’
\J
' (n— 0")"‘_'_4(18 + +F+ "+ Ea= 1)=)
o (“_“ 035) + 4(11+ [T + 5: +r + (2%—1“}
lim ¥ (n—0,0) =0, llm X (—n—0,5) = a2
i ]
r f . 1 A 4 ! . f 2
(1) = T @) + W1 W) = ()
,\o\&.: ¥ (—05+6) + T (—0p—2) = (
y x~ 6. Bestimmte Intograle.
. ::;\' 6. Integrals.
Es sel "\*'\ =gz +iy, w=u-tiv
Let \ J
o z1+1,
\ ! o 1 no u>01 n >0
.o = i S
Nos o n

3

f“t’dt—-fln—)dt—-sl £>—1

s
f““i’dt—— Py _‘_: u>01 z>—1
: oS

1

wiu

g!aw!

(l-—t) dt——m, z>—1, u>—1

-3 p . __gj(w—z—ﬂ}! —1. >0
[(1+t)*dt*‘ e—1)! ’ 2>"5

[He 3 -

;



1L, Die Fakultit.

IL. Factorial fonotion. 21

kid
7
gin™ n = T min! m>_”1
Elf‘l @ eo8 ¢d¢ 2m+n+l£!11m ﬂ!, p>—1
e 2 2
1, =
dt  _ m m m >0
Viem '(}__i)!’ n>1
. ———)! .
1 14 )
LIS Vo= TR, 7 o >0 (O
T—m (iﬁi)l" T PTUAV
m 2 N

1

1—tF :
Jl_‘ dt=0C+ ¥, x>0 A&

%

OV
Lehrbiicher: ] /7>y Text-Hooks:

a) N. Nieleen, Gammafunktion (Leipzig 1906 bei [Tenbner). 326 Seiten.

b} (S) Schldmileh, Compendium der hoheren{Analysis II (4. Aufl. Brannschweig 1896).
 243--286. R

c) ge rret-Scheffers II, Integralrechnomg (8. Aufi., Leipzig 1807 bei Teubner).
, 192260, A28

d) E.T. Whittaker and G. N. Wataon, Modern Analysis (4. ed. Cambridge 1927

at the University Press). p: 285--264.
e} L.M. Miine-Thomson, Finif{‘Diﬁ'erencss (London 1933 bei Macmillan , p. 241271,

Genanere .Ta:relnz ; More-figure tabless:

) C. F. Degen, Tdhularum ad faciliorem ete. (Havniae 1824). 18stellige Logarithmen
der Fakultiten/dér ganzen Zahlen bis 1200 Abgedruckt in den Tracts for Computers,
Nr. VIII {Cambridge 1922, University Pregs).

b) A. M, Legenidre, Tables of the logarithme of the complete I'function to twelwe
figures. < Tracts for computers, Nr. I¥ {Cambridge 1921, University Press) 10 Seiten,
Gibt Jogy, »! mit 12 Dezimalen fiir = 0,000... 1,000 in Schritien 0,001,

¢) K. Hayashi, Sieben- und mehratellige Tafeln usw. (Berlin 1926 bei Springer) geben
Topys! fiir #=0,0001...1,0000 und 1,01...2,00 mit 16 bis 8 Dezimalen und x!

\ﬂig s Dezimalen fir &= — 6,00 .0,00 und 0,000, ..1,000 und 1,00,.. 4,00.

4) G. Czeoinis, Afti del’ Iat, Naz, delle Assic., vol.II (Rom 1930) gibt ! mit 7 Deazi-
malen fiir & = 0,000 ., .1,050; mit & geltenden Stellen fiir — 0,9... 4 9,9; ferner (1)
it T Dezimelen fitr @ — 0,00...1,00; mit 4 Dezimalen fiir x=—0/9... -+ 9,9,

e} Brit. Ans, Adv. Be. Mathematical iables, vol. I (London 1931) geben xz! 12 gtellig

&

fiir 2 == 0,01, .. 1,00; ferner 1+ﬁogmt! dt 10 stellig; ferner 4, (x)= dd:“ Inx!:
)

A Ay A, Ay oy 2 0,01...1,00 und
12 12 9...13 7...1astellig 7 x=—10,1...60,0.
f) Ingeborg Ginzel, Acta math, b6 (1931), 8. 273—364, gibt (m+tdy)! Gatellig fir
== —05;00...4 95; 100 vnd y=1, 2, ...10 und andere Werte.

g) X, Pearaon, Tables of the incomplete M-function (London 1$22). 164 Beiten. Aus-
gedehnte Tafel, 7 stellig.



99 [I. Die Fakulést,
I1. Factorial function.

h)H. T. Davis, Tables of higher mathematical functions, vol. [ (Bloomington 1934,
Prineipis Press}

Bereich Schritt Dezimalen
log,, 2! F(z)
000...—11,00% 0,01 15 15
0,¢000 ... 0,1000%) 0,0001 10 10
0,000 ... 1,000%) 0,001 12 10
0,00 ... 1,00 0,01 20 18
1,00 ... 10,00 0,01 12 —_
1,00 ... 19,00 0,02 — 2 N\
—05...990 0,5 — 16,
100 ... 100,0 0,1 12 2O\
99 ... 449 1 — 0

*) ferner 2! und log,, ¥(2) mit 10 Dezimalen. 3\

1 1
F(re‘&)— (— 1 —§~rs“")r = P, @)+:QQ” 9)

mit 12 Dezimalen fiir r = —10; —09 ... 4+ 1,0 und 6 0" 30° 48°, 80°, 90°, 1209,
136°, 1560°, O
) 1. 11 (1935) (il
i) ... vol. IT {1936}: ¢ &
RO WS e
0,0... —100% 0,1 N 10 10 i2
9,00 .., 1,00%) 0,01 Lye- 12 12 12
1,00 .., 4,00 0,01 “J1z 12 15 14
4,00 ... 20,00 0,02 ,.j~.~. 10 10 15 18
20,0 ...100,0 01.8% 1 17 :; 19

*) forner die Logarithmen vop( ¥, P, @(%), ¥4 mit 10 Dezimalen.

k) E, Pearson, Tables of the hcomplet-a Beta-Funetion (Cambridge 1934, Biometrika),
"7 59 - 494 Seiten, gibt S\
:E(-p’

x(.p q) BI{P q)v wa Bg.:ftp—l(l_z)'l—ld&

mit 7Demmale\m Behritten. 0,01 vor = fir p, g=0,5; 1,0; 1,6; ... 11,0; 12; 13;..,
49; 50 und 4dazu passend B,.

O
AN 7. Die unvollstindige Fakultit.

\;" Y. The incomplete factorial function,

y .
Je_‘ﬁth (xry)!: (w,OO}1=xI
a
! oyt y 2+t Pt ¢t a1 \
(e, 00)1 ™ +‘)’(1_ﬁ$+9+2* *F8 8! m+4+_°")
($+ﬂ,y)| (.‘B y)'
(x‘l"'”;oojl {x, m]r
_8 ‘yyﬂ:‘f'l g ya yﬂ_l
(m+1}!( I'm~!—2 ($+2)(x+3)+.”+($+2)(x+3)..-(x-i-n))

w—ny)! (!, e ”y .'.r:(a:—l) x@—1),. . (a—n+2)
@=m00 = @moon T~ = (1+ T et e )




111. Fehlerintegral und verwandte Funktionen. 23
1. Error integral and related fanctions.

Findl fiir I’
z z-1
15 15
T N4 | o -
/J/
"/1‘ L Ian; -—"
- il
’
Fir / = s
Ij o = 08t N\
Wi - - -
[ A ] .
4 W ol 08 | ==t 7,
/’ J— N
5 - =t 4
4/ et 57 .
P o= I, £
e
J/_..-l"-——._. Zs
s 05
4 \ }
N P 0t -
. —— N ol
h e —— ® 3
\ \.__ = N 42
~ - IS
-3 \ \h..._ ™ ) P—t——— P
\\ - g
= ~ 090" 4 ‘-‘--"Hoo‘; — .
o A % [ [
\\V!\ "“"h-.._
ay T —
~10 FEN - -1t
Frirdl @ 2N 20 26 40 Q=
firl' 1 1) 21 3 & Slm X1
! Mat1l,@4-1 g—1 in der z,z-Ebene,
Fig. 10. @@ Peflethre—L)_ ¢ = oS
e oot Mz 41,00) in the zz-plane,
N
L k3 -

111, Feblerintegral und verwandte Funktionen.
IIL. Error integral and related functions.

1. Die Funktion E, ()} wird definiert i 1. The furction E,(x) is defined by
dure!

., 1
SVE ()= /e“"dt~ f—w—‘ == )=P("';xx),




94 ' TII. Fehlerintegral und verwsndte Funktionen,
IIL, Error integral and rolated functions.

so daB | thus
E)=1, E@=1—ec% \E@=e
1 nti pEatl Pty
!En(“)=‘”— TnFD T eEnEl #@et D T
—3" a—1 G—1)@Ez—1) @-1)Er-H@n-1)
N1 B, @)~ I o —end]:

Die spezielle Funktion Eg(z} = @{x}

The special funciion E,(ﬁ).:—\- & (x)
heift das Fehlerintegral. \

| is called the error integral.

2. Dis Ableitungen des Fehler 2. The derivativaé'“oi}’the erTor

integrals: integral: « \
: U] . 73
@ (z)=—=¢"% A
m e D
(& 1)(»—2 mn—3) _
n+1 ) @1(1)[(——:0)“ )u 2+J% o _}..._( 3;)“ 4......:1}_.
Fehlerintegral. Error (h@eg'ral.

@ o 1 g2 3 4 (¢ & 7 8 9 |4
0.0 | 0.0 000 113 296 338 45| 564 676 789 9201 *013 ; 1I3
1101 195 936 348 459 <569 | 680 790 900 ‘009 *118 & 111
2102 997 335 443 5500657 | 783 869 974 - *079 *182 | 106
3103 296 389 491 593 694 | 794 893 992 *090 *187 | 100
404 284 * 380 475 \{569 662 | 755 B4T 937 *027 *117 | 93
5105 205 292 3\32\ 549 1 833 718 798 BY9 9589 | B4
6 [0.8 039 117 o70 346 | 420 494 566 638 708 | ™
7 w78 B4T7 (914 981 *047 | *112 *175 *238 *300 *361 | €5
8 |07 491 4ag'."538 595 651 | 707 761 814 887 918 | 56
9 969 %0197 *068 *116 *163 | *209 *254 *209 *342 *38% | 46
1,0 {08 427 /468 508 548 586 | 624 661 698 733 788 | 3B
1 )7835 868 900 931 | 961 991 *020 *048 *076 | 30
208 130 156 181 205 | 229 252 275 297 319 | 24
3 340 361 381 400 419 | 438 456 473 490 507 19
4 o,9§\~~ 23 33 54 B9 83 97 *1  *24  *37 49 | 14
5 {0.9¢" 61 73 64 95 Y06 | *16 - "6 *36 *45 ‘85 | 10
6 {047 83 7 B0 88 96 | *04 *1I *18 *25 *32 8
7 10.98 33 44 B0 58 6l 67 72 77 6
8 91 95 99 *03 *07 | *11 *15 *18 *22 *25 4
9 |0.99 98 31 3¢ 37 39 42 4 47 49 51 3
2.0 0,995 32 52 72 81 *09 | *26 *4g  *68 *73 88 | 17
1 |6,997 62 15 28 41 53 g4 %5 85 95 *05 | 11
2 |0.998 14 22 31 39 48 54 €1 67 8
3 86 91 97 *02 *06 | *Il *15 *20 *2¢4 *28

4 0,999 31 3 38 4 44 47 60 52 55 &7 3
5 59 61 83 65 67 68 71 7 7 7 2
8 % 78 78 80 8l 82 83 B84 8 B8 1
7 87 87 88 89 89 g0 9 91 92 92 1
809999 25, 29 33 37 4l 44 48 51 64 b8 3
9 59 51 B4 66 68 7 T2 73 7 77 2




TIL Fehlerintegral und verwandte Funktionen.

TFig. 12. Die Ableitungen des Fehlerintegrals.
e 1o Tha derivatives of the error integral.

1II. Error integral and related functione, 25
a g7 08 0 12 1 42 %
70 A 10
I ﬁ
o3 s> ] o3
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” VAP ann o
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a6 4 e 06
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1II. Die Ableitungen des Fehlerintegrals.

26 III. The derivatives of the error integral.
[}

&x ! o, (x} @, (x): 2 P, (x): & 1 D, (x):8 D, (x): 16 ‘ b, {x): B2
0,00 +1,1284 | —0.0000 | —0.8642 | --0,0000 | --0,8463 | —0,0000
0,01 +1,1283 | —0,0113 | —0,6640 | +0,0169 | +0,8459 | —0.0423
0.02 +1.,1279 | —0,0226 | —0.5635 ;| +0,0338 | --0,8446 | —0,0845
0,03 | +1,0274 | —0,0338 | —0,5627 | +0,0507 | +0,8426 : - 0,1267
0,04 +1,1266 | —0,0451 | —0,5615 | +0,0875 | +10,8395 | —0,1686
0,05 +1,1256 | —0,0563 ; —0.5600 -0,0843 | --0.8357 | —0.2103
0,06 | -+1.1243 | ——0.067% | —0.8681 +0,1009 -+0,8311 | - 0,251%
0,07 | 41,1929 | —0,0786 | —0,5559 | +0.1175 ; +0,8267 | —02808
0,08 | +1,212 | —0,0897 | —0,5534 | +0.1340 | +0,8194 ;| — 03335
0,09 +1.1193 | —0,1007 | —0,5506 | +0,1603 | +0,8123 | (50,3737 °
0,0 | +11172 | —0,1117 : —0,5474 | 10,1665 +0,80450 ) "—0.4134 |
011 | -+1,1148 | —0,1226 | —0,5439 | +0,1826 | +0.7958. | —0,4525
0,12 4+1,1122 : —0,1335 | —0,5401 | --0,1883 | -+0.%86% | --0.4509
0,13 | +11095 | —Q,1442 | —0,6360 § --0,2139 #7762 | —0.5287
0,14 | +1.1085 | —0,1548 | —0,5316 | +0,2293 10,7652 | —0,5658
0,15 | +1,033 | —0,i655 ;i —0.5268 | +0.,2445\ 10,7635 | - 0,6021
0,16 41,0098 | —0,2760 | —0,6218 | +0,2595\} -h0.7411 | —0,6376
0,17 +1,0862 | —0,1884 | —0,5164 | +0,2M2° | +0,7280 ; —0.6721
0,18 | +1,0%2¢ | —0,1966 | —0,5108 -H)»%BSG +0,7143 | —0.7067
0,19 +1,0884 | —0,2088 | —0,5040 |K0:3027 | +0.6998 | —0,7384
0,20 { --1,0841 | —0,2168 | —0,4987.\ .+ 0,3168 | +0,6847 : —0.7701
0,21 +1,0797 | —0,2287 | —0,4829%7 ~+0,3301 | +0.6690 | --0.8007
0,22 +1,0751 | —0,2365 | —0.4856 | +03433 | +0.6027 | — 0.8302 .
023 | L0702 | —0,2462 | — 04785 | 10,3562 40,6358 | —0,8587
0,24 | +1,0652 | —0,2557 |,.— 04713 | --0,3688 | +0,6184 | -~ 0,8659
0,26 | -+1,0800 ~0,2850 44.~0,4838 | +0,3809 | +0,8004 : —0,9i20
0,26 | +1.0646 : —0,2742~\M —0.4560 | +0.3928 +0,56819 | —90,9368
027 | +1.0400 | —0, —0,4480 | -+0,4042 +0.5629 | --0,9604
0,28 | +1,0833 | —0.2 —0,4399 | -+0,4153 | +0,5435 | —0.9827 |
0,29 +1,0374 | Q,SOOB —0.4314 | +0,4260 | -+0,5236 | —1,0038
0,30 | +1,0313 (\=°0,3084 | —0,4208 | -+0,4362 | 10,5034 —1,0235
0.31 | +1,08500]"—0,3177 | —0.4140 | +0.4461 +0,4827 | —1,0418
0,32 +1.0186”| —0,3259 | —0,4050 | +0,45556 | 04617 | —1,0488
0,33 | +2,0i90 | —0,3339 | —0,3958 | +0.4646 | +0.4404 | — 1,0744
0.34 ;fz‘l‘,h052 —0,3418 | —0,3864 | +0.4731 +-0,4187 | —1,0887
0,35 1-3%0,0983 | —0,3484 | —0.3769 | +0,4813 | +0,3968 | —1.1015
6,36 () +0,9912 | —0,3568 | —0,3671 | 0,480 | +0,3747 —1.1129
037317 40,9840 | —0,3641 | —0,3573 | -+0.4963 | +0,3523 —1,1229
0,38 | -+0,9767 | —0,3711 | —0.3473 | +0,5031 | +0,3298 ; —1 :1315
0,39 +0,9692 | —0,3780 | —0,3372 | +0,6095 | +0.3071 | —1 , 1387
0,40 +0,9615 | —0,3846 | —0,3269 | 40,6154 | +0,2842 | —1 :1445
0,41 40,9538 | —0,3911 | —0,3168 | +0,5208 | +0,2613 | — 1,1488
0,42 40,0458 | —0,3873 | —0.3061 | +0.5258 | -+0,2383 i.— 1,1518
0,43 +0,9379 | —0,4033 | —0,2056 | -+0,6304 | +02152 | —1.1333
0.44 | 409298 | —0,4001 | —0,2849 | +05344 | 401922 | —1,153
0,45 | 40,9215 ' -0,4147 | —0.274%. | +0,8381 | +0,1681 | —1,1022
0,46 | 40,0132 | —0.4200 | —0263¢ | +0,5812 | -+0,1481 | —1.1496
0,47 | 409047 | —0,4252 | —0,2525 | +0,6439 | +0,1231 | —1,1457
0.48 | 40,8962 | —0,4302 | —0,2416 | +0,5461 | +0,1003 | —1,1404
0,49 | 08875 | —0,43¢9 | —0,2307 | +0,5479 | +0,0776 | —1,1338
0.50 | 40,8788 | —0,4394 | +0,2197 | +0,5482 | 40,0549 ! —11258




111, Die Ableitungen des Fehlerintegrals. 27
i1 The derivatives of the error integral.
|

P &, (x) \ B, (m):2 | B (2):4 \ o, (z): 8 Ncr:ﬁ(m):us @, () : 32
9,50 | +0.,8788 | —0,4394 —0,2197 | +0,5492 | 0,048 ~—1,1259
9.61 | 408700 | —0,4437 | — 0,2087 | +0,5501 | +0,0325 | — 1,1168
052 | -+0.8610 | —0.4477 & — 0.1077 | +0,5505 | --0,0103 —1,1064
0,563 | +0,8520 | —0,4518 | —0,1867 | +0.5506 | —0,0118 | — 1,0048
054 | +0.8430 | —0,4802 | — 0.1757 | -+0550L | —0,0336 | — 1,0820
g.56 | 10,8338 | —0.4586 | — 01647 | +0,56492 | —0,0650 | — 1,0681
0,57 | +08164 | —0,4848 | — 0,428 | +0,5481 | —0,0871 69
0,58 | +0.8060 | —0:4670 | — 0.1319 | -0.5440 | —0,1177 | — 1,0187

0.59 ; --0,7987 | —0,4700 —0,1210 | +0,5414 | —0,1379 < 10015
0,80 | +07872 | —04723 | — 01102 | +0,5385 | —0,1578 }°— 0,9823
0.61 | +0.7778 | —0.4744 | — 0.0085 | -+0,6351 | —0,17927 - 0,9621
062 | -0,7683 | —0.4763 | — 0.08%8 | +0,5314 | —0:962 | — 0,9411
\ 0.63 | +0,7687 | —0,4780 | — 0.0782 | +0,5273 | #0148 \ — 0.8192
\ 0.64 | -0,7401 | —0,4795 | — 00677 | +0,5228 (50,2330 | — 0,8965
0.65 | -+0,7395 | —0.4807 —0,0573 -1-0,5130 10,2507 | —0,8730
l 0.66 ' 0,7208 | —0.4817 | — 0,0470 | +0,5128\| —0.2878 | — 0,8487
0.67 | +0.7203 | —0,4626 | —0,0368 +0,5012 —0,2846 | —0,8238

! 0,68 | -+0,7106 | —0.4832 | — 0,0067 %*% —0,3008 | —0,7982 !
] 0,69 | +0,7000 } — 0,4837 | —0.0168 ag52 | —0,3166 | —0,7720
| 0,70 | +-0,6013 | —0,4839 | — 0,0089, [~ Tro04887 | —0,3317 | —0,7462
‘ 0,71 | +o068t | —0.4339 10,0028 04819 | —0.3464 —0,7180
0,72 | +0.6718 | — 0,4838 | +00124 | + 0,4749 | —0,3805 | — 0,6902
0,73 | 06622 | —0.4834 40,0218 } + 0.4675 | —0,3740 | —0,8621
0,74 | +0.6526 ~0.4820 | P0,0311 | 104598 § — 0,3869 | —0,633b
0,75 | +06429 | —0,482 40,0802 | +0,4521 | —0,3893 | — 0.6046
0.76 | +0,6333 | —0.48k 40,0491 | 104440 | —04111  — 00,5755
0,77 | +0,6237 | —U, 40,0579 | +0,4356 | —0,4223 —0,5460
0.78 | -+0,6141 | 5 0:4790 40,0866 | 10,4271 | —0.4330 | — 0,5164
079 | +0,6045 | 30,4778 40,0750 | -+0,4183 | —0,4430 | — 0,4866
0,80 | 0,5850 ) —0,4760 +-0,0833 | -+0.4084 | —0,4524 | —0,4568
0,81 +0,58867 | — 0.4742 | +0,0914 | +04002 | — 0,4613 | —0.4268
0,82 %‘\8,5?60 —0.4793 | -+0,0093 | --0,3909 ‘ —0,4695 | —0,3968
0,83 | A06B8B | — 0,4703 | +0,1070 ) 4-0,3814 | — 0,4771 | —0.3669
0.84 | \0,5572 | —0,4681 +0.1146 | +0,3718 | —0,4842 —10,3369
085" 405479 | —0.4657 | 10,1219 40,3621 | —0,4906 | — 0,3071
_'&Bg' 40,5386 | —0.4632 +0.1200 | +0,3522 | —0,4068 —0,2774
0.8 405293 | —0,4606 | +0.1360 40,3402 | —0,5017 | —0,2479
088 | +0.5%02 | — 0.4577 | +0,1497 | 03321 | — 0,508 | —0.2187
0.89 +05110 | —0,4548 | +0,1493 40,3220 | —0,5105 | —0,1806
g,00 | +0,6020 | — 0,4518 | +0,1686 | +0.3117 | — 0,5140 | —0,1600
0.91 | +0,2030 { —0,4488 401617 | +0,3014 | —0.8183 | — 0,1324
0,92 | +04840 | — 0.4453 | +0,1677 | +0,2911 | — 0,5193 | —0.1044
093 | 404752 | —0,4419 401734 | +02806 | —0.5211 | — 0,0767
0,94 | +04664 | — 0.4384 | -0,1789 | -+0,2702 | — 0,5223 | —0,0494
0.95 | --0,4576 | —0,4347 +01842 | +02598 | —0,583L ! — 0,0226
096 | +0.4490 | —0, a0 | 0,183 | +0,2493 | — 0.5232 | +0.0037
0,97 | +0.4404 \ — 0,4272 +01042 | +0,2388 | —0,5229 40,0296
098 | --0.4318 | —0.42 401988 | -+0,.92284 | —0,56201 -+0,0649
0,98 | + 0,4235 l - 0,4192 +0,2033 | +0.2180 | — 0,5207 | +0,0796
1,00 | +0,4151 | —p,a161 ! 40,2076 ! -+ 02076 | —0,5189 | + 0,1038



98 III. Die Ableitungen des Fehlerintegrals.
IIN. The derivatives of the error integral.

& B, () P, (x):2 D, (x): 4 ® (x)}:8 : &, (x):16 | D, (x}:52
1,00 | +0.4151 | —0.4161 | +0,2076 | +0,2076 ; —0.56189 | +0.1038
1,01 i 0,088 | —0.4100 | 402118 | +0.1972 | —0,5166 | +0,1273
1,02 | 40,3987 | —0.4066 | +-0,2154 | 40,1869 | —0,5138 | +0,1503
1,03 | -+0,3008 ! --0,4003 | -+0,2191 | +0,1766 | —0.5106 | +0,1726
1,04 | 40,3326 | —0,3979 | +0,9225 | +0,0666 | —0.5089 | 10,1942
1,06 | +0,3747 | —0,3934 | 40,2267 | +0,1664 | —0,5028 | +0,2182
1,06 | 40,3668 | —0.3888 | +-0,2288 | -+0,1464 | —0.4983 | +0,2355
1,07 | +0.359 | —0,3843 | --0,2316 | +0,1364 | —0,483¢ | + Oﬂ&gg
1,08 | +0,3515 | —0.3796 | +0,2342 | +0]286 | —0,4881 { O
1,09 | +03439 | —0,3749 | 0,2367 | +0,1168 | —0,4824 | k0,292
1,10 | +0,3365 | —0,37001 ] +02388 | +0.1073 | —0,4764 ]\ 06,3004
111 ! 403291 | —0,3653 | -+0,2410 | +0,0979 | —0,4700 ¥ -+0.3250
122 | 4039 | —0,3605 | +0.2428 | 10,0885 | —0,4634 | +0,3418
1.13 | 40,3147 | —0,3556 | +0.2446 | +0,0793 | — 0464 | +0.3570
1,34 { +0,3076 | —0,3507 | 10,2460 | +0,0703 | =04481 | +0,3714
1,15 | +0,3007 : —0,3458 | -+-0,2473 | +0,0614, {8 0,4415 1 --0,3800
1.8 | 402938 | —0,3408 | +0.2484 | +0,06264>—0,4337 | +0.3879
1,17 | +0,2870 | —0,3358 | +0,24%4 —1—0,04%.‘ —0,4266 | --0.4083
1,18 | -+0.2804 | —0,3308 | +025602 | 0,03 -0,4173 | 10,4212
119 | +0,2738 | —0,3268 | +0.2508 | & 0:0273 — 04,4088 | +0.,4318
1,20 | +0,2673 | —0,3208 | -+0,2513 | “¥0,0182 | —0,4001 | +{,4418
1,21 | 402610 | —0,3158 | +0,2516%% +0,0113 | —0,3901 | 40,4508
129 | 02547 | —0,3107 | 402518 | +0,0036 | —0.3820 | +1,4088
1.23 | +0,2485 | —0,3057 | -+0,2518 | —0,0039 | —0,3728 | --0,4364
1,24 | +02425 | —0,3007 , -*6:2516 | —O0,0113 | —0,363% | + 0.4732
1,95 | +0,2385 | —0.2957 LO%0,2613 | —0,0185 | —0,3539 40,4793
1,26 | +0,2307 | —0 2906. ANH0,2509 | —0,0268 | —0.3442 | 40,4846
1,27 | +0,2249 | — 0 9856 ) -+0,2503 | —0,0322 | —0,3345 | --0,4893
1,28 | +0.2192 +0,2496 | —0.0388 | —0,3247 | 04032
1,29 | +0,2137 § — 0,3 +0,2487 | —0,0452 | —0.3148 | -+0,4965
1,30 | $0,2082 N& 0,2707 40,2478 | —0,0514 | —0,3048 | --0,4991
1,31 +0,20285~—0,2657 | +0,2467 | —0,0674 —0,2948. | +0,5010

1,32 | +0,19%6 — 02608 | +024556 | —0,0632 | —0.2848 | --0.5023
1,33 | +01824 | —0,2559 | --0,2442 | —0,0688 | —0.2747 | + 0,5030
1.3 | +0.3873 | —0.2510 | +0,2497 | —0,0742 | —0.2646 | --0,5030
1,35 | k01824 | —0.2462 | +02412 | —0,0794 | —0.2546 | + 0.5025
1,36 ¢ \'—1-0,1775 —0.,2414 | +0,2395 | —0.0844 | —0,24456 | +0,5014
13N +0,1727 | —0,2366 | +0.2378 | —0,0892 | —0.2346 | +0.,4997
1,38/ | 40,1680 | —0,2319 | +0,2380 -0,0938 | —0.2246 | +0.4974
1.39 | +01634 | —0,2272 | 40,2341 | —-0,0082 | —0.21468 | +0 4947
1,40 | 40,680 | —0,2295 | +0.2391 | —0,1024 | —0.2048.| + 0,4914
1.41 | +0,1546 | —0,2179 | +0,2300 | —0,1064 | —0,1950 | -+ 0,4876
1,42 | +0,1502 i —0,2133 | +0,2278 | —0,1102 | —0.1853 +0,4834
1,43 | +0,1480 | —0,2088 | +0,%266 | —0,1138 | —0,1757 +0,4787
144 | -+0,1418 | —0,.2043 | +02233 | —01172 | —01661 | +0.4736
1,45 | 40,1378 | —0,1999 | +0.2209 | —0.1204 | —0.1567 +0,4681
1.46 | +0,1339 | —0,1955 | 40,2184 | —0,1235 | —0,1474 | -+0.4621
1,47 | +0,1300 | —0.1911 | +02159 | —0,0263 | —0,1382 | + 0,4558
1,48 | 401262 | —0,1888 | +0,2134 | —0,1280 | —0,1292 | -0.4492

149 | +0,1295 | —0,1828 | 02108 | —0,1315 | —0,1203 | +0,4422
1,50 * +0,1188. | —0,1784 | +02081 ' —0,1338 ! —01116 ' +0.4348




11 Die Ableitungen des Fehlerintegrals,

29

IIl. The derivatives of the error integral.
® b, (x) b, (x}:2 j &, () : 4 D, {xy:8 | B, (x):16 | &, {(z): 32
150 | 01189 | ~0,1784 | +0,2081 | —01338 | —0.115 | +04348
1,58 | +0.1154 | —0,1743 ; +0,2064 | —0,1389 | —0,1029 | -0,4272
152 [ 01120 | —@17%02 | +0,2027 | —0,1379 | —0,0948 | +0,4183
153 | +01086 | —0,1662 | -+0,1989 | —0,1397 | —0,0861 | 10,4112
1,54 | 40,1053 [ —0.1622 | +0,1971 | —~0,1414 | —0,0780 | +0.4028
P L56  +01021 | —G,1583 | +0,1943 | —0.1428 | —0,0700 | +0,3942
| 1,56 | 40,009 | —03544 | +0,1914 | —0,1442 | —0.0822 | --0,3853
1.57 ( +0,0959 | —0,1506 | +0,1885 | —0,1453 | —0.0546 | -+0,3763
1,68 | +-0,0030 | —0,1469 | +0,1858 ; —0,2463 | —0,047) 1 +O3B72
1,59 | +0.0901 | —0,1432 | +0,5826 | —0,1472 | —0,038 -HJ 3678
1,66 | +0,0872 | —0,13% | -+01797 | —0.1478 | —0,0328 —HJ 3484
1.61 { -+0,08¢8 | —0,1380 | +-0.1767 | —0,1485 | —0,0260+] +0,3369
1,62 | +0,0818 | —0,1325 | -+0,1738 | —0.1490 | —0,0183 | -0,3292
1,63 | -+0,0792 | —0,1291 | +0,1708 | —0,1483 | ~00128 | --0,3195
1.64 | +0,0786 | —0,1257 | 40,0678 | —0,1495 | £<0,0085 | 40,3096
1,85 | +0,0741 | —0,1223 | +0.1648 | — 00,2406\~ 0,0004 | --0,2008
168 | +0,0717 | —0,1191 | +0,1618 | —0,0498N"'--0,00856 ! 40,2699
1.67 | +0,069¢ | —0.1169 | +0.1688 | — 0,%233 +0,0112 | +0,2800
1,68 | +0,0671 | —90,1127 | -+0,1568 | —pO0i461 | +0,0167 | +0,2701
1.6 | +0.0649 ; —0,3096 | +0.1528 | <0, 1487 | +0.0220 | +0.2602
1,70 ;. +0,0627 | —0,0066 ; +0,1439 4 »—0.1482 | +0,0271 | 10,2503
1,71 | +0.0808 | —0,2036 | -~0,1489, 1 —0,1476 | +0,0320 | --0.2405
1,72 | +0.088 | —0,1007 | +0,1240 | —0,2469 | +0,0387 | +0,2307
1,73 | 40,0566 | —0.0978 | + 0, 1410 | —0,1461 | -+0,0412 | -+0,9209
1,74 | +0,0848 | —0.0951 | 40,1381 ; —0,1453 | +0.0456 | 10,2113
1,75 | +0.0528 | —0,0924 | #0,1352 | —0,1443 | +0,0497 | -+0,2017
1,76 | +0,0580 | —0,08074({ 10,1324 | —0,1433 | -+0,0536 | 01932
L77 | +0,0492 | — 0,03% 40,1295 ; —0,2422 | +0,0674 | .-+-0,1828
1.78 | +0,0475 | —0,08 +0,1267 | —0,1410 | +0,0609 | -+0,1736
1,78 | +0,0458 | < 0:0820 | +0,0239 | —0,1397 | -+0,0843 | +0.1643
180 | +0,0448 {25<0,0795 | +0,12I11 | —0.138¢ | +0.0675 | -0,1583
1,81 | --0,0428"\"--0,0772 | +0.1183 | —01370 [ +0,0706 | 10,1464
182 | +o.0811 —0.0748 | 40,1166 | —0,1356 | --0,0734 | +0,1377
1,83 003% | —0,0725 | 101129 | —0,1341 | +0.0760 | 16,1201
1,84 | 460382 | —0.0703 | --0,1102 | —0.] +0,0785 | +0.1208
1,85 ) ,0368 | —0,0881 | +0,1076 | —0,1310 | +0,0809 | -+0.1123
1,86 00,0355 | —0,0860 | -+0,1050 | —(,1893 | 40,0830 : -0,1042
% (" +0,0342 | —0.0638 | 401024 | —0,1276 | 40,0850 ; --0,0863
< %B +0,0329 | —0,0819 | -0,0899 | —0,1259 | +0.0860 | -0,0885
89 | --0,0317 | —0.088% | 10,0874 | —0,1242 | --0,0886 | -+0,0809
1,90 | +0,0305 | —0,0580 | +0.0849 | —0,122¢ | 0,090 | +0,0736
1,91 | 40,0294 | —6,0361 | 0,095 | --0,1206 | +0,0015 [ +0,0663
1,93 | 00283 | —0,0643 | 400801 | —0,1187 | +-0,0028 . --0,05833
1,93 | 60272 | —0,0525 | 40,0878 | —01168 | 40,0839 | +0,0525
1,94 | 00262 | —0,0508 | +0,0854 | —0,1150 | +0,0048 | +0.0459
1,95 | -+0,0952 | —0,0401 | +0.0832 | —0.1131 | +0,0957 | --0,0395
1,98 | 40,0242 | —0,0475 | +0,0800 | —0II11 | -+0,0064 | +0,0332
1,97 | +0,0233 | —0,0459 | +0,0787 | —0.1092 | +0,0871 | 40,0272
1,88 | 40,0224 | —0,0443 | +0,07656 | —0.1073 | 06,0875 | --0,0214
1,99 | 400215 | —0,0428 | +0,0744 | —01003 | +0,0978 | +0.,0058
2,60 ' +0.0207 | —o,0813 | +00723 ' —0.3033 ' +0.0082 | +0,0103




I, Die Ableitangen des Fehlerintegrals.

a0
III. The derivatives of the error integral.
; —
P @, () Py (2):2 | Bym):d | B, (@:8 | B, (a):16 | B, (x): 82
2,00 | 40,0207 | —0,0413 | +0,0723 | — 0,1033 | -+0,0982 : --0,0103
2,01 +0,0199 | —0,0399 | +0,0703 | — 0,1014 | --0,0983 | +0,0051
2,02 +0,0181 | —0,0385 | 40,0883 | —0.,0994 +0,008¢ | 40,0001
2,03 | +0,0183 | —0,0372 | -+0,0663 | — 00974 | 40,0983 | —0,0047
2,06 | 40,0168 | —0,0348 +00625 | —0,0935 | +0,0080 | — (,0128
2,06 | --0,0162 | —0,0334 | +0,0608 | — 0,0016 | -+0,0976 | —0,0180
2,07 +0,0155 | —0,0322 | 40,0588 | —0,0896 +0,0872 24,0221
2,08 | +0,0143 | —0,0299 | +0,0553 | —0.0857 10,0982 A <0.0295
2,10 +0,0137 | —0,0288 | 0,053 —0,0838 | --0,0956 “—0,0231 |
2,11 | -+0,0132 | —0,0277 | +0,0520 | — 0,081 | +0.0989 | —0.5384
2,12 | +0,0126 | —0,0267 | 10,0504 | —0,0800 000941 | —0,0306 |
2,13 +0,0121 | —0,0257 | 40,0488 | —0,0781 JARD0933 | —0,0424
214 | +0,0116 | —0,0248 +0.0472 [ —0,0763 | 40,0924 | --0,0452
2,15 | +06.0111 | —0,0238 | +9,0457 | —0,0745¢" 40,0916 | —0,0478
2186 | 00108 | —0,0229 : +0,0442 | —0.072¢ 400805 | —0,0602 -
2,17 | +0,0002 | —o,0221 +0,0428 ¢ —0,0708 | 40,0895 | —0,0525 i
218 | +00097 | —0,0212 | +0.0414 | —0069) | 0,088 | —0,0545 |
2,19 | +0.0093 | —0,0204 | -+0,0401 ~0.0673 | +0,0873 | —0.0868
PAN . |
2,20 | 40,0089 | —0,0196 | +0,0387 $)— 0,085 40,0861 | —9,0684 |
2,21 +0,0085 | —0,0189 | -+0,0374 ¢ —0,0838 | -+ 0.0850 | —¢0,0601 '
2,22 | -+0,0082 | —0,0181 +0,0382 | —0,0822 | --0,0837 | — 0.0516
2,23 | 40,0078 | —0,0174 | 00219 : —0,0805 | -+ 0,0825 : —0,6830
2,24 | 40,0075 | —0,0187 | 20,0337 | —0.0589 +0,0812 | —0,084%
2,25 | +0,0071 | —0,0161 ,{ -F0,0326 | —0.0573 | - 0,0799 | —0,0853
2,26 | +0.0088 | — 0,0154< +0,0315 | —0,0687 ‘| --0,0786 | —0,0853
2,27 | +0.0085 | — 0,0148 +0,0304 | —0,054L | +0,0773 | —0,0672
2,28 | --0,0062 | —0,0192 | +0,0093 | —0,0528 | -+ 0,075 | —0,0880
230 | +0,0057 70,0131 ¢+ 40,0273 | —0,0496 | +0,0732 | —0.0691
2,31 | +0,0054\,"~0,0125 | --0,0283 | — 0,0481 | +0,0718 | —0,0896
2,32 + 40,0082 —0,0120 | 40,0263 | —0.0487 | + 0,0704 | —0,0899
2.33 | +00060 | —0,0115 | -+0,0244 —0,0453 | -+0,0690 ; —0.0701
2,34 | & 7 1 —0,0111 | +0.0235 | —0,0440 | +0,06876 | —0,0703
2,36 {340,0043 | —0,0102 | +0,0218 | —0,0413 | + 0.0848 | —0,0703
2,371 “+0,0041 | —0,0097 | +90,0210 | — 0.0400 | 40,0834 ' —0,0702
2,38~ -+0,0039 | —0,0083 | + 00202 ; —0,0388 ;, 40,0620 | —0,0700
2,89 | +0,0037 | —0,0083 | --0,0194 | —0,0378 | + 0.0806 | —0,0697
2,40 | +0,0036 | —0,0085 | 40,0187 | — 0,0384 | +0,0582 | —0.0694
241 | -+0,0034 | —0,0082 | +0,0180 | — 0.0352 © +0,0578 | —0.0690
242 40,0032 | —0,0078 | --0,0173 | — 0,0340 | +0,0564 | —0.,0885
2,44 | +0,0028 | —0,0071 | +0.0180 | — 0,0318 | +0,0537 | —0.0674
2456 | 40,0028 | —0,0088 | +-0,015¢ | — 0,0308 | +0,0524 | —0,0868
2,46 | +0.027 | —0,0085 | -0,0147 | — 0.0297 | -0,0510 | —0,0661
247 | 40,0025 [ —0,0062 | 00142 | — 0,0287 | +0,0497 | —0,06854
2,48 | -+0.0024 | —0,0080 | -0,0138 | — 0,0278 ! +0,0484 | —0,0646
240 | 10,0023 | —0,0057 { +0.0131 | —0,0268 | +0.0471 | —0,0638
250 | +0,0022 ' —0,0054 i +0,0125 | — 0,0259 ! -+0,0459 | —0,0630




III, Die Ableitungen des Feﬁlerinbegrals.

1II. The derivatives of the error integral. 81
x @, {x} &, (x): 2 D, (@) : 4 @, (x):8 | B, (x):16 | D, (x):32
2,50 | 40,0022 | —0,0054 | --0,0125 | —0,0259 | --0,0450 | —0,0830
2,81 40,0021 | —0,0052 | +0,0120 | —0,0250 | +0,0446 | —0,0621
2.52 | +0,0020 | —-0,0050 | 40,0115 | —0,0241 | --0,0434 | —0.0812 .
2,53 ¢ 40,0039 | —0,0047 | +0,0111 | —0,0232 | +0,0422 ) —0,0603
2.5 1 40,0018 | —0,0045 | +0,0106 | —0,0224 | +0,0410 | —0,0593
I 2,55 +0,0017 —0,0043 | +0,0102 | —0,0216 | +0.0398 | —0,0883
2,86 +0,0016 | —0,0041 | +0,0097 | —0,0208 | -0,0387 | —0,0873
2,7 +0,0015 | -+0,0039 | +0,0093 | —0,0200 | +0,0375 | —0,0583,
9,58 | +0,0015 | —0,0037 | +0,0089 | —0.0183 } +-0,0364 | — 0,0553
! 2,59 | +0,0014 | —0,0036 | +0,0086 | —0,0186 +0.0353 —.\IT,Q543
9.60 | -+0,0013 | —0,0034 | 400082 | —0,0179 | +0,0342 | 30,0532
2,81 +0,0012 | —0,0032 | +0,0078 | —0,0172 | +0,0332\ | —0,0622
2.8% | +0,0012 | —0,0031 | 0,007 ; —00l66 |+ 0,03217 —0,0611
. 2,63 | +0,0011 | —0,0029 | +0,0072 | — 0,0158 | +0i0311 | —0,0500
t n.84 | 40,0011 | —0,0028 | +0,0069 | —0,0153 A0,0301 | —0,0489
2.65 | 400010 | —0.0027 | -+0,0066 | —0,0147 {\F0,0292 —0,0479
2.66 | 40,0010 | —0,0025 | +0,0063 ; —0,014L +0,0282 | —0,0468
2.67 | 40,0009 | —0.0024 | --0,0060 | —0,0136 +0,0273 —0,0487
| o288 | 40,0009 | —0,0023 | 40,0057 | —0,0031 | +0,0264 — 10,0448
i 2,69 +0,0008 { —0,0022 ¢ +0,0055 | <0 +0,0255 | —0,0436
270 | 40,0008 | —0,0021 | --0,0052 \ -*0,0120 | +0,0247 | — 0,0425
375 | 10,0007 | —0,0019 | --0,0088 | —0,0111 | +0,0230 —0.0404
2,93 | +0,0007 | —0,008 | +0:0045 | —0,0106 +0,0222 | —0,0393
2.74 | -+0,0006 | —0,0017 | -+0:6043 | —0,0102 | - 0,0214 | —0,0383
9,75 | +0,0006 | —0,0016 [{R0.0041 | —0,0098 +0,0207 | —0,0373
9,76 1 40,0006 | —0,0015,\10,0039 | —0,0094 +0,0199 | —0.0363
2,77 | +0,0005 '—ﬁ,ggllg‘.. ) +0,0035 | —0.0000 ] 40,0192 | —0,0353
9,79 | -+0,0005 | —0.0013 | +0,0034 | —0,0082 +0,0178 | —0,0333
2,80 | +0,0008 PN>0,0012 | +0,0033 | —0,0073 +0,0172 | —0,0324
2,81 | -+0,00045[—0,0012 | +0,0031 | — 0,0075 | +0,0166 | —0,0314
2.82 | -+0,000444 —0,0011 | +0,0030 | —0,0072 +0,0169 | —0,0305
P 2,83 1 0 F | —0,00i1 | 40,0028 | —00089 | +G,0158 | — 0.0298
2,84 +,s:b004 —0,0010 | +0.,0027 | —0,0068 | +0,0147 + — 0.0287
9,85 |.30,0003 | —0,0010 | +0,0026 | — 0,003 | -+0,0142 | —0,0278
2:88 {\+0,0003 | —0,0009 | +0,0024 } — 0,000 | --0,0136 | —0,0268
987\ 40,0003 | —0,0009 | +0,0023 | — 0,0058 | +0,0131 | —0,0261
'2,88/| +0,0003 | —0,0008 | --0.0022 —0,0055 | +0,0126 | —0.0252
2,80 | +0,0003 | —0,0008 | -+0,0021 —0,0063 | +0,0121 | —0.0244
9,01 { 40,0002 | —0,0007 | +0,0019 | —~ 00048 | +0,0112 | —0,0228
2,83 | 40,0002 | —0,0008 | --0,0017 —0,0044 | +0,0003 | —0,0213
294 | +0,0002 | —0,0008 | +0,0018 | — 0,0042 | 40,0099 | —0,0208
2,95 | -+0,0002 | —0,0006 | +0,0015 | — 0,0040 | +0,0094 | —0,0189
2,96 | +0,0002 | —0,0006 | + 00015 | —0,0038 | +0,0081 | —0,0192
2,97 | -+0,0002 | —0,0006 | 10,0014 —0,0036 | +0,0087 | —0,0185
2,98 | +0,0002 | —0,0006 : + 0.0013 | —0,0035 | -+0.0083 | —0.0179
2,99 | -0,0000 | —0,0004 ; + 0,0012 | —0,0033 | +0,0080 | — 0,0172 ‘
3,00 | -+0,0000 ' —0,0004 | +00012 ' — 0,003 | 40,0076 | —0,0166 |



32 III. ¥eklerintegral und verwandte Funktionen.
III. Error integral and related functions,

8. Die Funktionen Ya{z} des
parabolischen Zylinders geniigen
der Differentialgleichung

8. The funections w,(z) of the
parabelic eylinder satisfy the Giffer-
ential equation

Wit (et g — L)t =0

und kdnmen mittels der Hermiteschen | and may be represented by means of
Polynome H,(x) dargestellt werder, | the Hermite polynomials which we
Q"

die man aus | obtain from
E ad N
_T d —‘E .'\“\
e "H,(z)= (“'&T) e O
[ : N
erhilt: | whera: ("32

Hy=1| By=r~1 |H=a—62+3 |H=z 8u 5015
Hi=2Hy=2*—32| Hy=2°— 102+ 152 H, <aq%<21 25+ 106 2® — 106z
H,\, =z H, — H’_xHx—\nH
H"—xH,,—{—nH,,—O

zl

f—IL,(r), fw,f(x)dsz

Pa() =

x
.i:“x\ jep di
a

]
o
—
]
LoV ]
-9
o
o
=]
=]
=]
o

P\

0.0 000 '\100 200 300 400 ] 500 801 701 802 9802 100
{},1 0(}3\ 104 206 307 409 | 511 614 717 820 923 |102

131 238 341 447 | 553 660 787 875 983 |10B
0,3 Lo 2 202 313 424 536 | 648 762 876 991 *107 |12l
04224 342 461 580 701 | 823 946 *070 *196 *322 |122

o
]

~LEICR 1B Lo D

06 450 579 709 841 974 |*109 *945 *382 *502 *6B2 | 135

308 805 940 %095 *243 *393 {*544 *g98 *853 **011 **171 |151

0.8 333 497 o664 833 *005 (*179 *356 *536 *718 *o03 | 174
Bl 1.0 091 282 477 674 875 |*079 *287 *498 *713 *93% | 204
9 1.2 155 382 613 848 *088 |*332 *581 *835 **093 **357 | D44
1,0 1. 463 490 518 547 576 | 606 636 687 699 731 ; 30
1 766 799 833 B69 905 | 942 980 *01% *059 *099 | 37
202 141 184 298 272 318; 365 414 483 514 566 | 47
3 620 675 731 789 848 | 909 972 *037 *103 *171 | 6l
413 241 313 387 463 542 | 622 705 791 879 970 . 80|
94 063 150 258 361 487 | 575 688 803 923 *(d6 | 108
616 174 305 441 581 726 | 876 *030 *180 *356 *527 |150;
718 704 887 *O76 *272 *475 |*685 *903 **128 **362 604 | 212
8110>0, 885 911 938 966 995 |*025 *057 *08Y *123 *158 | 30
9110x1, 194 232 270 311 354 | 398 443 491 540 592 | 44
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Fig. 13. Die Fanktionen des parabolischen Zylinders.

¥ig. 13. The funetions of the parabolic eylinder.



44 1L Fehlerintegral und verwandte Funktionen.
11E. Error integral and related functions.

Agymptotische Darstellung: { Asymptotic expansion:
= nir—1) | nH-—1)nr—2)(n—3)
wﬁ(x)we 4 mﬂ(l_ 20t + ] o 2.4yt _..')D

Hilfs der Tafel fiir die Ableitungen ®,{x} | puted from the tables of tho derivatives
des Fehlerintegrals berechnet werden: | @,{%) of the error integral:

0, (2 |
wn(ﬂ?):c"_'._._._-(v—z), cu=(“1)“-’/ an N\

Die Funktionen ,(x)} kénnen mit ‘ The functions w,(z) can be com-

x n!} w
(Dl ( 2 ) '\' N 3
n y N tn N\
0 4+ 0,631618 5  —0,720331
1 —0,893244 4 46515715
2 0893244 B N\N0,326 166
G 0,188 312
4
% l O (u} ‘ L 8w o ‘ C{u) ¢ | V'S (e} % | ) S(n)
| o) )
00| 0 0 3,0 | 06067 ! 0,4963 | 6,0 | 0,4995 | 0,4269
0.1 | 01000 | 0,00056 | 31 [«~0,5616 | 05818 | 61 | 0,5495 | 0.5166
0,2 | 0,1999 | 0,0042 | 3,2.0%0,4663 | 0,5933 | 6.2 | 0,4676 | 10,5398
0.3 | 02984 | 00141 | 3.3 | 0,4057 | 05193 | 6,3 | 04760 | 0,4585
0,4 | 0,3975 | 00334 | (3.4 | 04385 | 04297 | 6,4 | 0,549 0,4965
0.5 | 0,403 | 00847035 | 05326 | 04153 | 6,5 | 04816 | 05454
0.6 | 06811 | 0.1106°] 3.6 | 05880 | 04923 | 6,6 | 04690 | 04631
0,7 | 08597 | 02721 | 3,7 | 05419 | 05750 | 6,7 | 0,5467 | 0.4915
0)8 0572_2@ . 0}2493 3)8 0:4481 0:5656 6)8 0,4831 ! 0:5438
08 | 07648 103398 | 3,9 | 04223 | 04752 | 8.9 | 04732 | 0.4624
1,0 | o.7799%]" 0,383 | 4,0 | 04988 | 04205 | 7.0 | 0,5455 | 0,4997
1.1 u%sae 10,6365 | 4,1 | 05737 | 0,4758 | 7.1 | 0,4733 | .0.5360
1.2 | 0\6'54 0,623¢ | 42 | 0.5417 | 0,56 7,5 | 0,4887 | 0,4572
1.3 iv'0,63% | 06863 | 4.3 | 04494 | 05540 | 7.3 | 0,5393 | 0,5189
143005431 | 07135 | 44 | 04383 | 04623 | 7.4 | 04601 0,5161
~16'| 04453 | 06975 | 45 | 05260 | 0,4342 | 7.5 | 0,5160 | 10,4807
1.6 7 0,3655 | 06389 | 4.6 | 05672 | 05162 | 7.6 | 0,5166 | 0,6389
1,7 | 03238 | 0,5492 | 4,7 | 0.4914 | 05672 | 7.7 | 04628 | 0,4820
1,8 | 03337 | 04509 | 4.8 | 0.4338 | 0.4968 | 7.8 | 0,5395 | 0,4896
1.9 | 0,3945 | 0,373 | 4,9 | 0,5002 | 0,4351 | 7.9 | 0,4760 | 0,5323
2,0 | 04883 | 03434 | 5.0 | 05636 | 0,4992 | 8,0 i 0,4998 | 0,4602
2,1 | 0,5814 | 0,3743 | 5.1 | 04998 | 0,6624 | 81 | 0,5228 | 0,8320
2,2 | 06362 | 0,4556 | 52 | 04389 | 04969 | 8.2 [ 04638 | 0,4859
2,3 | 0,6985 | 06531 | 5.3 | 0,078 | 0,4404 | 8,3 | 0,5378 | 0,4932
2.4 | 05550 | 06197 | 5.4 | 0,5573 | 0,5140 | 84 | 04709 | 0.5243
2,5 | 0,4574 | 0,6192 | 6,5 | 0.4784 | 05637 | 85 | 05142 | 0,463
2.6 | 0.3889 | 0,5500 { 5.8 | 0,4517 | 0,4700
2,7 | 0,3926 | 0,4528 | 5,7 | 06385 | 0,4585
2,8 | 0,4675 | 0,3915 | 5.8 | 05298 | 0,6461
2,9 | 0,6624 | 04102 | 59 | 04484 | 0,5163
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4, Die FresmelschenIntegrale 4, Fresnel’s integrals C'and §
wnd S lessen sich durch das Fehler- | may be defined by the error integral @
integral @ der komplexen Versinder- | of the complex variable
lichen

z ciE 8 z C(2) 8 (5 2 () S®

6 0 16,0 | 04743 | 0.5961 | 36,0 | 0,432} 0,5004
0,2521 | 0.0084 | 18,56 | 0,4323 | 0,6709 | 38,5 | 0,4382- | 0,4769
0,3554 | 0,0237 | 17.0 | 0,4080 | 0,5293 | 37,0 | 0,457} | 0,4504
0,4331 | 0,043 | 17,5 | 0,066 | 0,4818 | 37,6 [('0,4863 | 0,4363
0,4966 | 0,0665 | 18,0 | 0,4278 | 0,4400 | 38:,0+\\0,5184 | 0,4380

0,5502 | 00924 | 18,6 | 04660 | 0,4139 | 3857 0.5456 | 0,4547
6,5962 | 0,1205 | 19,0 | 0,5113 | 0,4003 |\3%:,0 | 0,8613 | 0.4822
06356 | 0,150 | 19,5 | 60,5528 | 0,4269°{>39.5 | 0.5620 | 0,5137
0.8693 | 0.1818 | 20.0 | 06804 | 0.46) 40,0 | 0,6475 | 0.6415
0,6979 | 02143 | 20,5 | 0,5878 | (,6049 | 40,6 | 0,5217 | 0,5588

0,7217 | 0,2476 { 21.0 | 05738 [\0,5450 | 41,0 | 0,4909 | 0.5816
06,7791 | 0,4155 | 2L.5 | 0,542301.0,5748 | 41,6 | 0,4627 | 0,6494
0,7533 | 0,5608 { 22,0 | 0,5012%: 0,5849 | 42,0 | 0,4439 | 0.5253
0.6710 | 0.6658 | 22,5 | 0,4607 ; 0,56742 | 42.5 | 0.4390 | 0,4953
0,5610 | ©0,7117 | 23,0 | 04807 ; ©,5458 | 43,0 | 0,4490 | 0.4668

0,4520 | o,7002 | 23.5(\0.4181 | 0,5068 | 43,5 | 0,4713 | 0,4468
0,3682 | 0,6421 | 240y 04256 | 0,4670 | 44,0 | 0,5004 | 0,4399
0,3262 | 0,5565 \34,5 0,4511 | 0,436 | 44.6 | 0,5200 | 0,4477
0.3285 | 0,4859n] 25.0 | 04879 | 04212 | 45,0 | 0,6502 | 0,4682
0.3724 | 0,3918.) 25,5 | 0,5268 | 0,4258 | 45,6 | 0,6580 | 0,4962

0,4433 | 03459 | 26,0 | 0.5586 | 0,4483 | 46,0 | O 0,5248 .
06,5222 | ~0,3471 | 26,5 | 0,6756 | 0,4829 | 46,5 | 0,634 0,5471
&590% \9;3812 | 27,0 | 056738 | 06211 | 47,07 05078 0,6577

)

0,6318\} 0,4415 | 27,5 | 0.5541 | 0,56534 | 47,5 0,47893 0,55640
0,6383" | 0,6120 | 28,0 | 0,5217 0,5721 | 48.0 | 0,4662 | 0,5373

p (I,6129 0,6756 | 28,5 | 0,4846 | 0,6731 | 48,5 ; 0.4439 0,6117
(0i5608 | 06172 | 29,0 | 0,4518 | 0.6662 | 49,0 | 0,4466 0.4834
0.4989 | 06286 | 29,5 | 0,4314 | 05260 | 49,5 0.4603 0,4595
0,4370 | 0,6084 | 30,0 | 0,279 | 0,4900 | 60,0 | 0,4847 0,4467
105 | 0,3951 | 0,5632 | 30.5 | 0,4420 | 0,4570

11,0 | 0.3804 | 0,5048 | 31,0 | 0.4700 | 0,4350
1.6 | 0,3952 | 0,4478 | 31,5 | 0,5048 | 0,4291
12,0 | 0,4346 | 0.4058 | 32,0 | 05379 | 0.4408
12,5 | 0,4881 | 0,382 | 32,5 | 0,5613 | 0,4683
13.0 | 60,5425 | 0,3983 | 33,0 | 0.6694 | 0,4839

13,6 | 0,5846 | 0.4325 | 33.5| 0,5606 | 0.6329 |
14,0 | 0,6047 | 0,4818 | 34,0 | 0,6370 .| 08573
14,5 | 0,5989 | 0,6337 | 34,6 | 04049 | 0,5677
150 | 0,5693 | 0,5758 | 35,0 | 0.4720 | 0,613
155 | 0,5240 | 05982 | 35,6 [ 0,4464 | 05401

‘....
3

SO SGoOS GO OISO OO =1D Fa b -5

w

=
2
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HI. Fehlerintegral und verwandte Funktionen,
11, Error integral and related fanctions.

defivieren (% und # reell):

| (3 and 2 real):

o _ oY) “._t. _ ’_ﬂ 1 ¢om ,
cmes_mﬁT_f dz‘._fymdth s a0 as.
L} ) 1]

Der Argumentwinkel betrigh u2 Rechte
oder 7 = -’Diua Radiant,

8§ als Funktion von (! fiihrt in recht-
winkligen geradlinigen Koordinaten auf
die ,,Cornusche Spirale® (Fig. 16). Die
beiden Gleichungen € = C(z) und
8= §(z) ergeben in dem rechtwinkligen
Achsenkrenz 2, €, 8 eine riumliche 8pi-
rale (Fig. 14), deren Projektionen auf
die drei Koordinatenebsnen die Cornu-
sche Spirale, C(¢), 8(¢) sind.

Stzej

A

mq"l".

a5

¥ig. 14. Die Fresnolschen Integrale.
Fig. 14. Fresnel's integrals.

The argument angle equals u® right-
angles or g = ;us radians.

8 ag funetion of € ixgkthogenal
rectilinear coordinates gines.",,Cornu’s
spiral® (fig. 16). The &wo) equations
C=C(z) snd 8 =6(2) give, in the
rectangular system~z, €, & a spiral in
space (fig. 14)/whose projections on
the three cogrdizite planes are Cornu’s
spiral, C(aj 8{z).
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Fig. 15. Fremel's/integrals.
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Fig. 16. Die Cornusche Spirale.
Fig. 16. Cornu’s spiral,
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IIL. Fehlerintogral und verwandie Yankiionen.
III. Error integral and related funetions.

Bei der Cornuschén Spirale {Spinn-
linie, Klothoide) ist # die Bogenlinge
= é (R = Ertimmungsradius). Der
Tangentenwinke] betriigh 2 Radiant = u®
Rechte, muf= 22, Sms 2= 1. Die
Kriimmung ist proportional der Bogen-
lange.

6.%) Die Naochwirkungsfunk-
tion ist
]

f(z, %) =fe“"'"““”"'dz.

(Beiapiel: # = Zait, y konstant, f== elek-
trischer Nachwirkungsstrom sines ge-
ladenen Kondensators.)

106

In the spiral of Cornu (Clothoid)
u is the length of arc = é (R ==radius

of curvature). The angle of tangent i
£ radians = u® right angles, wu?= 24,
2m gR?=1. The curvaturs incresges
proportionally to the length of are,

N\
5.)) The after effect fdoetionis
N

L &

ol
7%
S

.s< ,.. .
(Example; g==time, y constant, f== elec-
tric after effect cument of a charged
condensetu}™

\N

S 3

I

fregn

!

s

3

&or
205

‘!‘r 3

0,0

o

]
L3

bl L]

by
3 g
—_—

Fig. 17. Die Nachwirkungsfunktion in logarithmischer Auftragung.
Fig. 17. The efter effect function on a logarithmic scale,

1) E.W.Wa
{1818), 8. 1280,

guer, Ain, Phys. (4) 40 (1918), 8, 888. — Elektrotechn. Zeitschrift 84
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L. Errer integral and related functions. 39
=+ o
flz,9) =fe_”"’“"“_‘ds
_y -
0 000l 0003 0008 002 005 01 02

0,00 oo 1000 333 125 50 20 10 5

' Q05 | 5952 891 310 1162 4854 1982 986 497\

[ 010 | 11976 667 9511 9 4410 1872 955 4,87
0.15 (780943 494 180,56 804 3802 1705 905 (47
020 | 4591 227 1172 609 3L40 151z 840 {451
0,25 3871 1152 730 437 2487 1311 768" 428
0.30 9514 5306  43.7 30,0 1952 1L25 688 403
0335 38’99 31!8 27:2 21:0 15:03 9’58 2\ 6;24 31?6
0,40 21,06 1962 1770 1494 1163 8087557 361
0.45 1353 1316 1247 1L13 921 @8l 498 397
0,50 86t 953 918 869 737 N\680 446 304
0,56 737 733 715 678  609NJB02 398 28l
0,60 592 58 578 5,57 a.(g\ 439 357 261
0,65 493 488 4.8 470 A 387 323 24l
0,70 422 413 415 407 N988 344 293 224
0.75 363 367 364 357 /343 310 268 208
0,80 328 326 324 0 307 282 248 197
0,35 2,056 204 292 .\287 277 267 230 188
0,90 2.68 068 286w\ 26l 253 236 214 L7

L 0,95 048 246 245 241 234 219 200 LB6
L0 2276 2271 2061 2238 2179 2064 1,865 1,560

y DN
0.4 07 (N\LO 16 3,0 50 16,0 250

000 | 2500 14290 1000 0667 0333  0.2000 01000 00400
0,05 | 2487 ~ 1419 0995 0650 0320 01965 00858 0,036
010 | 245601400 0981 0647 0318  0lsM  0.88% 0.0320
015 | 2408 1373 0961 0631 0306 01747 00806 0027
020 | 2343 1344 0936 0610 0287 01601 00707 00224
095 |~pos7 1,308 0908 0587 0267 01447 00602 00175
0% Y2185 1269 0878 0562 0240 01300 00606 00131
0,35V 2097 Loo9 0,846 0537 0231 01160 0.0423 0,009
040 | 2008 1183 0816 0514 02138 01033 00343  0,0068
045 | 1915 1143 0786 0491 01977 00923 00283 0,008
050 | 1828 1102 0757 0470 01828 00823 00205 0,003
055 | 1739 1050 0798 0452 01698 00732 0.0177 0,002
060 | 1656 1018 0703 0432 01585 00652 00140  0.0017
085 | 1875 0979 0880 0417 01488 00584 00114 0.0013
070 | 1500 0040 0.857 0,400 01398 00624 0.0098 00011
075 | 1408 090 0632 (0384 01313 00474 00085 0.0009
080 | 1381 0873 0607 0388 01235 00430 00076 00007
085 | 1296 0840 0587 0352 01160 00393 0,0065  0.0005
093 | 1237 0808 0568 0.339 01085 00368 0,005 o,w
085 | 1182 0779 0547 0328 01012 00328 00047 O
Loo | 1138 G753 0629 0318 00938 00289 0.0038 0,000




40 III. Fehlerintegral und verwandte Funlktionen.
OI. Error integral and related functiona,

Genanere Tafeln: More.fignre tables:

a) A A Markoff, Tables des valeurs de l'intégrale f e~ d¢ (8%, Petersburg u, Leipzig

@&

1888 bei Voss Sort.) fir 2 = 0,001 ... 3,000 und 3,01 ... 4,80 mit 21 Dezimalen.

b) B. Kimpfe, Tafel des Integrals &(y) (Leipsig 1893 bei Eagelmanm), fiiv = = 0,01
++- 3,00 mit 7 Dezimalen.

¢} J.Burgess, Tafeln des Fehlerintegrals, Edinb, Trans,, 89 II, Nr. 9 (18981 {B\eas—s21
fir & == 0,001. ., 1,250 mit § Dezimalen tnd filr £ = 1,001 ... 1,600 und 1,502 . .. 3,000
und §,1...60 mit 16 Dezimalen. oA

d) G. N. Wateon, Bessel functions (Cambridge 1922 at the Univeraity\pides), p. T44/45
gibt die Fresnelschen Integrale fiir r = 0,5.., 50,0 mit 6 Dezimalen’ ond fHir ¢ = 0,02
«+. 1,00 mit ¥ Dezimalen. N

e} Brit. Ase. Adv. Sc. Mathematical tahles, vol. I (London’ 3981}, geben Funltionen

2t \\

Hh,(x), die durch wiederholte Integration von e ¢ bubstehen, 8- bis 13-plellig.

i p
f) H, G, Dawaon, On the Numerical Value of f el',d't}\Proceedings of the London Math.
. PR
Hoc. 290 1T (1897/98), 8, 519—522) fir &= 00/, . 2,00 mit 6 Deazimalen,

g) Rep. Brit, Ags. 1926, Oxford, geben die‘Fresnelschen Integrale mit 6 Dezimalen far
e=x=0,1; 0,2; ... 19,9; 20,0. NN

h) K. Pearson, Tables of the incomplete I“Funktion (London 19928}, gibt uoter der
Bezeichnung e -

E,.(w)=I(u.p?,m<"u=Vﬁa:“, p:__ﬁ;;l,,
Y — I/—’ Pl _ 1
\\ &= (“ r + 1) T —;+—1,

E (&) mit ¢ Btellen,'in” Schritten 6,1 von w avf p. 118—138 fir

) P 0,95 —080 ... —005 —o0,00
...\’;X’: 20 0 ... 1,05., 1,00
und mit ,&Sﬁéﬂen in Schritten 0,1 vor w anf p. 183, 164 fir
R\ p=-—100 —099 ... —076  —o075
N\ =00 00 ... 417.. 4,00

i}g’?ﬁ. Schumann, El. Darchbruchfeldstirke (Berlin 1923 bei Springer) gibt }1 E,(z)
1t 4 Dezimalen fiir z=0,1; 0,2; ... 1,0 (8, 235) und t~1E, (z) mit 4 bis 5 Biellen
filr == 0,15 02; ... 2,6; 2,6; 2,8; ... 7,4 (8, 243).

Lehrbticher ; Text-books :

a) N. Nielsen, Integrallogarithmus (Leipzig 1906 bei Teubner),
- b) Whittaker and Watson, Modem Analysis, 4. ed. (Cambridge 1927), p. 847361
(Funktionen des parabolischen Zylinders),
¢) A Bommerfeld, Wellenmechaniacher Ergiinzungsband (Brannschweig 1929), 8. 18—20
und 57—82 (Fanktionen des parsbolischen Zylinders).



IV, Thetafonktionen.
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IV. Thetafunktionen.
1Y, Theta-functions.

1. Definifion.

Essei 0 <<g<1und ] Let0<<g<1and

-33(—2%):1+2qcosx+2g4 cos 2z + 2¢°cos 3 + - -- 7\

2 ({—) =21 g(cosy+g2cos 3y +qteos Dy + g cos Ty +\)‘\

Ferner sei gesetzt | Put further ‘ )
. .‘,\\'
x T " ¥yt 1
—2_—-y=;ﬂ:v=-—29’ g =€ "%, x=_“.]n_q,

#,(0—05)=8(@), &HE—08)& (0).

Zuweilen ist folgende Schreibweise ,Soﬁrei:imas the following manner of

vorteilhaft: ¥riting is advantageous:
()2 et
N\
+8J +o
B (&¥ P oA 2‘ gr{nth LES
&
Nullstellen: AN | Zeros:

0 <@(05+0p i) = 9(05 i) = 8:(05) = 1 (0).

Der hier:w;ﬁommande Winkel betriigt \ The angle here met with, equals ¥
y Rafiaiten oder » Gestreckte oder | radians or o double right-angles or
9 =é\ﬂ Rechte oder z = 2y halbe | ¢=2v right-angles or == 2y half-

Radiantemn. radians.
2, Umformunger.
2, Transformations.
Es sei _
Let 1M =Yg, 1UN=a¢%

and for brevity write &, for &4 {v).

und zur Abkiirsung stehe &, filr B, (V)
Then the following table holds.

Dann gilt die folgende Tabelle.




1V. Thetafunktionen.

E IV. Theta-fonctions,
|| " 3 (21) () &_2 {oy) &y (my)
— 7y iF &y —
v+ 0,6 @ By T8y + %
' 4i05x% M3, M, MH, iMP
w405 4i05x iM#, Ma, — i M Mo,
A
P 1 8, # —, — i,
v4ix NGB, —N# No, {ND--N3,
p—1—3ix N, — N -—é’\{«&‘g — N,
Ferner sei | Let furthex
F=Vxe”, G=Va&",
und es stehe &, fir ,(v, x). | and {%’;}té 8, for &,(v,4).
!?’ x, | ,ﬂa (1}’, x.r) X -: :.3: (‘U‘, K’) a,’ (’U’, ”r} 6‘1 {‘3?’, zr)
v 1 | v’:’ W F9
i Py 1:7'@', F Fa —1 )
# ® ~ "1. = v —
1--_$"; L—ix JO G Vige G & VG
L v 1+¢\’\ o o, Vi#, Vi,
&
/s 3 Logarithmische Ableitung.
£\ 8. Logarithmie derivative.
\.§d'1n &, /d _ - _sinz 8in 2 % == sin 3 4.
,’;; din &/dz - Binwx +(5in21wx Sindax
(dln g 1 @
\M\‘“ d$!+?tg? s sin # g Bin2a g 8indz 4.
dlng, 1 @ —q:q@innx+g@in2:rx:i:g Gin 3w
iz " wUsy

man meist nur ,) gilt

4. Fior v = 0 (statt 8,(0) schreibt 4, For v = O (instead of &, (0) one

usually writes simply @,) we obtain
' = &80, 814 85 =B

&l,____ 2:&:Q°”5(1 —3¢'+ bt — 7q1=_|_ — )

Py = 2¢%%(1 - @+ gt g+ -0)

By =1+ 2¢+ 2¢5+ 2¢°+ ---
Fy=1—2g+42¢—2¢° 4 —.--
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#&;"_521—3’q’+58g5_+...

o 7 1= B — e
.6;, . “gl+3gqg+5ggﬁ+“'
y Lt g e

_ A g A9
LE 1+2g+2g'F2¢°+---
B g 84494 — 4
+ 8 Bx 1—2¢42¢'—2¢9"f—--- ~
O\
6. Differentianlgleichungen. O
5. Differential equations. A\ 3
#o, 409, AN 2
. ET i e A,
A
FARICERLICEE N S
¥ O (@}
9\

W

A\ N
6. Modulfunk¥ion.
6. Modular function

. \ £y 1444
- N TN .
b=yl =B S5~ 00 Ty

als Funkilon von N | as function of

’i“-q\= i =1, F itg-
heilt el]iptische)’.[odu]funk}io\n(q=e"“). is called an elliptic modular funetion
Zu einem gegebenen K > sina findet | (g=¢7"%). To 2 given k=sine we
man §, indem manh ) find ¢ by computing

(N 9 1—Veosa
Q" T i1 Veme

berechuet‘u,ﬁ} damit | and therefrom

AN g =5 268 4 158 150418 4 170187 - -

| Kore-Agure tables:

@) H.P. Adams, Smitheonian math. formulae (Washington 1922), 5. 260—309, gibt
#(w) @

10stellig: w# = F(gp), die Jacobische Zetafunktion zn #, O B (0)
fir 180 v — 90w/ K =1,2,... 90 und @=5% 10°...80% 81°. . 89

R.L Hippisley.

b) H. Nag ai.) opka u.n? 8 Sakursi, Table No. 1. (Tokyo 1922, Inst. of phys. and chem.
res.) Logarithmen von Null-Thetas, von #-Quotienten, die vollstindigen elliptischen
Intagrale und Hilfstafeln mit 7 Dezimalen for ¥2=0,001. .. 1,000. _

¢} K. Hayashi, Tafela der Besselschen, Theta-, Kugel- und anderer Funkiionen.
(Berlin 1930 bei Springer.) Numeri der von Nagaoks und Bakursi berechneten
logarithmen mit 8 Dezimalen.

Genauere Tafeln:

mit & =sin &
Berechnet von
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L ¢
N . - T S S S S 4
! ;#w L_w% >
l...w_M../ S\ st s i @
B VL <
e .
A AL
ANAR / 5
1AM
r//,_ .\ -
of L4
N '
. 3
,// /
o R
MAN y
4/ nt
J, N
LY RAEE ®
ﬂbf/ u..Mm/ nﬁ)r e
1E N
i 2SI WA
iz & & 8§ ®§ =~ ¥ ¥ % & %
wlv-.l.| 1 1 | 1 r

— 2V

By (v}, 2y 2,

N
Fli\l‘& &(v)

(I —m L .,.,
\ ~_. 11 w_ T N
o\ [Ty m.x 1R i
WO NV VY ] h
\ \ , .
\ AAY L b s
NNYNMAAA R «
NAN YA N
AN AN "
ANUAANY \ =
N RHANAY N
//r/r/ =
AN A

A
N\

. N\
.\ =
) 3 3 =

—2

2v-}-20, =1

&a(wy),

Fig. 19. &, ()
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e

|
2o a=0°| 9°

! 18°

\ a7

K

54°

81°

o]
=

1,0000:0,9970
L 00[}0|0 ;9970

(000:0.9975
1 0000 0,9982
1,0000/0,9991

1,0000/1,0000
1,6000/1,001
1,0000:1,002
1,0800:1,003
|1,0000[1,003
'1,0000{1,003

| i

= =h=
WNH—'O

HoOOooD
Slomabt &

! 0,9874
0,9881
0.5809
0,9927
0,9961

1,0000
1,004
1,007
1,010
1,012
1.013

10,9712

0,9725°

0,9766
0,9831

1,0000
1.009
1,017
1,023
1,028
1,029

0,9911 0.9836

|
0,9471 10,9135
0,9497 |0.9178
0,9572 10,9300
,9289 0,9493

3

1,0000 11,0000
1,016 (1,027
1,031 (1,061
1,043 1,070
1,060 (1082
1,063 {1.086

| 0.8680
0.8744
0,8031
0,9223

32 10,8592

1,0000
1,041
1,078
1,107
1,126
1,132

0.8052

0,8853

0,7162

0,8147,0,7280
i0,8424/0,7691

0,8318!

10,9397/0.9110

0,5999'
1,060

1,116
1,158
1,186
1,195

0,9992!
1,088
1,168
1,231
1,272
1,286

0,5694
0,6898
0,6494
0,7420
0,8619

0,9958
1,131
1,254
1,353
1417
1,439

T ki

cooor

co@pco
Lok

&~ ko

By (v

& ()

U,GOGOl 0,0000

0,0000(0,06208
0,0000/0,1226
'0,6000 0,1501
0,0000;0,2332

0,6000:0,2806
0,00006,3210
|0 0008,0,3635
'0,000000,3773
0,8000(0,3918
0,0000|0,3987

SooeD
gLy el ol =

ccoco-qmm

0,0000

0.1739
0,2555
03308

0,3980
0,4553
10,5015
10,5363
10,6559
'0,5629

(,08804 8,1084

0,3145
0,4073

0,4900
0,5607
0,8176
0,6592
0,6847
0,6933

0,0000 (0,0000
0,1260 (0,1419
0,2488 10,2804
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1V, Elliptische Modulfunktion.

46 I¥. Flliptic modulax fonetion.
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Fig. 20. Altitude chart of the elliptic modular function: %? as function of =



IV, Elliptische Modunlfunktion. a7
IV. Elliptic modunar function.

7 als Funktion vomr =,

Fig. 21 und 22. Relief -der elliptischen Modulfonktion:
Tig. 21 and 22. Relief of the elliptic modular faretion: %* as function of 7.
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IV. Die Funktion log g (vel Fig. 25, 8. 61).
IV. The function log g (cf. fig. 28, p. 1),
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50 1V. Die Funktion log g.
IV. The fanction log ¢. B
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67°| 10622/ 1,0637| 1,0652| 1 0668 | L,0683| 1,0698| 1,0714 107291 1,0744)1,0760/1,0775,1,0730
§8°| 1,0806{ 10821 1,0836| 1,0852 1,0867, 1,0862|1,0898| 1,0013,1,0028|1,0044/1,0859.1, 0974

£9°| .09901,1005] 1,1021|1,1036|1,1051 | 1,1067| 1.1082| 1,1098 1,11131,11281,114411,1158

70°|1,1175| 1,190} 1,1206| 1,121 1,1237| 11252} 1,1268 1,1283/1,1299 1,1314(1,1330,1,1345
71°|1,1361|1,1377]1,1392|1,1408| 1,1423 1,1439| I,1454| 1,1470/1,1486 1,150 1,1517 1,1633
72°1,1548| 1,1564| 1,1680)1,1596 1,1611 | 1,1627| 1,1843 1,1659 1,16741,1690{1,1706,1,1722
73°|1,1738| 1,1754| 1,1769 | 1,1785| 11801 | 1,1817|1,1833| 1,1849| 1,1865/1,1881, 1,1897 1.1013
74°|1.1929) 1,1045 1,1961 | 1,1077| 1,1093 | 1,2008| 7,2026| 1,2042| 1,2068| 1,2074| 1,2090) 1,2107

75°|1,2123|1,2130| T,2155| ;2172 |1,2188| I,2204 | T,2221 | 1,0237)1,2264 1,2270/1,2287,1,2303
76°| 1,2320|1,2336| 1,2353 1,2369 | 1,2386 | 1,2403 1,241 1,2436| 1,246/ 1,2470, 1,24871,2603
77°|1,2500| 1,2537| 1,564 | 1,2571 | 1,2568 | 1,2605 | 1,2622 | 1,2639| 1,2656 1,2673|1,2691(1,2708
78°|1,2725| 1,2742| 1,2760| 1,2777| 1,2794| 1,2812, 1,2629| 1,0847|1,2865/ 1,2682| 1.2900 1,2017
70°|1,2835|1,2063) 1,2971 | 1,2989| 1,3007| 1,3024 | 1,3042| 1,3061|1,3079)1,3007} 1,3116,1,3133

=
priy
or




IV. Die Funktion log ¢. =
IV, The fanction log g. 51
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59 V. Elliptische Integrale.
9 V. Elliptic integrals.

Y. Elliptische Inlegrale,
Y. Elliptie Integrals,

k=sing, ¥ =cosa, Ak, @) =V'1— & sin? p > 0.

A. Unvollstindige Iutegrale.
A. Incomplete Iniegrals.

1. Legendre’s standard forms of the
eltiptic integral of the first kind:

1. Legendres Normalform des ellip-
tischen Integrals erster Gattung:

d i AR N
_— F = ——__1P,_._._...._ == — —_— e iw > '
(] (k; q)) f]/l—k“-sin’mp fVl_fa Vl_kztl, \
ﬁ D 0 4 : ™Y
‘\' \

=y il
5, 7o
QI

|

\\J
Fig. 26 ., Relief des 1, Zweiges der Funkiion F'(k, ) mit k= 0,8.
Fig. 26 g« Relief of the 1. branch of the function F'k, ¢) with k= 0,8.

§ a

¥
Y

T

Fig. 26 b. Relief des 2. Zweiges der Funkiion F'(k, ¢) mit k == 0,8,
Fig. 26b. Belief of the 2. branch of the fanction F'(k, ¢} with k= 0,8.



V. Eiliptische Integrale. 55
V. Elliptic integrals.

1 aln®
* dé 1§ at
w=Fk 9) —J oYy T i) visivice
£o8 i [}
tg'% tgt (%4-%)
u = F(k, @) mf _ _ dt - dt _
< Ve V1 B2k k¢ : Vi VET L+ 2 (LR
1 ) ‘:\
- f dt . O
ViVEE 5+ 204
w3 O
Fkiv) = i - FF, TImpg) O
%+&x i;—.+i} \\
dyp , 91 ays _ - 1
ﬂfd—w-ﬁ F(L,arcsm—;?-—-) ‘f 1P—-F(k, arc sin k@Uiz).
T \\

1
Fig. 27. Relief von mit k= 0,8. Verzweigungspunkte: :}:g—j:i_ﬁlr@oi 3

1
4k, @)

. - 1 . . E R .1
Fig. 27. Relief of IR with k== 0,8, Branch-points: |- 5 4 i cosh™? =



B4 ¥. Elliptische Integrale,
. V. Elliptic integrals.

2, Legendres Normalform des ellip-
tischen Integrals zweiter Gattung:

- 2. Legendre's standard form of the
elliptic integral of the second kind:

ain ip 1
E(k,@): del_—ﬂn—fq—b —_—Jdt@:fdtvll—:;t
¢

cos
ts'% e (_{:__!_%)
ViR~ dt XY 1
=5fdt * (1+t5)]/_ﬂ _1 (1_#)2 ‘I/Q(l-i-kz'). \\k 2\(1:-{—-_‘_)
1 < ’
) TR e R
W F_P 0
) (T—T) RS

8. p= g0 gives the ,complets®
elliptie, jotegrals:

8. p = 980° fiuhrt auf die ,vollstin-
digen® elliptischen Fntegrale:

P —k®, HED)=E®),
K(E) =K B ER) =E®),
KE' +KE — KK =,

F(lyioo) = KGN F(k, 5 +1i % Gof 1) = K + K-

¥ .
Fig. 28. Relief von F'(k, ¢} mit k= 0,8 tiber der Ebene x - {y = sin ¢.



V. Elliptische lntegrale. 36
V, Elliptic integrals, )

/’?
]

;"ﬂ “""jl'
i .
/@4‘4&9

.gll

\ -}-‘". i 1 P g z
™ <
O L A
-150° 60" / 56° ', s,
Fig. 20. Relief von 4k, g} mit k=08 Versweigungapunkié :’?:E%j:é%@oi%-
Fig. 29. Relief of 4(k, ¢) with £ = 0,8, Bmun—poip{{:: 3 -Z— <4 icosh™? —:—‘--

\N 73

AL
--:" 47, l"

(7 e
=7l
. I I|||I||I|HII|||mT~.:='!::.".i’i‘:lllll1|||||||"|m
758 ¥

Fig. Sng‘Ré]'ief des 1. Zweiges der Funktien E{k, ¢) mit ¥ =08.
Fig. 308\ Relief of the 1. branch of the function E(k. p) with & = 0.8.

o

£
Fig. 30b. Relief des 2. Zweiges der Funktion E(k, @) mi§ k==08.
Fig. 30b. Relief of the 2. branch of the function E{k, ) with k=108,



58 Ty E]Jiptié'che Integrale.
V. Elliptic integrals,

4. Fl—g)=—F(p), E(—p)=—Elyp)
Flaz+g)=2nK £ F(p)
E(mz+p)=2nE & E(p)

F(5e)=Ke—Pi(o) |

: P,(0) = P,(2+0) = — P,(2—¢) = —P,(—0)
E(Te)=Ee+ Pie)

N

AN
b. It is conveniegt’\t(;"ihtroduca be-
sides £ and F W

5. Es ist bequem, neben E und F
noch einzufithren

o) S pdy  F—F LR+ 12D
Dk, p) N e {(ﬁ: + 2D,
y .

Dk, —’2‘-) - D{k{}&

6. Andere Integrale, ausgedrﬁckﬁ:}.":ﬁ. Other integrals, expressed by

durch D, E, F: o D, E,F:
? {,’t"’
IR NN
J"“lf’ dp=F—D
g :..,§
tg? digyp — F
.3£fd dy = k2
AN ¢
¥
& J dy _ dige+ 3D —F)
"/ dcosteyp k'
QO
”\’\;; dy R singeos g
\V As_k” ke a4

sin? ap dv —D 8in @ cos g
Kt T kg

fcog_?df‘b:‘n_i_aian;osm

jdtg pdy = Jigy + F 2 E.



V. Elliptische Integrale. 57
¥, Elliptie integrals.

7. Differentiation und Integration ! 7. Differentiation and integration
pach dem Modul k: ! with regard to the modulus k:
aF & Sin @ cos 0E
3k~ k¢ (F”_D_ A—)’ 7% = kD,
a1 L sing cos @ D
'a_k_'?ck’?(F D——73 )*T’
[Frar=E—k*F—(1—a) g g, N
fDrar=—E. O\
8. Um ein vorgelegtes elliptisehes 8. To evaluate a given elliptic inte-

Integral mit Hilfe der von Legendre gral by means of the gables computed
berechneten Tafeln auszuwerten, mub | by Legendre, we/must reduce it to
man es auf E und F zurdckfihren. | ¥ and F. Let AN\

Es sei l 4

5:.. 20 "7
Fji" AN
3 A 4T N
T &V{ AL ' \\
75° N\, \
\ \
T el TN
Q‘\. /] X
. /|
26° AL/ = \
\i"\h / // // h, \\
\ - J{ // - o - \\ \ A
AL AL LA ~NNC NN
OV TV 7 A T et | RN
& / p SNORRY
// /, el e \\\\ \‘
;/ " —""'-'ﬁi_"“--._:\\\\\
(P = RENNN
’ZI/ C 1 af . Rb‘ \\
el M
a 0 50" %0°

Fig. 31. 90°£ = ¢ -+ periodische Fonpktion, {E,=E.}
g E,



58 V. Elliptische Integrale.
V. Elliptic integrals, N
Iﬂ_z sincc:a/c, k':cogm='b}r’g_
1 a Ja
? F(?, T) p i m E(?, (p)
=T £ &+
J T Vcs_f_tg lgg= b [ f‘”‘l/ur,e P
o 0
g dt T 1 .bz_i__;z\
T me———— ct-g(p._—— — dt
Yl e pyetfs ¢ ¢ . l/ fﬁ{:{’\: T
L ing _ox | 1 LA
Ye—eyr+d | 49 ab bte N R A
entnt
'Va?.__ts bz + 7 COB p — fi:\\: mfdt a _?
ai e.l)iiq-'r--—i _c_ dt é’—f—a“
VET g @ bt —ai' g
P 5
AN o Vm
[.V.é" EYE Gt | smp ¢ ¢ fd‘ L ¥
\,
L +S
) i
L_v\\ sin @ = > e dt"/c2 £
J Ve —2 Y T8 at— it
[ PN
a2’ we_ o | L _
’]/a’%ﬁ“!/ 8 §2 d9 a bee Va’—t’ |/ o g8
AN
ST do b 1 : di
-lf e ]/o’—t‘ =7 e Ay e YE—2p
£
c*—m—‘“ | ap= | L ra
J VE—p ya—a =% Vit VP
dip i € dt
]/E'-—as Vie—e coagp ¢ b Vit —atr YE— .
. dt in __i i ‘l/—--—_lﬂlé
Ve—ayi—e | %% ¢




V. Elliptische Iniegrale.

V. Elliptic integrals. 59

9, Einige besondere eiliptische Inte-

9. Some special elliptic integrals of
grale erster Gattung:

i
| the first kind:

m F(k, g} COS ¢ |1 [ m
f dat | £—1—)3
y yE—1 | z—1+73 2;]/3
= . = 0,268 8180 O
dt ]/ﬁ—l—l—x = gin 15° O\ '
yi—1t V3—1i-+tz \"“. 1
1 { -
1 NN 'f/3
di y3a—1+4=x = 0,759 8867
yi—=¢ | Vitl—=z Ve+yall"
x 2 R :.
5 ] - = 0,965925 8
L t—z—V3 = fnTbo
Vl—t’ 1_$+‘V3 ’..‘\"
dt e A\\
N m Vl-l-.f.r;‘
4
~ di rr<EN 1
Yi4-i ¢ '\i’;ﬂ-l 2
o F \ 1
' dr G\ 12t Vi
PEwTAS 1-4-a? = 0,707 104 8
¢ V0 | = uin 489
Nl
Vi —i z
[ L
2 Ve
- ar .
yi—i

10. Bin beliebiges Integral erster 10, Any integral of the first kind
3 b

Gattung f dt/YT, wo T ein Polynom f dt) VT, where T denotes & pdlynomial

T
of the 37 or 4th degree, can be reduced
| to F, if the zeros of the polynomial

-]
3. oder 4. Grades bedeutet, kann auf F
suriickgefihrt werden, wenn die Null-



60 " V. Elliptische Integrale.
V. Elliptic integrals,

stellen des Polynoms bekannt sind. Die
fiir die verschiedenen mdglichen Fille necessary for the different possible cages
erforderlichenzahlreichen Formeln findet | are coliected in a manner convenient
man fir Zahlenrechnungen bequem zu- | for numerical caleulations in Hoiiel,
sammengestelll bei Hoiiel, Recueil, | Recusil, p. LII—LVITI

p. LIIT-LVIIL

are known. The numerous formulas

— p-0* —KL
\-"'i
M
|
\a ‘\_e-\
o -
%

AND

R
NN [
‘.;\‘\.

\

21/
RSN/ /// P ™ ‘
3 ///: L/ VaE AN
y ;ra}’ Ar///// /// - ] o N\ \
/A4 S=gmurREh N
//'//’//___ 28 \\\ \ A
A 2z | SRR
0 F0° &0 ‘ ;?B

Fig. 32. oqo % == ¢ — periodische Funition,



V. Das elliptische Integral erster Gattung,

V. The elliptic integral of the frst kind, El
22
lo il 2 A
L/
/ ‘g/ L
%
s IN YA
7
W7
Y 1% 4
Y ~
» Q)
A\
Y T
as / >
A
/// RS
] &
d Q
pd N\
W2 30 Wb @ W0 60X
o s 4
Fig. 38, F(w, ¢), « == comst.
“ ¥y o ¥ 4
N 7
C ¥ V. !
\:‘\ - / Qﬂn/ ._..-—"'"'_
N P
y.—-—-.:—".. i // 2
) £EN -___/w"'
{ -
~4 il . L
\n' -__-___,.----'-’-_ -F—--_
OV F —
L 1 b
.\" ..' ___,_,_._—--—""'_——_ r
/N 4 |
GV I
L
a5
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40
Y 2w @ W w7 8 ¥

Fig. 84. Fla, 9), o= const.



62 V. Fla, ).
P a=3" =10 o =15" | o =20° o = 957 & = 50°
1’ 0,074 0,01745 0,01745 0,01745 0.01745 0.01745
2° 0,03491 0,03431 : 0.03481 0,03491 0.03491 1,03481
3° 0,05236 0,06236 . 0,05238 0,05236 0.05238 ,052.37
4° 0,06981 0,06981 0,06982 0,06982 0.06982 0,05983
8° 0.08727 0,08727 0,08727 0,08728 0,08729 G,08729
6° 0.1047 0,1047 0,1047 0,1047 0.1048 0,1048
7 0,1222 0,1922 0,1222 0,1222 0,1222 .0\,1223
g8° 0,1396 0,1396 0.1397 0.1397 0,1397 0.1397
g° 0,1571 0,1571 0.1571 0,1572 0,1572 ] ,~0,15672
10° 0,1745 0,1746 0,174 0,1746 0.17425.1y 0,1748
\
11° 0,1920 0,1920 0,1941 0,1921 0,922 90,1923
12° 0,2095 0,2095 0.2095 0,2098 (0y2097 0,2008
13° 0,2269 0,2270 0,2270 0,2271  175,0.8272 0.2274
14° 0,2444 0,2444 0,2445 0,2446 €| & 0,2448 0,2450
15° 0,2618 0.2619 0,2620 0,262 3" 10,2623 0,2625
16° 0.2793 0,2794 0,2795 0.8797 0,2739 0,2802
17 0,2967 0,2968 0.2970 ¢ Qk972 06,2975 0,2978
5° 0,3142 0,3143 0,3145 </ 'x\0,3l43 0,3151 0,3154
19° 0,3317 0,3318 0,3320 AN 0,3323 0,3327 (,3331
20° 0.3491 0,3493 0,3485\ (,3498 0,3503 (,3608
21° (,3666 0,3668 0.3671 0,3675 0,3880 0,3686
22° 0,3840 0,3843 | <3846 0,3851 0,3856 0,3833
23° 0,4015 0,4017 §\30,4021 0,4027 0,4033 0.4041
24° 0,4150 0.4192 ~ 0,4197 0,4203 0,4210 0,4219
25° D,4364 0,4367\ 0,4372 0,4379 0,4388 0,4397
26° 0,4539 %542 0,4548 0,4556 0,4555 0.4575
a7° 0,4714 \ 04717 0,4724 0,4732 0,4743 0.4756
28: 0;4888 _J\.’0,4893 0,4900 0,4909 0.4921 0,4935
23 0,5063,¢ 0,5068 0.5075 0,5086 0,5099 0.53114
30 0,52{3.. / 0,5243 0,5251 0,5263 0,56277 0.5294
31: 4,541 0,5418 0,6427 0,5440 0,5456 0,6475
32" N ,5587 0.5693 0,5603 0.5618 0,5635 0.5656
33° W\ 0,576 0,6769 0,5780 0,5795 0,5814 0,5837
34 T 0,5937 0,5944 0,5956 0,6973 0,5994 0,6018
~385 0.6111 0.6119 0,6133 0.6151 0,6173 0,6200
332 0,6286 0,6295 0,6309 0,8329 0,6353 0,6383
37 0,6461 0.6470 0.6436 0,8507 0,6534 0,6566
38 10,6636 00,6646 0,6662 0,6685 0,6714 0.6749
39° 0.6810 0,6821 0,6839 0.6864 0,6895 0,6932
40 0,6985 0,6997 0,7016 0,7043 0,7077 0,7117
41: 0.7160 0,7173 0,7193 0,7222 0,7258 0,7301
42° 0,7336 0,7348 0,7370 0,7401 0,7440 0,7486
43° 0.7510 0,7624 0,7548 09,7581 0,7622 0,7671
4 0,7685 06,7700 0,7725 0,7760 0,7804 0,7857
45 0,7859 0.7876 0,7903 0,740 0,7987 0,8044
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Y. Flz, ¥
@ c=>5"° o= 10° a=15° a= 20" o = 25° a=50°“
46° 0,8034 0,8052 0,8080 0,8120 0,8170 0,8231
47° 0,8209 0,8228 0,3258 0,8300 0,3354 0,8418
48’ 0,8384 0,8404 0,5436 0.8480 0,8537 0,8606
49° 0,8559 0,8580 0,8614 0,8661 0,8721 0,8794
80 0,8734 0,8756 0,8792 0,8842 0,8905 0,8983
51° 0,8909 0,8932 0,8570 0,9023 0,9090 0,9172
52° 0,9084 0,9108 0,9148 0,9204 0,9275 0,9361
63° 0,9259 0,9284 0,9326 0,9385 0,9460 0,&;21
54° 0,9434 0,9460 0,9505 0,9567 0,9546 0,9742
55° 0,9609 0,9637 0, 0,9748 0,9832 | 40,9933
56° 0,9784 0,9813 0,9862 0,9930 1,0018/5\0 “1,0125
57° 0,9959 0.,9989 1,0041 1,0112 102041 10317
58° 1,0134 1,0166 1,0219 1,0295 10391 1,0509
58° 1,0309 1,0342 1,0398 1,0477 | /30578 1,0702
60° 1,0484 1,0519 1,0577 1,0660 _ |.& ¥0766 1,0896
61° 1,0659 1,0685 1,0757 1,0843 1,0953 1,1089
82° 1,0834 1,0872 1,0936 1,1096 1,1141 1,1984
63° 1,1009 1,1049 1,1115 19 1,1330 1,1478
64° 31,1184 1,1225 1,1995 (\1h1302 1,1518 1,1674
65° 1,1359 1,1402 1,1474 ¢\V1,1676 1,1707 1,1869
GGD l 1 }-534 1 }1579 1 }].Gﬁq * 1 )1759 1 :1896 1 ,2035
67° 1,1709 1,1756 1,1833 1,1943 1,2085 1,2262
G8° 1,1884 1,1932 «1,2013 1,2127 1,2275 1,458
89° 1,2059 1,109 {12193 1,2311 1,2465 1,2656
70° 1,2235 1,2286< 1,2373 1,2495 1,2655 1,2853
71° 1,2410 ]\,9%23’ 1,2553 1,2680 1,2645 1,3051
72° 1,2585 152640 1,2733 1,2864 1,3038 1,3249
73° 1.2760 | N\.2817 1,2013 1,3049 1,3226 1,3448
74° 1,2935. P 1,2984 1,3093 1,3234 1,3417 1,3647
75° 1,3119°\} L.3i71 1,3273 1,3418 1,3608 1,3848
A
76° 153285 1,3348 1,3454 1,3603 1,3800 1,4045
77 ~1;3461 1,3526 1,3634 1,3788 1,3981 1,4246
78° L. 1,3636 1,3702 1,2814 1,3974 1,4183 1,2445
79°. 8% " 1,3811 1,3879 1,3995 1,4159 1,4374 1,4645
B0° | 1,3988 1,4057 1,4175 1,4344 1,4566 1,4846
g1° 1,4161 1,4234 1,4356 1,4530 1,4758 1,5046
83° 1,4336 1,4411 1,4536 1.4715 1,4950 1,5247
83° 1,4512 1,4588 1,4717 1,4901 1,5143 1,5448
84° 1,4687 1,4765 1,4897 31,5086 1,5336 1,5649
85° 1,4862 1,4942 1,5078 1,5272 1,5627 1,5850
26° 1,5037 1.5120 1,5259 1,5467 1,5720 1,80852
87° 1,5212 1,5297 1,5439 1.5643 1,5912 1,6253
88° 1,5388 1,5474 1,5620 1,5829 1,6105 1,6455
89° 1,5563 1,5651 1,5801 1,5015 1.6297 1,6656
8p° 1,5738 1,5828 1,5981 1,6200 1,6490 1,6858
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V. Flie, [}
@ o= 35° o =40° o= 45° @ = H0° «=55" « = §o°
¥° 0,01745 0,01745 0,01745 0,01745 0,01745 0,01745
2° 0,03491 0,03491 0,03491 0,03491 0,03491 0,03491
3° 0,05237 0,056237 0,05237 0,05237 0.05238 0.06238
4° 0,06983 0,06984 0,06984 0,06985 0.06985 0,06986
5° 0,08730 ,08731 0,08732 0,08733 0,08734 008735
6° 0,1048 0,1048 0,1048 0,1048 0.1049 0.2049
7° 0,1223 0,1223 0,1223 0,1224 0.1224 01288
8° 0,1398 0,1398 0,1399 0,1399 ,1399 Q,14U'El
g° 0,1573 0,1574 0,1674 0,15%5 0,1575 PRUNGYT
10° 0,1748 0,1749 0,1750 0,1761 0,1751 A \0:1752
11° 0,1924 0,1925 0,1926 0,1027 0,1928.5 ,1829
12° 0,2099 0,2101 0,2102 0,2103 0,2106 0,2108
13° 0,2275 0,2277 0,2279 0,2280 0,2282 0,2284
14° 0,2451 0.2454 0,2456 0,2458 {'0,2460 0,2462
15° 0,2628 0,2630 0,2633 0.2636 0,2638 03,2641
16° 0,2804 (,2808 0,2811 0,283:4\\’ 0,2817 0.2820
17° 0,2081 0,29856 0,2989 0,2093 0,2897 0,3000
18° 0,3159 0,3163 0,3168 033172 0,3177 . 0.318l
19° 0,3338 (,32:1 0,3347 | \0:3352 0,2357 : 0.3362
20° 0,3514 0,3520 0,3586 of) +0,3533 0,3539 E 0,3545
21° 0,3692 0,3699 0,3708, 0.3714 0,3721 | 0.3728
22° 0,3871 0.3879 0,3887 0,3896 (.3904 0,3912
23° 0,4049 0,4069 0,4068 0,4078 0,4088 0,4087
24° 0,4229 0,4239 “\D;4250 0,4261 0,4272 (.4283
25° 0,4408 0,4420 ¢ ‘\ 0,4433 0,4446 00,4458 (,4470
26° 0,45689 0.4 (J}\\ 0,4618 0,4630 0,4645 0,4658
27° 0,4769 0,4784 0,4800 0.4816 0,4832 0),4847
28° 0.4950 . ;4967 0,4986 0,5003 0,6021 {,56038
29° 0,6132 0150 0,8170 0,5190 0,5210 0,5229
30° ,5313’: 70,5334 0,5356 0,5379 0,5401 0,5422
31° 5%3 0,519 0,55643 0,5568 0,56593 0,6617
32° 1 Dbe 0,5704 0,5731 0,5759 0.5786 0.6812
33° D 0,5862 0,5890 06,5920 0,5950 0,5980 0,6010
34°,. 00,6048 0.6077 0,6109 0,6143 0,6176 0.6208
358 ] T 0.6231 0,6264 0,6300 0.6336 0,6373 0,540%
36° 0,6416 0,6452 0,6491 0,6531 0,6572 0.6810
37° 0,6602 0,6641 0,6684 0,6727 0,6771 0,6814
33: 0,6788 0,6831 0,6877 0,6025 0,6973 0,7020
39 0,6975 0,7021 06,7071 0,7123 0.7176 0,7227
10° 0,7162 0,7213 0,7267 0,7323 0,7380 0.7426
41: 0.7350 0,7405 0,7463 0,7624 0,7586 0,7647
420 0,7539 08,7598 0.7661 0,7727 0,7794 0,7860
43o 0,7728 0,7791 0,7859 0,7931 08,8004 0,8075
440 0,7918 0,7986 0.8059 0,8136 0,8215 0.8293
45 0.8109 0,3182 0,8260 0,8343 0.8428 0.8012




V. F(a, p) 65

i « = 85° w = 40" o = 45° = 50° &= 55° o = 60°
46° 0,8300 0,8378 0,8462 0,8552 0.8643 0,8734
47° 0,8492 0,8575 0.8666 0,8761 0,8860 0,8959
48° 0.8685 0,8773 0,8870 0,8973 0,5079 0,9185
49° 0,6878 0,8973 0,9076 0,9186 0,3300 0,9416
50° 0,3072 0,9173 0,9283 0,9401 0,9523 0,9647
51° 0,9287 0,9374 0,9491 0,9617 0,9748 0,9881
5a° 0,9462 0,9576 0,9701 (,9835 0,9976 L0119
53° 0,9658 0,9778 0,8912 1,0055 1,0206 1,0359
54° 0,88b5 0,3982 1,0124 1.0277 1,0437 1,0602
B5° 1,0052 1,0187 1,0337 1.0500 1,0672 '1}0348

N
56° 1,0250 1,0393 1.0662 1,0725 1,0808 | ™1,1087
57" 1,0449 1,0600 1,0768 1,00952 1,1147™  1,1349
58° 1,0648 1,0807 1,0985 1,1180 1.1389 1,1605
53° 1,0848 1,1616 1.1204 1,1411 1;{633 1,1864
60° 1,1049 1.1226 31,1424 1,1643 d,1879 1,2126
81° 1,1250 1,1436 1.1646 1,1877 .\ > 1,2128 1,2392
62° 1,1453 1,1648 1,1869 1,21 \ 1,2379 1,2661
63° 1,1655 1,1860 1.2093 1,23 1,2633 1,2933
64" 1.1859 1,2074 1,2318 21,2691 1.2830 1,3209
65° 1,2063 1,2288 1,2545 . 9.,2833 1,3149 1,3489
66° 1,2267 1,2503 1277301 1.3076 1,3411 1,3773
87° 1,2472 1,2719 1,30825 1,3321 1,3676 1,4060
88° 1,2678 1.2936 1,3233 1,3568 1,3042 1,4351
89° 1,2885 1,3154 41,3464 1,3817 1,4212 1.4646
70° 1,3002 1,3372 | \ 1,3697 1.4063 1,4484 1,944
£ 3
71° 1,3299 1,35 [ 1,3931 1.4320 1,4759 1,5246
72° 1,3507 1,381 1,4167 1,4574 1,5036 1,55652
73" 1.3716 1,4033 1,4403 1,4830 1,63i8 1,5862
74° 1,3924 \ & 4254 1,4640 1,5087 1,5597 1,6175
75° 1,4134 \1,4477 1,487% 1,5346 1,5882 1,6492
\.
76° 14 4 N 1.4700 1,5118 1,5606 1,6168 1,6812
77 1 4 1,4923 1,5359 1,6867 1,6457 1,7136
78° 1,5147 1,5600 1,6130 1,6748 1,7463
79° 4976 1,5372 1,5842 1,63%4 1,7040 1,7792
80°,\ \1 5187 1,5597 1,6085 1,6660 1,7336 1,8125
81° 1,5399 1,5823 1,6328 1,6926 1,7631 1,8461
82° 1,66]11 1,6049 1.8573 1,7194 1,7929 1,8799
83° 1,5823 1,6276 1.,6817 1,7462 1,8228 1,9140
B4° 1.6036 1,6502 1,7663 1,7731 1,8528 1,9482
85° 1,6248 1,6730 1.,7308 1,8001 1.,8830 1,826
86" 1.6461 1,6957 1,7554 1,8271 1.8132 2,0172
87° 1,6673 1,7184 1,7801 1,8542 1,9435 2,0519
88° 1,6886 1,7412 1,8047 1.8813 1,973% 2,0867
89° 1,7099 1,7640 1,8204 1,9084 2,0043 2,1216
a0° 1,7313 1,7868 1.8541 1,9356 2.,0347 2,1565
|




66 V. Fla, @)

|
¢ | w=85°| e=70° | «=15"| x=80° o == 85° a=%°]a=%°
l | ‘
1° | 0,01745 | 0.00745 | 0,01745 | 001745 0,01745 | 0,01745 | 0,01745
5o | 003491 | 0,03491 | 0,03481 | 0,0349L | 0,03491 | 0,03d91 \ 0.03451
% | 005238 | 0,05238 | 0,05238 | 005238 | 0,05238 ; 0,05238  0,06238
2° | 0.08086 | 0,06986 | 0,06987 | 0,06987 | 0,08987 | 0,06987 | 0.06987
5o | 008736 | 0,08736 | 0,08737 | 0,08737 | 0.08738 | 0.08738 0.08738
g | 01049 | 01045 | 0,049 | 0,1043 | 01048 7 0,1049
70 | o194 | 01224 | 01225 | 01225 | 0,1225 | 0,1225
g° | 01400 | 07400 | 0,401 | 01401 | 0,1401 8,1401
9> | 01576 | 0,577 | 0,1577 | 0.1577 | 01577 . N 0,1577
10° | 91783 | 0753 | 076t | 01764 | 01754 | 0.1784p G175
11° | 01930 | 01980 | 01931 | 02931 | 01932 I 0,1932
lg° | 02107 | 02108 | 02109 | 0.2109 | 0,2130 J\ ° 0,210
13° | o285 | 0.2286 | 02287 | 02988 | 0.2289°(p 0,2289
14> | o2asa | 02465 | 02486 | 02467 | 02463 0,2468
lre | 02543 | 02645 | 02646 | 0,2648 | 03048 | 02848 | 02648
16° | 02803 | 02825 | 0,2827 | 0,2828, N 0,2829 0,2830
| 7= 03003 | 0,3006 | 0.3009 | 0,30104 ]~ 0.3011 0,3012
1 | 03185 | 0.3188 | 0,319 | 0,3183 . 0.3194 0,319
19° | 0.337 | 0,3371 | 0,3374 | 0.8%7 | 0.3378 0.3379
so° | 350 | 03555 | 0,3659 |.3b62 | 03663 | 0,384 | 0,394
o= | oarat | 03740 | 0.37al) 03747 | 0.3748 0,3750
92° | 03919 | 03926 | 0,398 | 0,393 : 0,3337 0,3938
23> | 04105 | 04113 | 8,411 | 04123 | 04128 0.4127
24° | 04203 | 04301 |C04308 | 04313 | 04316 0,4317
l 95° | 0,481 | 0.4490 (10,4498 | 04604 | 0.4508 | 0.4508 0.4509
267 | 0,487 04682 | 0,4690 \ 04697 | 0,4701 L 0,470
. | Dioel | Oas7a | o.4see | O4edL | 04836 | 0.4887 | 0.48%
28° | 0,5053 o\ 5067 | 05079 | 05087 | 0.5092 0,5094 !
99° | 05247~,~0,5232 0.5075 | 0,5285 | 10,5291 0,5293
30° ~ 0540 | 05459 | 06474 | 0,548 | 05491 0,5493 | 05493
2 | OB | 05658 | 05674 | 05688 | 0.5693 0,669
a0 |\0.5837 | 0,6858 | 0,5876 | 0,56989 | 05898 | 05300 0,6900
332047 0,6037 | 06060 | 0oso | 06095 ; 0,6104 0.6107
~gho)| 06238 | 0,6265 | 0,6287 | 06303 | 06313 0,6317
) doa | ogary | o06a9s | 06513 | 08525 | 06528 | 065%
| 36> | oeeer | 06679 | 06706 | 06726 | 06733 0,6743
| 37° | ogesd | 06890 | 06919 | 0694l ) 0,6900 0,6960 | 0.6960
. 38° 1 07063 | 07102 | 07135 | o758 | 07475 0.7180
| 33° | o275 | 07318 | 07363 | 07380 } 07397 0.7403
| 40 \ O7ats | osss | o7o7s | 07604 | 07623 | 07629 | 076X
| 21° | o7704 | 07758 | 07799 | 07831 | 0.7852 0,7859
| ag° | o722 | 07979 | 0,808 | o.g062 | 0.808¢ | 0,801 | 0.80%2
| 43° | 08143 | 0,8205 | 08256 | 0.82% | 08320 0,8328
a4® | 08367 | 08433 | 08400 | 08633 | 0.8560 0.8569
15 | 0,8593 \ 0,8665 | 0,8727 \ 08774 | 0.8804 | 08813 | 0.8814
! i
. ! 1




67

Y. Fle, ).

¢ o= 85" @ =T0% w="T5" w = 80° & = BA° | ¢ = 89° o = 90°
46> | 08821 | 0,8901 | 08968 | 0,9019 | 0,9062 0,9063
a7 | 09053 | 09133 | 09212 | 09269 | 0,9304 | 09316 | 0,9316
48° | 09288 | 0938 | 09481 | 0,953 | 0,9561 0,9575
49° | 09525 | 09827 | 09714 | 0978l | 0,9824 0,9838
50° | 0.9766 { 09873 | 0.0971 | 1,0044 | 1,0091 | 1,0106 | 1,0107

51° | 1,000 | 15,0130 | 1,0233 | 1,0313 { 1,0364 1,038
52° | 1.0258 | 1,0387 | 1.0500 | 1,0687 | 1,0843 1,0062
53° | 10500 | 10848 | L0771 | 1.0867 | 1,0927 | 1,0848 | 1,0948
54° | 10764 | 10916 | 11048 | L1152 | 11213 ,1,)042
s8¢ | 11022 | 1,0187 | 1133t | 1,444 | 11517 ; 1,1541 A\N\1.3542
5e° | 1,1285 | 1,462 | 1,619 | 1,1743 | 1,1823 ~4 ) 1,1851
57° | 11551 | 11743 | 11914 | 12048 | 12136 | 1s2166° | 1.2167
sg° | 101892 | 12030 | 19215 | 1.2362 | 12458 | L€ 1,0492
59° | To097 | 1,2391 | 1,2522 | 1,684 | L2783N(\} 1,2828
a0° | Toare | 19818 | L2837 | 13014 | 1,31280\]"1,3168 | 1,3170
81° | 1,2660 | 1L,2922 | 1,3159 | 1,3352 1(380 1,3524
§° | 12949 | 1.3231 | 1,3480 | 1.3701 133841 1,3890
83° | 1.3243 | 13547 | L3898 | 1,4069n0, 14214 | 14266 | 14068
§2° | 1.3541 | 1.3870 | 1.4175 | 1,4409p 1,4589 1,4659
g5° | 13844 | 14199 | 1.4532 | 1.4810- | 1,4998 | 15062 | 1.5065
66° | 1,4153 | 14536 | 1,4898 l~15203 | 15411 | 15482 | 1,5485
v7° | 14467 | 1.4880 | 15274 4815610 | 15840 | 1,5020 | 1,5923
g | 1.4786 | L5232 | 1,5661  1,6030 | 16287 | 1.8376 i 1.6379
69° | 15111 | L5591 | 1,608% | 106468 | 1.6752 | 1,6851 | 1.6836
70° | 15441 | 15953 | L6468 | 16918 | 17237 | 17349 | 17354
71° | 15777 | 16335 No1esr | 17388 | 17745 | 1,7872 | 17877
7o | 1els | 1.6720N! 1,732 | 1,7876 | 18277 | L.8al | 1,8427
73° | 16485 | L7137 | 17774 | 1,8384 | 18837 | 1,9001 | 1,9008
74° | 16818 | el | 1.8237 | 1,89156 | 19427 | 1,914 | 1,9623
75° | 1776 Voiree7 | 1.8715 | 1,9468 | 2,0050 | 2.0267 | 2.0276
76° 1,755‘g\~ 18347 | 1,207 | 2,0047 | 2,0711 | 20062 | 20973
77° | 1,780 18777 | 19716 | 20853 | 2141 | 2,1708 | 21721
78° | Tigesa | 19215 | 2.0240 | 21288 | 2,2164 | 29513 | 12,2028
795 (10661 | 19663 | 20781 | 21950 | 22969 | 2.3386 | 2344
s 19043 | 20118 | 21339 | 22653 | 2,3837 | 24340 | 24362
g1° | 1,438 | 2,084 | 92,1013 | 2,3387 | 2.4775 | 25302 | 2,541
so° | Tlogal | 21067 | 2.2504 | 2,4157 | 2.5795 | 2.6566 | 2,6603
33° | 20299 | 21537 | 2,3110 | 24085 | 2,6911 | 2,7894 | 2,7942
54° | 2.0830 | 22024 | 2.373) | 25811 | 28136 | 2.9421 | 29487
85° | 21035 | 2.2518 | 2.4386 | 2.6694 | 2.9487 | 3,1217 | 31313
gs° | 9,492 | 2,3017 | 2.5013 | 27612 | 3.0978 | 3,3396 | 3,3547
gro | 91sse | 23520 | 2.5670 | 28561 | 3,2620 | 3.6161 | 3.8425
98° | 20963 | 2.4007 | 2.6336 | 29537 | 34412 | 39911 | 4,0481
89° | 2.2675 | 2.4535 | 2,7007 | 3.0630 | 23,6328 | 45635 | 4,7413

30° | 2.3088 | 2.5046 | 2,7681 | 3.153¢ | 3.8317 | 54348 oo




V. Das elliptische Infegral zweiter Gattung.

68 ¥. The elliptic integral of the second kind,
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5° 10°

20°

wa

o 8 D

o

I+

k-]

(e R R=r) CT;%UJIOH

0,5236

0,54114

0,5585,
05780

14,5834

0,6109

0,6283
0,6458
0,6632
0,6807
0,6981

0,719
0,7330
0,7505
0,7679|0
0,7854

0,0175| 0.0175
0,0349| 0.0349
0,0624 ; 0,0524
(,0898 | 0,0698
0,0873|0,0873

0,10470,1047
0,1222|0,1222
0,1396 | 0,1396
0,1571 90,1571
0,1746 | 0.1745

0,1920" 0,1920
0,2084 | 0,2094
0,2269 | 0,2268
0,2442 | 0,2443
0,2618 | 0,2617

0,2792 | 02791
(,29670.2966
0,3141 | 0,3140
0,3316 | 0,3314
0,3490| 0,3489

0,3865  0,3663
0,3839 0,3837
0,4014 | 0,4011
0,4188 | 0,4185
0,4362 | 0,4359

0,4537: 0,4538
0,4711 0,4707
0,4886 /6,481
0,5060 10,5055
0,5234.0,5229

409, 0,5403
0,5583 10,5577
0,5757 ' 0,6751
0,5932 | 0,5924
0,6106 | 0,6088

0,6280,0,6272
0,6455 | 0,6445
0,6628, 0,6619
0,6303  0,6792
0,6977 | 0.6966

0,71562 . 0,7139;
0,7326 10,7313
0,7500 | 0,7486 .

0,7674 |
0,784%

7832 .;

0,0175
0,0349
0,0524
0,0698
0,0873

0,1047
0,1222
0,1396
04,1570
0.1745

0,1919
0,2093
0,2268
0,2442
0,2616

0,2790
0,2964
0,3138
0,3312
0,3486

0,5221

0,5394
0,6567
0,6740
0,6912
0,6085

0,8268
0,6430
0,6602
0,6775
0.6947

0,7118
| 0,7291
0,7463
0,7634
0.7806

10,4002

0,0175
0,0349
0,0624
0,0698
0,0873

0,1047
0,1221
0,1396
0,1570
0,1744

0,1019
0,2093
0,2287
0,2441
0,2615

0,2788
0,2062
0,3136
0,3309
0.,3483

0,3658
0:3829

0,4175
0.4348

0,4520
0,4693
0,4865
0,5037
0,5209

0,5381
0,5663:
0,6725-
0,5896
06087

0,6238
0,6409
0,6580
0.6750
0,6921

0,7091
0,7961
0,7431 |
0,7600 ]
0,7770/

0,0175
0,0349
0,0624
0,0698
0,0873

0,1047
0,1221
0,1396
0,1670
0,1744

0,1818

0,2613
0,2786

0,205
0,3133

;3306
L3478

0,3823
0,3946
0,4168
0,4339

0,4511
0,4662
0,4854
0,5025
0,5195

0,5386
0,5636
0,5706
0,5876 .
0,6045

0,6214
0,6383
0,6552
0,6720
0,6888

0,7056 ;

0,7224
0,7391
0,7558

0,7725

0,3651

06,0175
0,0349
0,0524
0,0808
0,0872

0,1047
01221

0,1560
0,1743

0,1917

8,3301
0,3473

0,3645
0,3817
0,3988
10,4159
0,4330

0,6179

0,5348
0,6516

0,6186
0,6363
0,6519
0,6685
0,6851

0,7016
0,7180
0.7345
0,7509
0,7672

0:1395 :

0,5161

0,5328
0,5494
0,5660

10,5826
0,609

0,5981

0,6165
0,6318
0,6483
0,6646
0.6808

0,6970
0,7138
0,7293
0,7453
0,7613

0,5141

©,5306
0.5470
0,5634
0,5797
0,5960

0,6122
0,6283
0,6444
0,6604
0,6763

0,6921
0.7078
0,7237
0,7333
0,7548

2.1 0,1741

0,0872
06,1046,

0.1014

0,4298
0,4462

0,5121

0,6283
0,5448
0,5607
0.5768
0,5928

0,6087
0,6245
0,6403
0,6659
0,6715

0,6870
0,7025
0,7178
0,7330
0,7482
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V. E(e, 9).

00

50

10°

15°

20°

25°

300

357

40°

|

45°

0,8029
0,8203
0.8378
0,8562
0,8727

0,8901
0,9076
0,3250
0,9425
0,9599

1,0123
1,0287
1,0472

1,0647
1,0821
1,0096
1,1170
1,1345

1,1519
1.1604
1,1868
1,2043
1,2217

1,4137
1,4312
1,4486
1,4661
1,4835

1,5010
1,5359

1,3963|1

0.8023
0,8197
0,8371
0,8545
0.8719

0,8894
0.8068
0,9242
0,9416
0,9590

0,9764
0.9938
1,0112
1,0286
1,0450

1,0634
1,0808
1,0982
31,1156
1,1330

1,1504
1,1678
1,1852
1,2028
1,2200

1,2374

o]

1,3080.113070

1,3244

1,5184| 1,5167

1,5633 15504
1,57081 1,567811

1,2548¢

0,800
0,817

1,111

6
3

0.8352
0,8525
0,8608

0.8871
0,9044
0.9217
0,9390
0,9562

0.8735
0,9908
1,0426
1,0698

1.0771
1,0943

5

1,1288

1,1460
1.1632
1,1805 |
1.3977¢
1,239,

12321
1,2494
1,2666
1,2838
1,3010

1,3182
1.3354
1.3528
1.3698
1,3870

1,4042
1.4214
1,4386
1,4568
4809 {1,4729

1,490%
1,5073

1.5245
1.5417
5589

0,7978
0,8143
0,8320
0,8491
0.8663

0,8834
0.9005
0.8176

0,934%-

0,9317

0,9687
0,9858
1,0028
1,0198

1,0368

1,0538
1,0708
1,0878
1.1048

11218
;1,1287

1,1387.
111557

%26
1,1886
1.2065

1,2234
1,2403
1,2573
1,2742
1,2911

1,3080
1,3249
1,3417
1,3586
1,3756

1,3924
1,4093
1,4261
1,4430
1,4698

1,4767
1,4836
1,5104
1.6273
1,5442

0,7939
0.8108
0.8277
01,8446
0,8614

0,8783
0.8951
0,9119
0,9287
0,9454

0,9622
0,9789
0,8956
1,0123
1,0290

1,0456
1,0823

1 0355
1121

1,1453
1,1619
1,1784
1,1949

1,2115
1,2280
1,2445
1,2609
1,2774

1,2839
1,3104
1,3268
1,3433
1,3597

1,3761
1,3925
1,4080
1.4254
1,4418

1.4582
1,4746
1,4910
1,5074
1.5238

0,7891
0,80567
0,8223
0,8389
0,8554

0.8719
0.8884
0,2048
0,9212
0.9376

0,9540
0,8703
0,9866
1.0029

1,092
1,0364

10516
1,0678
1,083%

1,1001

1.1162
1,1323
1,1483
1,1644
1,1804

1,1984

1,2124
1,2284
1,2443

1,2603 |

1,2762
1,2921
1,3060
1,3239
1,3398

1,3556
1,3716
1,3873
1,4032
1,4180

1.4348

1,4507 .

1,4665
1,4823
1,4981

0,7835
0,7998
0.8180
0.83282
0.8483

0,8644
0.8803
0.8965
0,9125
0,9284

0,9443
0,9302
0,9760
0,918

13,0076

1,0233
1.0330
1,0546
1,0702
1,0868

1,1013
1,1168
1,1323
1,1478
1,1632

1,1786
1.1929
1,2003
1,2246
1.2309

1,2552
1,2704
1,2857
1.3009
1,316

1,3312

1,4675

0,7772
06,7931
0.8089
0.89247
.8404

0,8560
0,8716
(.8872
0,8026
0, 9131

&9‘335

' 0,9488

14,9641
0.9733
0.5945

1,009
1,0247
1,0397
1,0647
1,0696

1,0845
1.0983
1,1141
1,1280
1,1436

1,1583
1,1729
1,1875
1,2021
1,2167

1,2312
1.2457
1.2601
1,2748
1.2890

1,3034
1,3177
1,3321
1,3464
1,3608

0,7704
0,7868
0,8012
0,8165

0,460
0,9620

0,770
0,8919
10,9058

0,8216
0,9363
.9510
(3,9655
0,8801

0,9946
1,0090
10233
1,0376
1,0618

1.0660
1,0801
10941
1,1081
1.1221

1,1358
1,498
1,1636
1,1773
1,1910

1,2047
1,2183
1,2319
1,2454
1,2590

1,2725
1,2859
12994
1,3128
1,3262

1,3396
1,3530
1,3664
31,3798
1,3931

0,8317 -
058373

0.7623
0,7782
0,7931
0,8079
0,8227

01,8518
0.8663
0.8806
0,8949

0,5081
0,9232
0,9378
0,9511
0,966¢

0,9787
0,9084
1,006¢
1,0185
1,0329

1,0463
1.0686
1,0728
1,0859 1
1.0980

1,1120
1,1260
1,1379
1.1507
1,1635

11782
1,1889
1,2015
1,214l
12266

1,2391
1.2518
1,2640
1,2765
1,2888

1,3012
1,3136
1,3260
1,3383
1 » 3506




V. Ele, o)

!

[

80°

0,5895

0,6052

0,6207
0,6361
0,6515
0,6667

0,6819
0,6069 !
0,7118
0,7267
0,7414

: 0,0175
i 0.0349
' 0,0623
- 00698

0,0872

0,1046
0,12306
$,1393
0,1567

- 0,1739

0,1912
0,2084
0,2256
0,2487
0,2698

0.2768
0,2938
06,3107
0,3276
0,3444

0.3611
0,3777

074920

’0 6080

0,5239
0,5336
0.5553
0,5700
0.,5863

0,6017
0,6163
0.8321
0,6471
0.8620

0,6768
0,6914
0,705
0,7204

0.7347 | 0,7282

0,0175
0,0349
0,0523
0,0698
0,0872

0,1046
0.1220
0,1393
0,1566
0,1738

0,1911 ,

0,2083
0,2254
0,2495
0,2696 |

! 0,2766 |

0,2935 .
(0,3103 |
0,3271 .
0,3438 ;

0,3604
0,3770
0 .3935

0,4098-

0. 4&1.

0 4423

~‘,9,4584

0,4744
0,4903
0,5061

0,5218
01,5373
0,56628
0.5681
0,5833

0.5984
0,6134
0,6262
0.6429
00,6575

0,6719

0,0175

0,0349

0,0623
0.0638
0,0872

0,1046
0,1219

0,1393 .

0,1566
04,1738

0,1910

0,2082 ;
0,2253

0.2424
0,2594

0,2763
0,2832
0,3100
0,3267
0,3433

0,3599,

0,3763
03927

(\D;4090

(.4251

0,4412
0.,4572
0,4730

0,4888 °

0,5044

0,6198 -
0,5362 |

0,5805

0,5656
0.,5806
0,5954
0.6101
0,6247

0.6391
0,6633

0,6675

0,6814 :

0,6952
0,7088

0,7223 !

0,0175
0,0349
0,0523
0,0698
(,0872

0,1046
0.1219
0,1392
0,1565
0,1738

0,1910
0.2081
0.2252
0,2422
0,2602

0.2928
0,309
0,3263
£:3428

’ [},3593
06,3757
0,3920
0.4082
0,4243

0,4402
0.4561
0,4718
0,4874
19,6029

| 0,5182
90,5334
0,5485
0,5634
| 0,5782

| 0.5928
16073
0.6216
0.,6347
0.6497

,6636
0.8772
0,6907
0,7040
0,7172

.0,1219

0,2761 | |
0.3094

0,0175 |
0,0349
0,0623
0,0698 :
3,0872 |

0,1045

0.1392
00,1565
01737

0,1809
0.2080
0,2251
0,242)

0,3260
0.3425

0.3609
0,3753
0,3915
0,4076
0,4236

0,4304
0,4552
0,4708
0.4863
¢,5017

0,5169
0,5319
0.5468
(,3616
0,5762

0,5907
0,6050
0.6191
0,6330
(,6468

0,6604
0,6738
0,6870
0.7001 |
0,7129 |

U 0872 | 0,0872

0, 1045 0.1045
0,1219 ! 0,1219 ¢
0,1392 | 0,1392%

0,1665 | 0,1 B¢~

0,1737 | 01787

0,1908.] 0,1908 |
0,3080 | 0.2079

$:2250 , 0,2250
09,2400 : 0,2419
0,2589 | 0,2588

0,2758 | 0,2757
0,2025 | 0.2924
0,3009 | 0,3091
0,3258 : 0.32566
0,3422 | 0,3421

0,3586 | 0,3684
0,3749 | 0,3747
0,3911 | 0,3908
0,4071 | 0,4068
0,4230 | 0,4227

0,4389 | 0,4385

0,4545 | 0.4541
0.4701 | 0,4696
0,4855 | 0,4850
0,5007 | 05002

0,5159 | 0,5153
0,5308 | 0,5302
0,5456 | 0,5448
0.5603 | 0,.5595
0,5748 | 0,5739

0,5891 | 0.588]
,8032 | 0,6022
0.6172 | 0.616)
0,6310 | 0,6297
0,6446 | 0,6432

0,6580 | 0,6566
0,6712 | 0,66897
0,6843 | 0.6826
0.6971 | 0,6953
0,7087 | 0.7078

: 10,3000

0,0175
0,0349
0.0523
0,0698
0,0872

041045
0.1219
40,1392
0,1564
0.1737

0,1908
0.2079
0,2250
0,2419
0,2588

0,2756
0,2924

0,3256
0,3420 :

0,3584
0,3746
0,3907 |
0.4067
0,4226

0,4384
0,4540
0,4695
0,4848
0,5000

0,5150
0.5299
0.5446
0,5592
0,5736

0,6878
0,6018
0,6157
0.6293
0,6428

0.8561
0,6691
0.6820
0.6947

0,7071



72

V. Hla, g

44

80°

s6° | 60°

650

w0 | 7 ] ao\ 8 | 90°

,.1,1685

1,238

0,7660 |
0,7705

0,7849
0,7992
0,8134

0.8275
0.8414
0,8553
0,8600
0,8827

1.0133

1,02569
1,0383
1,0506
10628 !
1.0750

1.0871
1,0091
1,1110
1,1228
1,1346

1,1483
1!1580

151811
v.1926

1,2040
1,2154
1,2267

1,2493

1,2606
1.271%
1.2831
1.2943

.1,1883

1,3056

0,7488 ! 0,7420
0,7629 1 0,7355
0,7768 | 0,7690
0,7905 | 0,7823
0.8042 | 0,7954

0,8177 | 0,8084
0,8311 | 0,8212
0,8444 | 0,8339
0,8575 | 0,8464
0,8705 | 0,8588

0,8834
0,8961
0,9088
0,9213
0,9336

0.0459
0,8580
(,9700
0,9818
0,9936 -

1,0052

0,9184

0,9299
(,9412
0,9524
0,9634
0,9743

1,0759

1.0854
1,0948
1,1041
1,1133
1,1226

1,1318
1,1406
1,1495
1.1584
1,1673

1,1761
1,1848
1,1836
1,2023

1,1576

1.1678
1,1781

1,1984
1,2085 |

1.2186
1,2286
1,2387
1,2487

1,2687 | 1,2111

0,7356
0,7488
0.7618
0,7746
0,76872

0,7997
0,8120
0,8242
0.8361
0,8479

M,0038

1,0129
1,0218
1,0306
1,0392
1,0477

11267

1.1342
1,1417
1,1491
1,1566
1,1638

0,7301 l
0,7429 .
0,75655 !
0,7679 '

0,7801

0,7921
0,8039
0.8155
0.8270
0,8382

0,8493
0,860]1
0,8708
0.8812
0.8914

0,0015 :
0.,9113%,

0,9210\;,

0,9304
0:0397

1440,9487 |

0,9576 |
0,9662 |
0,9747 -
0,9830 i

0,9911 °

0,9900 :

1,0067
1,0143
1,0217

1,0290

1,0361 !

1,0430
1,0498
1,0665

1,0630
1.0635
1,0768
1,0881
1,0883

1,0944
1,1004
1,1064
1,1124
1,1184

0,7256
0,7380
0,7503
| 0,7623
| 0,7741

0,7858
0,7972
0,8084
0,8194
06,8302

0,8408
0,8511
0.8612
06,8711

u,'ssna
20,8995
)0,9085
10,9173
‘ 0,9258

0,9341
0,9422
0,9501
0,9678
0,9652

0,9724
0,9794
(9862
0,9928
0,9992

1,0053
1,0113
1,0171
1.0228
1,0282

1,0335
1,0387
1,0437
1,0486
1,0534

1,0681
1,0628
1,0674
1,0719
1,0764

| 08308

0,7222
0,7344
0,7464
0,75662
0,7697

0,7811

10,8635
04,8728

0,8818
0.8905
0,8990
0,9072
0,9152

0.9230
0,9305
0,9377
0.9447
0,9514

0,9579
0.9642
0,9702
0,9759
0,9814

0.9867
0,9917
0,9965
1.0011
1,0054

1,0096
1,0135
1,0173
1,0209
1,0244

1,0277
1,0309
1,0340
10371
1,040

§ 0)8304
> 0.8401
' 0,6496

0,7201 .
0,7321
0,7440
0,7666
0,7670

0,7781
0,791,
0,7994 |
0,8100"
0,8204

0,7193 ||
90,7314
0,7431
0,7647
0.7660

047772
07880

0,8192

(,8290
(0,8387
01,8481
0,65672
0,8660

0,8746
0,3830
0,8910
(,8388
0,9063

0,9136
(,9205
04,9272
0,9336
0,9397

0,9445
0,9511
0,9563
0.8613
0.9659

0,9703
0,8744
0,9782

(.8568
0.8677

0.8764
0.6849
0,8930
0,8009
0.5086

0.9180
0,9231
0,8299
0,8364
0,9427

0.9487
0,9544
0,9599
0,9650
¢,9699

0,9745
0,9769
0,9829
0,9867 | 0.9816
{}9902 0.9848

0, 9935 0,9877
,9965 ¢ 0,9903
0,9992 | 0,9926
1,0017 | 0,9945
1,0033 ° 0, 13962

1,0060 g 0,9976
1,0078 | 0,386
1,0095 ! 0,9994
L0111 | 0,9999
1,6127 | 1,0000




V. Volletandige elliptieche Integrale. 3
V. Complete elliptic integrals, :

B. ¥ollstindige Integrale,
B. Complete Integrals.

53
11. Es sei @ ——
Let J=fzd(p, 4 =V1—Esin’p,
L1}
upd fiirt) . sin @ cos g\
and for d=1 A*  ginlg cos'e (———— ~ ) .
J=%X E D B C \
Pann ist Then we have O\
K=E+#D E=k*D 48
K=D-+B —k”K+L’B
K=2B+&C —(1+k”)B+k"k’C
D =B+ &C (l+k")K;=}2F+k*C
2D = K4 &C (1+k”)D=’E+k’C
12. Reihen, die nach wachsenden Fo- | 12, ﬁenas proceeding in ascending
tonzen von k2 << 1 fortschreiten: | powera bof B2 << 1t
kN k 1226 FkH*
‘E"‘H‘?—*'g(is") ')+ T @+
i 176 rk%*
Te—1-28—s (B~ ( ) (5
4 En¢ 1?5 220 En
Tom o2 B Y Y
4 kNG 26 245 fk
= B=14 \’S'i’%(i )+ ( ,) ”4_(3:)+
Bea@e X 1 (M) os (5)'+ o)+
13. Reihab,}:?; ‘nach wachsenden Po- 18, Series proceeding in ascending
tonzen voR W% << 1 fortschreiten | powers of k% <(<(1 (% == 1). Let

(k’-"vll B sei
\\ d=1n ;: og:r k=4de4
HE E?'( )k"‘+%6(,4—£)k’5+---

E=1+?(A —) +%( _“);"q+128(‘4*_)w+
D=A-—1+i(:-—)k’i+a(n L PO T T

B = 1—%(“—?)k"*‘ﬁ(/‘*ﬁ)k"—ﬁ(/“_) LA

g 225 EX AN 1226 109 2
C=A*2+T(A"Tf)k ""sT(A 30)1‘*"' 266 (A ) 1
1) Arch. Elektrot. 80 {1936), 8. 243.

K=




74 V. Volletindige elliptische Integrale.
' V. Complete elliptic integrals.

14. Um die Integrale mit Hilfe der |

14. To compute the integrals by means
Null-Thetas zu berechnen, setze man g

of the zero-Thetas, we pub Love

/i =P
I—-V—i = 2¢ und erhiilt ' , 1+VEk
1+ V¥ ‘ and obtain

g=2¢+ 24 15e° + 15068 + 1707647 4 -+« (¢ < 0,5)
ferner, wenn k%< 0,5 isf, | further, if k* << 0,5,

2 2 — 2 . ”

A, 6

AN T

1

2

—y

Fig. 7. Hthenkarte des vollstindigen elliptischen Integrals K als Funktion von =
Fig. 37. Altitade chart of the complete elliptic integral K as fanction of 1= &,
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V. Vollstindige elliptieche Integrale.
V. Complete elliptic integrals.

fpe B = b
I el
. %L + §) - (16 %)""(1 +3g'—dg'+ 9gP— 124"+ 2.
A

16, For k*> 0,5 computé ¢, to the
modulus k, =k and put -— Ing = A
With this we get A\ ?

7 { 4

156. Far > 0,5 bestimme man ¢
zum Modul &, = & und setze —1ng,= 4.

Hiermit wird

Fig. 88. Relief des vollstindigen elliptischen Infegrals K als Funktion von 4 =&
Fig. 38. Relief of the complete elliptic integral K as fanction of 1 =A%



76 V. Vollstindige elliptische Integrale.
V. Complete elliptic integrals.

16. Differential- und Integralformeln: | 16, Derivatives and Integrals:
z=F
ak B
13 ‘ 2
22 =D cfde=?x(E+B)
odD D—cC
S T fDd.z‘=—-—2E ~
éB
23-‘—:—=C : dex—z(E-!—zBl
229 fcaz__za O
Az s
T }V — X H\\“‘!
y / . ,\
x.:%: ]
. / = .
|2

hr s

V\X*XX/7#J

P

S ¢

4

:GG’

/\y°
A4

AN

\'.’ a
/. 0’

1

!
A
Bal

s
?;\
A

(e
L TR
TSN
VA \%V;
NP
é\wﬂ
X

I ] - -3 -I

1k

<

3

H
o2
.
7

.

—2

o

™/

1

"

X

A
S
A

9

/
N4

Vd

I
K ‘nl
— iy
Fig. 89. Hohenkarte dee vollstindigen elliptischen Integrals £ uls Funktion von i =#"
Fig. 39. Altitude ohart of the complete elliptic integral E as function of 4 ==&%.
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V. Vollstindige elliptisthe Integrale. 77
V. Complete elliptic integrals,

fxmdx:%[(4+3x)am251
fExd:c———%g[(4+3m)B+(9x—2)E]
fDMx:%(?B—E)s%—’(D—C)
fodx:z—“’{(ax~2)B+E]=?9£’(3|3-D+C) A
fod:cz—‘Z(?E—i—xB)
j.Ka:’d:r=§%[(ﬁ4+48x+45m’)8—4(8 fgf@i'éj |
sz’dxz%[4(4+3x)B-—(8+Qx)zl?q\.‘

fB:c’dm — 22— 16— 122+ 4'53:fj.l’3x\+ (8 + 92)E]

fc:cmx: 2218 — 34)B —4E] = 22 [4(D — C) — 3B]

fo‘dm = 22132+ %ﬁx — 1520 B — 2(8 + 9x)E]

22b

Fig. 40. Relief des vollstandigen elliptischen Integrals € als Fonktion von 1 =1#%%
Fig. 40. Relief of the complete elliptic integral E as fonction of 2 =14%



78 . V. Yollstindige elliptische Integrale.
V. Complete elliptic integrals.

K D —
fwdx——g"v—x J‘V—;dx~—-2wa

£ E da —
._[‘1—- f1—m]7§=2VxK

™\

E4B E y A\
fu i =21—3 j(K+D)dx=*2(17\¢>\K

V3B +— - S\

_ﬁl,, S ON
/ o f(ﬁ Va D){dfc‘ 2YzE

.~ E b
‘/_hﬁdng_“_ f_-fdcxza:: 2(1 —x)VzC

z{l—uax) Vz V:c.\

K o D
— — —————y

4.,';~5 6§ 7 8 9 |d]k

787 828 . 69| 910 952 994 *037 *080. 41|09
16 124 169 214 260<°306| 353 400 448 497 546, 47 08
55 Ba7 6w 7ol 4| 57 9lz g7 *024 *081| 53| 0.7
1,7 139 198 958¢ <318 381| 484 508 573 633 706 63) 06
775 845 916 889 *063| *139 *216 *205 375 *457| 7805

18 541 626 714" 804 895| 989 *085 184 *285 *308| 9404
19 496 605»718 834 953 [*0076 *0203 *0334 *0469 *0609 | 123 0.3
2, 075¢ 0964\1059 1221 1390| 1565 1748 1940 2140 2351 |175]02
2572 285" 3062 3314 3593| 3890 4209 4553 4926 5333!397 0.1
5781\'6278 6836 7471 8208| 5083 *0161 *1559 *3541 "6056 {876 | 0.0

o s 8 7 8|5 4 3 2 1/|4d|F

00’\\" K’

4
th——ln?‘;

1 2 3 4|5 8 7 8 9 aji

g51 82 812 791 | 771 750 798 707 684 | 20 |02
639 615 591 567 | 642 516 489 463 434 | 24 [0l
375 314 321 978 | 242 204 163 118 088 | 36 i 00

1098765'4321d_ﬂ]

e ——

4
e K —1n—
h ll‘lk_




V. Vollstindige elliptische Integrale. 79
V. Complete elliptic integrals,

Rekursionsformeln ): | Recurrence formulse RE

(2n+3)° Kx"+’dx-—4(n+1)’[!(:5“&:6:2:!:"""[E—(2n+3)(_1—x)|(]
=257 +1[(2n+ 3)zB—2(n +1)E]

A+ 1) Ex"dx—_(2n+3)(2n+5)fEx““dm

=222+{[2n + 1—(2n+ B)£]E 4+ (1 S2)K |
=2 {[2(n + 1)—(2n+3)x]'§\-r\xB}

S — ;\
HEEEREN/a. | ol
20 | ",/ j? \\ ‘\ 20
SEENZANEE | NREBX:

AT B ﬁ:_
) o T O I NS M
—_._L<__E—__ “._cta ‘ l
Y/l BN
1] 1 AR | |
[N — I 1
Bz 2 )
~’\)/ | P
2% AN AP
I i~
ABSEaaPrZ Ll
l 1 ./ﬂ/l// Imﬁ -2
L i
[ -M'*,
Detiin —~— Cezrind
iy L
05 18 k=X
Ei?_ al,s 0,95 —1,'0

Fig. 41, Vollstandige elliptische Integrale.
Fig. 41. Complete elliptic integrala,

KT Maller, Arch. Elektrot. 17 (1926), B. 336.
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V. Vollst&ndige elliptische Integrale,
80 V. Complets élliptic integrals.

1
Srar—p(f-tr ity oze
1]

_ (Catalansche Konstante).
G = 0,915965594 (Catalan’s constant).

17. Hypergeometrische Diifferential- 17. Hypergeometric differential e
gleichungen : tiong: ~
KG9 e e
—TE=(1—2) 2 (z45) 2(1—2)5E 4 ('1‘;::})%+--1--E=0
-—-%—D-: d—a;((l __x)%Q) : x(l—x)%%%é—Sm)i—i--i’—D;ﬁ
}B:(l—x)d;_“;?. x(lf@$+2(1—z)%g-—!1—8=ﬂ
CRnlTE) i et

1 2 \ 5 6 7 8 9 )a|K
Lo 708 803 629 889 550| 510 470 429 389 348 | 40|09
08 267 226984 142 101 058 017 *075 *933 | 42 | 08

L4 890 848 g&g 762 718\ 875 631 587 543 498 | 43 |07
454 409 318 273| 227 181 13¢ (088 041 | 46 |06
L3 994 9470899 851 803 75 705 656 606 557 | 49 | 0

306 doas 405 3¢ 30| 950 198 145 ooz 036 | 52 |od
12 961 930 875 B9 763! 707 650 503 534 476 | 56 10
H770857 996 235 173| 111 047 *9p3 *3is *aso | 63 |04
LL 7865° 17 618 578 507| 434 360 o245 90y 199 | 73 |01
¢ %65 _*B79 *781 *700%605 *505 *389 *285 *160 | 9 |00

S0 9 8 7 §] 5 4 3 g 1 4¢

——

E’

0 ! 2 3 435 § 7 8 o9 | ¢ Es
1. 3883 "0052 *0228 *0410 *0508 [*0704 %0999 *1211 *1434 *16e6 196 | 03
0812+ 1910 2067 2437 9793 3026 | 3sag 369 1064 4404 4899|322 |01

275 903 4% 7150 7930| Bgda 9957 *Lase *3453 *6ens |12 00
ke 10 9 8 7 6 [ 4 3 9 1 [ a __f_'

4
In—
%




¥. Vollstindige elliptieche Integrale. 81
V. Complete elliptic integrals,

18, Vollstindiges elliptisches Integral 18. Complete elliptic integral of the

dritter Gattung?): third kind?):
E: g
i-  — T T—
fVcoa‘¢+k"sin’¢qu VIt k’*( arccas_l_, +R)
cos? @ + 1'% pin? - - 17
v ¥ 1 yyr—
wo | whers
K2 14 1 \
R=-"5(4+5) 5 .
P 1y 1 6 ¢\
+ g 1+ (44 7)1+ ) O
K 7 1 1y 1 (3 1 5
16 [_E“??+(‘4+_€)1'=(8+T+T):] \
16 %3 37 F11 1 1y 1 /o
o | T s T T (/‘+§)r(m+eozu+ vt 5))
. +oran ) x',\\"
with A=].Il-k—,, k’—4e’“5‘\“
k’:-—-—— n "
a [ \
1;&' 9,08 015 : oon 0005
2N
q‘:—:““'-< 5 AN
:‘;H% N |
& E’ e i
“ 0 ~
a,sl - :” : Y
N M
~
24—
4
03
22
o7
0.5'975‘ 340 0385 3% Q995 2 00

Fig. 42. Grofe Werte von K, D, C.

1) G, Hamoel, Sitzungsber. der Berl. math. Gea, 81 (1932), 3. 17—22.



82 V. Vollstandige elliptische Integrale.
V. Complete elliptic integrals.

D—-B
C:—-k—z-—

I
e
e 01234\53739!&1;&
0.1 9635 0783 9934 *00B7 *0243 | *0401 *0562 *0726 *0892 *1061 158 09
O3 1933 1408 1586 1767 1951 2139 2330 2625 2723 2925188108
313] 3341 3555 3773 3995| 4232 4445 4690 4931 51771297 04
5499 5686 5949 6217 6491| 6772 7060 7354 7635 7963201 | 0.8
828 60 834 928 963 | 098 <035 7073 119 *182 |35, 0.5

03 103 235 279 324 370 y 418 467 518 571 625 | 43 ;04

§82 740 801 863 929 | 996 *067 *140 *217 *QBE'S 67 |02
04 380 468 559 656 757 | B63 975 *084 *219 23830/108) 032
0.5 495 646 809 983 *171 | *376 *508  *B39 **106, %402 |204| 0,1
0, 7733 8107 8535 9032 9620 |*0336 *1939 *2442 *425}3.;*'?351 1716 | 0.0

|
9 G EREIE

e}
w0

w) o 1 2 3 &Y 5 8 7 8 8 a |

|
l
0,7 | 0, 4497 4416 4331 4046\4159 | 4069 3976 3863 3785 3687\ 90| 02
|
|
|

0.8 3585 3478 3372 349B0° 3145 | 3027 0902 2776 2642 2503 118101
0.9 236 220 204¢ ‘\‘137 169 | 149 128 106 078 046 120 |00
4

9

k1| 10 ¢ 7 6| 5 4 3 2 1 |

o= C‘-i—?—hl‘—

— =
k%}0123453739\d\k
|
0.0| 07 854 Bs3 874 884 894 | 904 914 924 935 94b | 16 | 0.8
0,1 956 967 977 989 999 | "0l *021 *03l *0a4 *055 | 12 | 3’%
polo08 067 078 090 162 114 | 125 138 150 163 176 )11 I+
0.3 188 201 214 227 240 | 253 287 279 094 307 |13 o
0.4 35 336 350 365 380 | 396 410 496 441 456 |16 |
0.5 a72 488 504 521 537 | 9854 571 589 607 625 |17 g,g
0.8 541 ez 681 700 719 | 739 760 780 g0l 821 20 03
0.7 g4 Be6 888 911 935 | 938 983 +009 *034 *081 | 24 02
08|09 088 115 144 174 205 | 236 268 301 336 3733l kel
0.8 538 563 | 632 686 746 81l gao |49 |0

411 451 49
P k!
i ¥ i 0 98 8 7 8 5 4 38 2 1 _i_L,,

g=K—D



V. Vollatindige elliptische Integrale. 83
V. Complete elliptic integrals.

_ K—E
k=|01234:56789dk"’
60! 07 854 884 613 944 975 1*006 *033 *070 *102 *135 | 31109
01| 0.8 168 202 237 27¢ 307 | 342 379 416 453 491 35|03
02 520 569 608 649 690 | 732 774 817 861 906 | 42|07
0,3 . 951 997 *044 *092 *141 |*191 *241 *@82 *345 *399 | 50108
04| 0,9 453 500 566 624 683 | 744 806 869 93¢ *OO1 | 61] 0D
05| 1,0 063 138 210 203 358 | 435 514 595 678 784 | 77104
06! 1. 0852 0943 1037 113% 1934 ;1337 1443 1554 1668 1788 103703
0,7 1910 2038 2171 2310 2455 |2606 2765 2931 3106 3290116102
0.8 3484 3690 3808 4141 4383 4654 4941 5052 5500 596D 1266 | 0.1
0,9 6370 6327 7344 7935 8625 | 9451 *0475 *1814 *3730 X7667) | 826 | 0.0
K o s & 7 6 | 5 4 3 a1 |alm]
e e ———— —— e ————

e o 1 2 3 4 |G 6 7 & 9 |dl

07; 01 -— 986 943 900 857 "8'12 786 720 672 624 |46
0.8 574 523 471 417 g6 306 947 188 126 06l | 56
09| 0,0 994 924 652 776635 | 609 518 418 307 178 | 86
k2 10 9 8,}\\6i5 4 3 2 1 |4
hm—___-#.——n——ﬂ“—-__—'

N g_p'pi—mt

o\ k

erlhlere Tafeln: | More-fignre tables:

a) A, M. Ferendre, Tafeln der ell. Int. (Stuttgart 1931 bei Wittwer, Nachdruck} geben
F Qo™ mit 9 Dezimalen, die vollst, Int. K und E mit 1% Dezimalen. Schritt 1° in
beider Argumentwinkeln,

b) L. M, Milne-Thomson, Proc. London math. Sec. 83 (1930) p. 160184, gibt
K, E, #3* mit 10 Dezimalen fiir %= 0,01...1,00.

c) A M, Legendre, Tables of the complete und incomplste ell. int, with an introduction
by Kerl Pearson (Londen 1934, Cambridge University Prees).

Biche auch: Verzeichnis berechneter Funkiionentafeln (Berlin 1928 beim VDI).

Formelsammiungen : | Collections of Formulae:

a) -%_ﬁ[oﬁal, Recueil de formules et de tables numérigues (Paris 1901 bei Gauthier-
illars).

b) W. Laska, Sammlung von Formeln (Braunschweig 1888 bis 1894}



V. Vollstandige elliptische Integrale.
84 V. Complete elliptic integrals.
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Lebrbiicher : | Text books:

a) O.8chitmileh, Compendium der hth. An,, Bd. T 8. 283—263 (Braunschweig 1874).

b) A. Enneper, Ell. Fanktionen (Halle 1876 bei Nebert). 541 8.

¢} H. Aancock, Ell. Integrals (New York 1917 bei Wiley). 104 3.

&)K. H. Schellbach, ElL Int ond Theta-Funktionen (Berlin 1864 bei Reimer). 4405
e} J. Hak, Eisenlose Drosgelspulen (Leiprig 1938 bei K. F. Koehler). 316 Seiten-



V. Vollstindige elliptische Integrale,

Y. Completa elliptic integrals, 85
[7 o K E [ K E o K E
0° 1,5708 | 1,6708 50° 1,366 | 1,3055 | 82°0° | 3,3699 | 1,0278
1° 1,5708 | 1.5707 b1® 1,9539 1,2963 82°12° | 3,3946 | 1,0267
2° 1,573 | 1.5703 52° 1,9729 | 1,2870 | 82°24° | 3,4199 | 1,0266
3 1,6719 | 1,5697 53° 1,9927 | 1,2776 " 367 3,4460 | 1,0245
4° 1,6727 | 1,5689 54° 2,0133 | 1,2682 | 82°48° | 3,4728 | 1,0234
5° 1,5738 | 1,5678 56° 2,0347 | 1,2587 | 83°0° | 3,5004 | 1,0223
8’ 1,5751 | 1.5665 56° 2,0571 | 1,2492 | 83° 12" 3,5288 | 1,0213
7 1,5767 | 1.5650 67 2,0804 | 1,2397 | 83°24’ | 3,568) | ,1,0202
8° 1,5785 | 1.5632 58° 2,1047 | 1,2301 | 83° 36’ | 3,5884 11,0192
9° 1,5805 | 1,5611 59° 2,1300 | 1,2208 | 83°48"| 3, 81.9& ¥ol1a2
w 1,5828 | 1.5589 60° 2,1665 | 1.2111 | 84° 0’ 3;8519 1,0172
11° 1,5854 | 1,5564 B1° 2,1842 | 1,2015 | 84° 12" /53,6863 ! 1.0163
1° 1,6882 | 1,5837 62° 2,2132 | 1,1921 | 84° 24; .3,7198 | 1,0153
13 1,5813 | 1,5607 63° 2,2435 1 1,1826 | 84336y 3,7857 | 1,0144
14 1,5946 | 1,5476 64 2,2754 | 1,1732 | 847487 | 3,7930 | 1,0135
15° 1,6881 | 1,b442 65° 2,3088 | 1,1838 [\85™0' | 3,8317 | 1.0127
16° 1.6020 | 1,5405 66° 2,3439 | 1,1546//\85°12°| 3.8721 ; 1,018
17 1.6061 | 1.,5367 87° 2,3809 | 1,1454 1'85°24"/ 3,9142 | 1,0i10
18° 1.6105 | 1,5326 68° 2,4198 | 11362 { 85°36°; 3,9583 | 1.0102
| 15° 1.8151 | 1.5283 69° 2,4610 | 1,1273 | 85° 48" | 4,0044 | 1.0094
| 20° | 1,6200 | 1,5238 { 70°0° | 2,5048F 1,1184 | 86°0° | 4,0528 | 1.0087
©21° i 1,652 | 1,5191 | 70° 30" | 2,52%3 | 1,1140 | 86° 12'| 4,1037 | 1,007
22° 1.6307 | 1,5142 71° 0" | 2;5507 | 1,1096 | 86°24° | 4,1574 | 1,0072
23° 16365 | 1,5080 | 71° 304 2,5749 | 1,1053 | 86° 36" | 4,2142 | 1.0085
24 1.6426 | 1,5037 | 72° 0\’ 2,5998 | 1,1011 | B6° 48", 4,2746 | 1,0059
25° 1.6490 : 1,498 | 72730 2,6256 ; 1,0968 | 87°0 | 4,3387 | 1,0053
26° 1.6357 : 1,4924 % 0 | 2,6521 [ 1,0027 | 87°12° | 4,4073 | 1,0047
27 1,6627 + 148645 30° | 2,8796 | 1,0885 | 87 2¢' | 4,4812 | 1.0041
28° 1.6701 - 1,4803 p74°0° | 2,7081 | 1,0844 { B7° 38" | 4.5609 | 1,003
|29 16777 : 14740, 74° 307 | 2,7376 | 1,0804 | 87" 48" | 4,6477 | 1,0031
{3 1.6858 | ¢ 14675 | 75°0° | 2,7681 | 1,0764 | 88°0° , | 4,7427 | 1,0026
©31° 1,69411 31,4608 | 75° 30" | 2,7998 | 1,0725 | 88°12° | 4,8479 | 1,0022
P 1.7 “1,4539 | 76°0° | 2,8327 | 1,0886 | BB” 24" | 4,9654 | 1,0017
i3z 1,739 | 1,4469 | 76° 30° | 2.8669 | 1.0648 | 88° 38’ | 5,0988 | 1,0014
P340 | 3.7214 | 1,4397 | 77007 | 2,9026 | 1.0611 | 88°48° | 5,2527 | 1,0010
P 35%.0 07313 | 1.4323 | 77°30° | 2,9397 | 1,0574 | 89°¢’ | 5,4349 | 1,0008
. 360 1,7415 | 1.4248 | 78°0° | 2,9786 | 1,0638 | 89°6° | 5,5402 : 1.0000
ioar 1,7522 | 1,4171 | 78°30°| 3,0192 | 1,0802 | 89°12' | 5,657% | 1,0005
P 1,7633 ) 1.4092 | 79°Q 3.0617 | 1.0488 | 89° 18" | 5,7914 : 1,0005
Poo3e° 1,7748 ] 1,4013 | 79° 30° | 3,106¢4 | 1.0434 | 89° 24" | 5,9455 | 1.0003
| 407 ° 1,7888 | 1.3931 | 80° 0" | 3.1534 | 1.0401 | 89°30° | 6.1278 | 1,0002
i 417 0 17992 | 1,3849 | 80°192° | 3,1729 | 1,0388 | 89° 38’ | 6.3509 | 1,0001
| 42> . 1.8122 | 1,3765 | 80° 24’ | 3,1928 | 1,0375 | 89° 4 6,6385 | 1.0001
D4y 1.82566 | 1,3680 { 80" 38" | 3.2132 | 1,0363 | 89748’ | 7,0440 | 1.0000
oA 1,8386 | 1,3594 | 80° 48" ; 3,2340 | 1,0350 | 8%°64° | 7,7371 ! 1,0000
ro45° 1,8541 - 1,3506 | 81" 0" ! 3,2553 } 1.0338 | 90° o 10000
| 46° ;1,8692 ! 1,418 {81°12°| 3,2771 @ 1,0326
DoAr 1,8848 | 1,3329 | 81724' | 3,2995 | 1,0313
P4 1,9011 | 1.3238 { 81° 36' | 3,3223 | 1.0302
: 49° 1,9180 1I 1,3147 | 81° 4873 3,3468 | 1.0290




86 V. Eiliptische Integrale.
V. Elliptic integrala.

C. Anwendung der vollstindigen elliptischen Integrate
auf die Induktivitiit von diinnwandigen Rohrspulen, t)

C. Application of the complete elliptie integrals t¢ the
‘induetanee of thin walled cylindrieal coils.?)

@ Spulendurchmesser, { Spnlenliings, d diameter of coil, { length of coil,
tga ==dfl, k=sine = Modul, w Win- | tge=a/l, k=sin o= modiiug, w num-
dungszahl, L Induktivitit der Spule, | ber of turms, I inductance qf\ the eoil

[

T 0
R x
o " ) M,
) J P
! AINRY \
15 ) \
7Nl
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o _ I ..i N '/ ] 4.8 “ .
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‘\ . 2 \ \
‘/,j//,/ ] \\ \\ \ i
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\ '__.d 14‘ //4-/ e a \_
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o a5 i,"
TR

Fig. 44. ¢ = 90¢ .-E% — periodische Funktion. (E, = E.
1

1) a) I'. Debye, Enzykl, math, Wiss,, V2, Art 17, 8. 469,

b) ¥. Emde, Elektrotech. uw. Machinenbau (Wien) 30 (1912). 8. 224, nd

c) H. Nagaoka und 8, Sakurai, Table No. 2 {Tokyo 1927, Inst. of phys. &
chem, res.), p. 69—180. Ausgedehnte 6stellige Tafeln, W Diffe-

d} K. F. Miiller, Archiv f, Elekirotechnik 17 (1926), 8. 336—353. (Dorf auc
rential- und Integral-Formeln.) . . iager)

e) F'. Ollendorff, Potentialfelder der Elektrotechnik (Berlin 1932 bei Springeth
8. 100 bis 123.



¥. Elliptische Integrale.

V. Elliptic integrale. 87

I=1,256-10"8 Henry/em Permeahili- | 1=1,256.10"*henry/em permeability
tit des leeren Raumes, Wandstirke der | of vacuous space, thickness of the eoil
Bpule sehr klein gegen d und I. Dann ist ‘ very small compared with dand!, Then

1 /K4 (te?a—1)E
L=wtd- 11 (FEE2DE g ).

sin e

{cf. p. 88, 89.)

™\
O\
l;‘él:‘laté” N .
T . N
i0°
J4 /,’E’L\ N AN
38 / // rﬂ;: \\ ’::\‘.
[/ A7 s NN
/ /] J°¥~' h
s iy e f&"\":\ :\\\
7777 NN
el LTSS TR
[N A w"‘x\&\\\\\\\
2o [ “%QN\
Ty s NN
BV /A AN
T ZRENEN
SV A AT el RN
Rexll/ T T NN
\ ) g° / // /FH;;‘:H‘H \\\\
paEauranSGSN\ 1
- A - I
@&§/'ﬂﬂﬂp 3G¢ Eﬁh""““‘h“m\\\
R 20 gy
ae e -F_;O'_"_ 342 Hfg S boe e a0 20
F

Fig 45. @ — 000 %4— periodische Funktion.



88 VY. Induktivitit von Spulen.
V. Induetance of coils,
Lange Spulen.
Long coils. {ef. p. 86.)
d 4L anL P .’ inl
1 Ow'd Tw'l l Hwid '}
0,00 0 0 0,50 4,037 2,019
0.01 0,09828 0.0°9828 0,51 4,103 2,082
0,02 0.1957 0.03915 0,52 4,168 2,167
0.03 0.2924 0028771 0.53 4,232 0,043
0.04 0,3882 0.015526 0.54 4,296 2:320
0.05 0,4832 0,00416 0.55 4,359 21398
0.06 0,5774 0,03464 0,56 4,422 L ON'2.478
0.07 0,6708 0,04695 0,57 4485 . 9,566
.08 0,7634 0,06107 0,58 4,647 2,637
0.09 0,8552 0,07697 0,59 4,608.3 2,719
0.10 0.9463 0,09463 0.60 4,869 2,802
011 1.0366 0,11403 0,61 4,730 2,885
0,12 1.1262 0,13514 0.82 4,790 2,970
0.13 1.2150 0.15795 0.63 4,850 3,066
0.1 1,3030 0,1824 0,64 )" 4909 3,142
0,15 1,3903 0.2086 0650 4,968 3,099
0.18 14769 0.2363 0,83 5,027 3,318
ST 1.5628 0.2657 79,8 5,085 3,407
0.18 1.5480 0.2966 . \»,B8 5,143 3,497
0.19 1.7324 0,3292 . 4% 0,69 5.200 3.588
0,20 1.818 0.3632.% 0,70 5,257 3,680
0,21 1,899 0.3988 0,71 5.313 3772
0.22 1,982 0,4360 0.72 5,369 3,866
0,23 2,063 04746 0,73 5,425 3,960
0,24 2,144 10,5148 0,74 5,480 4,055
0.25 2,295 ¢ f - 0:6662 0,75 5,535 4,181
0.26 304 N 0.5992 0.78 5,690 4,248
0,27 2,383 0,6435 0.77 £.644 4,346
0,28 2,48, 0,6893 0,78 5,698 4,444
0.29 %54 0,7365 0.79 5,751 4,543
0.30 {017 0.7850 .80 5,804 4,643
0,31 \:jz*z,sss 0,8349 0,81 5,857 4,744
0,32 AN 2,769 0,8862 0,82 5,900 4,845
0,33\ 2.845 0,9387 0.83 56,961 4,948
0,34 2,919 0,9925 0,84 8,013 5,061
7038 2,993 1.0477 0,85 5,064 5,154
0.36 3,067 1,1041 0,96 8115 5,959
0,37 3,140 1.1617 0,87 5,165 5,364
0.38 3.212 1,2206 0.88 6,216 5,470
0,29 3,084 12807 0.89 8,266 5,576
0,40 3,355 1,3420 0,90 6,315 5,684
0.41 3,498 1.4045 0.91 8,365 5-79%
0,42 3,496 1.4682 0.92 8.414 5,900
0.43 3,565 1,5331 0.93 6,462 6,01 0
0.44 3,634 1.5891 0,94 8.511 612
0,45 3,703 1,6663 0,95 6,559 623%
0.46 3771 1,7346 0,96 5,606 8,25 A
0.47 3,838 1,804 0,97 8.654 6,567
0.48 3,906 1.874 0.98 6,701 6» 1
0.49 3971 1.948 0,99 6,748 6.6
0,50 4,037 2,019 1,00 6,794 6,794




V. Indnkiivitit von Spulen.

¥. Inductance of eoils.

Flache Bpulemn

Flat coile.

I e 4= L i 4l ix L

d Hwtd HTwtl] d MHiwtd Hwdl
0.00 o0 o0 0,50 10,373 20,75
0.01 34,50 3450,4 0,51 10.263 20,12
0.02 30,15 1507,5 0.52 10,155 19,53
0,08 27,60 920,2 0,53 10,049 18,96
0,04 25,80 645,0 0,54 9,946 18.42
0,05 24,40 488,0 0.55 9,845 17,800
0.08 23,26 387.6 0.56 9,746 1%4M
0,07 92,29 318,5 0,57 9,649 16.929
0,08 91,48 68,2 0,58 9,555 16,474
0.09 20,72 230,3 0,59 9,462 16,037
0,10 20,07 200,7 0,60 9,371 15,618
0,11 19,47 177,04 0,61 9,282¢ 15.216
0,12 18,93 157.78 0,62 9,395 " 14,830
0,13 18.44 141,82 063 8,109 14,459
0,14 17.978 128,41 0,64 L \9026 14,102
0,15 17,561 117,01 085 |70 8943 13,759
0,18 17,153 107.20 0,66 \/NS 8862 13,428
0,17 16,779 98, 0,67 N\ 8,783 13,109
0,18 16.428 91,27 0,68 8,705 12,802
0.19 16,097 84,72 69 8,629 12,508
0,90 15,783 78,91 2070 8,554 12,220
0.21 15,485 73,74 0,71 8,480 11,944
0,22 15.202 69,10 0,72 8.408 11,678
0,23 14,931 64,92" 0,73 8,337 11,420
0,24 14,674 61,14 0,74 8,267 1117
0,25 14,427 ¢ 5071 0,75 8,198 10,931
0,26 14,190 % 54,58 0.76 8,131 10,609
0.27 13963 |\, 5L72 0,77 8.065 10,474
0.28 13.745 4™ 49,09 0,78 7,999 10.256
0.29 13535 48.67 0.79 7,935 10,045
0.30 13,333 44,44 0.30 7,872 9,840
0,31 13138 42,38 0,81 7,810 9,642
0.32 1849 40,47 0,82 7.749 9,450
0:33 L 12,767 38,89 0,83 7,669 9,264
0,34 {49 12,591 37,03 0,84 7.630 9,083
0. %s " 12;421 35!49 0,85 7’571 8,908
0436 ) 12,256 34,04 0.88 7,514 8,737
0,37 12,096 32,69 0,87 7,458 8,572
0,38 11,940 31,42 0.88 7,402 8,411
0,39 11789 30,23 0,89 7,347 8.255
0,40 11,643 29,11 0,90 7,293 8103
0.41 11.500 28,05 0,91 7,240 7,958
0,42 11.362 27,06 0,92 7,188 7,813
0.43 11.227 26,11 0,93 7,136 7.673
0,44 11096 95,22 0,94 7,085 7,537
0,45 10,967 24,37 0,95 7035 7.405
0,46 10.843 23,57 0,96 6.985 7.276
0.47 10,721 29,81 0,97 6.937 7,151
0.48 10,502 22,09 0,98 6,989 7.029
0.49 10,486 21,40 0,99 6,841 6,910
0.50 10.373 20,75 1,00 6,794 6,794




90 : V1. Elliptische Funktionen.
V1. Elliptic fonctions.

YI. Elliptiscke Funktionen,
YI1. Elliptic fanctions.

Bezeichnungen wie in den beiden vor- |

The notation is the same as in the
hergehenden Abschnitten IV nnd V.

two preceding chapters 1V and V.

1. Die Jacobische Amplitude.

N\
1. The Jacobian Amplitude. .
£ "s.\
Wenn dy )
u=Flp)=f-—- >
If (#) 4y
i) R
&

T ET)

4

§
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! [EY]

£
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=+ =] 1 Eacled . —
i ‘o o e = i &

e Ly

Fig. 46. @, + i @3 = am (%, - i%,) mit k=10,8; K==2,00; K'==1175.

Man beachte die Verzweigungsschnitte!
Notice the branch-lines!



¥1. Elliptische Fanktiionen.

V1. Elliptic functions, o1

ist, o keibt @ die Amplitude von u: | then ¢ iscalled theamplitude of u:
@ =amwu (Fig. 47) und ist eine un- | = am u (fig. 47) and is an infinite
endlich vieldeutige periodische Funk- | multiform periodic function of u with
tion von % mit den Verzweigungspunkten | the branch points

w=(2m+1)iK + 2ukK (1, n 15112;31')
und mit der Periode 4 K'i. | and with the period 4K':.
am(u+2Ky==x+amu, am@+i2K)=z—amu, N
am (% + 14K = am u, am (—u) = —am u,.\'\“\
am (iK'—iw)=~iln ki 21: u— 0. R "5“.\

anKo=Zo+Plg), Plo)=P@+0)=—B@q) =—P(—0).

g
i ||!||m|||m||||||um..«\%ﬁllllﬂ"“ﬂ“"l

- ;E \ -&I —ZI -R .4

s ) 3
'"‘\ N

\ Fig. 47. Relief der Funktion ¢ — sm % fiir &= 0,8,

Die vier achwarzen Flachen links sind Verzweignogeschnitte, (Vgl. Fig. 46.)

Fig. 417, Relief of the function ¢ = amu for ¥ = 0,8,
The four black surfaces on the left-hand side are branch-lines. (cof. fig. 48.)



99 ¥1. Elliptische Funktionen.
i V1. Elliptic funetiona,

Im folgenden- sei | In the following let
_:-—=9:2‘U=;y, K':xK’ g:e_””_

2. Doppelt-periodischo Funktionen.
2. Doubly-periodic functions.

Perioden: | Periods:

sin g = mu = 50 4k gk o

costp:cnu=]/§ ?(':; 4K :Eg ,‘{Kif\-e?K
VT Farg=amu=F 20 ok Pk

R it R

If we put w = + iy, and make
firgtly “— 2 K’ < wy << 2 K, secondly
wp =0 we obtain the approximations

Betzt man # = w; 4 {uy; und macht
erstens — 2K’ < wy << 2 K, zweitens
#g = 0, 80 gelten die Nihernngen

1—4g%cos?y\ o . .
4g(1—2£’)"§’;s“§ = sin y - (1 + 4 ¢ cos?y)

en % = cos 4 L— 4gieinty
nu=e Si’1+4g,{1'—}—’2q)sin3y

8D # = sinyl

= cos § - {1 — 4 g sin?y)

_ 1—4g(1ARgjsin®y . o . o
dﬂ“~1+4gol‘:{—’2g)ain“y~1 8¢ sin®y

she 13-2¢+4 g*(1——dcos?y) _
emw t...?tl—gq—]—gz(l—d.sin_*_yj =(1+4g9)tgy

N :'.__.,r I
Woisis
laal AL L

eIy, i
ST et S
S ‘ ey
sl Y
2F

Fig. 48. Relief der doppeltperiodiechen Funktion snw fiir k= 0,8
Tig. £8. Relief of the doubly-periodic function snu for &= 0,8
{cf. p. 106.)



3. Komplexe Uberfdbrung voncnu, dnu in sn (wy, ¥p). 93
8. Complex transformation of enw, dnu in sa{w, k).

Im komplexen Gebiet sind en x und ‘ In the complex domain cn % and
dn u nicht wesentlich verschieden von . dn  are not essentinlly different from
s u, Jenn es ist | sn u, for

en (k) = en (KK +Fu, ik/k),
dn (#,) = ¥ - sn (K'—iK +in, &)
Vgl. die Figuren 48—50. | Cf figures 48—50.
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Fig. 49. Relief der doypeltperiodigc”héﬁ Fanktion en « fiir & =0,8.
Fig. 49. Relief of the doubly-perjodic function enu for k= 0.8.
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F}g. 50. Relief der doppeltperiodischen Funlktion dn u fir k=108
ig. 50. Relief of the doubly-periedic funetion dn u for k=08.



94 VI Flliptische Funktionen, ' —
VI. Elliptic functions,

4. Vermehrung von 4 um Viertel- und Halbperioden.
4. Increass of » by quarter and half-periods.

Zur Abkirzung werds s, ¢, d statt |  For brevity we write 8, ¢, d for any,
snw, co#, dnu geschrieben. ‘ cn %, dn .
sn (mK+ wiK -+ u) dn(mK+n£K’+u)
—K 0 +K | ek oo | xx
] \
T —d 1 d —1 iy ki’
e T Fs Fe | hs £2K) Pd N~
¢ ) X e 8
0 7| rl e RS T LA
Tl i ( o d -
en (mK-+niK -+ u) d
- S 7
i | —x 0 +K | ek O —ik | S
& d ¥ s
ik S T | e | NS . :
ke iks tke ' ey |BIL(§‘GK’-|'—£¢1+10)|=]-;-E
0 A ¢ VLI N . '
d F N [dn (3K + 0+ duy)| =VF
- K id kP d
=K T | E oEe iks (&izﬂi)
73 }
N
Snuze K /7;,..- s T
T e
S Slg 1 A ///t/,/ =
\.\\ A ’///W/
:’ { V. 1////%
:ﬁ' . // A . b ?/ -
NAW/UAT
Vi, 4% .
A/ ]
/5 -
' 7]
o af a6 as L4 —‘*f’%ﬂw

Fig. 51. en (K- 2v) als Funktion von 29,
Fig. 51. sn(K-2¢} as fanetion of 2o,



V1. Elliptische Funktionen. 93
V1. Elliptic fanctions, °
5. Ubergang zu einem anderen Modul.
5. Changing to another modulus.
e ; |
L ) k) | dn(u,k)
|
% %— ks d g
i % i X 4
¢ ¢ ~
T ik , .
Eu 3‘—, k -;— ‘% —é\\
PR, A
3 L >
ik o ik _(-11— N 5
T e
ik 7 &k’% T 4 'lc_
. " k (14+%)s cl)y” i—kg
(R | 7% THie ks Y
X 1—¥ . 8C I (14K 8 1—{1—K)&
gty | g | a0 —‘T+-’— o La
(1+v%) (1—1/?)’* Bee N 5 14K ViR (84 VE)
—— % = —,_'-'—"—" = —"———'—— T
2 1HVE/ VR DEED) 1—1/!? + d+¥| yiFady¥r+a |
.i“x
G.‘F\\ktionen von Summen.
D#. Functions of sums,
Abkiirzungen: NS . , !
Abbrevmh%ns ,\an (u,,k) =5, o (uk)=5 80 (o) ) =33
oy &/
w ,JLL'\\"N-snw N-cow \ N.dnw i| N
|\ |
“1.7.1‘2“}:’[ 8 eydy 40,8, 5 cxc,—s,‘d,s,d, \ dldi_—kzsicls!cl 1= (ks &)
u,\{—’m, s, di+ic d G e G —isdHd: d, ¢y, —ikts o84 eyt 4 (ks s
[1 - (ksy82)*] - 2 -+ ) » 9 (th— %)
o1 (1, — Uy) cn (1, — ) dn (4, — %)
o1 (1, -} %,) 51— 8} 8¢ dy -+ di 56 2 d 0y + 6,5 dy
en (v, -4 145} 5 ¢ d, —d, 8¢, e} —disl c‘ldlcldi'—k“s‘-s!
an {u, 4- %,) ‘ s,d ey — 68 d ﬁdlc:d:+k”313| d} —k'eis}




96 ¥1. Elliptische Funktionen.
Y1 Efliptic fanctions,

7. Beziehungen zwischen den Funktionen Ableitungen,
7. Connections betwoeen the functions. Derivatives.

&4et=1, d*=F24=1—1%s ="+ }'2s%

%  1l—e 4 _e+d w  EidBetd
o Rl vy B oy T e e
(8 =cd, (¢)=—sd, {(d)=—ksec, (amu)=d.
~\ :
8.Iniegrale. N
8. Integrala. R \)
Bfodu=Tnt"E — w@of 450 — e c«amg;—f
0 n\ 7 i
=M @oi ¥ - M @Zoi 7= A Gm — Ux Ein ,T?
u ¢ \ g '
k cdu = arc cos d == &Tc sin ks x\
fdu WY, Lfdu ks
k:/‘? = Kt@cés—;- = arc s'in—kt;:—s
0 \
T zp \X
2 NN
AN \\%‘\\\Q\: <
K N \\\\\\‘%‘%\ |
RUNEAN S NANNSY ~
N, \\\\\ RN <
Ry \\\ \\ \ \sx\'\.\\ X3 [ N
NN Red AN ]
SANER NSNS g
\\;\ Sl [T
] e e —
o a;:d & [\ [7] [7] . » -
_’I'f’

Fig. 2. cn(K-2¢) als Funktion von 2o
Fig. 52. on (K- 2v} as function of 2o,



VL. Elliptische Funktionen. 97
¥1, Elliptic functiona,

— a--& d _ 14s
Af du (1+L’}c < G =In—
[i]
K
¢ [r) " ‘d _ ¢
-s—sdu—-—s‘—-';v Jqu——s-
o f Sy =2 % ay=2 N\
k C,du— - 1 e,du X
1} a ’.\"\
Hu u e -
43 _g — _,__C_ i =_s_ L ! by
Rrf—du=1— adu =7 Y
9 0 AD
“ A\
.fd‘du=E(amu). ’
o ::\\'

9. Differentialgleibhungen.
9. Differential »e’glfationa.

() = eyt - SS(EY) = a—a@—w)
de X d s\t st g &
() =a—e ’“"*\"”) (f 5 =+ )+ 5)
\\
anu 4, ___::.______________ -
\\\ ﬂ;\ : ] —— | dg
\ NN \'\ [ [ e Y 5
N 0 ———
IR \\ \\‘\\ A —t—
Kpf ) VA I~ | [
(‘ ‘G\QH’ , ™ T
\\~\ ~_] =i &
2 H""‘-—““"‘——— g
1 Al [ ———
[4 a2 0% 7] [7] . F1i
— % = % =zv

Fig. #3. dn(K.2v) als Funktion von 2o
¥ig. 63. dn(K-2+v) as function of 24.



98 V1. Elliptische Funktionen,
V1. Elliptic fanctions.

10. Die Jacobische Zetafunktion zn .
10. The Jacobian Zeta-function zn w.

dln &

E 1
E(amu)=_u+znu, mu= 7 dy

dgsin2y
1+ 2g(2-—cos2y; | 4g%(1—2c08 2 y)
zn u=zn (2K + 4) = —=mn (2K—u) = —zn (—u).

N H =

a4
A0\
a5 \
AT A
// & {
a3 / ,8_—- A4k
/ nUAY
A LA Koy A \f‘\
l/ /1/ P sl s ’.\"k’\\
% /’ R AN
- — - .‘7-:-' \ ‘ \
A st TN
4B %ES ARG NN
a1 /J{ ,/ // - [[ T nt \‘k\
' VAL /.‘f’% 43 N N \\:\
IVIPSFT ), SN
V% ] e = *-\:::b}-:\
o _v‘(‘/ -—::’ M"“"--.;_\\.
't'“____,...---' | e
4 :"\23,1 a2 ] a% [X] 08 ar 48 X X

N — Zzy
Fig, 54. Die Jacobische Zetafunktion zn(K-2v) als Funktion von 2.
L. (") Fig. 64. The Jacobian Zeta-fanction zn{K-2v) as function of 22.
11. Definition der elliptischen Integrale urd Funktionen
nach Weierstrab.

11, Weierstrass's definition of the elliptic integrals and funciions.

U = %, S=4s—gs—gs=4(5—e) (s — &) (s — &)

wo die Nullstellen e,, e;, ¢, der Funk- | where the zeros ey, eg, ¢s of the fune
tion § mit ihren Koeffizienten ¢,,g; in | tion & are related to its eoefficients 18
folgender Weise zusammenhingen: the following manner:



V1. Elliptische Funktionen. 99
V1. Ediptie functions.

31+32+es=0: &6+ 33"31+31'39=_%92: ex"f’ees=%gs

o £y
ds ' - as

W= —y == 1 —
Vs VS

1 gt gt g 3g,nt
s=pu=_s+3 + % T e T Tere0 T
Fop e 2 By, v, gt 3,90 ,
VS =@u=—+5+5 50t "0 T N\

¢ = o,

2w, 20’ heiBen die Perioden, g3, g5 |

dis Invarianten der doppeltperiodischen
Funktion s = @ u.

6= (0 + o'}, e = Po'.

O\
'\
2, 20 are called the periods, ¢s,
the invariants of the,'Goiubly-periodic
function s =pu. { &

' Y,

S5

S Al

(7]

Fig. ob. Relief von 3= p{u) o = K=200 k=08
Fig. 55. Relief of s=gp(u) o =iK'=1,756¢ F=1086
e, =0463=1"}¢ g =102
ey = 0,093 gy == — 0,002

¢, = — 0,646



V1. Elliptische .i-?unkt.im-l\;n.
~ VI, Elliptic fundtions.

100

12. Darstellung der Jacobischen «lliptischen Funktionen
durch die WeierstraBsche Funktfion.

12. Representation of the

Jacobian elliptie functions

by the Weierstrassian funetion.

Bei reellen ¢ sei & = ¢, = 3.

sn (1 Ve, — eg) == L:}_xf_‘ﬁ:,
dn (u Ve, — ¢) = %_‘55’_;

g«?'ﬂ-ses"‘-—el.:—i"‘:? B = —F—
w?(u Ve, — o) Ve

i FOI rea.] e let 23 = [ = £g.

en (u Ve Z o) = Viu—e
Viu—e
LY in?
q = g K e w N\
N
K o = "Kf;‘.".\
1 € V%:Ve;

18. Definition der Sigma- und der Zetafanktion,
18. Dofinition of the Sigma- and the Z,&-‘mf:mction.

S afu d*ln gu _
pu= du dud x,\\:

— 1 g L pgut gt
I;u—-—fgau-du—;; 6B, 140 8400
POV T TR VLA | A

2400 BL0 | 161280

14. Die spezial}ije"fﬁ‘unktion @(u; 0, 1),
14, The spegial funetion p(x;0,1).

Aus
From

folgt fiir g =10 und.m°,=gs:

2P

gq(u;f’y?, gs) = Mg {}u ey 2% —gl)
N

Pt me

| we obtain for gy =0 and m®=gs:

NP (w50, ) =V, g (u V503 0, ).

Uud die Gleichap”
\’%“ ' .

zeigt, daf 2y €5, €5 fiir g3 = 1 gleich den

dritte"Wurseln von } sind, und zwar

3 g 1
N\ € = 'ﬁ? £y = Vi
wo 1,¢,¢® die kubischen Binheitswurzeln

1
bgdeuten. Und aus &= @ay =?_;—
folgt die balbe reells Periode wy; =
1,52995. Es ist dies der sog. dguian-
harmonische Fall der stliptischen Funk-
tionen.

In der Tafel ist die Periode 2w, in
360° geteilt.

i From the equation

9'2{u; 0,1) = 4p° (43 0,1) — 1

it follows that if gs==1 ey, ¢y, ¢a becom®
equal to the cube roots of 1, namely

E’
0,6300, e = Vi
where 1, ¢, ¢ demote the cubic roots
P oy = —V:;' we

obtain the halfreal period wy=1,52 995
This is the so called equianharmome
case of the elliptic functions.

of unity; and from é; =

In the table the period 2, i8 divided

into 360°




VL Die Weierstrabschen Funktionen im ﬁ.quia.nha;r;ﬁischeu Fall. 101
V1. The Weieratrassian functions in the equianharmonic case.

T
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Tig. 56 und Fig. 87. Die Weierstrafschen Funktionen iber r = 180° ii fir g3= 0. gp=1.
1 3

%
Fig. b6 und Fig. 67. The Weierstrassian functiona against r = 180% — for g,=0, f4=1.
'



¥1.. Die WeierstraBschen Funktionen im dquianharmonischen Fall

102 VI The Weierstrassian functions in the equianharmonic case,

r Py pu fu Gu
0 - ™ ) oo 0,0000
1 — 3956840,2 13841,87 117,8516 0,0085
2 — 407197,83 3461,247 58,8324 0,0170
3 — 120632,35 15379625 39,2179 0,0255
4 —  50891,814 865.0684 29,4120 12,0340
5 - 95058,413 553.6124 23,5284 0.0425
8 —  15078,122 384,5109 19,6089 0,0510
7 —  79494,694 9282,482% 16,8072 9,0595
8 —  B8361,1M 216,2671 14,7080 . 0,0630
g —  4467.735 170,8937 13,0726 0,0785
10 —  3258,989 138.4187 11,7652 10850
11 —  2447,008 114,3921 10,6954 . 0,0935
12 —  1884,815 96,1277 92,8045 0,1020
13 —  1479,719 81,9053 9,0502.,.¢ 0,1106
11 —  1188,939 70,6207 8, 4036., > 0,1180
15 —  965,0250 61.5171 0,1275
16 —  795,1560 54,0708 7,3533 0,1360
17 —  £62,9264 47,8954 | 8,9207 0,1445
18 - 558,4810 42,7208 | /6.5361 0,1530
19 —  474,8442 38,3433 L~ 6,1922 0.1615
20 —  407,1190 34,6047 5,8826 04,1700
2] —  351,8842 31,3870 5,6024 0,1785
292 —  305,8743 28,5881 5,3477 60,1870
23 - 967,6862 26,3663 51153 0,1855
24 — 235,604 +24,0309 4,9021 0,2040
25 — 208,443 02,1465 4,7080 90,2125
28 —  185.3057 20,4764 41,5951 0,2210
97 — 1654685 o 18,9875 4,3575 0,2295
28 — 148, a%gg 17,6553 4.2018 0,2380
29 — 133,54 16,4585 4,0569 0,2465
30 — 5951 15,3800 3,9217 0,2550
a1 - 1%9 3244 14,4036 3,7172 0.2635
32 — ,99,3918 13,5173 3,6766 09,2720
33 -\ 90,6264 12,7105 3,5651 0,2805
34 oo 82,8624 11,9741 3,4603 ,2890
3% | {> 759603 11,2996 3,3614 0,2976
3B - 69,8040 10,6805 3,2680 0,3060
37N — 64,2949 10,1113 3,1798 0,3145
a8 — 59,3506 9,5861 3,0961 0,3230
39 - 54,9008 9,1008 3,0166 0,3315
ka0 —_ 50,8845 8,6514 2,9412 0,3400
a1 — 47,2504 8,2348 02,8695 0,3485
42 — 43,9542 7.8473 2,8012 0,3670
43 — 40,9575 7,4866 2,7360 0,3655
44 - 38,2267 7,1504 2,6738 : 0,3742

45 - 35,7337 6,8362 2,6144 0,382
46 - 33,4523 6,5423 92,5634 e,391g

47 - 31,3612 6,2669 92,5031 0,399
418 - 29,4408 6,0087 2,4510 0,4080
49 - 27,6734 5,7850 2,4009 0,4165




V1, Die Weierstra8schen Funktionen im a.qumnharmomschen Fall.

V1. The Weierstrassian funetions in the equianharmonic case. 103
by ‘ P !i [7R 7] tu \ o u 4 @' u l'pu ll tu || 5t
‘ 50 ‘ —28,0441 ‘ 5,6378 | 2.3520 | 0,4250 1 100 —3.1691 | 1. 4028‘ 1,1733
| 51:—24,6412 5,3230 | 2,3068 | 0,4336 | 101 —3,0706 ! 13763 1, 1615 U 8581
i B2 | —03,1510 | 5,1203 ' 2,2624 | 0,4420 102 | —2,9758 | 13506 | 1,1498 0. 8665
I 53 ' —21,8638 ; 4,8202 52,2197 | 0,4505 | 103 | —2.8845 1,32571 1,1386 | | 0.8750
. 54 ! — 20,6700 | 4,7484 | 2,1786 | 0,4590 104 | —2,7962 | 1,3016 | 1,1274: 0,8835
| 85 —719.5620 | 4.5775 : 2,1389 ) 0,4675 105 | —2,7116 | 1,2781 | 1,1164 0,891%
- 66 | —18,5305 | 4.4157 ; 2,1007 | 04760 106 | —2,6297 I 1.2565 1,1057 0,9004
‘ 57 @ — 17,5706 | 42622 | 2,0838 0,4845 | 107 | —2.5508 | 1,2330 1,0951 | 0,9089
58 | — 16,6757 | 41168 | 2,0283 0,4930 | 108 | —2,4745 l 1,21211 1,0847 ) 0.3
‘ 89 | —15,8403 | 3,9786 | 1,9839 | 0.5015 109 | —2,4009 | 1.1914| 1,0745 ,0.9258
' BU | —15,0596 13,8473 1,9606 0,5100 | 110 | —2.3298 1,1713 | 1,0845.| 99342
| 34,3200 | 3,7925 | 1,0284 | 0,5185 111 | —2,2609 | 1.15181 1,0646 0,9427
i | —13,6449 | 3,6036 | 1,8973 062701 112 | —2,1943 1,132943:0449 0,9511
‘ - 13}0035 I 3,4824 | 1,8672 | 0,5355 1 113 | — 2,1300 | 1.1145.0].0353 | 0,9596
| 64 | —39.4013 | 3,3824 | 1,8379 | 0,5440 114 | —2,0677 | 1, 0986 1,0258 | 0,9680
‘ 65 ; — 11,8366 ‘ 3,2795 | 1,8097 | 0,55625 | 115 —2.0073 1,11793 1,0167 | 0,9765
! B | --11,3035 | 3,1812 | 1,7822 | 0,5610 116 | —1,8488\\130625 | 1,0076 0.9849
‘ i — 10,8026 I 3,0872 | 1,7565 | 0,6695 | 117 —1,8821 ) '1,0462 0,9986 | 0,9933
88 | —10,3308 | 2,9975 1,7267 | 057801 118 | — 1,83 1,0203 | 0.9898 | 1,0018
i 69 i—' 9,8856 | 9,9116 | 1,7046 | 0,6865 119 -—]’.}7339 1,0149 | 0,9811 11,0102
.70 | — 9,4654 | 2,8293 1,6802 | 0,5950 | 120 h7 1,7321 | 1,0000} 0,9725 1.0186
| 71 | — 89,0686 | 2,7506 | 1.6565 90,6035 | 18L I —1.6818 0,9855 | 0,9641 | 1,0270
© 79 | — 8,932 | 2.67511,6334" 0.6119, 192 | —1,6330 | 0.9714 0,9558 1.0354
| 73 | — 8,3382 | 2,6027  1,6110 0,62024 123 | —1,5858 0,0577 | 0,9476 | 1,0438
74 | — 38,0020 | 2,5333| 1,5892} 0, ga85 | 124 | —1,5394 | 0,9445 0,9396 | 1,0523
‘ 75 | — 7.6832 | 2,4666 ! 1,6673 /0, 6374 125 | —1,4045 | 0,9318 | O, 9315 | 1.0607
.76, — 7,3810 | 2,4026 | 1, 54?2\ 0,6459 196 | —1,4509 ) 0,9190 O, 9237 | 1,0830
i 97 |— 7.0041 | 2,341l ,52713 0.6544 | 127 | —1.4084 0,9069 | 0,9159 | 1,0774
!\ 78 | — 6,8218 | 2,2820 ' 1L,5074 0,6629 | 128 | —1,3670 0,8951 | 90,9082 150858
‘ 79 ‘ — §,5628 2,2251.{ 1,4383 ‘ 0,6714 | 129 | —1,3267 0,8837 [},3007 11,0042
! N N
| 80 | — ©,3163 | 2)1704 | 1,4696 | 0,6739 130 —1,2873 | 0.8728 0,8932 | 1,1026
‘ gl | — 6,081% %,1177 1,4514 | 0,6884 | 131 —1,9490 | 0,8618 | 0,8858 1,109
| 82 i — 5,8687.%/0670  1.4336 0,6069 | 132 | —1.2118 0,8513 | 0,8786 | 1.1193
83 | — 5,5458 ) 2,018L | 1,462 0,7064 | 133 | —1,1750 0,8412 | 0,8714 1,1277
‘ B4 |— 5.4 1.9709 | 1,3993 | 0,7139 | 134 —1,1394 | 0,8313 | 0,8643 1,1360
86 | — ~5,’:§495 1,9255 | 1.3827 | 0,7224 135 | —1,1046 | 0.8218 0,8572 | 1,1444
86 | 75,0647 | 1,8817 1,3665 | 0,7309 | 136 —1 ,0705 { 0,8126 0,8503 } 1,1527
B s 4,8882 1,8394 | 1,3507 | 0,7393 1371 —1,0372 | 0,8036 0,8434 | 1,1610
88 — 4,7195 | 1,7986) 1,3353 0,7478 | 138 | —1,0046 0,7949 | 0,8366 ; 1,163
89%; — 4,5581 | 1,7592 | 1,3202 0,7663 | 139 | — 0,977 0,7865 | 0,8299 | 1,1776
! a0 | — 4,4037 | 1,7211 | 1,3066 | 0.7648 140| —0.9415 | 0,7784 0,8232 { 1,1859
i 91 |— 4,2558 | 1,6843! 1,2909 | 0,7733 1411 —0,9108 | 0,7705 0,8167 | 1,1942
II 92 ' — 4,1136 | 1.6487 | 1,2767 0,7818 | 142 | —0,8810 0,7629 | 0,8102 | 1,2025
93 | — 3,9785 | 1,6143!1.2628 | 0,7902 143 | —0,8515 | 0,7535 0,8037 | 1,2108
l 94 | — 3,8484 | 1.5810 | 1.2493 | 0,7987 144 | —0,8227 | 0,7484 0,7973 11,2192
95 | — 3,7034 |1,8489| 1,2360 0,8072 | 145 —0,7945 | 0,7416 | 0,7910 1,2273
a6 | — 3,6035 | 1,5178 | 1,2229 | 0,8157 146 | —0,7686 | 0,7343 0,7847 ) 1,2356
97 | — 3,4884 | 1,4876| 1,2102 | 0,8242 147 —0,7393 | 0,7285 0,7785 | 1.2438
98 | — 3,3778 |1,4586 1,1977 10, 9327 | 1481 —0,71256 | 0, 7293 | 0,7723 | 1,250
91— 3;2714 1,4302 | 1,1854 | 0.8411 149 | —0.6861 | 0,7184 0,7662 | 1,2602




104 V1. Die WaieratraBschen Funktionen im #quianharmonischen Fall,
¥I. The Weierstrassian functions in the equianharmonic case.
by @ R fu G r @ u @ bu au
1
150 | —0,8602 | 0,7106| 0,7602 | 1,2684 | 200 | +-0,4200 | 0.8650 | 0,4835 | 1,8511
151 | —0,6346 | 0,7051  0,7541 | 1,2766 | 201 | +0,4426 . 0,6687: ,4781 | 1,657
| 152 | —0.6094 ! 0,6999 ' 0,7462 | 1,2848 | 202 | +0,4656 | 0,6725 | 04724 : 1 5p44
153 | —0,5847 | 0,6948 | 0,7422 | 1,2030| 203 | +0.4887 | 0.6765 | 0.4666 | 1,6712
154 | —0,5601 | 0,6899| 0,7363 | 1,3011| 204 : --0,5123 | 0,6808 | 0,4608 | 1,6778
155 | —0,6361 | 0,6852 1 0,7305 | 1,3083 ] 206 +0,5361 0,6852 | 0,4550 | 1,8344
156 | —0,5123 | 0,6808: 0,7247 | 1.3174 | 206 | --90,5601 | 0,6899 | 04,4492 | 16908
157 | — 0,4887 | 0,6765 0,7189 | 1,3255 | 207 | --0,6847 | 0,6348 ; (,4433: L\67973
158 | —0,4656 | 0,6725| 0,7132 | 1,3336 | 208 | 10,6094 | 0,6958 ‘o 0,4374.11,7038
169 | —0,4428 | 0,6687| 0,7075 | 1,3417| 209 | +0,6346 | 0,7001; 0. 4314 1,7089
160 | —0,4200 | 0,6650 ° 0,7020'; 1,3497{ 210 | +0,6602 { 0,7108 0,9254 | 1,7162
161 | —0,3978 | 0,6615; 0.6962 | 1,3578| 211 | -+0.6861 { 0,7164 "D;4194 | 1,7293
162 | —0,3753 ' 0,6582 | 0,6906 | 1,3658 | 2i2 | +-0,7125 0,7%2'32 0,4132 11,7204
183 | —0,3533 | 0,6552 | 0,6850 | 1,3738 | 213 | -+0,7383 | 072851 0,4070 1,7345
184 | —0,3315 | 0,6522 | 0,6795 | 1,3818] 214 | --0,7666 |@,%349 : (14008 ; 1,740
165 | —0,3099 | 0,6495 | 0,6739 ; 1,3898 | 216 | +0,7945([}0,7415 " 0,3946 | 1,7463
165 | —0,2885 | 0,6489 . 0,6684 | 1,3977{ 216 | +0,8227\| 0,7484  (.3882 | 1.7523
167 | —0,2673 | 0,6446 ; 0,6829 | 1,4056 | 217 & +0 8\515 0,7566 | 0.3819 | 1,757%
168 | —90.2461 | 0,6424 | 0,8575 | 1,4135 | 218 $0 0,7629 | 0,3754 | 1,7636
169 | —0,2251 ; 0,6404 | 0,6520 | 1,4214 | 219, ,9109 06,7705 | 0,3689 | 1,7692
170 | —0.2042 | 0,6385° 0,6466 | 1,4293 2205 +0,9415 0,7784 | 0,3623 | 1,7747
171 | —0.1836 | 0,6369 . 0.6411 | 1,4371L|\g21 | 4-0,9727 | 0,78651 0.3566 | 1, 7801
172 { —0,1630 | 0,6354 | 0,6367 | 1,4450,[ 922+ 41,0046 | 0,7949 0,3483 1, 7854
173 | —0,1423 j 0,634} | 0,6303 | 1,4528 | 223 | --1.0372 0,8038 0,3421 | 1,7907
i74 | —0,1218 | 0,6329 | 0.6249 | 1,4B05 | 224 | +1.0705 : 0,8 0,3353 1,7958
176 | —0,1015 | 0,6320° 0,6196/N\],4683 | 225 | 41,1046 0,8218| 0.3283 | 1,8009
176 ; —0,0811 ! 0,6312 | 0,6142% 1,4760{ 226 1 +-1,1384 | 0, 83121 0,3213 1,8059
177 | —0,0808 : 0.6306 |, 0,8089 | 1,4837 | 227 ; +-1,1750 | O ,8412 ¢ 0,3142 | 1,8108
178 | —0,0405 | 0,6302 ‘Q\GOSS 14913 228 | -+-1.9116 | 0,8513 0,3070 | 1,855
1 179 | —0,0202 | 0,6303 0,5981 , 1,4990 | 229 ! --1.2430 0,8618 ; 0,2097 1,8202
180 0,0000 | 06300 | 0.5928 | 1,506 230 | +1,2873 | 0,8726 | 0,2924 1,8248
181 | 40,0202 48,8301 | 0.5874 | 1,5142 | 23L | +1,3267 | 0,8837| 0,2849, 1,8293
182 4-0,040& \0 6305 0,5821 | 1,5217 | 232 | ~+-1,3670 | 0,8951 . 0,2773 1.8337
183 | +0, 0,6306 - 0,5767 | 1,5292 | 233 | +1,4084 | 0,9089 : 0,2697 1,837
184 | +0408] 1 0,6312 | 0,6714 | 1,53671 234 | 41,4509 | 0,9190 0,2619 | 1,8421
185 | 1s0,1015 | 0.6320] 0,5660 | 1,5441 935 | +1,4945 | 0,9316 | 0.2540 1,8461 _
186 p3+9,1218 | 0,6329. 0,5606 : 1,5516 | 236 | 4-1,5394 | 0,9446 0,2461 lﬂgg% :
187\\--0,1423 | 0,6341 | 0.555% | 1,658% | 237 | +1.6885 | 0,9577: 09,2380 1.8
188, +0,1630 | 0,6354 | 0,5498 | 1,6663{ 238 ; -+1.6330 | 0,9714 4,2298 | 1. 85[?)'3
189 | -4-0.1836 | 0.6369 ' 0,5444 | 1,6736 | 239 | --1,6818 | 0,9855 0,2215 | 1,86
100 | 40,2042 | 0,83851 0,5390 | 1,5808 | 240 ; 4-1,7321 | 1,0000. 02130 1,8646
191 ; --0,2251 | 0,6404| 0,63356! 1,5881 :
192 | -+0,2461 | 0.6424! 0,5281 | 1.5952
193 | +0.2673 | 0,6446 | 0.5226 | 1,6024
i 194 | 4-0.2885 | 0.6469 | 0.5171 | 1,6095
‘ 195 | +0,3099 | 0,6495: 0,5116 | 1,6165
. 196 | -+0,3315 | 0,6522 | 0,6061 ¢ 1,6235
197 | 40,3533 : 0,6552 | 0,5005 ; 1,6305
108 | -+-0,3753 | 0,6562 | 0,4949 1,6374
199 | +0,3976 | 0.6615 | 0,4893 | 1,6443
| ' I
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V1. Elliptische Funktionen. 105
V1. Elliptic functiona.

e

15. Integralformeln fir die WeisrstraBachen Funktionen
15. Integral.formulae for the Weierstrassian functions.

J @u-du=— £, fs:)gu cdy=Ltp'n + Lgu

fg:}su- Cdu = ks M u — F 05 St Lggu

i Toduw . .

R B Opty+Ineg(w—o)—Inoiut 7) A

Y B 2: , d A o
1o gt 4 of ik, = 8u—) —FHEED)
[ ¥ B .¢\ ~

£cg b d— 8- $)
fﬁi—‘} du = (f;— “;;?),'i" [lno (4 v} — Ina{u— vg ;';ﬂ?u gvl.

' & {"
168, Differentialgleichungen, \
die auf WeierstraBsche Funktioned\fihren.

16. Differential equations which give W{Fi}n‘htrnssian functions.

dxn 2 2N\
() = 4 — 0% — 0w z=pu O
«a
2, 3 SN u 3 e
2 7@ ety 1 g (219,0.). 00 =~ s
g L 5

~

dmy 3 - 3 A o 2 — _‘i_ﬂi’
('d'.ﬁ) = (af — Baa”+ Sxi)i,’\ T= e 5 0,80 9s 21
(@f")d 2 (x4 @)t (& ‘b{)ss a = 69*(u; 92, 0) — b o=~ 3 (@—b).

dut ~  ®

)
14, A{s.ﬁrtungen der elliptischen Funktionen.
1#\Pegenerations of the elliptic functions.

.’\

S\
T r
1) Rm{),k’-_—l' m=i/‘§’ @ = 0t
~\. t Y
)} 2 20
. _i(E Yo
an u == sin , Pu=—73 (zm) + o (m:)
on # — COS i, 2
i 7 ukid
dow =1, Eu=3 m+2mc° 2
L(“_"‘)*
P VL . 2w " i \3w
K=_2, K oo, o = — S5
K q =O,8x=1,8‘1£=—'0,32$=0,‘3‘3x=1
T —
]
- € 2 o b
llm'?—::—a, 3gﬁ33==_’21_?92=361’93d81'



V1, Elliptische Funitionen,

106 V1. Elliptic fanctions,
2) E=1,k =0: @ = oo, o=
2¥3e
p = Amp u, pu=—2e + 36 Cig? (u¥3e)
snu = Tgu, fu=—eu+ V3¢ 6ty (x}Te)
1 { ) _— W
Gﬂﬂ:thG:@—D'r;‘, 6u.=m@m(ul/3el]=e 2
Q"
K==oco, K'=Z, g=1 O\
_n% 81=82=—;—s: X \\
e & | A
lim 5 =4 9= 34% g 56"
S
3) g=e=6=0, =0, g=0, ﬁ’=°°,. w =00
AN
Pu = ‘%1 fu = %: ou m{é“\
- Tafeln: . ,1:{”:" Tables:

a) L. M. Milne-Thomson, Die ellippiél:ifen Funkticnen von .Ta.cobi_(Barlin 1931 bei
8pringer), fiinfstellig, fiir reelles Argiment, Schritt 0,01 in %, 0,1 in 22

b) L. M. Milne-Thomgon, The Zeth Function of Jacebi. Reprint from the Proc. R, 8
Edinborgh (1931/32) 52, I, No)11. znu mit 7 Dezimalen fir = 0,01, .- 5,00 und
H=01...10 '\\ -

Formelsammh\iiigén: ; Colleetions of Formulae:

AuBer der bei demyell Integralen genannten Biichern von Hotliel und La ska:

J. Thomae, Sapimlung von Formeln und Sifzen {Leipzig 190% bel Teubner}.
'

\.f “Lehrhiicher :

AuBSn'den bei den ell. Integralen genannten Biichern von Schldmileh und von

Enngper:
a) M.Erause und E, Naetsch, Theorie der ell. Funkiionen (Leipzig 1912 bei Teabner).

186 3.
b)E. T.Whittaker and G. N. Watson, Modern Analyeis (4, ed,, Cambridge 1927,

Univervity press), p. 4290—535. . g
¢) R.de Montessusde Ballore, Fone. el (Paris 1917 bei Gauthier-Villars). 251 8.

d) P, Appell und E. Lacour, Fone, oll. (Paris 1922 bei Gaut.hier—Villars?. 491 B. g

@) A. G. Greenhill, Applications of ell. functions (London 1892 hei Macmﬁlan‘). 352 6

f) F. Klein und A. Sommerfeld, Kreisel (Léipzig 1897—1910 bei Teubner), 8. 40
bis 475.

| Text-hooks :



VIL. Die Kugelfanktionen. 107
VII. Legendre functions,

VII. Die Kugelranktionen,
¥IL Legendre funetiouns.

1. Definitionen.
1. Definitions. "\

&) Legendresehe Polynome (Kugelfunktionen erster Art). { N\
a) DLegendre’s polynomisle (Bpherical harmonies of the first“kKind).
N

Das Legendresche Polynom 1. Arf, Legendre's polynqnﬁiﬁ. of the first
nter Ordnung Py(x) (zonale harmonische kind, of the »th degree Pyu(z) (zonal
Rugelfunktion 1. Ar) 1581 sich definie- | surface harmonie"b}‘the first kind) may
ren durch be defined b{

' i a0 R
Pole) = wwoal dan (‘ffﬁ’ﬁ“-

Fir r<1 und z=-cosd 1Bt sich ,;Wh;an r<1 and £=cosd we may

entwickeln ::exﬁ:md

(1—2rcos & + Py~ = Py (cad ) -+ 7 Py (cos 8) +7* Py (008 9+

74,

fir r>1: Y | when r>>1:

€3

(1 —2rcosd+ r’)"’% é\-}Pu {cos &) + :—, P, (cosd) +}, P,(cos )+ -

Po{cos &) ;\2\ 1_'_?"_5;%%';”‘_1) [cos n @+ %2’:_1 cos (m—2) 6

N\
N 18 a@m—1) -
w\ +ﬁ__-—-——————(h-_1)(m_3)cos(n Hor

o> 135 aE=DE=D_ oan )+
) +1—-2_-'5 (gn— 1} (@n—8) @n—5) cos(n 6 + ]
\ i

Fiir ungerade n geht diese Reibe bis | If » is an odd integer the series'tarm:i-

cos @, fir gerade m bis cos (0 &), und | nates at cos @, if » is an even integer

dem Koeffirienten von cos (0-&) ist | at cos (0-8) and the coefficient of

der Faktor } beizufiigen. cos (0 + ©) will be multiplied by the
factor %.

.9-B.-- - —1
e L

n!

ar—HE—B0 = 00 ...
+2-4-(2n—1)(2n-3)xﬁ ]
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108 VII, Die Kugelfunktionen,
VIL Legendre furictions,

Pm)=1
P (x)=cosd =2z
B#)=1Bcos28 4+ 1)={ (35— 1)
Py(z) =} (Dcos 38 + 3 cos &) =1 (5z® — 3x)
P, (2) = 3, (35 cos 48 4 20 cos 28 + 9) = 1 (352 ~ 302° + 3)
Py (z) = 135 (63 cos 58 -+ 35 cos 38 4 30 cos §) = § (632° — 1028 £ {5w)
Po(x) = 2 (231 cos 68 4 126 cos 48 1 105 cos 29 + 50)
~ % (28128 — 31544 10522 —5)

VS1m v
MWy

N

AN
AR

AN

)
M,

NOLNEY
N

A
5

N

=
t
[
=

Fig. 58. Eurven P, (x)= comst. in der », « - Ebene.
Fig. 38. Curves P,(x)=const. in the v, x-plane,

" 7 ;;';ﬁ fﬂ%;’: i
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VAW & L7777
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VII. Legendre fanctions.

b} Eugelfunkticnen swoiter Art,
b) Apherieal harmonice of the second kind.

Tm folgenden sei # ein beliebiger Punkt
in der Ebene der komplexen Zahlen mit
Auspahme der Punkte 2 auf der reellen
Achse zwischen —-11und 41, = = cos#
(8 reell). (Verzweigungsschnitt auf der
recllen Achse zwischen — 1 und +11)
Dann ist das Legendresche Polynom
2. Art, nter Ordnung fiir die Punkte 2
definiert durch

In the following let z be any arbitrary
point in the plane of the complex nuwm-
bers, excepting the points & on the real
axis betwesn —1 and -+ 1. z=eos &
(8 real). (Branch line on the réal axis
between —1 and +11) Thigoh, Tegen-
dre’s polynomial of the/ 22 “kind of
the - th order is defined\fof the points #
by “‘s !

0(8) = Pa(s) W Gotg # — Wasi@)

und fiir die Punkte & durch

| and for’ttm\;;oints % by

Qn(x) = P, (x) W Ig x- 1@,

dabei st

W)= T2 P (1) Bpr)

m=1
_ 1-3:6...{2

.\
. iw‘here

1 nin-—1j )

Ne)
R o ol s G T

1.2-3

1 1 nn—1)

v b ML

ﬂ(n—-l)(ﬂ—%)(ﬂ——a)) + } .

:’:\hF ' (F__d‘%“ 2(2n—1} +2-'4-(2n-—1)(2n_3)

(N
7N\
Fiir gerade  brichi die Reihe mit dem
Glied u‘Qab,\fiir ungerade # mit dem
Glied 20 N

X

If » is even, the series ends with the
term u%, if n is cdd it ends with the
term %

" 1 (mf1)n-+9% 1
ﬁ“"*T“'__*—_“{?ﬁi+ 2(@nL3) At

'3-5_...{2,13-{—13

1) (a2 (n4-3) (nt4) 1 UL
A nyaEnte  FT Hel>1

2.4.,.2n

. 1(n41)
Qn(x)= QW{CDS (ﬂc"!“ 1)'& + m_l__g) co8 (”+3)B'

1.3+ DR+
+_-—__-—._._F1-2(2ﬂ+3]1:2ﬂ+5} cos (n+5)& + }

0n(2) = }(Da(z+0+5) + Da(z—0-3)]

Ba(@£0-1) = Qula) F ¥7i Pa(2)
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110 VIL Legendre functions,

@(2) = Ur Tqg & = tanh-15 — é»lnix z=%g0Q,

i—x’
Q@) =2 Qy(z) —1 (@) = Py(2) @ (2) — Bas 1 84

Qﬂ(x)sz(x)Qa(x)——':—x Qs(&:)Z.Pﬁ(w)(}ﬂ(x)_%xél_{_%&!xa_%
Us(#) = Py(z) Q(z) — 2a® + 2 . Coe Lo

Die entsprechenden Awsdriicke fiir

The 'corrBSponding expreasions for
0, (¢) erhilt man, indem man 9Ax Tpr=

D (2) are obtained on replacing banh~1z

Jpita, : S W vt I B & ¥ g Ly 2 t1
2 In [y dur(,h mt@otgﬁ——é" In 5—;_1 =3 In 1_;; b}' cotanh 'f“=\'é']n ;—“i‘
ersetzt. 7 = @Gigf,. | 2= cotanh £, a\
i3 F ‘/ I
1z 2 '
“ 1o [/!
o Dl /
] o J
a6 = !
o4 >< —-f>< { \gi {/
s 1L N W
" L~ ™ ~
A PARN INEAN N /./ o /
/ N A
o2l I~ 2 \ : o / / .
TN . q R //
-o% ~J \ B NI /]
I e ] [~ AN [ N
L2 \\'\‘\\“'--.___. 1 e = \ ///
-2 a .:——-*""' Q& “?;
| s ez 7
~18
2 KR4
22 ¢ :
Ll o . l |
' qz\:“\ 0z a5 D% a5 0 ar a8 a8 18
' Fig. 59. Die Kugolfunktionen 2, Art @, ().  — @059
e Fig. 69. Legendre functions of the 2ad kind &, ().
AN
O ©) Zugeordnete Kugelfunktionen erster Art.

¢} Legendre’s associated functions of the first kind.

In the following let » and o be

integers and » = m 2 0,
m

Im folgenden seien # wmd m ganze
Zehlen und » = m = 0.

,,. o TP, (cosd TP (1—a) dtm o,
P(z) = sin &‘—d'\méi}‘—)ﬁ;,—)=(1-‘x2)’—dgr=_éw dwn‘”"('x )
mey (2w S fonem (0 mlr—m—1) o o s

Pu(x)_gn.ﬂ!m(l_ma) {“’“ v Py e (1)

(n—-m)(n—m—l)(n—m——z)(n—m-—S) A—m—4 __ ...
+ - 2 42n—1)(2n—_3) z H ]



¥Y1I. Die Kugelfunkticner,
VII. Legendre functions,

111

{n—-+m)!
oo ! (n—m)!

Pl(z)=

(1— :c’)!;:{l-—

(n—m)(n+m4-1) 1—2z
1{m+ 1) 2

(2)

_i_(ﬂ—m(n ;nn:‘)_(:l—iw{miz))(n+m—,—z} (I;x) _+}
Plz) = Bm{}---(l—x*)’1r
Plz) =2sin28=38( —-:r’) z
P;(x)—-%(l—cos2&)—3(1—x3\ A
Pi(s) = 3(sin b+ 553 8) = 31— (Bt —1) .
Pe(z)=14 Li(cos & —cos38) = 15(1 —a%)z \\“\ )
P3(z) =2(3sind—sin3 ) = 15(1 —2%) y >
Pl(z) =5(26in28 4 Tsindd) = 2(i— mz) (Ta:‘* 3..":)

P} (z) = 2(3+4c0s 28 —Toos48) =3 (1 xﬁmx-—n

Pi(z) =
Pi(z) =
In der komplexen BEbene wird die

mugeordnete Kugelfunktion 1. Art defi-
niert durch

B (8) =

Die den Gleichungen (1), (2} fnd (3)
entsprechenden Ausdriick B B (2)
erhiilt man, wenn man, mxlesen Glel-

chungen (1 — %) ’ dmch (22 —1) ’ er-
sotzt. o\

('ge - 1)

M5 (25in 28 —sind9) = 105(1——;2) x
pe % (3 — 4 cos 28 + cos 48) = —'10\:} (1 —a*)

Ing t’he complex plane Legendre's
asqucmted function of the 18t kind is
déﬁned by

s dm Pyl 2]
dam

The expressions for P, (¢} correspon-
ding to the equations (1) (2) and {3)
are oObtained on replacmg in these

equations (1 —z%) § by {(2—1)*. b

\..\,, "B’"(COS'a':l:O‘f') =£imP"‘(cos&).

. "\ d) Zugeordnete Eugelfunktionen sweiter Art.
d} Legendre's associated f‘unctwns of the seoond kind.

@\ecus 8) = sinm 5 a0 _ g

(n_—{—m—l—l,u (ntm+2) 1

d(cosﬂ)‘”
- _ ? dm i, (2)
D) = (1) —gm
B = (1 e
Q7 (cos §) =

El;f(:c:to-z‘)=ii"'{

T @m ™ Qn ()
—a)
) {5!‘1’%1"1

c}lel>1

{2nt3)

e ms +-

31i-mm (cos & 4+ 0-3) + it ™07 (cos §—0- 1))
@ TizPr@)]-
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Fig. 60. Die zugeordneten normierten KugeMiwktionen 1. Art E:”- (=) und P} ().

Fig. 60. The associated normalized Legendre Junctions of the 15t Kind P () and PE ((2)
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Fig. 61, Die zugeordneten normierten Eugelfunktionen 1, Art T’f“ +2(a:) und 'P—;‘+af$}
Fig. 61. The associated normalized Legendre fanctions of the 18t kind?-,':'+2($) anﬂ?,’fww
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Fig. 62. The associated normalized Legendre functiohs of the 18t kind 7, (x) and P 5 {20
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114 VII. Die Kugelfunktionen,
. VII, Legendre functions,

2, Spezielle Werte.
2. Special values.

. : AT DN —_ .
Pzn+1(0)301 P2n(0)i(_ l)ﬂ : g.i.s.(?.ﬂgn 3)’ PnLl)=1

Po(—2) = (=1 Pu(x), Pa(@) = Pou-1(@).

Diese Gleichungen gel- Pr(—a)=(— 1" Pp(@)

- These squatiofibremni
fon anch nock, weon JF7() =P () tro, 1 e wiite % aud
Pdurch P und Qurch 1@, (—2) =(— 17" €{&) | 9in plabe)st Pand
£ ersetzt wird. o (— a:) _ (__ 1)n+m +1gm (a,) A\

3 gt n . ”.("'1‘ %
Pr@) =2 (1) =185 @n D) (=2
0.(1) = 0, (1) = o0, Oip (00) = 0 "P,(co) = o0.
Es bedeute im folgenden K eine be- | In:'ﬂ}e' following let K denote an

lichige Kugelfunktion, und zwar K,(x) . acbitrary Legendre function, viz. K_,‘(a:)
entweder P, (2) oder Q,(x), K.(z) ent- | either P, (x) or @.(z), Ky (#) either
weder B, (s) oder D,(z) und Ky, enta Pa(s) or Lo (#) and K, either Ry(2)
weder K,{z) oder K,(¢). Das Ent™ or K,(2). The corresponding holds for
sprechende gilt fir K™ (z), K7 (a)imd | K7 (), KT (¢) and E». Then we have
K. Dann ist |

K™ '
3, Rekursionsformeln (vgl auch 4, und 5.).
Sy Recurrence formulae (cf. alsp 4. and 5.)

ORE, + (n— 1) Kpop— (2r—1)2Ku 1 =0

N\

EpH@ 20m+ 1) 32 Ke() — () (e nEN ="

G (a)— 2m + 1) eotg & K3+1(e) + (o—m) (nb mk DERE =0
@2n+1)zKr—(n—m+ 1)K, — (n+m)Epr, =9

4. Beziehungen swischen Pund & (% nnd D).
4. Relations between Pand @ (P and ).

. (gn—x
PnQn~1‘—Pn-19n=;1;; PnQﬂ-—E"'Pﬂ“BQ":.‘ﬂ_(ﬂ-—i)

& 1 1 s 1
?ﬂ_ Qﬂw{”PnPn—I_l-‘(;‘_l)Pn-LPﬂ-—s"- * P"P”}
A—a) [ PaGa— QuPul =1
PR — Qe Py =l Qs Pr1-
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VII. Legendre functions,

Dabei bedeutet z. B. | Here e. g.
4
P, = P,(z), Q= Qn(x) _

Simtliche Gleichungen unter 4. gel- | All equations in 4. remain true if
ten auch noch, wenn P durch f und [ we replace P by P and @ by &.
Q durch £ ersetzt wird,

B. Differentialbeziehungen .
6. Differential equations. ’\~\

o " . _ ¢ {Legendresche Dlﬂ‘erentmlglalchung)
DE + 20 Ka—n{nt 1) Ky =0 (Legendre's differéntial equation)

(R—DNEK,=n@zK,— Kiy)=—(n+1) (xK\+ wtl)
nK,=zK,— K.,
I)Kn ='-—I_Kn+ KPI-I-I Xi\\:
Ra+1)K, = Ky — Ky x\
&\ * -
(E—1DE™ + 2z K" — {nﬁg‘.};—}wl) — ) Er =0

(@ — 1)K — (n—m+ Dfrts + (0 + D K7 = 0.

Dabei bedeutet z. B, N : 'i Here e. g.
oo dEKpey(®  oder Ky, f2)
K,y = &0 Pt e et
&™ or

N

"8, Additionstheorem.
.\ 6., Addiftion theorem.

Ist & der A and zweier Punkte auf Let o be the distance between two

der Emhmts&m}e mit den Koordinaten | points on the unit aphere with the coor-
(% 9) U-ﬂd 19, ¢), ist also dinates (&, p) and (&', p’), then we have
\m‘; ) OB & = cos & cos & + sin & sin &' cos (¢ — @),
B0 wird | and obtain
P, (cos o)
= Py(cos &) P, (cos &) + 22&“;::;: P (cos &) P (cor 8) cos m (p —g')
toml
Og:r Ll + P,(cosr) —2 P (cos ®) - Py (cos &) eim =),
m——n

where 17,,'-' denotes the normalized fune-

wo die ff‘ die normierten Funktionen
tions {cf. 7.).

bedeuten (vgl. 7.).

R
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116 VII Legendre functions,
7. Integraleigenschafien.
7.Integral properties.
+1 1
. fiir 2
P,(2) Py(2)dz=0 g mn fPﬁ (@) dx = ey
-1 -1
+1
m m fidr m 2 !
[er@rr@a=o §; j TR = s e

-1
Daraus die normierten Funktionen ‘ From this we ob‘hmm ’the normalized

1. Art: functions of the ﬁrst‘"kmd
= an+1 nnd i 2 s—{—l [1;-—-—m\' "
P =)/ p,@) oy PR =) I PG,
N1 ~"
f_P’“ P = f.gi mo ';1\Y.P,:’{fx=n(n_+ 1)
Q&
(2n+1)fﬁ’(z)dz— ) ).+(n+‘,).—i—'“

NS

1

Sy
(2“+1)f9§(”7‘”=”?“m—+‘”ﬁ* e

Bul@) = f 3 ' f (xd Vi — 1 cos g)" d p (Laplac
Qt'd‘:‘i/:c —Icosqp)" :

CF [ connb g 2 [ SOEEY gy (Mabler)
"("““%“ rmd“’ [ i syl

Y

\”\ ;T(ﬁ) = (4 l)mmif!%)!f(z.i V28 —leosp)t cosmpdey
9
41
_ 1§ B0
£,(2) = EN ey d¢ (Neumann)

-3}

VE—1Cojw)ydv, do= %hlfj”"l

— . D 1 ~!

() - f(z+1/z= fGojeys f(z ? @tw" !
\=

MmN qm Cofmap
DI = (O j(z Ry PO
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VII. Legendre functions, 117

8. Asymptotisches Verhalfen.
8, Asymptotic behaviour.
Fiir E
When n>>1l, s<d<a—24, 0<e<.<-5—,
J 1 k3
('ﬁr+g)‘3‘+ =9

wird | we have

P (cos ) = V”—”;—;-E—a [(1 ._m) sin g — — cotg i cos tp}

s

Q. (cos §) =]/ — [(1—:—) cos @ + o cotg i bm q;] s
\

2n gin &

tu may N\ ¢
P, (cosa)*(—-n) —l/n:;;smﬂ (qj+_2){"“
..... == m
W }"\
Q. (cos &) = (—n) l/gmmaccm (q;g;-, ﬂ)

(n——m] ‘:Bm( ) — (? zljl’1

>1
- 3 Tk V_ # >
(n—!—m‘l' Gz) ( 1) ﬁ(?z}“*l

o"

9. Die Ableitungen ci\s}Kugelfunktmnen erster Art nach &.

9, The derivatives by.iﬂ 4f the Legendre funections of the first kind,
‘\

dp, 4P, \" dP, 3 ar, P
T S 0, = d ;=”\-h31n.ﬁ-’ i 231 T —681[18‘—!— Sln Eid
1P,
{_('iF__ 53111 25 -I———smeq‘}sm"r&
& "\
?& 15 sma‘}—]---vs nd 4 — 511156‘
d
—(3—%=~E2lsn‘)8-+ sm%‘ism?ﬁ———mﬁ&mnza
dp, -
dﬂ——9851n8'+18981n’1‘}——m— 5'&+ % sin" 9
dP ar

-1 —1 - -

a5 = d’:& ~(n+1) P,sind.

Genauere Tafeln : | More-ligure tablea:

nBlehe Verzeichnis berechneter Funktionentafeln, Erster Teil: Besselsche Kugel- und
elliptiache Funktionen (Berlin 1928, VDI -Verlag). Ferner:
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VII. Legendre functions,

2) G. Prévaont, Tables des Fonetions sphériques et de leurs intégrales (Paris u. Bordesns
4

1933 bei Gauthier-Villars), gibt PJ*(x) und [P2(wjdu mit & bis 7 geltenden Stelley
fir =001 .., 100 und n =0, 1, 2, .. %undmm012

b} A. Behmids, Normmrm Kugelfonktionen \Gotha 1935 bei Engelhard -Reyher), gibt
2 '’

Vanti
cosu =209 _..00; n=1,2...6; m=0,1,...n
Lehrbilcher: Text-hooks:

a) EEW. Hobson, Spherical and Llhpsozdal Harmonies (Cambridge af the ﬁhiversity
Press 1931). 500 Seiten.

b) Ganesh Frasad, Spherical Harmonies and the Functions of Bessel and Lamé
(Benares City {Indla.] 1930—1932), 1569 - 248 Seiten.

¢} E. Heine, Kugelfunktionen (Berlin 1878—1881 be; Relmn,r) ,4,84-—}—380 Seiten,

d) W.E. Byerly, Fourier’s series and spherical, cylmdncal and ‘ellipsvidal harmonies
{Bosten 1893, Ginn & Co.). 257 Seiten.

@) Whittaker and Watson, Mbdern Analysis, 4, eds LCa,iJibndge 1927), p. 302—336
{Legendre functions’,

f) E Pascal, Reperforium der hbheren \Tathemat% JAnalysis 1, (Leipzig 1929 bei
Teubner) §. 13971416 {Verfasser: E. Hilb)g

giJ. C. Maxwell, Electricity and \Iagnetnm.(ﬁfmd 1904, art. 128146, 391, 431,

h) F. Ollendarff Potentialfelder der Elektr@techmk i Berlin 1932 bei Springer). 8, 26,
272, 315,

uT. M Mac Robert, Spherical Ha.rmomcs {London 1928 bei Methuen). 302 Seiten.

————— P (cosu) und Ableitungen (nat. Werte und Log.), 6 atellig, fir w=5°, . g0¢,

ol //'/
N\ Pid
" \ o}./ ///I
A B . ,. A |4
—-;“:"‘:-.. ] — b, fgm 7 // / /,r -
| A P NI AN N / 7
AF A4 VAN AWE]
\ //‘ N [ \(/\\ \(/ : //
.1 | e A J
O NN ISR
~ T [ NANA Y]
7 : ‘-.>_/: RUARYN
il a — el R ;’.; '}}_.1‘% 3
- 7 70

__..av-mﬂ
Fig. 64. Die Kugelfonktionen 1. Art £, {x)
Fig. 64. Legendre's functions of the 18t kind Pp ().
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VII. Legendre functions.

z F, () e B, () Py (=) P, (z) P, {z) P, @)
0,00| 6,0000 {-—05000! 0,0000: 0,3750 | 0,0000 | —0,3125 0,0000
0,01 | 0,0100 |—90,4998 | —0,0150 : 0,3746 | 0,0187 | —0,3118 { —0,0219
0,02 | 00200 {--0,4994 i —0,0300 @ 10,3735 | 0,0374 | —0,3099 | —0,0438
0,03 0,0300 |—0,4936 ' —0,0449 : 0,3716 | 0,0560 | —0,3066 | —0,0651
0,04 | 0,0400 | —0,4978 ' —0,0598 : 0,3680 | 0,0744 | —0.3021 | —0,0862
0,05 | 0,0500 |—0,4962 : —0,0747 . 0,3657 | 0,0927 | —0,2962 | — 0,1069
0.06; 00800 | —0.4046 | —0,0895  0,3616 | 0,110 | —0,2891 | —0,1270
0,07 0,0700 | —0,4926 | —0,1041 . 0,3567 | 0,1283 | —0,2808 | —0,1484
0,08| 00800 |—0,4904 | —0,1187 | 0,3512 | 0,1455 | —0.2713 | —0,1651
0.09| 0.0900 | —0.4878 | —0,1332 | 0,3449 | 0,1624 | —0,2606 | —0,1828
0,10 0,1000 |—0,4850 | —0,1475 { 0,3379 | 0,1788 | —0,2488 ~=>0,1995
0,11 | 01100 |—0,4818 | —0,1617 | 0,3303 | 10,1947 | —0.2380 M-0,215]
0,12 | 01200 | —0,4784 | —0,1757 | 0,3219 0,2101 | —0,2220% [ —0,2295
0,13 | 00,1360 | —0.4746 | —0,1895 | 0,3128 | 10,2248 | — 0s2071 °| —0,2427
0,14 | 01400 | —0,4706 | —0,2031 | 0,3032 | 10,2389 | <0.3913 | —0,2545
0,15 0,1500 | —0,4662 | —0,2166 | 0.2028 | 0,2523 30,1746 | —0,2649
016 01600 | —0,4616 | —0,2298 | 0,2819 { 0,2850\\"0,1572 | —0,2738
0,17 01700 |-—0.4566 | —0,2427 | 0,2703 0,27~eb~ —9,1389 | —0,2812
0.18| 0,3800 | —0,4514 | —0,2554 | 0,2581 | 0/2880 | —0,1201 | —0,2870
0,19 | 0,1800 | —0,2458 | —0,2679 | 0.2453 82 | —0,1006 | —0,2911
0,20 | 0,2000 | —0,4400 | —0,2800 0,23204> 0,3075 | —0,0808 | —0,2935
0,21 | 02100 | —0,4338 | —0,2918 | 021814 0,3159 ! —0,0601 | —0,2943
0,22 ] 02200 | —0.4274 | —03034 | 02087 | 0.3234 | —0.0394 | —0,2933
0.23 | 02300 | -0,4206 | —0,3146 | (03880 | 0,3289 | —0,0183 | —0,2906
0’24 01240{] - 0)4136 - 0’3254 N ™D 0, 1735 0:3353 0,0029 - 0’2861
0,25 | 02500 | —0,4062 | —0,3358. | “0,1677 | 10,3397 | 0,0243 | —0,2799
025 | 0,2600 | —0,3986 ; —0,346L Y 0,1415 | 0,331 | 0,0456 | —0,2720
0,27 | 02700 | —0,3906 | — oiegga 0,1249 | 0, 0,0668 | —0,2625
0,28 | 0,2800 | —0,3824 3651 0,1079 | 0.3466 | 0,087 | —0,2512
0,29 | 0,2900 | —0,3738 13740 | 0.0006 | 0,3465 | 0,1087 | —0,2384

t 0,30 | 06,3000 | —0.,3650.1—0,3825 | 0,0729 | 10,3464 | 10,1292 | —0,2241
0,311 0,3100 |—0,3558 | —0,3905 | 0,0550 | 0.3431 | 0,1492 | —0,2082
0,32 | 0,3200 ;-—0:3464 | —0,3981 | 0,0369 | 0,337 | 0.1686 | —0,1910
0,33 | 0.3300 #<0:3356 | —0,4062 | 10,0185 10,3351 [ 0.1873 { —0,1724
0,34 | 0,3400,.~0,3266 | —0,4117 | —0, 0,3294 | 0,2053 | —0.,1527
0,35 | 0,3500C '} —0,3162 | —0,4178 | —0,0187 | 0,3226 | 0,2295 | —0,1318
0,36 | 06,3600 | —0,3056 | —0,4234 | —0,0375 | 0,3144 | 10,2388 | —0,1098
0,37 | ;3700 | —0,2946 | —0,4284 | —0,0564 | 0,305 | 0,2540 | —0,0870
0,384 033800 | —0,2834 | —0,4328 | —0,0753 | 0,2948 | 0,268 | —0,0635
0,33'\0,3300 | —0,2718 | —0,4367 | —0,0042 | 0,2833 | 0,2610 } —0,0393
0,401 0,4000 | —0,2600 | —0,4400 | —0,1k30 | 02706 | 0.2926 | —0,0146
041 ( 04100 | —0.2478 | —0,4427 { —0,1317 | 0,2560 | 0,3029 | --0,0104
0,42 | 0,200 | —0,2354 | —0,4448 [ —0,1504 | 02421 ! 0,3118 0,0356
043 | 04300 | —0,2226 | —0,4462 | —0,1688 | 0,263 | 10,3191 0,0608
0.44 | 04400 | —0,2098 | —0,4470 | —0,1870 | 0,2095 | 0,3249 0,0859
045| 04500 | —0,1962 | —0,4472 | —0,2050 | 0,1917 | 0,3280 0,1106
0,461 0,4600 | —0,1825 | —0,4467 | —0,2226 | 01730 | 10,3314 0,1348
0,47 | 0,4700 | —0.1686 | —0,4454 | —0,2389 | 10,1534 | 0,331 0,1684
048 | 0,4800 | —0.1544 | —0,4435 | —0,2568 | 0,1330 | 10,3310 0,1811
049 | 0,4900 |—0,1398 | —0,4409 | —0,2732 | 0,1118 | 10,3280 0,2027




VII. Die Kugelfunktionen,

tions. T
I. Legan{h‘e fune — :
120 VI Legen @ | 2w | ne | ne
— P (x 5
! P, () By (=) @ : 0,332 0,2231
1 . . ]
c 0 | -ogea | ooess| 05w 024
000 | —0,1250 | —0, 4334 | -~0.3044 0441 $,3080 0’2?53
0,50 0,5100 —0.1098 —0’4285 —0,3191 g’ozo-d L 02975 0’3391
251} 06100 | —0.1008 —0non | 0332 0037 © 0.2851 o201
|55 03300 | —o07ms | o 05 | 03390 | —0.0m9 | oamp | o 102
0,63 ! 0,53 9 | —0.0626 —0,4091 —0,3590 | —0, 0529 | 0.2545 Urgm
005 09500 | —0.0908 — oo — Q3707 | 00029 $23%8  caan
008 o000 | ootz Z0 920 | —0,3819 | 00778 02168 1. (D)
0,56 . ggggﬁ _ —0,0132 _8’3822 _0,33%}3 _3112?8 0,1953\; 0,
0.57 1 D, | 0,0046 | — 0. —0,4002 | —0, AN
| 068 | 0.0000 0.02%5 | 09916 00 | o138 | 00 o
0, ; ), —61772 | .0 ’
00 | 0,0400 —Ogggg -~ 0,4146 “gééﬁ 01211 ggﬁg%
061 | 0100 00766 — 0.3 0500 | 059510 0084 | 0aoes
0, ’ 0,0766 . —Q, 99 | —04242 | — 24894 0, 0,737
Gz | 06a00 | 0.0768 5o _ ) —auke D0 02737
063 06300 | 0,08 | 93008 Tt | o ot 0008
oo | o630 | 9idss. —0.2884 ~04268 | 03122 | — 00078 0.2051
0.66 | 0,6600 0.1734 ~--0,2ﬁgé ._0,423&"*0’3290 — 0,026 =
: o,gg ggggg 0,1933 “"3’%%37 — 00,4187\ 0, 01953 | 0,1502
, 0. 3 0,21 ] "\ 0,3652 | —0, 0’1173
| 0,69 | 0.,6900 ool | — 09652 | — 01288 0602
| 0 | 02300 | —od9m0 | S0kl | 2035 | — 0,188 0,080
o | oo oo | ol 03 | oo Y 00061
0.7 ’ 0,27 M B0, _0’410? —0, —0,0%
0,72 i 0,7200 0,2994 _0’12%g -0.3866 | — ’4164 —0,2808 00754
0,73 0.7300 Dt | Z 00083 | 03588 oites | 0308 —0,1171
0,74 . 0,7400 Erov il (e I Ay -0:3333 | 01
SR ORE | ban e B ErIR R
i 0’ ! 0)38 19 2= —0: _ : 097 o :
| 0,77 | 0.7700 7 0.0164 613 | — 0.4 g
| 0,77 | 0, 800 0,4126, 0,0476 | —0,2 15 —02
L 0.78 | 0,7 0,436 . 3995 ; —0.3918 | 020
0,73 | 0.7900 0 —0.2330 | —0.39%0 | O dt 03108
i 00 |+ (0:4600 D800 | —Dass | 03888 —oam |
050 90000 S A IS R — 038
| 0. 0,820077p " 0,5 0,1845 | —0, g | 0377 — 048 | o, b
0.82 | 0,82000¢ 0,5334 218 | —0.0928 | i | o 9 | - 0,40
o3| oRSY 1 Soast S | h o —~02484 | —0.3872 | —04lE0
0,84 | 0y 0,5838 0,2001 - 0,0053 —0.2088 _-—0,3632 —0,4083
0,85 | 8,8500 0.6084 | 0.3 N TR R S —0,3942
0,86,.5.0,8600 0,635 : 0,34 0,047 | —0,1670 . —0,2816
Bl Do | i | Ol 01025 R i
° ! 0,63 ! —0,0411 | — 0. 02 L1, 3
0,89 | 0,8900 0,2079 ‘0968 | — 0,18 — 0,271
’ 795 0,026 1077 075
07150 | 0.4 0.2698 71 -0, ol
nor| 09 | o7k | s G i | oo ol
’ .99 0, 6159 ) 0,2744 1875 1508
003! Coae | brsesy 02 5| oarrs| 027 00 i | 01
093 0,9300 ez | osE )l bEanl o 479 | 03161 0,3189
Ooai 93500 | QEose| QB 07198 | 0.5954 1 o0 0,738
’ 0,9600 : 0.8267 ’ 0,7204 : 0,8003 10000
057 03000 03406 | 0,060 06000 o000 | Looo | 1
0.98 | 0,9800 9709 0.9407 1.0000 1,000 :
0,99 | 0,800 ?juouo 10000 | 1, :
1’00 | 1.0000 i
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VIL Legendre functions.

‘1 —
W T b
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Fig. 656. Die Kugelfanktionen 1. Art I (3). -

Fig. 65, Legendre's fanclions of the 18tkind P, {§.

\,

7\ J

.2 R SR | Be | B | Re | Bw

07 1,0000 . 1,6000’[ 1,0000 i 1,0000 | 10000 | 10000 | 1.0000

1| 09998 | 08995 | 09991 @ 0,9985 | 0.9977 | 09968 | 09957
27| 09994 | ‘98982 | 09963 ' 09939 | 0,9903 | 09872 | 09830
37| 09986, ()0/9859 | 00918  0,9863 | 0,9795 | 09714 | 0.9620
4| 0,9976~,\"0,9927 | 09854 . 09758 | 0.9638 | 09495 | 0.9329 |

5 | 0,9062 0,5886 0,9773 | 0.9823 0.9437 0.9218 0,8962
B J..0:9945 0,9836 0,9674 0,9453 0.9194 . 0.8881 0.8522
74 09995 0.9777 0,9567 ©  0,9267 0,8911 0.8492 0.8016
8 [VD,9903 0.9709 0,9423 |  0,9048 ,8580 0.8054 0,7449
P9 0.9877 0,9633 2,9273 0,8803 0,8232 0.7570 0.8830

100 | 0.9848 (,9548 0,9106 0,8532 0,7840 0.7045 0:6164
11" | 0,9818 0.9454 & 0,8923 0,8238 0,7417 0.8483 05462
12° | 09781 0,9362 : 0.8724 0,7920 0.6966 0,5851 0.4731 °
13" | 09744 0,9241 | 0,8611 0,7502 0.6489 0.5273 0.3980 !
14 0.9703 0,9122 - 0,8283 0,7224 0.5990 0,4635 0,3218

15° | 0,9659 08995 | 10,8042 | 0.6847 | 0,5471 § 0.3983 0.2455
16" 10,9813 0.8860 : 0.7787 | 0.68454 | 0,4837 i 03323 0,1709
17° | 0,9563 0.8718 :  0,7519 0,6046 0.4391 0,2661 0,0961
18° | 0,9511 0,8568 : 0,7240 | 0.5624 | 0,383 | (.2002 0.0248 |
18" | 09455 ' 10,8410 | 06950 | 05192 | 03276 | 0.1353 0,0433
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‘5 | VII, Legendre functions.

| | . : ] ir P& . P l Fy (# F, (i} F; (8) Py : P

. ! ] :

| i 202 0,9397 0,8245 :  0,6849 0,4750 04,2715 0.0719 | —0,1072

nooo! 21 0,9336 0.8074 - 0,6338 0,4300 0,2156 0.0108 | —0.1664 |

" i 22° t (,9272 0,7895 ' 0,8019 0,3845 0,1602 | —0,0481 | —0,2202

| “ : i 23° 0,9205 0,7710 . 0.5692 06,3386 01067 ¢ —0.1038 | —8,2680
L 24° 0.9135 0,75318 °  0,5357 0,2926 0,0625  —0.1558 | — 0,3004

95° | 09063 | 07321 | 0.5016 | 0,2465 | 0,0009 | —0.2040 | — 0,344
P 96° | 08988 | 07117 | 0,4670 | 0,2007 | — 0,045 | -—0.9478 | —0.9717
Ll - | 27° | 08910 | 0,6908 | 0,4319 | 0,1553 | —0,0964 | —0.2889 | --0.3900
\ r | 28° | 08829 | 06694 | 0,394 | 01105 |—0,1415 | =0.5212 | —0,4053
£ 29° | 08746 | 06474 | 03807 ; 0,0865 |—0,1838 | $0.3502 | —0.4113
30° | 08660 | 0,6250 | 0.3248 : 0,023 | —0,2238 ) 0.3740 | —0.4102
_ 31° | 08572 ! 06021 | 0.9887 :—0,0185 | —0,2595 | —-0,3%24 | —0.40%2
| 32° | 0,8480 | 0,5788 | 0.2527 | —0,091 | —0R928 | —0,4063 | —0.3877

33° | 08387 | 0,651 | 02167 | —0,0983 | 058216 | —0.4127 | —0.367]
3¢° | 08290 | 05310 | 06,1809 | —0,136%<~0.3473 | 04147 | -~0,3408
o 35° | 08192 | 05065 | 01454 | —0,1A4M—0,3601 | —0.4114 | —0.309
AL 36° | 08090 | 04818 | 01102 |-~02052 |—0,3871 | —0,4031 | —02738
THI 37° | 0,7986 | 0.4567 | 0,0755 |-70370 | —0,4011 | -—0,3898 | —02383
| 38° | 0,7880 | 0.4314 | 0,0413/~0.2688 | —0,4132 | —0,3718 | ~~0,1318
1 39° | 07771 | 0,4059 | 0,007P\0,2040 | —0,4174 | —0.3497 | —0.14%

1 40° 10,7660 0,3802 | —0,026> | —0,3190 | —0,4197 : —0,3236 | —0.1006
417 ¢ 0,747 0,3544 | —{KDb74 | —0,3d16 | —0,4181 | —6.3939 | —0,0535 !
42° 10,7431 0.3284 | ~0887 | —0,3816 | —(,4128 | —0.2610 | —0.0064 -
43° | 0,7314 0,3023. %+ 0,1191 | —0,3781 |—0,4038 | —0,2205 0,0308
44 | 0,7193 02762 [=0,1485 | -0,3940 |—0.3914 | -~0.1878 00846

| 45° | 07071 ¢ 0.d500 | —0,1768 | —0,4062 |—0,3757 | —01484 | 01271
46° | 06947 | (0,238  —0,2040 | —0,4l58 | —0,3568 | —0.1078 | 01667
47° | 0,6620, |\0,1977 ' —0.2300 | —04227 | —0,3350 | —0.0685 . 02008
48° | 0,6601N, 0,1716  —0,2547 | —0,4270 | —0,3105 | —0,0251 | 02380
49° | 06561 01456 | —0.2781 |—0.4288 | —0,2836 | 00161 0262

6198 | 01198 | ~0,3000 | —04275 | ~0,0545 | 0.0864 | 0Z6h
51° |./08293 | 00941 | —0,3209 |—0,4239 | 0,235 | 0,095 03031
52°\[00,6157 | 00686 | —0,3401 | —04178 [—01910 | 0132 | 0%
53106018 | 0,0433 | —0,3578 | 04083 | —0.1571 | 0.1677 | D%
L 84% | 05878 | 10,0182 | —0,3740 ;| —0,3984 |—0,1233 | 02002 ) O

b3 | 05735 | —00085 | 03885 | —03861 (—0,0868 | 02207 ) O3S
{1 % | 05592 :—00310 (04016 , —0,3698 | —00503 | 0:2060 ; O%H
570 | 0,5446 |—0,0851 |—0,4131 | —0,3524 | —0,0150 | 02787 DB
56° | 05209 |—0,0788 | —0.4229 | —03331 | 0,0206 | 02978 OO
59° | 0,5150 |—0,1021 | —0,4310 [ —0,3118 | 00657 | 03126} O

. 60° | 05000 | —0.1260 | —0,4375 | —02891 | 00898 | 0.323%2 g%g%

04848 | —0,1474 | —0,4423 | —02647 | 01229 | 03398 (heo
82° | 04695 |—0,1694 | —0,4455 | —0,2390 | 0,645 | 0331 | Tho
637 | 04540 |—0,1908 | —0,4471 | —0glo1 | 01844 | 038 | fuey
64° | 04384 |—0,2117 | —0,4470 |—0,1841 | 02123 | 032

65° | 0,4926 |—0,2321 | —0,4452 | —0,1552 | 0,2381 |- 93%3? g%g

66° | 0.4067 |—0.2518 |—0,4419 [—01256 | 0,2615 | 0.2 7 | —o0m

67° | 03307 |—0,2710 |—0,4370 | —0,0955 | 0.2824 | 02819 ) Touoe

68° | 0,3746 |—0,2885 |—0,4305 | —0.0651 | 10,3005 “'2333 o1
| 03584 |—0,3074 | —0,4225 | —0,0344 | 0,3168.] 0.2

#

o
—
a




VII. Die Kugelfunktionen, 193
VII, Legendre functions.

s | o | o | aw | 2o | R | Re | 2@

i 70° | 0,3420 | —0,3245 | —0,4130 | —0.0038 0,3281 0,2089 { —0.1485
7° | 03256 |—0.3410 | —0,4021 0,0267 0,3373 0.1791 | —0.1808
72° | 0,3080 |—0.3568 | —0.3808 0,0668 0,3434 0,1472 | —0,2099
73° ¢ 0,202¢ | — 0,3718 | —0,3761 0,0864 0,3463 0,il36 | —0.2352
74° . 02756 | —0,3860 | —0,3611 0,1153 0.3461 0.0788 | --0.2563

0.2588 | —0,3995 | —0,3449 0,143 0,3437 0,0431 | —0.2730
78° | 0,2419 | —0,4122 § —0,3275 H,1708 0,3362 0.0070 | — 02850\
77° | 0.2250 |—0.4241 | —0,3000 0,1964 0,3267 | —0,0290 | —0,2621
78" | 0,2079 | —0,4352 | —0.28%4 0,22811 0,3143 | —0.0644 | —50:2842
79° | 0,1808 | —0,4454 | —0,2688 0,2443 | 0,2990 | —0.0990 |=50:2913

80° | 0.1736 |—0,4548 | —0,2474 0.2659 . 0,2810 | —0,1321%[-—0.2835
81° | 0.1564 |—0.4633 | —0,2251 0,2859 0,2606 ; —0,1635 § —0,2708
g2° ! 0,392 | —0.4709 | —0,2020 0,3040 0,2378 | —£.1927 | —0,2536
83° | 0,1219 |~ 04777 | —0,1783 0,3203 0,2129 |\ ~D:2193 | —0.2321
84° | 0,1045 {—0,4836 | —0,1539 0,3345 0,186 NN0,2431 | -—0.2067

: 85° 1 0,0872 |—0.4886 | —0,1251 0,3468 0,1.‘:@7' —0,2638 | —0,1778
. 86° | 0,0698 | —0,4927 | —0,1038 0,3569 ﬂ%gg& —0:2810 | —0,1460

87° | 0,0623 §—0,4959 | —0.07BL 0,3648 N 0,0969 | --0.2847 | —0.1117
g8” + 0,0349 | —0,4982 : —0.0522 0,3704 { ) '0,0851 | —0.3045 | —-0,0756
—0,4995 | —0,0262 0,3739 {~ 0.0327 | —0,3105 | -—0.038]
[ 90° | 0.0000 ;—0.5000 0.0000 0.3750 0.0000 | --0.3125 0.0000
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Fig. 66. Die Ableitungen der Kugelfunktionen 1, Art nach 8,
Fig. 66. The derivatives by & of Legendre'a fanctions of the 18t kind.



VIi. Die Kugelfonktionen,

124 Vi1, Legendre fonctions.
s | 4% P, aP, i P, a P dP, ar,
a9 23 a0 ) a9 aa a9
0°i 0,0000| 00000 | 00000 00000 00000 00000 0000
1° | — 00175 | —0.0523 | —0,1047 | —0,1744 | —0,2615 | —0,3653 | —0.488
g° | —0.0349 | —0,1046 | —0,209] | —0,3480 | —0,5213 | —0,7284 | — 0,069
3° | —0.0823 | —0,1568 | —0,3129 | —0,5201 | —0,7775 | —1.084] | — 1,438
2°| —0.0598 | —0,2088 | —0,4160 | —0,68% | —1,0286 | —1,4295 | — 1,890
5° | —0,0872 | —0,2605 | —0,5180 | —0,8587 | —1.2798 | —1,7634 | =2,317
6° | —0.1045 | —0,3119 | —0,6186 | —1,0197 | —1,6085 | —2.0768 Cos
7° | —0.1219 | —0.3629 | —0,7176 | —1,1782 | —1,7341 | — 2,372%.} . 3,079
8°| —0.1392 | —0,4135 | —0,8148 | —1.3316 | —1,9481 | —2,6464%) —3,405
5° | —0.1564 | ~0,4635 | —0,9099 | —1,4789 | —2,1492 | —2;8954 | — 3,689
10° | —0,1738 | —0,5130 | —1,0026 | —1,6109 | —2,3360 (81174 | — 3,928
11°{ —0.1908 | —0.5619 | —1,0998 | —1,7637 | —2,50747h3,3104 | —4,116
12° | —0.2079 | —0,8101 | —1,1801 | —1,8788 | —2,6681°% —3,4729 | — 4,254
13° | —0.0250 | — 08576 | —1,643 | —1,9978 | —2.7983 | —3.,6034 | —4,341
14° | —0.2419 | —0,7042 | —1,3453 | —2,1069 \—2,9131 —3,7008 | — 4,376
15° | —0,2588 | —0,7500 | —1,4229 | —2,0089°1 > 3,0178 | —3,7646 | — 4,358
16° | —02758 | —0.7949 | —1,4968 | —2.0873 | —3,0078 | —3,7943 | — 4,288
17° | —0.2924 | —0,8388 | ~-1,5668 | —2/a797 | —3,1576 | —3,7899 | —4.169
18° | —0,3080 | —0,88]7 | —1:8328 | 24478 | —3,1870 | —3,7518 | —4,001
19° 1 —0.5256 | —0.9235 | —1,6946 [ 22,5073 | —3.2158 | —3,6806 | — 3,788
20° | —0,3420 | —0,9842 | —1,7580% —2,5560 | —3.2141 | —~3,6774 | — 3,53
210 - 0:3584 - 1’%37 - 1,8&50 - 2)5937 - 3:1920 - 334435 - 31241
92°| —0,3748 | —1,0420 | 14,8534 | —9,6203 | —3,1497 | —3,2804 | ~2.915
23° | —0,3907 | —1,0700 | £1,8870 | —2,8357 | —32,0878 | —3,0002 { —2,561
24°| —0,4087 | ~LIJ47([~ 1,638 | —2,6400 —3,0067 | ~2,8749 | —2,183
25° | — 0,426 151491 | —1,9896 | —2,6330 —9,9073 | —2,6371 | — 1,787
26° | —0,4384 | -=1,1820 | —1,9984 | —2,6150 | —2,7903 | —2,3794 | —1,378
27° | —0,4540 h 12135 | —2,0222 | — 32,5861 | —2,6568 | —2,1045 | —0.963
28° | —0,4895,1>1,2436 | —2,0408 | —2,5484 | —2,6077 | —1,8156 | —0.548
29° | —0,4848)f — 12721 | —2,0542 | —2,4981 | —2,3443 | —1,5165 | —0.137.
30° —tﬁooo —1,2090 | —2,0625 | —2,4357 | —2,1680 | —1,2077 | 10,263
31° | 50,6150 | —1,3244 | —2,0656 | —2,3654 | ~1,9799 | — 0,8963 | +0.647
2220570,5299 | —1,3482 | —2,0635 | —2.2855 | — L7817 | — 0,5815 | -+1,010
ARY 05448 | —1,3103 | —2.0662 | 21965 | — 16748 | ~ 0,2697 41,347 -
38| —0,5692 | —1,3908 | —2,0437 | —2,0991 | —1.3608 | +0,0370 | +1.864 |
36° | —0,6736 | —1,4096 | —2,0262 | —1,9034 | —1,1413 | 40,3354 | +1,927
36°: —0,5878 | —1,4266 | —2,0038 | —L,8802 | —0,9179 | --0,6225 | +2,162
37° | —0,6018 | —1,4418 | — 19761 | ~1,7600 | —0,6924 | +0,8955 | +2.357
38° | —0,6157 | —1,4554 | —1,9438 | —1,6334 | — 04664 | 11,1516 | +2,610
39° | —0,6093 | —1,4672 | —1,9088 | —1,5011 | —0.2415 | --1,3885 | +2,620
20° | —0,6428 | —1,4772 | —1,8648 | —1,3637 | —0,0194 | +1,6038 | +2,654
41° | —0,6561 | —1,4854 | —1;8185 | —1,2219 | 40,1983 | 41,7956 | +2.706
42° | —0,6691 | —1,4918 | —1,7678 | —1,0764 | +0,4100 | +1,9620 | 2,88
43°} —0,6820 | —1,4963 | —1,7129 | —0,9979 | +0,6142 | +2,1017 | +2.614
44° | —0,6947 | —1,4991 | —1,6539 | —0.7772 | 10,8094 | +2.2136 | +2.506




VII. Die Kugellunktionen, 12‘;)
VIL. Legendre fanetions.

a7, ar dprP, dPp dP, aPr
aa a8 de a9 Ay ae

g_:ul (-9
s

—-g,7071 | —1,5000 | —1,5910 —0,6250 | +0,9944 | +2,2869 | +2,358
—9,7163 | —1,4991 | —1.5244 | — 0,4720 | +1,1677 | +2,3510 | +2,178
—0,7314 | —1.4963 | —1.4542 } — 0,3190 | +-1,3282 | +2.3757 | +1.961
--0,7431 | —1,4818 | —1,3808 —0.1668 | +1,4748 | +2,3713 | +1.717
—0,7547 | —1,4854 | —1,3042 | — 0,0160 | -+1,6067 | +-2,3382 | +1,449

—0,7660 | —1,4772 | — 1,2048 | +0,1327 | +1,7228 | +2,2771 +1.161
—0777 | —1,4672 | —L1427 1 + 0,784 | +1.8225 | +2,1892 | + O,ﬂgg
—0,7880 ; —1,4654 | —1,05681 1.0,4205 | 1,906 | +2,0759 | +Q4

—o.7988 | —1,4419 | —0,9724 | -+0,5684 +1,9704 | +1,9387 | 40,229
— 03000 | —1.4266 | —0.,8828 | + 0,6914 | 42,0178 | 17797 'S 0,088
"
—9,8182 | —1.4005 | —0,7925 | +0,8188 +2,0473 | +1,6008+] —0,399
~-0,3290 | —1,3908 | —0,7007 | + 0,0401 | +2,0587 | +1:4046 | —0,700
—0,8387 | —1,3703 | —0,6078 | + 1,0647 | -+2,0522 | #4,3934 | — 0,986
—0,5480 | —1,3482 | —0,6140 | +1 ;1620 | +2,0280./(0.9698 | —1 ,252
—0,8572 | —1,3244 | —0,4198 | + 1,617 | +1,9865.)10,7389 | —1 »495

—0,8880 | —1,2890 | —0,3248 | +1,3532 4159283 1 +0,4973 | —1.711
08746 | —1.2701 | —0,2298 | +1,4361 +4; +9,2540 | —1,806
—(,9829 | —1,2436 | —0,1351 +1,0101¢ '}1,7640 +0,0098 | —2,048
~.0,8810 | —1,2135 | —0,0408 | +1,5748, 41,6596 | —0,2321 | —2,165
—0,4968 ; —1,1820 | 10,0528 | + 1,8300° + 31,6418 | —0,4691 | —2,244

— 10,5063 | —1,1491 | 40,1454 { 41,6765 | + 1,4114 | —0,6983 | —2,286
—0.8135 | —1,1147 | 0,23684\F 1,711 41,2698 | —0,9170 | —2,250
~,0205 | —1,0790 | -+0,3268+ 11,7366 41,1183 | —1,1226 | —2.255
—0.8272 | —1,0420 | +0,4199 | +1,7520 40,9580 { —1,3129 | —2,183
—0,9336 | —1,6037 + 0\5011 +1.7573 | 40,7905 ; —1,4865 | — 2.076

~0,9397 | —0,9642 \\X}- 0,5851 | +1,76256 | +0.6173 | — 1,6388 | —1,934
—0,9455 | —0,9285,| + 06666 | +1.7376 | +0,4397 | — 1,7704 | — 1,762
—0.9511 | —0,8817 | 40,7465 | +1,7131 +0,2593 | —1,8794 | —1,861
—0,8563 | —0,8388 | + 0.8214 | +-1,6787 | +0,0776 | —1 9645 | —1,335
—0,9613 —\‘} 7949 | +0,8941 | +1,6349 | — 0,1037 | — 2,0248 | —1,088

- 0:965?\ —0,7500 | +0,9636 | +1,5818 ) — 0,2833 | —2,0596 | —0,824
— ;9744 | —0,6576 | +1,0018 -+1,4408 | —0,6309 | — 2,0620 | —0.%64
p ‘“"B 9781 | —0,8101 | +1,1601 ; + 1,3714 | —0,786} | — 2,0098 | +0,023

—0,9848 | —0,5130 | 11,2645 +1,1923 | —1,1023 | —1,8519 +0.589
—0,9877 | —0,4635 | +1,3003 | + 1,0926 | —1,2407 | —1,7382 +-0,858
—-0,9903 | —0,4136 | ++1,3416 | -+ 0.9869 | —1,3679 | —1,6031 - +3.112
—0,9925 | —0,3629 | +1,3783 +0,8758 | —1,4827 | —1,4488 +1,347
—0,9945 | —0,3118 | +1,4103 | + 0,7598 | —1,6842 | —1,2760 +1,559

—0,9962 | —0,2605 | +1,4375 | + 0,8396 ; —16715 | —1 ,0881 | --1.745
—0,9976 | —0,2088 | -+1,4599 ; + 0,5160 | —1,7438 1 - 0,8868 | +1,901
—0,9986 | —0.1568 | +1,4774 +0,3805 | —1,8008 —0,8747 | -+2.025
—0,9994 | —0,1046 | +14900] + 0,2608 | —1,8420 } — 0,4544 | +2,115
—0,9998 | —0.0823 | + 1,49756 | 10,1308 | — 1.8667 | —0,2286 | 12,169




198 VHI, Zylinderfunktionen.

VIII. Beanel functione.

VIII. Zylinderfunktionen.
YIIH. Bessel functions,
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Fig. 67 und 68. Die Besselsche Funktion J,,(%) der beiden reellen Verinderlicher x und .
Fig, 67 and 88. The Bessel fanetion J, (%) of the two real variables 2 and p.

4 < p <10 (ef, fig. 84, p. 152),
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VIIL. Besselsche Funktion. 197
VIII. Bessel function.
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Fig. 63 und 70. Hohenkarte und Relief der Besselschen Fanktion J, (z.+ i ).

Fig. 69 and 70. Altitude chart and relief of the Bessel function Jy(x + ¢ ¥)-
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VIII. ZylinderFanktionen.
VIIL Bessel functiona,

Iz folgenden bedeuten ¥, m und #
stets ganze Zahlen. Die mit p bezeich-
neten Zahlen, Ordnung oder Para-
meter oder Index genannt, branchen
nicht ganz zu sein.

In the following v, m and n always
denote integers. The numbers denoted
by p, ealled order or parameter or
index, need not be integers.

1. Definitionen.

1. Definitions. N\
a) Funktion erster Art Jp(zh K¢ M\
&) Funotion of the first kind J,(z). R\

Von den Zylinderfunktionen ist nar
die Funktion erster Art mit ganzem
oder mit positivem, nicht ganzem Para-
meter p filr £ = 0 endlich.

(149 _ (hzp+e
O s

.
N

Amoug the Bessel\ ‘functions the

function of the ﬁrst\kmd ounly is finite
for x = 0, viz. if\the parameter p is an
integer or pdsitive and not an integer.
_(dephs
ep Fo Bpray T

L aye ) ' N
Iy (z) = (Epa!) 4y(x), A, (:1-)_,—.2%@_%}7 (H,_)ek
. k=4

O apts

2

Lo(@iVE) = Gvep (5. +
Jy(282™) == i””J,(z).im,\
Es sei # > 0 gans unﬂ\0\<. n << 1.

Dann ist

AR = 2
E?}t'\\fv"-l-!?})! (3)"'_!_ (m-{-;.-l—rl)! (_2_)'n~$+ cee n! (z)m’

mi}

with 0 g

k3

O o .
< :Fn=t§ (T:n_J'lt_af“_‘-w (t_;)n'

T-n(2) = (— 17, (2).
Mitp=n+4>0 gil for le} << 1

g
JD(#) = 5'@3

G

he) T T LT

W(p 11

2 #
+ 2 (p I o)t +-3:(p-+3)': +oee )

Let 1 >> 0 be an integer and 0 < 7

’ < 1, Then we have

I (),

z m e

With p =% 4 5 > 0 we obtain for

i‘l-g[ << 1:
Tos8) = (—1yr(p — 1 2 (2)

(2 =+ 0),

z

. zi
HE =1~y
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VIIL Ableibung & Jy(x)
VIIL Derivative
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¥IiI. Zylinderfunktionen.
130 V1II, Bessel functions.

b) Ableitung 3 J,/2 p.
b) Derivative 2J,/7 p.
8, 0J_glx
ap;JJ_"A -Bm a;( )=-"A_,,+.B_,,,,
we Ay =dJp(z) In z;: A_n=(—1)"4,,

where
Iny =C=0577216665, In -3 =0,i15931516, = 1,781072;

] Q)
v (a\P__ wiptl) (F\pr: w(p+P) [m\EHd
By= 41pi (—) T s b2 (_) REEITT RS ( ) + O\
Plp+ L—(p) (\2+2 | Blp+—p(p) (oo
"*'p(p)J (x) 1{p+ 10 (2) + 2'(p+‘2)' " (2) e
where $E) = T~ FO)= O %F(x), P (ehp9)

$0)=0, v)=1, B =1+35Fyg N +

By $ () (@)~ 22 T ®) 52 M@—gj;_% Fuss(2) + =+
Boz_%)z'f*‘i?ip‘%‘(g)‘ 1+frs+&('2)"+'—“"!
B, =[Jo(x>—1]+§,;(£)-‘ *;t;?;p s

= Jy(z) — 1r2»( )+%+#( )5 Pti44d _2_)-.:+

2! 8" 3141

By =(1+ %)Jz(m)m—-\{?) + *2'*;:1 (g) b (2

31a!

» =n 4 n liege zwischen der ganzen.

= # 4 # may lie between the integers
Zaklen » und » »}— 1\ Da,nn kann man

n and # 4 1. Then we can put:

zerlegen:
~'.\" _
©O7 Bemir@-ny,
S ok =1
(-§l+,;0g+1—sl:;:n[m (1‘5‘207})( ) (p—-l} ( ) 3+_..
. ---+{1+'P)!(1+qu_m) (3)" +;,—',(1+qm)(?ﬂ
with =~ +o(m—g+ k)
i

F O G T C) T i () TR )

. I i
G=0, FG=1, §G=7+%, $0= a1+
T 48 4 x il
2h=mtotit @
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VIIL, Neumann function- 131
Fir || << 1 gilt I For|z|< <1 we get
0 = ke
"~ mn
Forner ist |  Further we have
- (2 S
=1 .\
G2 G e G 0
. m .\’\ N
—arere(s) R
=[G = @] — et (5 e )
Dy=-— B, ¢ ‘\
T W Y, A
D= st () S ) Y

24\

Hiormit ergibt sich (n < p < xﬂ:f* 1) |

2S5,
CUGs =6

From this we obtain (n << p <<n+ 1)

(—1)rA_,— D,

2Nraa_ @ e _ .
’“(\7:.\1) [T; |,.,= Co— 4o~ Dy.

:§ w’
s )
O

Mit J,, (:J:) hat ¥, () die beiden fol-
genden Eigenschaften gemein: 1. Bei
reellem, positivem & ist N, (z) reell.
2. Wenn g« unbegrenzt wichst und dabei

Tecll bleibt, g0 verschwindet X, (x).

o) FPunktionen sweiter Art N,iz).
¢) Funections of the sgcond kind Np(s).

N, (2) has in common with J, () the
two following properties: 1. N,(z) is
real for real positive x. 2. N,(z) va-
nishes if x inoreases without limit but
remaing real.

N, (z) sin pz =-J, () cos pw — J_, ()
J_p(x) = J, (&) cos px — N, (x) sin px
N_, (&) = J, () sin pz + N, (z) cos p=
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Vilf. Beasel funetiona.

Mit den Bezeichnungen unter b) ist | With the notation of b) we bave
“Nﬂ(x) = Op‘l“ A»+ (‘_ l)ﬂA'-—p_ (Bw_' Dp):
xN,,(x)=—C',,+ 2An_"‘(-B '"_—Dn);

* Ny@)= do—Boy  Non() = (= 1 M@,
Navo, s() = (— hr=td - oa(«’ﬂ);

Non-0s(@) = (— D" Jusos (), S
N,(zi2™) = i 2" N, (2) + 21 sin{mp2°) etg (p2Y) Jp(z},

N_,(si®™) = i—2m? N_,(2) + 2i “ninp? )J (e )v~.’.

Tein{p2t)
Fir jx| << 1 gilk |  When {e| <3<l wa have
____3 2 (<A sln:ru]
No(z) = In 757 Ny(z) = —w (x) (1)

m—l}! 24\
Na@) === (5) | wo eé«‘;[w(—n)w(n—n}]-

where %)

sy ST TV
R T A T 1

Ge e e
A G
- hkng | %%3§ *-'_ Jy
N [ ERE BN

Fig. 72.1H6henka.rte der Hankelschen Fonk- | Fig,72. Aliitude chart of the Hankel func-
tion HE)(2). l tion H{L(2).

r=z Fiy=re?, —00° <p< 2700_ (cf. fig. 129, p. 243)
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VIII. Hankel funotion,
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d) Funktionen dritter Axt H{'(z) und H}"(x).
) Functions of the third kind H{V(z) and H{P(x).

Fitr reeiles Argument haben diese
von Hankel eingefthrien Funktionen
¥ompleze Werte. Dagegen sind die Aus-
driicke

PREPGY) T

reell fiir positives . Die Bedeutung
der H-Funktionen fiir die An-
wendungenliegt vorallem dar-
in, daB unter den Zylinder-
fanktionez gie allein fiir un-
endiiches komplexesArgument
verschwinden, und zwar HS, wenn
der imaginiire Teil des Argumenis po-
sitiv, H(®), wenn er negativ ist:

lim H{} (re%) =0,

lim H{" (re=19) = 0,

e
ll

e

il

== A
! "_?\ A ‘0
e

S
s

These functions introduced by Han-
kel have complex values for a real
argument, But the expressions

-0 Y (— iy)

are real when y is positive. The H-
functionsowe theirimpoxtdnce
for applications to thel/fact,
that among the Bessel fune-
tions they alone yanish for an
infinite compleargument, viz.
HW if the imaginery part of the ar-
gument is posifive, H® if it is nega-

tive: )
¢ .5\\’
~\‘ .
?f ."Dgﬁ'gflmt‘

Fig. 73. Relief dér Hankelschen ¥Funktion H{L 2.

Fig.73. Relief of the Hankel fanetion

HoN
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VIII, Zylinderfanktionen.
VIII. Bessel functions,

Zu HP{(ré®) it HP(re ')
konjugiert komplex [nicht etws
H{ (re=5%)]. In den hier folgenden
Zahlentafoln finden sich deshalb nur
Werte fiir ™. Aus diesen erhlilt man
guch H{®(r¢'®) nach der Formel
HP (z) = 2T, (z) — HP (v) und das
dazu konjugiert komplexe H{"(re=*?).

Conjugate complex to HM{re'?)
is H® (re—*?) [and not H (re—*")].
Therefore in the following tables only
values for H® are to be found. From
these we also obtain H? (ré*¥) by the
formula H®(z) = 2J,(z) — H{} ()
and H{M{re—'%)} which is conjugste

complex to it
Q"

HY @) = Jo(@) + N, @) = —— le** @ — @] O,

sin pmw
i\
N

B @) = J,(@) — 8, (@) = gz [T, () = T_p

J, @)= HD () = i¥, (@)= HO@) + 5, (@) %%[B?’ (@) +HO@)]
&
N, (@) = il (&) — i B (@)= HO @) — i) = S (B (2) — B (0)]

A

1774
1T al 707
07

LT AR L LTI RTHTHT
Fi Wi -1

Fig. 74. Relief der Hankelschen Funktion
Hf})(z). Verzweigungsschnitt entlang der

negativerr imaginiren Achse.

s=a -+ iy =re'?,

Y/ 7
W i

et
Tl 1/
71777 L1

i
-2

Fig. 714, Relief of the Hankel fumetion
H.(;,l) (#). Branch line along the negabive
imaginary axis,

-— 900 <7 g < 2709,
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VI Hankelsche Fanktion
VIII. Hankel function

anfpz

"
“ T}
on

Vg

a>byyi-

hm&rﬁy

L]
f%f

o g7
H;J
-/

or-
i

51

y |

0

bk

ar

T

RLEaELE
o

l
muthl
'*Fﬁﬁw‘?

R

T %.

.%e‘%\- ‘

|||||||||||

-3 -

I/
2
5
a
a5
10
H

X

=
E
m
-+
=
-
°x
=
L
T -
2
o
[=3
23
H2a
(k]
=
e
&7
L,
=]
=]
-
-]
r
EAC
=
5
g
=3
mn
=1
El
9 Q@
....M_.ﬂ
P
=8
LS
[1=1
2
L
[

Relief of the Hankel function

ig, 76
AP

6 . Relief der Hankelschen Zylinder-

]
mktion HO(z),

2’{;.
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_ VIII. Bessel funetions.

HO, @)= em B @), @) = e HY @
B (z6™) =— HY () = e—'f”"}'n"ﬂf)(x)
HP (ce™") = — HY (z) = §*7 HI(2)

- ain {m— 1) p= _ smmpw
HW (g2™) = WH’W () —i%°® vn p H ()
QY

p SN mpm H“J( ) 4 ome gin (m+ 1ypx (21 (#)

{2 2m
H )(,N ) sinpm sin pm
Mitr<p=n-+ny<atl n gans With n << p= ﬂ+n§n11 R an
ist integer, we have
(— 1) HE (et = Hi5) cos (mq2-) \

+ B} 7 20,0 bl 2)) sin (mn2)
(— 1y H (gi2m) = H? (s) T 2am

2
(— 1)'""H§+05(31$m) n+0,.’) (z’)t}osm + § HY, o5 (£) sinm*-
=4 Ju-ho,s(ﬁ) + i21-m N, | os(2)

B @Y o= —dit,  HY @) Zamies
I § t
BY, (2) V -’c\= eie, By @) | Fe=c=
2 .
u+ 05 (%)

»a!l-l'l,ﬁBn on(gy)—g_{" O’E)Hm,, uﬁ(‘ly) —' ﬂ+075(2y)
Viwy
3

\“So,s(%) =1, S@P =1+, Su@)=1+,+5

"I )= i 8 () =

8&5(2y)=1+f—+%+1—2

34,5(2?)—14- 22 r +105+ﬂ

Bos(@g) =1+ 2 +12§+4:'0+9;:5+§§

PHP (i) = — i B (— i)~ ST L 0<y<<t

it UEO () = i B (— i) = TR (] w0
¥




VIII. Zylinderfunktionen.

VIiI. Bessel functions, 187
in+1ﬂﬂill(2y£) —_ (5 + (__ 1)»
wo 1
where €=0, y& =1, y@s“?_y’ y&;= ;;;'"_“1'!‘
62 _¥
. Y8, = 7 "r 3
w1 (fm—1}! 1
L T R
eee 4 (__ l)m—l 1! 1 m mo &N\
(m-—l}!y +( ) m"y
und {(vgl. 8. 19 und 180) | and (ef. p. 19 and 130) "\“.\
2 @+ Tmt—almg . N
< pl{n-fo)! AN
2, Agymptotische Darstelln gen..
2. Asymptotic representafions.
a) Halbkonvergente Reihen‘von Hankel,
a) Bemiconvergent series ‘of Hankel.
Voraussetzung: und
Supposii'.im:x:g le| >>1 1xt >> |p]
oy dpt—1 (413*—1)(*13 —9) A= 1)(ap'—9) (4p"—25)
S @) =141+~ aiaay e 4o
=1 4+ (4p* -:,}"N@’-‘*’% . ':(41"—[2"-'1]’)
v=12,.. N\ »1 4y
S (i) =P, (?)\-T— G, (;); wo
Py(w)~ 1,,\%:&}3’ - .13 s(;f —9) | tp*~ 1><4p*—49‘>((;§’4—25)(49"—49}#
S ©
dpt-1  @pl-1n@Ap’— 9 4p’—25
Qp(ﬁ'f) NIE 31 B2)° o

\H *man mit dem k-ten (liede
ab und &t bei P,(x) die Gliederzehi
k‘> 11‘ (2p— —3), bei Q,(w) die Gliederzahl

>}(2p—T7), 80 ist der Fehler kleiner
&ls der absolute Betrag des folgenden
Gliedes. Man gehe also in der Reihe nur
80 weil, wie die Glieder abnehmen.

If we stop at the X%-th term and
if for Py(z) the mumber of terms is
k> i(?p —5), for Q,(x) the number
of terms k > }(2p—7), the error be-
comes smaller than the modulus of the
following term. We therefore have to
continue the series only so far as the
terms decrease.

0,125 00703125 0,078 242 19 0,1121521 4,227 1080
80(2.1’,')_1_ '{B + y 2 s + ) _ I e
| 1956 0,2775764
S@5=1 0.175 0,1171876 , 010253906 0,144 )
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e RS R %35 _Efgl’(g) =e"S,(—i2z)
§-2-08Y e HP(2) = e 8,(i22)

o with —rit=z+iy, —2<e<2,
H®(rit) = 508, (2rie-1)
HP (rif) = 5,88, (2rie*Y)
it _ & (i p iy o, .
:Eih 51.3-‘17;—;: 51,2*:{2(,3 p 2) g N\
Mit O
With § = — (p+05)=/2 we ha.ve S )\
Tp (@) Viaz = Py(2) cos p = @,(2) sin g~
N(@)Vinz = P,(2)sin ¢ + @, (2) 00{9’
Fiir

gilt-
#—>o0, y=0 holds

@)= 2, M@~ T, A g.z_(._)””m.

Es sei ni9=-—§;i':'i1, 0<9<.2, y>0. y>>1.
Let 2 o)

For

Dann ist ‘t"f[‘hen wo.have
_+_q
"R+ .
Hiritt) = L2 {_ )s,(zrsm-e))
Hgr
A

'1' T+ + \ 1 + i(‘ﬁ- ) DIET LX)

FH (rit)=dy(riz f)::::a" Ny(ri ?)""V—,Eﬂ_—; By (2.
Um die Ganamgi(eﬁ: zu steigern, kann In order to increase the aceuracy,

man dag klei ébe‘ (ilied der Reihe mit | we can mult.lply the smallest term
einem Fakto = % + ¢ muitiplizieren | of the series with a factor f= P+¢
(s klem) | (e small),

F@.ktoren f nach Burnett.)) The factors £, given by Burnett.?)

= e, ganz, — . a0 0
De=rde, m—1<r<m+1, mmteger r=m+v, 30%< o < + 30°%

_1+itge | titdv—iotge fir P, (s)
f 2 + Srcor'p for Q: z

— _ ganz,

De=iy, m—1<2y<m+1, m mtega,r Q9=m + 1,
P R
_ 1, 142 8 "2 ? fiir
f= 7 + 18y {44 T for SF(2y)

1) Proe. Cambr. Phil, Soc, 26 (1980), B. 145.



VIII. Debyesche Reihen.

ViIL Debye’s series. 139
Faktoren 7 nach Aireyd). [ The factors £, given by Aireyd).
LY integors, =142, v=18y.
f=05+0pu— 20! + 7,50 —25T5u- 2T p g
f= 05 05U+ 45— 39,T5ut. . Br g
f=05+ 050 + 3540 —37,T5ute. I P (g ~

f=05—0pu+ 20t — T5u+1225u - B @O

F=105+405v— 156"+ 050+ 21,504 — 40,595..-(,,2: 5,(29)
f=05+ 050 + 250" — 3505 — 14,5 o ... ’;gi’sl@y).

Fiir nicht ganze x, y werden die f If z, ¥ {ra not integers, we obtain
hieraus durch Inferpolation erhalten, ! the factets.f thereof by imterpolation.
N .

) Anfangskonvergente Rgiilefl von Debye.
b) Convergently beginnihg series of Debye.
Ex sei o\ Let
_ 171 Bpty M-8/ 3 719t 38519‘)
Glw)=1+ _8"(25 - sf,uf) + (w' 5w T 5awt
1+8.5 7 B\ 15621pF = 17017p¢ 17011135) L
8 (Qw’ T 50wt 270w’ 486w°

Die Reihe ist a.hzubrq(;him gpitestens, | The series must be stopped when the
wenn die Glieder nichfdiehr abnehmen. | terms no longer deereass.
Rekursionsfopmel: Schreibt man Recurrence formula: If we write
das sn-te Glie%i’ﬁxﬁer Form the sm'th term in the form
' ame s
\ N (B wy Eom.n_(f) ¥

A

ﬁﬂgit;nitkzm+2ﬂ+2 [ we obtain with F=m + 29 -+ 2

2k+1 .
Curtyns= G o 7 2k — ) Caput @+ D i,

00,d= 17 0m,—1=0m,m+l

Im folgenden seien p und s reell und In the following let p and s be real
positiv, und es sei s> 2,5 p" und | and positive and let s> 2,5 p's and
mindestens s > 6. Danp kinnen die | at leagt 5 > 6. In this case the Bessel
?fylinﬂerfunktionen durch ¢ asympto- | functions can be represented asymptoti-
tisch dargestellt werden, wie folgt: cally by @ as follows:

‘_-_________—-

=1,

1) Arch, Math. u, Phys, 22 (1914), 8. 30.
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140 VIIL Bessel fanctions,
= § 2J,(2)
=, f) o~ g P s
b Vi {—N,,(:o)} G
R I TR S 30 LT AR N S
with r=p—3, 4 P + Ar g ? Bp
2) S5 (a) ~ @ cosp + Gy sing,
p . i N
?s-.Np(x)rw@tsmq:—@scosqa R
<O
mit 2 o 4 e i-___ = & ..
- [P 2J,(iy) Cvou 0s,
% L ‘fs'{wxﬂﬁ’(sy) ~er @(:‘?*‘T?
mit 2 __ o2 2 L S 2,
with y=5—r u ?It%
x ZirVi ;t}m+a T ¥ae i
b T {H‘E’w@} e o)
it ) Q) N .
\f:;;h r= g cos26=£~,' ¥ = pitg 26 = s¥sin 2o,
1 i .
tgo = Eof 2e c{)s\gﬁ s' P” 2p=Unp 2«,
w= e v=vtg2p+5—F-
P2,
Fir __q ol o g fEr ist o
For ,.‘<2p ("we have ZH?J; for r>2p we have Z=H®=2J.
Es wird, fir und fir , =
Wo obfmin® ¥ =0 gor ®=1082T 5 9=0 . B=03415 rad.
)
Ftr 2 = p ist | We have for ¢ = p
1 T2 0,804 614 636 8 1 Fio,011788 8770 1213
Hi(p) = *s w (1 - ggaps) +i° PVE (1 T 14626 p’)
und die Ableitung nach 2 | and the derivative by 2
, S 2 6,821 700 887 8 23 .4_-%,173 922927 4 M7 3,
H’ (p) = Vet (1 + 3150p’) + ST(I 69 300 p’)
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VIIL. Bessel funections, 141

e} Formeln von Nicholson.
@) Formulae of Nicholson.

Zur Abkiirzung werde gesetst | Put for brevity
I
J x4+, (2] = - _ (ef fig. 78, p. 142),
) & @ = g (6 T P 142)
P HS (i3) = H(a) (cf. fig. 127, p. 235). |
Dann ist bei groBem (ganzem) » und | Then we have for large » (integer) Sud
kleinem 4/# small q/n ’,s‘\
3 19/ 2q "\
R =Yirsean, 1= 1YEC
Joln + q) = ¢-8(2q8), 1 V—gq
— No(n+ ) = &-D(2q9), ¢= 5 Wit
w \ i J' } / , J|_ . \ 2 4~ 73
)\' i 4 : e\ ;
N 7 ’ ;
W . 3 // -
SARSA] 1
T A NS =imEN
SHPAD S AN ANVANBRY AP S®
\ / N /'/ y ) N, \$ Vi 1/// )( i
3 SNAA LA SAINNS X |\ Y/
AN VY N XY | vyl |/
| XA 7 -
] /
-
/ 1( a-
/ i /
s w’
/ // i
oy
- / )I’
Vi
/ / -2*
¢ L + [ C ¥ E; $ 10 33 12 13 1 15

Flg 7. Zylinderfunktionen der Ordnung p = o 4. Dabei H () (2} = hi7,
Fig. 77. Bessel functions of the order p = -+ 3. Here H() (x} = ’”"_—
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VIiIl. Zylinderfunkiionen,
VIII. Bessel functions,

d) Formeln von Watsem
d) Formulas of Watson.
Es sei p groB und y = ¢*/(3p%) be-
liehig. Dann ist
J, FR W | gbty w0
w(VP q ) 213 p L),

mit einem Fehler < ie‘*’.

5, VP + )

.‘i

55 6@ cosg + D(p)singl,

N,V + )= q [(5 () sin @ — D (y) cos @b N
H (VP ) = L6 Fiduea”
= Vi 3,6

where

p=g—y—p- arp‘t.g.(q/p);
der Fehler ist klein gegen 24 /p

. 3
| with an error << —¢¥.

Let p be large and y = 7*/(3p%)
| arbitrary. Then we have

where ¥ =82 WAgle/p),

QY

N

]. the error is small compared with 24 n

18
\ ‘..!\
\ g
y \ N |
' & RN < A
il P/ 4 AN
\ v [ \ P |
U IUSE JIEAY / NN
REIERCNEY AN NAUNRN R,
15 T T NN T T
4 3 / / \ I N\
\ )/ A
\ \” A\ . T T
% \ ,'/ A Y7
ANV
DG
&f
_1'0
2 3 4 £ & 7 4 Ey 0 21 12 ig 13 Fé
_ — I
Fig. 78 G:J_}!T-}-J%‘ ﬂ):Vé_(Jhé—J&}. {ef. p. 141))
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o VIIL. Zeros. 143
B. Nullstellen.
8. Zeros.
E;e?i Z, (%) = J,(x) cos o« — Ny () sincx..
1 Zy{zyy =0, mn=1, 2,3,.
= g—1 o 29 Q
xn—ﬁ"-sﬁ (1+3(41ﬁ)’+ﬁ(iﬁ+106(;§ +...)

mit . 3 A\
with 7= 475 B=(p—0p+2m)5—& ..

28N
Q= Tg— 51, Q. = 83¢°— 982¢ + 3779, (< "

0, — 694943 — 15385543+ 1585743 — 6277287,

(
Im besondern | Especiaily D
1 0,050 661 0,053 041 0,2620_51.

— To _ T el . =00 _
Jo(2n) = U, n = 4 + dn—1 (An—DEN (dn—1p

+ e

« o #g_ o, 1 0151982 00167399 0,245 270
Jl(x“) =0, ® n+T_ 4n 41 &41@—{—1)‘ T dn 1P
= Z£($ﬂ)=03 n=1,2,3,-- ,'...’".
T o D s M VS
Tn =V T 8y T GWpr U7
mit

with g = 4p% z*(p+05+2n)~~a,
=1 +qu—~9
Q. =834 —|—2075q —3030¢ + 3537.
3, =) =0, m=12.., 0<e<l
"\x . 0,089 44
Q e=l—be TR

The following formulae are true only
if p is large.

Die folgéiiﬂen Formeln gelten nur fiir
groBeS‘p s '

Ji@) =0, J,(@)=max, z=p+ 0808 618Vp + -
5. Ny(m)=0, s=p+09315677Vp+-

6. w(-'rn)=
z ”P+1800757Vp+103%m 009403_00J085+0(}:{_ﬂ'..
Vo P pYPE | VP
= p + 3244 7Vp + it
V
~p+43817Vp + ;/3 i
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VIII. Zylinderfanktionen.
VIII. Bessel functiona.

7. J_,,,_M(:r,,) = 0,

o =p+ 0951¥p+

m =0,

1,2,, m - 0,5 =p:

0271.
1/

2,022

2y =p+ 2,596 Vp + = TR

m=p+3834Vp+322...
73

4,410

4, Elementare Funktion&lglaichungel{f«.

4. Elementary functionai equatiQﬂ'é‘

Im folgenden bedeutet Z,(z) oder
kurz Z, eine Abkirzung fiir c,J,(z)
+ ey Ny (x), wo ¢y, ¢ willktirliche (reelle
oder komplexe} Konstanten bezeichnen.
Ebenso Z = clJ 4+ ea N zur Unter-
scheidung zweler solcher Funktionen,s
Dabei sind die ¢, ey, &, €5 als vom 1

Index p unabhlngig vorausgesetzt.
4ﬂ+4ﬂ=é%

¥
J, J_p+1 —I— J =

N,_ J\w—N -
= pp-1 e

In the foMowing Z,(x) or shortly
Z,, is can> abbreviation for ¢, (%)
\(x), where ¢, ¢y denocte arbitrary

(real or complex) constants. Likewise

= 6;J.+ € N to distinguish beiween

’:.t.’wo such functions. e, ey, vy, ¢; are

assumed to be independent of the in-
dex p.

2 smpar
Y

AL :
BSE LY = o BT, — HPS, =
AN ‘
_ cy ’
O Lty =(1+% Z (1+ L) Voo l).

Es selen 4, b, ¢ die Seiten und o:, B,y
die Winkel eines Dreiecks; oder auch
komplexe Grdflen, in die jens 6 reellen
GroBen stetig tibergefithrt werden kiin-
nen. Dann ist

Let @, b, ¢ be the sides and o, 8, ¥

- the angles of a friangle; or also complex

magnitudes into which those 6 real
magnitides may be transferred continu-
ously. Then we have

et = g ~ he-tr

and =

and

Z() 7, = _% Zy s (@) T (B) €™,
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VIIL. Bessel fanctions. »

Tm besondern mit § =0, y == |  BEspecially with § = 0, y = =
Zy(a+b) = 2 Zy (@) T (b),
und mit Va5 B =afeosp=b/sing, y= 90°,
VAT P oospb= 3 (- D Laran@in®), o

1= R
Z,ya+ Blsinpf= 2 (— )" Zoismir(@)amra (00D

Y

Z, (AE) = 1’2 Z9+m(z)(1-—-1‘ S)m. ﬁ‘( ‘,'.‘:
0
Im Sonderfall Z, == J, kann 1 beliebig | In the special\tase when Z,=Jp, 1

sein. Sonst mud |1 —A%[ << 1 sein. may be ark;g;nry, otherwise we mugt
. take[17\=1'1<1.

5. Differentiaifohneln,
5. leferentlal formula.e :

=z EZ; (ocx)] - ccxl’Z 1(::.1:‘)
daj 27 Zy(er) | = \\ax =2 Z,11(e)

x 2 (-;/m1~]=- Ve 5 Ap_l(wx)
dm[ Folan]| - - VeV g, 0/e)

d2Z o3

P(P -1)
Qfg ( )Z+ Zypt1
\ Zo"=—Z” Z1'=Zu_;Z1-

8. Integralformeln (unbestimmte Integrale)
6. Integral formulae (undetermined integrals)

f (@) do = 22Jp+21+1($)
fa?P+IZp(x) dx = xP+1 Z,1(x)

J =21 Zy(@) A = — 50+ Zpa(5)

£



146 VIIL. Zylinderfunktionen.
YIII. Bassel fonetions.

S= 2~ 252 ) () Z(B) as
= Z,(ax) Z, (Bx)— ex Zy.1(asx) Za(ﬁ %)+ (p—q) Zp(ee) Zq {Bx)

— z Z —azZ zZ
JEZA AT P“l(ﬁﬁ)_';f p=208) %00
S a1z P az = £ ((Zyea)] — 2y 1(e5) Zya(e) N
. J [+4 ] Z N o
f; Zo(ag) Z)(e2)d2 = wx Z,_..\en) 2, (:_q ' (:2) ?-ltmi O
Z (aa:}Z_(ax] QA W
rt+qg -
fZl(x)dxu — Zy (%), foo(z)da: —,-*@21(:}:).
PN

7.D1ffarentm1g1e1ch‘ungen,
die auf Besselsche Funkiionen fihren.

7.Differential aquations that give Bessel functions.

v TS+ [Brering P £y =0, y= a7, (pe7)
v+ [(Bpar—typ - “’—;g—“]y=o y = V& Zy(pe)

v+ (8 — ‘f;;,‘)y 0, y=VazZ(82)

y”+1 \/' (’ p’)y 0, y=2%2,{8z)

Mﬁ&»fn[(ﬁyw v~ (B)]y=0, y=2,(pa)

Mx<w)+(ﬁ’ 2)y =0, y=Z(ba)

.
P RN VI
V' 2y — (14 )y =0,  y— Zin)
Y + 1yr+(1:_%:)y=0, y-—-Zp(:\‘:V—)

™
._I..
8-
=3
|
— 1
8| =
+
ﬁ"—"\
D
[
[y
|
o
o
N
o)
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1, : - i
y' + <y +ometty = 0, y=2 (]/mxe 3)
, 1 — — £
yn + (me”“—l— 4x*) y= 0, Y o ]/x Zu(]/m xe 2)
- m+ 2
- 2y 2F
gf’-f-bxmymo, yE]/mZ.I_(EX-_’E ! )
m+2
N\

¥ +bxy =0, y=1/52_1_(2'3/b

o +haty =0, y= 1/x.Z1(Vb )

1 =2z

vk (5

va)

F 2Byizr—)y +[ ,_ﬁ

N
2AN
7NN ¢
L 3 N

.

"3 brly— 27y =,

y =% etit=" Z,(Bav)

V' + G Ty — (L Hy=o,

yOer

¢+J+‘

¥+ (—-~—2 tgx 4 \‘(
¥+ (—-+2cotx§y’ (
yl!

pt cot

x?

\2@) v+ (1

\'\

) \ b

Im fnlgendm sef # eine ganze, p+}
eine beliehige positive reelle Zahl;

w=u+1iv, o=@+

seien komplexe Veriinderliche, und ¢ sei

¢in beliebiger Winkel zwischen — & und

7 — & Zur Abkiirzung werde noch der

Ansdruck

2 _(e#?

gesetzt, V; e—

9, \d
Y =..3*‘<+ 2 Z:(%)

?Zvﬂ

Y+ (2P+1 ?%’)y' ﬂﬁ%kéﬁor y= %ZP('—"

ke
)

J 0, y=_ .2

y=0, y=m:%0)

u—-—)umo J—eﬁd Z,(x).

8, Integraldarstellungen.
8. Integral representations,

In the following let n be an integer,
# -+ % any positive real number;
v, e=vre¥=g+iy

may be complex variables, and 4 an
arbitrary angle between — & and m— 9.
For brevity we put

Te—p "~
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148 VIII. Bessel functions.

o) Bommerfelds Integral. (Math. Aun, 47, 335, 1896.)

s—F

g
1 izeosm ip(w—%) 1 P —izsinw ipw
Z,()=— | e € do=—} e e do,
# x 2

[r e

Fig. 80. Relief der Funktion ¢*°%% (p =0, z==1),
Hobenstafen 0,1. | Altitnde stepe 0,1.
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VIIL. Integral representations.
Tntegrationsweg (vgl. Fig. 79) | Path of integration (cf. fig. 79)
f‘;g; = —pt i y—ioo —7 4100
etwa iber '
ahout via 0 ® 1
mach . . . . .
o f= 1 — 100 2 — n +ioo 2 —n+ico
ibt ., - . .
I L)~ HE) HP(3) 2750
O\
7\

T

=

e

Fig, :3\1. Relief der Funkiion exp (s' ¢t % cos + 1,58 {w — ;-n))-
N 130

O p=18 z=c
Hﬁhens%i?eg"ﬁ,? | Altitude steps 0,2
Thasenstufen 240 i Phase steps 249

2
. 3'—?! . )
Jn{ﬁ') — 5 easccsfpelﬂfp(g[p.
o

The following older representations are

Hierin sind die folgenden flteren Dar-
gontained therein as special cases:

stellungen als Bpesialtille enthalten:

T
—R

Jn(2) = j—;—-fe“mff’ cosngdy (Hansen)

Q
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. VI1I. Bessel functions.

i3

Jo{e) == | cos(¢sing—ng)de (Bessel)
s . |
5
Jen(?) = = f cos (2 5in g) cos (2ng) do
‘ it
= (—1)" Ejicos (7 cos ) cos (2ngp) de o
i 1Y
x _ ‘.\; %
2
Jonp1(#) = = | sin (zsin (p) sin (2n + 1)god‘dp
" .\‘

b

N
= (- 1) .i_ sin (# co@)}os (2n +pde
0 $

N“(z)———-}!.coﬁ{;lﬁo vidy, y>0

S 2
o

H® (5) = irt: 2 ,,\,—ursufw Eojpy dy, y< O (Heine)

HEAN
)

\\‘,I

7h) Poissonsche Integraldarstellung,

b’) Poisson’s integral representation.

&) Unterschexu,ng der Funktionen | a) Distinctionbetweenthe funections
durch dk ntegrationswege, by the pathas of integration.
&

§ R gop—L
\ Zp(z)—,:f ei* 9 (1— Y 7% duw.

}g;ltegraﬁonsweg bei posmvemx(vgl ‘ Path of integration for positive #

£ 82) o (f. fig. 82)
woEbene oo G = —1 +ioe _1
o g ot vie 0 0 0
N == mch g +ie  +1 +1
e Z@)= HIG HP(E  20,0)
Fig. 82,
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VIII. Integral representations.

1

(7)) = Efcos 2u (1 —u-”)"’_';‘ du.

0
Die Substitution 20 = cos e liefert |  The substitution w = cosw gives
Zy(z) = Eﬂ"“"’“’ sin?f@ do.
o N
Integrationsweg (vgl. Fig, 83) | Path of integration (cf. fig. BB)\*
. " ¢ N\ ~
youn . \
from * = 0 e 0 @ -Ebene
etwa iiber '
about via i K T "‘>°}
%—L
ol T (e e O
ibt >t
ergi AV
o B = HPE) HP() 200 O g
” O Fig. 83.
3 K
Jpz) = Efcos (2 cos ¢) sin¥?p dyp
0 bl .ii}\
z ™ .
N6y = ¥ fsin(ia':sin p)eosPopdp — | e+ Eoj*ry dy
¢ N 0
. . 2o : ; binoki
i Lnterschexdung\der Funktionen ' g) Distinction between the

darch dieikn't’egranden_ functione hy the integrands,
Die Snbsti.f\i:;ﬁ;')nena;:ikt-f— 1in dem The substitutions w0 = i%ki -4 1 in

Integral fap#71) und w = ik — 1 in | the integral for HO and w = ik¢ —1

ﬂamInt%»ra.}l filr H® liefern dieHankel- | in the integral for H® give Hankel's

-sthen Integrale integrals
w2y . _1
By = 7 get U ”)/e Vi),
L]

where the upper signs hold for H®),
the lower signs for I[®). We obtain
the simplest casge, if we put & = 1.

wo die oberen Vorseichen fir HW, die

unteren fijr F(® gelten. Am ainfachsten
setzt man k= 1.




ja7/ 8/ &/ a4V
IW?%Q/QAé//A{
T
/
Vi aniansds
TN a4 Y a

VI 0 18y | 2
V) av/ //?5// ///

L o
| /%w%ywif
a5y B

ig. 84. Eunrv fx) = . in der Ebene p, =
84 TVes J',, (a,-) = const. in the plane p, x
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VIII. Bessel function,

Iy 1

Flg 85. J, () ii‘be? der Ebene p, x. {c}ﬁ 68, p. 126,
Pig. 85. J, (x) against the plane p, o™\

S\

LTI ‘V‘; © T
qg__.\ \ ot m’w \\ | 0%
" TN P NG| | L |
0‘3 [ \1 \A‘, o :' k‘ ¥y f \\ —?\\\!é-f‘i\ \/4 @,‘5\[ a5 0’3
AT WA TR X
URERPS \I-\ 1/ 0 //ﬂ 7N

" A i
SO TN AN,
VAT TN TINAN WX v
EEBATERELS N
Wl VNI N3
|| A / 4 s 5
rraEEEAWN / ! 2
L e INLAY }é
'0:55—_ 17 5 |/ / i :
T 7 E] 4 I- 7 & g 10 A

Fig. 86. J_, o (2}
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154 ¥III. Beesel fanction.
|
: ; 1 a9 J11
« IL 73 75 I3 T 'l y
0 0 ¢ 0 0 4] 0 [t
1 |+0.,8714 |+0,2403 |+0,04950 |+40,0°7186 | +0,0°807 + 0,078 | 40,0%

1 2 |+0,5130 {4+0.4913 |+0.2239 |40,06852 |-+0,01589 | -+ 0,0°2873 | -+0,0°487
3 | +0,06501 {+0,4777 |+0,4127 |-+0.2101 |--0,07780 |<-0,02266 ;- 0,0°5493
4 |-0,3019 +0,1853 |+0,4409 {-40,3858 |-+0,1983 |-40,08261 | 1 0,02787
6 |—0,3422 |—0,1697 |-+0,2404 |-+0,4100 |-+0.3337 |-0,1808 |-G,08558
6 |—0,00102 | ~-0,3278 |—0,07296 |-+0.2671 |+0.3846 |-+0.3008 - 0,1833
7 (+0,1981 1—0,1991 |—0,2834 |—0,0°3403 | +0.2800 |--0,3634 o< 06,2911
g8 | +0,2791 +0,07593 [ —0,2506 |--0,2326 L0,04712 | 40,2856 . %'0,3456
9 !+6,1006 |--0,2645 |—0,02477 |—0,2683 |—0,183% |+ 0,08433' %1+ 0,2870

10 |—0,1373 +0,1980 | +0,1987 |- 0,099685 [—0.2664 (—0, 1401 +0,1123
11 |—0.2408 |—0,02203 | +0,2343 |-+0,1294 |—0,1519 -—-0,2538 —{,1018
12 |—0,1236 {—0,2047 +-0,07242 | +0,2348 |+0,06457 fs~0.1864 |—0,2364
13 |+0.08208 |—0,1837 |—0.1377 [-+0,1407 |4-0.2134 " (A0, 0°7055 | — 0,2075
14 |--0,2112 |—0,03407 |—0,2143 |—0,06246 |+0, 1830’ v +0,1808 | —0,04151
15 |+0.1340 {-0,1854 |—0,0009 |--0,1991 |40,0°7983 | +0.,2039 |-0.1415
16 |—0,056743 | +0,1874 +0,09257 {—0,1385 ElelB +0,06743 | +0,2083
17 |—0.1860 | +0,04231 | +0,1935 |+0.01461 |+9,3875 1—0,1139 .--0,1138
18 |—0,1412 |—0.1320 |40,1182 |+0,1651  £—0,05501 |[—0,1926 ;—90,06273
1% | +0,02744 |—0,1795 | —0.056578 +0,1643 ) =+0,1165 —0,1097 |—{,1800
20 | +0,1629 |—0,06466 | —0,1726 |+ 0;02152 -+0,1801 -+-0,06053 | —0,1474
21 (+0,1457 (--0.1023 |-0,1311 |—0,1335 [-+0,08666 |+0,1706 |+ 0,0°2808
22 |—0,0°1506 | --0,1700 | 40.02489 IS 0,1844 —0,07701 |+0,1329 |-+0,1436 -
23 |—0,1408 |-+0,08253 |+ 0,1616 «—0,04958 |—¢0,1666 |— 0,01563 +0,1592
24 |—0,1475 |—0,07583 |-+0,1381™ + 0,1040 |—0,1078 |—0,1444 |-+0,04157
25 |—0,02112 |—0,1590 |+0,0%2088 |-+0,1594 |0,04260 |—0,1441 |—0,1060
26 |+-0.1193 | —0,09664 |-y 1305 +0,071556 |-+0,1497 |—0,01972 | —0.1581
27 |+0,1459 | +0,05030 {+0,1413 |—0.,07646 |-+0,1214 |-+0,1189 |—0,07380
28 | +-0,04085 | +0,1466 \v\ﬂ 02514 |—0,1511 |—0,01263 |+0.1470 |--0,07040
29 :—0,09833 | +0,1074\| +0,1094 |--0,08858 |—0,1308 |--0,04798 |--0,1490
30 {—0,1439 {—0,08727 [+0.1412 |-40.05080 |—0,1283 |—0,08961 |-0,09649
31 |—0,05730 &1»330 +0,04503 |+-0,1402 |—0,01337 | —0,1441 |—0.03776
32 |+0,07778 p<0115¢ |—0,08858 |+0,1014 |+0,1108 {-—0,07024 | —(,1349
33 |+0,1389 \ «+ 0,0°8053 | —0,1383 | —0,02701 |+40,1326 |--0,06318 |—0,1115
4 | +0,07340N 10,1182 | —0,06198 | —0.1274 |4-0,03574 | 40,1368 |+0,0°8521
5 |—0,057%5 | -+0,1202 +0,06805 |--0,1106 |—0.09015 |+0,08732 |-+0,1176
36 - Q,’1\319 +0,01335 |-0,1330 -+0,0°6119 |—0,1320 |—0,038i2 |+0,1204
37 008441 | —0.,1027 | +0,07609 | 40,1130 }—0,05472 |—0,1263 |+0.01718
38 [N;0,03836 |—0,1926 | —0,04804 | +0,1163 |--0,06046 |[—0,09984 | —0,09836
3% | +0.1231 |—0,03091 |—0,1255 |-+0,01482 !--0,1282 |40,01476 —0,1240
40 | +0,09400 | +0,08649 !—0,08751 |—0,09743 |-+0,07048 |+0,1133 —0,03931
41 |—0,01977 | +0,1225 |-0,02873 |—0,1190 |—0,04906 |=-0,1083 | ~-0,07811
42 |—0,1128 | +0,04656 ;0,162 |—0,03273 (—0,1218 |40, 006668 | ' +0,1234
43 |—0,1012 |—0.06%90 {-+0,09633 |-+0,08110 {—0,08313 |— 0,09850 i 0,05793
44 | +0,0°2129 | —0,1202 |—0,01033 |+0,1190 -+40,02927 |—0,1131 @ —0.056763
- 45 |--0,1012 | -—0,06023 |—0,1062 |+40.04854 {+0,1128 |— 0,02599 -0,1191
46 1101081 |+0,083156 {—0,1026 |—0,06430 {-+0,00284 |—0,08247 '—0,07312
47 14-0,01438 | 40,1158 |—0,0°%6991 |~0,1165 {—0,01037 |--0,1146 | --0.03718
: 43 |—0,08848 | +0,07188 | +0,09297 | —0,06220 |—0,1020 |-+0,04306 @ +0,1119
| 49 (—0,1087 [—0,03648 |+0,1065 |[--0,04735 |—0,09972 |—0,08586  +0.18497
50 |—0,02861 |[—0,1095 |--0,02304 |-+0,1118 |—0,0°7388 |—0,1131 |—0,01750
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z J_1 J_8 J_3 J_ T J_ 3 J_u ¢ J_aa
Co2 2 2 H 2 k] | 2
| :
6| +x i —o© + oo ‘ —oc + oC -0 .t
1 |+04311 |—1,1025 |+2.8764 |—13.279 |-490,0797 | —797.44 :+888L7
g |--0.2348 |~0,3956 |+0,8282 |—1.6749 |+5,0340 |—20.978 {-+110,35
3 |—0,4580 |-+0.08701 | +0,3690 |—0,702) |41.2691 |- 31083 . --10.117
4 {—02608 |-+0.3671 |—0,01457 [—0,3489 |--0,6250 |—1.0577 |-+2,2834
50,1012 |+03219 |--0.2044 |—0,02755 | 40,3329 |—0,5718 |+0.9249
6 |-~0.3128 |-+0.,03889 1 —0,3322 | 402379 |+0,05460 |—0,3198 ! +0,53i8
7 |+02274 |—0.3306 |-—0,1285 |+0,3224 |—0,1939 |—0,07313 ; +0,3088
g {—0.04105 |—0.2740 |-+0,1438 | 40,1841 |—0.304 :-+0,1589 |+0\D864L
9 |—02423 |—0,08268 |+0.2693 |—0,08725 |—02176  +0.:2848 |A0:1306
10 |—0.2117 |+0,1584 |-+0,1642 |—0,2405 |--0.0°4188 | +0,2368  )|*— 0.2648
11 |+0,0°1084 | +0.2405 |—0.06665 |--021C2 |+0.2004 | -+0,04822" | — 0,2468
12 | +0.1944 |4-0.1074 |—0,2212 |—0,01522 40,2301 |—04578 |—0.08586
13 [-+0,2008 |—0.1084 |—0,1758 |+0,1760 |+0,08100 | 702321 |+0.1154
14 | +0.02916 |-0.2133 |+0,01655 | +0,2074 |—0,1203 5001301 | +0,2225
15 |—0,1565 |—90,1235 |+0,1812 |+0,06313 |—0,2107.44 008227 | +0,1643
16 |—0,1810 |-0,08937 |+0,1780 |—0.1250 |—0,1233\" +0.194¢ |—0,01031
17 | ~0,05325 | 40,1692 |-+0,01986 | —0,1950 +0,0$4 40,1830 | —0,1659
18 |+0,1242 |-+0,1343 |--0,1466 |—0,03362 0 | +0,0°2131 | —0,1843
19 |+0,1810 |—0,03896 |—0,1751 -+0.08305 11445 0.1515 |—0.05682
20 +0,07281 ;—0,1865 |- 0,04783 [-+0,1785 ~—0,01464 —0,1719 | +0,1092
21 (—0,09837 | —0.1411 40,1155 +0,1138% |--0.153¢ |—0,04788 | +-0,1785
9% |--0,701 |-+0,0°9238 +0,1688 {— 004761 | —0,1537 |+0.1105 | +0,09845
93 |—0,08865.1 --0,1446  +0.06978 | 0,1598 |~0.02113 |--0,1681 | —0,05624
24 (40,0600 | +0,14468 |—0,08716 {~0,1265 |+0,1240 | +0,07994 |—0.1607
25 |+0,1582 | -+0,01479 {—0,1599,\ +0,01720 | +0.1551 | —0.07304 | —0,1230
2 |+0,1012 :—0,1232 |—0.,08700! +0,1399 :+0,04933 | —0,1570 | +-0,01710
927 {|—0,04486 i —0.,1452 | +006089 . +0,1339 |—0,0957t | —0,1020 | +0,1373
28 |—0,145] —0,03667 |-0,1490 | -+0.0°9064 |—0,1512 | -0,03985 |+-0,1357
29 1—0,1108 ;-0,1021 [*0,1003 1—0,1194 |—0,07144 {+0.1416 |+0.01773
30 |+0,02047 |+0.1432.<V—0,03679 [—0,1370 | +0.06877 | +0,1164 | —0,1115
31 |4+01311 | +0,05367 | —0,1363 —0.03169 | 401434 }--0,0°3951 )\ —0,1399
32 [+01177 |—0.08145 |—0,1100 |-+0,09865 |+0,08846 | —0,1235 | —0,04503
33 |—0,0°1844 -\3.1388 +0,01447 | 40,1366 |—0,04345 |—0,1248 | +0.08504
4 |—01181 [°D,06898 :-+0,1222 |+0,05101 |~—0,3327 |—0.01588 | +0,1378
36 [ —0,12194 %-0,06123 | +0,2166 |—0,07789 {—0,1011 | +0,1039 | 4-0,06841
36 |—0,017025 [ 40,1324 | +0,0°6987 | —0,1332 [+0,01991 | +01282 | —0.05903 ,
37 |+03004 | +0.08170 |—0,0070 |—0,06724 --0,1197 | +0.03811 ' —0.A3L1
38 | 48,1236 |—0.04181 |—0.1203 |--0,05745 | +0,1098 | —0,08344 | —0,08560
39 (+0,03407 |—0,1240 |—0,02453 | +0,1272 |+0,0°1705 | —0.1276 | --0,03427
40 | —0,08414 |—0,09190 | +0,09103 | +0.08052 i —0,1051 | —0,05687 {+0,1208
41 |-0,1230 |4-0,02277 | +0,1214 |—0,03757 {—0,1150 | +0,06280 |-+0.09810
42 {—0,04925 : +0,1140 |-0.04110 :—01189 |—0,02128 | -+0.1204 1 —0,01006
43 |+0,06754 | +0,09964 | —0,07450 | —0,09097 |+0.,08931 | +0.07228 | —0,1078
44 10,1203 |—0,0%883 | —0,1200 |-+0,01848 |+9.1170 |-0.04243 | —0.1084
45 | +0,06248 |—0,]026 |—0,05564 |+0.1088 |-+0.03874 | —0.1185 | —0.01006
48 | —0,05084 |—0,1050 |- 0.05769 |--0,09871 |—0,07271 |—0,08449 | +0,09281
47 |—0,1155 |—0,01193 |-+0,1163 |—0,0°443 |—0,1162 | -+0,02269 | +0.1109
48 | —0,07372 | 40.09001 | +0,06810 . —0,08292 |—0.05600 | +0,09342 |+0.03460
43 | 40,03426 |4-0,1080 |—0,04088 {—0.1038 |+-0,06571 | +0.09361 } —0,07673
50 | 10,1089 |+0 02743 | —0.1106 |—0,01638 |+0,1128 |—0,0°3933|—0.1120

(ef: fig. 86, p. 183.)
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VIII. Zylindexfunkiionen.
164 VIIL Bessel functions.

Tafeln: Tables:
Siche Verzeichnis berachneter Funktionentafeln, 1. Teil (Berlin 1928 beim VDI}; ferner

a) Rep. Brit. Ass., Sect, A, Leeds 1927. Nullstellen vom Jy(x) mit 5 Dezimalen fiir
p=—1,00; —0,89; +++ -+ 1,00. _

b) Rep, Brit, Ass., Sect. 4, Glasgow 1928. 2J,(x]/dp mit § Dezimalen fdr p =4 05:
4+ 1,6 und £z=10,1; ¢,2; ... 200, )

¢)K. Hayaehi, Finfstellige Funktionentafeln (Berlin 1930 bei Springer). Gibi die von
A, Dinnik berechneten Werbe IF ¢ ¥ von Jy(rei?) und Jy(rei) mit 4 Dezimalen

[

fiir ¥ = 0,2; 0,4; .., 8,0 und fir &:% ,v:=12 . 7 sowie & = (%—0,001) rad.

d) Siebenstellige Tafeln der Funktionen A, («} sind handschriftlich im Math \nstitat
der Techn, Hochschule Darmstadt vorhanden. :

&) F. Tolke, Zylinderfunktionen (Stuttgart 193¢ bei Wittwer), 92 Seiteny; 6 Y7) und
AEEP(YE) fir p=0,1,2, 8 und r =001 ...™21,00 mit 4_dellenden Stellen,

Lehrbilcher: 1 Text-hooks:

a) N. Nielsen, Zylinderfunktionen (Leipzig 1904 bei Teubnerd, 408 Seiten.

b)P, Schafheitlin, Besselsche Funktionen (Leipzig 1908 bei)Teubmer). 129 Seiten.

¢ A, Gray, G.B.Mathews and T. M MacRobert, Besge]Munctions and their appli-
cations to physics, 2, ed, (London 1922 bel Macmillan) »327 Seiten,

d)G. N. Watson, Bessel functions (Cambridge 192% ‘University press), 804 Baiten,

¢ E. Pascal, Repertorium der htheren Mathemafilk, 2. Aufl, 1,8 (Leipzig 1939 bei
Teubner} 8. 1420 . .. 1448 (Verfasser: E. By

f)N,W.McLachlar, Bessel Functions for engineers (Ozford 1934, Clarendon Fress).
192 Beiten. N

g) R. Weyrich, Zylinderfunktionen uvnd ikixe’Anwendungen (Leipzig 1987 bei Teubner).
137 Seilen. N
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2| 06155 | 010247143191 1.4ssa| 2 —0,3845 | —0,2595 —0,3L06 ; —0.0326 -
4| o07144| 031807 L1859 | 07770 f 4 | 03768 —0.2992° —0.2519. +0,0438
g 07589 | oalg7!| 09737 ! 044421 6|—0.3587  —0.3325; —0.1861 | 01152
8| 07690 | ~04987 | 08170 | 0219} | 8)—0.3255| —0.3518 —0.1158 | 01781
ol o.7509 N> 05587 | 06694 | +0,0447 | 5.0 | —0.2610! —0,3569. —0.0439 | 0,2336
of 0.7129Y 05989 | 05260  —0.0985 } 2 | —0.2272 | —0,348% +0,0269] 0.2770,
a| 04545 | 06194 | 03882 |--02172| 4 —0,16661—0..3264; 00940 03082
6/~06804 | 0.6208 | 02512 ' —0,31431 6| —0,1017: —02929, 01560 03264
gNA-4937 | 0.6038 | 01229 !—0,3906 8 | —0,0351 | —0.2493' 0.2078; 0:3314
0/ 0,3978| 0.5698 | +0.0036 ; —0,4467 § 6.0 | +0.0306 | —0.1976; 02508 0,323,
o' 02962 05204 —0.1045 | —0.4829 ) 2! 0.09%09! —0.1399 09823  0.3033
4| 01993| 04578 —01992 | —0.4996 ] 4; 01497 —0.0787 03018, 02720
60089 | 03844 | —0.2788 | —0,4977 } 6| 01988 —-0,0163; 0,3090; 0,2312,
8| —0,0092 | 10,3029 -| —0,3418 | —0.4784 | 8: 02387 +0,0449 0,3038] 0,1827
01 —0,1006 | 02162 | —0,3875 —0.4434 | 7.0 | 0.2680 0,102%5; 0.2863 0,1284
2|1 —0.1824 | 0.1%73 - —0.4154 | —0.394% 2| 0:2060 1 0,1545: 0,2591\ 0.0707
4| —0.521 | +0,0301 ; —0.4256 | —0,3343 1 4: 02923 01991 02220, 0,0118:
60,3081 | —0.0455 | —0,4188 —0.2651 | 6| 0.288% 0.2343: 01771 —0,0459;
8| —0,3493 | —0.1238 —0.3962 | —0.1893 | 8| 02704] 02604 0,12&4‘ —0,2004
14,0 —0,3748 | —0,1938 ' ~—0,3595 ' —0.1114 1 8.0 ! 0.2436 02762, 0,070 —0:14%6
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V1. Beassl functions. 165
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VIII. Nullstellen.

VIII. Zeroc.
Wurzeln von J, (%) = 0 und die zugehdrigen Werte von J, (x).
Roots of Jy{x) = 0 and the corre.sponding values of J; (x).
1
" x, Iy () n x, | 4, (x,)
i 2,4048 +0:.5191 21 85,1900 =+ 0,09882
2 5,5201 —0.,3403 22 88,3315 — (.09652
3 8,6537 -+ 0,2715 23 71,4730 +0,09438
4 11,7916 —0.2325 24 74,6145 —0.08237
5 14,9309 +0.2085 25 77.7560 -+ 0,00048 N
6 18,0711 —0,1877 28 80.8976 —0,0887%
7 21,2118 +0.1733 a7 84.0391 + 0408704
8 24,3625 —0.1617 28 87,1806 0108545
9 27,4935 +0,1522 29 90,3222 -+ 0.08395
10 30,6346 —0,1442 30 93,4837 | {5 0,06253
11 33,7758 +0.1373 3 96,6083 ¢ ¢ +90,08118
12 36.9171 —0,1313 R 59,7468\ —0,07589
13 40,0584 +0,1281 33 1028684 +0.07868
14 43,1998 —0,1214 34 106,029 —10.,0774%
15 46,3412 +0,1172 35 108,3715 +0,07638
16 49,4826 —0,1134 36 1123131 —0,07525
17 52,6241 -|-0,1100 37 M \115,4546 +0.07426
18 55,7655 —0.1088 38\ 118,5962 —0,07327
19 58,9070 -+0,1040 _+39 121,7377 +0.07232
20 62,0485 ~0,1013 |40 124,8793 — 0,07140
Wurzeln @, von J, () = 08 u}:& Maxima und Minima von J,{x).
Roots z, of J,{¢) =0 and maxima and minima of J, (x).
a| w2 |7, (zﬂ)=§i; o) w7, (z,,):ﬁ;‘; o R v
1| 3.8317 —0,4008.1 21 | 66,7532 | —0,09785 ] 41| 129,5878 | —0,07008
2| 7,0156 +D.3000 | 22| 69,8951 | +0.09543 | 42 | 132.7296 | +0.00926
3| 101738 10,2497 [ 23| 73,0369 | —0,09338 | 43 | 1358711 ; —,06845
4 13,3237 | ':i>0_-2134 24 | 76,1787 | +0,09141 | 44 | 139,0128 | +0,06767
b 16,4706\1 ¥-0.19685 | 25| 79,3205 | —0.08968 | 45 | 142,1544 | —{,06692
6 19.8160\\7+0.1801 |26 | 82,4623 | +0.08788 | 46 : 1452961 | -+0,08613
7| 22,7601 —0,1672 | 27 { 85,6040 | ~-0.08623 | 47 | 148,4377 | —0,06549
8| 25,9087 +0.1567 | 28| 88,7458 | +0,08489 | 48 | 1515784 | +0,06481
3 | 25,0468 —0,1480 |29 | 91,8875 | —0,08323 | 49 | 154,7210 | —0.06414
10({ 9271897 +0,1408 | 30 | 95,0292 | +0,08185 | 50 | 157,8827 | +0.063%0
11 [V35,3323 —0,1342 | 31| 98,1710 | —0,08053
12| 38,4748 +0,286 | 32 | 101,3127 | +-0,07927
13 | 41.8171 —~0,1237 | 33} 1044544 | —0,07807
14 | 44,7593 +0,1192 | 34 | 1075961 | +0.07692
15 | 47,9015 —0,1153 | 36 | 110.7378 | —0,07682
16 | 51,0435 +0,1117 | 36 | 113.8794 ; +0,07277
17 | 54,1858 —0.,1084 | 37 | 117,021} | —0,07376
18| 57,3276 +0,1054 | 38 120,128 ; -+0,07279
19| 50,4695 —0,]026 | 39 123,3045 | —0.07185
20 | 63,6114 40,1000 | 40 | 126.4461 | +0,07085
r diese Wurzeln @, von Jy(x) For these roots z, of Ji(z)=0
=D ist we have
had 1
§1 PNATE) = — 0,38479




VIII, Nuilatelten.
VIIL, Zeros,

167

Jp(xy=0. Die erste Nullstelle x, ale Funktion von p.
Jp{x)=10, The first zero &, as function of p.

(cf. fig. 84, p. 152))

s | o 1 ) 3 4| & 8 7 8 9 |a
_04l1, 7509 7333 7157 6979 6G00| 6620 6433 6258 6076 5892|180
-0.3 3208 9050 8890 8720 8540 8378 8206 8033 7859 7684 (171
—0a|  *0883 *O720 *0557 *0393 *0208/ %0063 9897 O73l 9563 9396|166
To1le, 9488 2328 2169 2010 1851 1630 1530 139 1207 . 1045|161
—g0!" 4048 3893 3730 3583 3428, 3272 3115 2050 2801 2844|156
+00 4048 4202 4356 4510 4663| 4815 4968 5120 52725423 |152
Y01 fh74 5725 5876 6028 6176| 6326 6475 6625 67713 6922|150
0.2 7070 7218 7366 oM T6es) 7B g5 8102 \@2d8 6368 147
0.3 3541 8687 8832 8978 9122 9267 9412 9700 9844 145
0,4 G888 *0132 *0275 *0418 *0561|*0704 *0847 *9990 "132 *1274|143
| 05(3 1416 1558 1699 184l 1962| 2123 2263 Bd04 2644  2684)141
| 0B 2835 0085 3105 3246 3385 3624 3663 3802 3941 4080|139
0.7 4919 4358 4496 4634 4772 4910 §4a 5185 5333 5460|138
0.8 5537 5734 G671 6008 6140| 6282 'Bal8 6bo5 6891 6ag7| 137
0.5 6953 7089 7e34 7370 7505| 841\ 7776 7911 8047 8181|136
10 8317 B452 8587 8721 8856 | 8990 914 9258 9392 9526|134
11 660 9794 9927 *00G1 *0194[%0327 *0460 *0593 *0726 *0859|133
124 0392 1125 1257 1390 1522 1665 1787 1919 2061 2183132
13 9315 2446 9578 o710 .@841) 2072 3104 3935 3366 3497(131
14 3626 3769 3890 4021°\4162) 4282 4413 4643 4673 4804 130
&

Jplz)= 0 D:e zweite Nuilstelle #; als Funktion von ».

Jpl#)== 0. The second zero z as function of p.  (cf. fig. 84, p. 152}

——— AN
2 0 N1 P 3 4 5 B 7 8 9 14
~—04|4, €985 8620 8456 5289 B124| 7958 7791 7624 7468 72911168
~03| . (*0421 *0258 *0095 9932 976%| 9606 9442 9278 Q114 8949163
—0.245,% 2034 1874 1713 1652 1391 1230 1088 0907 (0747 0583161
0.1 3627 3489 3310 3151 2992| 2833 2673 2514 2354 2194|169
—0,0 5200 5044 4887 4730 4573| 4416 4258 41001 3943 3785157
T00! _5200 53656 5513 5669 5825| 5981 6136 6291 6447 6602]156
+0,1 6757 6911 70668 7220 7375| 7529 YB3 7836 7990 8143164
0,2 8207 8450 8603 8765 9908| 9061 9213 9386 9518 9670163
0.3 9832 9974 *0125 *0277 *D428. %0579 *0730 *0881 *1032 *1183[151
04/6, 1333 1483 1831 1784 1934 2084 223¢ 2383 2533 2682|150
0.5 9832 9981 3130 3278 3497| 3576 3724 3873 4021 41701149
0.6 4318 4466 4614 4782 4909| 5057 5204 5351 5487 5646148
0.7 5793 5940 G0B7 6233 6380| 6526 6672 6819 6066 7111146
0.3 7257 7403 7548 7694 7839| 7985 8130 8276 8421 8666|148
0.9 8711 8856 0001 91456 5200| 9435 9579 9723 9867 *0011]145




: ¥IIL Nullstellen,
168 VIII, Zeros.

Iy (= 0. (et fig. 84, p. 152

i |
n p=0 p=1 ! p== p=3 p=4 p=3 |
1 2,405 3,832 5,138 6,360 7,588 8,772
9 5,520 7.016 8,417 9,761 11,060 12,339
3 8,664 10,173 11,620 13,01% 14,372 15,700
4 11,792 13,324 14,796 16,223 17,616 18,980
& 14,931 16,471 17,960 19,409 20,827 22341
6 18,071 19,616 21,117 22;583 24,013 ’~?25,439
7 21,212 22,760 24,270 25,748 27,199 £ 28,627
8 24,362 25,904 27,421 28,008 30,371 ™ 31,812
9 27,494 29,047 30,568 32,065 3§,53.?' 34,589 |l
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Figi??l, Zur Begtimmung d_er -N'ullatellen von Besselschen Funktionen hoher Ordnung.
g 91. For the determination of the zeros of Bessel funetions of large order.
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Fig. 93. Extreme valoee of Bessel functions of large order,
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VIII. Zylinderfanktionen.

VIIL. Beseel funetions, 111
R 7, 1) 7, ® 7, @ AT J, ©
0 46,7650 +0,2239 —0,2601 —0,3971 —0.1776
05 | +0.8714 +0,5130 +0,06501 | —0,3019 —0,3422
L5 | +0.2403 +0,4913 +0.4777 +0,1853 —0,1697
20 1 +0,1149 40,3528 +10,4861 +0,3641 +0,04857
25 | -+0,04960 +0,2239 +0.4127 +0,4409 +0,2404
30 | 4001856 +0,1288 +0,3091 +0,4308 +0,3648
36 | +0.0°7186 | +0.06852 +0,2101 +0.3858 +0,4106™,
40 | +00%0477 | -+0,03400 +0,1320 +0,2811 +0,3912
45 | +0,0°807 +0,01589 +0,07760 | -+0.1993 +3,3337
50 | +00%498 | +0,0°7040 | +0,04303 +0,1321 +0.2611
55 | +0,074 +0,0°2973 | +0,02268 +0,08261 | {;3:0.1808
65 | +0.0% +0,0°467 +0,026493 | +0,0278% +0,08558
70 | 4000500 | 4+0.0°1749 | +0.0%547 | 001518 +0,06338
8 +0.0'9422 | 4009218 | +0,0°4034 | +D:0%0290 | -+0.01841
9 10.0%5249 | --0,02492 | -+0,0°8440 | <:0,0°9386 | +0,0°6520
10 +0,0°2631 | +0.0%515 | +0,0*1293 ¢ \\ro,oamao +0.,0*1468
1 +0,01°1198 | +0,02304 | +0,0°179 +0,0¢ +0,0*3509
12 F0.01°5000 | +0,0°1033 | +0.0%278 1 +0,0%264 | +0,07628
13 +0,0'1926 | +0,0°1485 | +0,072869 | +0,0°9859 +0,041521
14 +0,07889 | -+0,0'71073 | +0,0%880 | +0,0°1438 +0,0%2801
15 +0.,81%03 -+0,0157183 | + $0,0°0808 | +0,071048 | +0,0°4797
18 +0,071 00124506 {N-H0,01°2749 | +0,0°0472 | +0,0°7676
17 10072689 +0.0*0444 | +0,0°2047 | +0,0°1163
18 10,0188 | -+0,012050 | +0,0'°3313 | +0,0°1631
19 +0,04°8 +0,0%1628 | +0,013525 | +0,0°2183
20 AN +0,011228 » +0,0*°2770
2 B\ To0ies | +0.03820 | 0013344
22 > +0,06 40043134 | +0,0'3848
23 ¢ +0,0:%275 | +0,0"24231
24 O +0,01%23 +0,0144454
% ~0 +0.072 | +00:%450
26 AV +0,0**44
27 O\ +0,074

of, fig. 96, p. 174; fig. 97, p. 176; fig. 98, p. 178.




VYI11. Besselsche Funktion.

172 VIIi, Bessel funetion.
| 1
? L@ J, (7 J, (8 I, 9) 7,0 |
) +0,1506 +0,3001 +0,1717 —0,08033 | —0,2459
05 | —0.00102 +0,1981 +0,2791 +0,1096 —0,1373
1.0 | —0.2787 —0,0%683 | +0,2346 +0.2453 ' -l 0,04347
1,5 | —0.3279 --0,1991 +0,07593 40,2545 :  +0,0880
2,0 | —0.2429 —0,3014 —0,1130 +0,1448 +0,2546
25 | —0,07295 —0.2834 —0,2506 —0,02477 ~ 06,1087
3,0 | 01148 —0.1676 —0,2911 - 0,1809 - 1,05838
35 | +0,2671 —0.0%3403 | —0,2396 —0,2683 —0,099585
40 | +0.357 1-0,1578 —0,1064 —0,2656 — 00,2158
45 | +0.3846 +0,2800 -+0,04712 ~0,1838 | (02684
50 | +0.3821 +0,3479 --0,1858 L 0,05504 0,341
55 | +0.3098 +0,3634 +0.2856 +0,08438 \ 01401
60 | -+0.2458 40,3392 +0.,3376 402043 | —0.01446
85 | 101833 +0,2911 -+ 0,345 +0,2870 +06,1123
7.0 | -+0.1298 40,2336 +0,3206 +0:3275 +0,2187
75 | +0,08741 +0,1772 ~+0,2759 $£0.3302 40,2861
80 | +0,06653 +0,1280 -+0,2235 40,3051 +0,3179
85 | -+0.03520 +0,08854 +0,1718 L.\ 10,2633 +0,3168
8,0 | +0.02117 4-0,05892 +0,1263° 7 +0.2149 49,2019
95 | +0/01232 +0,03785 +0,08921 | +0,1672 +0,2548
100 © +0.0%964 ; +0,02354 +Q:00077 +0,1247 +0,2075
105 | +0,0%3827 | +0,01421 | 004005 +0,08959 +0,1630
1,0 | +0.0%2088 | +0,0%8335 .510,02560 +0.06222 +0,1231
115 | +0.0%2089 | +0,0%4763 « % 0,01590 +0,04188 +0,08978
12,6 | +00°5452 | -+0,0°2656™} -+0,000624 | +0,02739 +0.06337
12,5 | +0,0%272 +0,0°1246 | -+0,0%5680 | +0,01744 +0,64204
13,0 | +0.00327 | +00%%702 | +00°3275 | +0.01083 +0,02897
135 | +0.0%3 A0,0°402 +0,0°1846 | +0.0%568 | +0.01884
12,0 | +0,0°2976 '\+o ,0%2062 | +6,001019 | +0,0%3895 | +0,01186
15 +0,0%6192 \ 40,0°5059 + +0,00926 | +0,0°1286 | —+0.0°4508
16 10051000 +0,041081 | F0.07801 | +0,0°3933 | +0.0°1567
17 +0,0021877 1 --0,0°2434 | +0.0°1042 | +0.0°1120 | +0.0°5056
18 +0,0°8746 | +6,0°037 | --0,0°4538 | +0,0%2988 | +0.0°1624
19 +HO0P6062 | 40.0°9598 | +0,0°0992 | +0.0°7497 | +0,0°4316
20 \+~0 0°288 | +0.071731 | +0,0°2081 | +0.0°1777 | +0,0°1151
21 *'0,0°1355 | +0.0°2966 | +-0,0°4L10 | -+0.0°3990 | -+0,0%2907
22 .5 V00010882 | +0,0°4839 | +0,0°7725 | +0.0°8515 | -+0.0°6969
2.3.. +0,009497 | +06,007535 | -+0,0°1385 | +0,0°1732 | +0:0°1590
~29 4+0,0123168 | +0,0101122 © -+0.0°2373 | +0,0°3364 | --0.0°3463
25 +0,0123855 | +0,011602 | L0.003895 | +0.0%967 | +0.0°7218
28 +0,004416 | +0,0%2195 | +0,046135 | +0,0°1116 | +0:0%1441
27 4-0,01°607 +0.01%2893 | +0,020289 | +0,01°1913 | -+0,0°2762
28 +0,0'%55 +0,0M3673 | 4-0.011354 | +0.03154 | 10.0°°5094
29 +0,018 40,0450 | +0,0¥1903 | +0,0:25014 | -+0,09050
3 +0,0071 +0,0'53 +0,0140583 | +0,0197692 | +0.011551
3l +0,0478 +0,0t°339 +0,0°%1140 | +0,0'25668
32 +0,071 +0,0143 +0,011638 | -+0,01°4112
a3 +0,0"5 +0,04927 | +0,0:8376
M +0,071° +0,0%¢31 -+ 0,01%958
36 +0;0+4 +0,0:140
36 +0,01%20
7 +0,0173




VIIL Zylinderfunktionen.

VIIL. Bessel funetiona. 173
11
7, (11) T2 | 4,09 7,09 J, (16)
. —0,1712 +0,04769 +0,2069 +0,1711 —0,01422
— 02406 —(,1236 -+0,09298 +0,2112 --0,1340
—{,1768 —0,2234 —{.07032 +0,1334 +0,2051
—0,02293 —0,2047 —0,1937 —0,01407 +0,1604
+0,1390 —~0,08493 —0,2177 —=,1620 +0,04157
+0:2343 +0,07242 —0,1377 -0,2143 —0,1008
-+ 2273 =+0.1951 +0,0°3320 —0,1768 —(,1940
+01204 +0,2348 +0,1407 -—10,06246 ~—0,1991 N
—0.)1504 -+0,1825 +0,2133 +0,07624 —{11
~{1519 - 0,08457 +0.2134 +0,1830 +0,D"7934
—5,2388 @ —0.0747 +0,1316 +0,2204 +0,1306
—,2538 | —0,1864 +0,087066 -+0,180L 1-0:2039
--0,2016 —0,2437 —0.1180 +0,08117 4 40,2081
— 51018 --0,2354 —0,2075 . —0 04151/ 10,1415
40,1334 ~-0,(6865 —0,2145 —0,2187 —0,08121
+0,2250 +0,04510 —0.1410 2320 —0,1740
+0,2838 +0,1496 —0,04006 i /~0:1828 —0,2227
-+-0.3089 —+0:2304 +0,06698 .. \ “0,1143 —0,2200
+0,3051 +0,2806 +0,1621\N,p —0,01541 —0,1712

90,2804 +0,3005 +0.2338™ +0,085601 —0,09007
+4.2433 +0,2847 40,2770 +0.1718 +0,0°5862
+14,2010 +0,2704 40,2927 +0,2337 +0,09985
+0.1593 +0,2361 +0,2854 +0,2732 +0,1794
+9,1218 +0,1853 10,2615 +0,2856 +0,2367

+0,08978 +o,1559\’ +0,2279 +0,2770 +0,2692

¢

-+ 005429 0,120% +0.1901 +10,2538 +0,2787
+0,04477 |- 970 ~+0.1628 +0,2214 +0,2693
+0,03037 0 04 +0,1188 +0,1865 -+0,2464

+0,62011 | (0,04581 +0,08953 +0,1500 +0,2155

oo 003161 | +00sed | +olTe | 01813
+0,0%230] +0.02126 | +0,04651 10,08931 | +0,1474
00O | 00159 Toopme | 4008613 | +01162
wios | 100%017 | +002232 | -+0.04777 | 40,0890
Sate | T0.0'569 | +0.01491 | +003372 | -+0.08653

{ 0,0*1086 +0,0%3532 | +0,0°9760 +0,02330 +0,04853
) +0,06280 +03,020152 | +0,0%6269 +0:01577 +0,03463
+0,0°3565 +0,0°1288 | +0,0%3955 +0,01047 +0,02419
+0,0°1380 +0,07590 | +0,0°2452 +0,0%6824 +0.01657

+0,0*5931 +0,0°2612 | +0,0°8971 +0,0°0753 | +0.0%7360
+0,041670 +0,047839 | 0073087 | + 0,0°1041 + 0,0:3054
+0,0°4458 +0,02315 | +0,0°1004 +0:0°3711 +0,031-190
+0,051132 +0,0%491 | +0,0:3002 | +0.0:12_51 +0,084379
+0,0°2738 +0,0°1733 | +0,0°9080 +0,0°4008 +0,0°1527

+0,0°8333 +0,0°4418 | +0,0°2832 +0,01921 | +0,0°5060
+0,0°1403 +0,0t1078 | +0.0%6761 +{L0:3555 +0,0:1599
+0,0%298), +0,0621 | +0,0°1730 +0’039902 + 0,054829
+0,0°%092 | +0,0°665 | +0,074248 +-0,0°2645 -+ 0.051398
+0,0°1198 | -+0,0%1225 | -+0,071004 +0,076790 +0,0°3883




VIII. Besselache Funktion.

174 VIII. Bessel funoction.
» 7, (1) 7, (12) L (13) 7, (14) Jy (15)
‘ 30 +0,012274 |  +0,0°2552 --0,0°2983 +0,0°1678 +0°037
31 +0,0124165 | 4-0,015133 | 4 0,0°500% +0,0°3895 +0,07°2870
32 +0,0127376 | 40099976 | -+0,0°1062 +0.0°9187 ~+0.0%6632
33 +0,01264 | +0,0t1876 | +0,01°217¢8 +0,0°2042 -+0,081591
3 +0,0°2100 | +0,023417 | 4-0,014320 +0.0%4382 | +0,0%3593
35 +0,0143383 | +0.0'%8035 | +0.0°%8310 +0,018155 | +4.0'98301
35 +0,0529 +0,01°1036 | +0,021551 | +0,01185] 0. (401800
37 +0,01480 +0,0141723 | +0,0%2812 | +0,013833 T 0013627
38 -+0,01¢]12 +0,015279 +0.0'*4066 | +0,0'%6928 , Uk 0017863
I +0,072 +0,01%44 +0,015850 + 00112858, “H-0,011571
40 +0,0077 =+ 0,015142 +0,0123207 | +0,6'53054
41 +0,0071 +0,0'423 +0,00%308 +{1.0M5781
42 +0,004 + 008870 + 43441067
43 +0,0t%1 40,8412 -+9,005192
44 +0.0073 +0,04034
45 \ -+0.0'78
46 N +§m71
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Fig, 96. Beagelsche Funktionen bei
" TFig, 96. Bessel fonetions of

konstantem Argument und variabler Ordrung.
constant argmment and variable order.



V1. Zylinderfunktionen.

VIII. Besael functions,

176

p 7, (16) 7, A7) J, (18) 7, (19) J, (20)
0 —0,1749 —0,1698 —0,01336 +0,1466 +0.1670
0.5 —0.05743 —0,1860 —0,1412 +0.02744 +0,1629
LB +0,08040 —0,09767 —0,1880 —0,1067 +0.06683
L5 +4,1874 +0.,04231 —0,1320 —0,1795 —0,06466
20 +0,1862 +0.,1584 —0,0°7633 —0,1578 —0,1603
30 —0,04385 +0,1349 +0,1863 +0,07249 —0.09830
36 —0,1585 +0,01461 +0.1651 +0,1649 +0,02152\
4.0 —0,2026 —0,11 +0,06964 +0.1506 +0,1307
4.5 —0,1619 —0,1876 --0,06501 +0.1165 + Q.lﬂ@l
6.0 ~0,06747 —0,1870 —0,1554 +0,0°3572 08,1512
6,5 +8,06743 —0,11 -0,1926 -—0,1097 \ 10,05963
6.0 + {11867 +0,0°7153 | —0,1560 —0,1788 {I™—0,05609
6.5 + 10,2083 +0,1138 —0,08273 —0.15% v —1,1474
o + {1826 +0,1876 +0,05140 —0,1165 * —0,1842
8.0 —0.0°7021 +0,1637 +0,1863 0.05294 —0,07387
8.5 —{1128 +0,06348 +0,1856 | 0.1694 +0,03088
9}0 - 091895 _0’04286 + 0’1228 .\\ s 0v1947 + 0’1251
8.5 —$:2217 —0,1374 +0,02788 ) -+0,1850 +0.1816
10,0 —0.2062 —0,1991 —0,07317 +0,09155 +0.1866
10,5 —0,1504 -0,2171 ~0,1961 —0,0°4328 10,1416
11.0 1 —G,06822 —0,1914 ~=0.2041 —0,09837 +0,06138
1LG +0,02427 —0,1307 70,2100 —0,1698 —0,03288
120 +0:1124 —0,04857 1N —0,1762 —0.2055 —0,1190
12,5 -+0,1853 —HLD%*I —0,1122 —0,2012 —0,1794
13.0 +5,2368 +0, ~—0,03002 —0,1612 —0,2041
13,5 +0.26563 -N\g:% + 006414 —0,08497 —0.1814
140 +-0,2724 +0,1316 —0,01607 | —0.1464
14,5 +1{,2623 PAS +0,2613 +0,1834 +0,06627 —0,076897
15,0 +0,2399 A4~ +0:2666 +0,2356 +0,1389 —0,0°8121
15,5 +0. 2102\ 40,9669 | +0:257b +0,1961 +0,07689
16,0 +0,1775 +0,2340 +0,2811 +0,2345 +0,1452
18,5 -+ 0:1480 +0,2064 +0,2500 +0,2537 +0,1962
17.0 #0150 +0,1739 +0.2288 +0,25668 +0,2331
176 5340,08876 +0,1427 +0,2009. -+0,2445 +10,2501
1804 -+0.06685 +0,1138 -+0,1706 +0,2235 +0,2511
18,65 | +0,04920 -+0,08844 +0,1406 +0,1968 +0,2395
19,0 +0,03544 -+0,08710 +0,1127 +0,1676 +0,2189
20 +0,01733 - +0,03819 -+ 0,08731 +0,1118 +0,1647
2l +0,0:7879 +0,01804 +0.03638 +0,06746 +0,1106
22 -+0,0°33564 +0,(28380 +0,01871 +0,03748 +0,06768
23 +0:0°1343 +0,0°3661 +{,0°8864 +0,01934 +0,03806
24 +0.0%5087 +0,0°1500 | +0.,0°3948 +0,0"9331 4-0,01993
25 +0,0°1828 +0,0°5831 +0,0°1658 +0,0%4237 +0,0°9781
26 10,0253 | 10.0°2154 | +0,0%607 | +0.0'1818 1 +0.0°462d
27 +0,02042 +0,0°7688 +0,0°2504 +0,0°7412 +0,0°1881
28 +0,0°8350 +0,02653 | +0.0'9057 +0.0%2877 +0,0:BE42
29 +0,0°1812 +0,0°8228 +0,0*3133 +0,0°1066 +0,0%3270




VIIL Besselsche Funktion.

_176 " VIII. Bessel fonction.
) 7 Jp asy JP (17 Jp {18) J‘P 19 | Jp 20
30 -+0,0°5505 -+0,0°2546 +0,0°1039 +0.0*3735 +0,0%1240
3l —+0,0°1525 +0,0°7577 +C,0°3313 | +0,0*1289 +0.{)*4508
32 -+,0742078 +0,0%172 | +0,0°1018 +0,0°223 | +0.0'157

33 | +0.0°1082 | +0.0°6009 +0,0°3005 +0,0°1333 -+0.0°5289
3 -+0.0°2626 +0,0°1606 +0.0°8583 +0,0°4057 +8:0°1713

35 +0.0°6339 +0,0°153 + +0,0%2370 +0,0°1193 +0,0°5358
36 +0,0°1484 +0.0°1040 +0.0%6335 +0,073396 + 0061620

v 37 +0.0°%3388 |  +0.0°0526 +0.0%1641 +0.0"93862 0747492
38 +0,0'7496 | +0,0:"5956 | +0,0°4126 +0,0%2603 | 4-8.071345
39 +0,01591 | +0.0'°1384 | . +0.0°1607 +0,0°6486 X N10,0°3704
40 +0,0'23317 | +0.0'13039 | +0,01°2391 +0.0°1638\.F --0.59802
a1 +0,0°6733 | +0,0'%6590 |  +0.0'5520 +0,0°%4018 | +0,0%2574
42 0071331 | +0.0'%1392 | 0011241 | +0,00%9594 | +0.0'%510
43 +0,0°2567 | +0.0%%2865 | +0,0'0719 | + 8,03‘2231 +0,01°1604 |
44 +0:07°483 | +0,0"5752 | -+0,0°*5810 | o 015058 | +0.0°13840

45 10,089 +0.011127 | +0.071211 (\%0,0%1118 | --4,0t9011
46 +0,0'16 +0,0'4216 +0,{]“‘246Q J +0.0'%2418 | +0,0'72059

47 +0.073 +0,0:440 +0,0'%4907> +0,05096 | --0,01%4594
48 +0,077 +0.028. 7 | 40,041051 | +0,0'%1002
49 +0.,0171 00418 +0,015212 +5,G192135
50 0073 +0.02442 +0,013445
| 8l _ +0,01"8 10,681
52 S\ +0,0'72 +0,0°°18
53 RN, +0,014
54 N . + 0,071
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Fig. 97. Beseelsche Funktionen bei konstantem’ Argument und variabler Ordnung.
Fig. 07. Bessel funetions of constant argament and variabie order.



YIII, Zylinderfunktionen.

VIIE. Bessel funetions. 171

P J, @D I, (22) 7, 23) J, (24)

0 -+0,03658 —0,1207 —0,1624 —(.05623
.5 +0,1457 —0,0°1506 —0,1408 -0,1475
10 +0.1711 - +0,1172 —0,03952 —0,1540
1.5 +0,1023 +0,1700 +0,08253 —0,07523
2,0 —0.02028 +0,1313 +0,1590 +0,04339
2.5 —0,1311 +0,02489 +0,1516 40,1381
30 —0,1750 —{,09330 +0.06717 +0,1613
35 —0,1335 ~0,1644 —0,04958 +0,1040
4,0 —0,02971 —,1568 —0,1415 —0,0°3076. >
4,5 +0,08656 —0.07701 —0.1666 —0,1078
5,0 +0,1637 +0,03630 —0,1164 —(,1623,
5.5 +0,1708 +0,1329 —0,01563 —6,444
8,0 +0,1076 +0,1733 +0,09086 —0,06455
6.5 +06,0°2808 +0,1435 +0,1692 _M%0,04157
7.0 —0,1022 +0,05820 +0,1838 M +0,1300
8 —0,1757 —,1362 +0,0%820. 8% +0,1404
] ~0,03175 —0,1573 —0.I5768) —0,03843
10 +0,1485 +0,077547 —0,13%2 —0.1677
1 +0,1732 40,1641 -+ (104268 —0,1033
12 +0,03293 +0,1568 +0,3730 +0.07299
13 —{0,2356 +0,0°6588 N+0.1379 +0,1763
1 —{,2008 —0,1487 —0,01718 +0.1180
15 —0,1321 —0.1959 . %p° —0.1588 —0,03863
18 +0,01202 —0,1185 48]  —0.1899 —0,1663
17 +0,1505 +0:(2358% —0,1055 —0.1831
18 +0,2316 +0,1649" +0,03402 ~0,09311
19 +0,2465 +9:2299 +0,1587 +0,04345
20 +0,2145 40,2422 +0,2282 +0,1619
21 +0.1821 '\‘..40,2105 +0,2381 40,2264
20 +0.1097 \ +0,1698 +0.2067 +0,2343
23 +0.06767 ¢ +0,1087 +0,1573 +0.2031
24 +0,03857 +0.08773 +0,1078 +0,1550
25 +o,%9 ~+0,03905 +0,08777 +0,1070
2 +0,61022 +0,00102 +0,03949 +0,06778
27 +0,6%4306 +0,02064 +0.02:52 +0,03990
28 ~0.0%0143 +0,0°5084 +0,01104 +0,02200
29 Wt 0,0%9094 +0.0°2307 +0,0%5357 +0,01143
3D AN 40,0°3682 -+ 0,0°9966 +0,0°2470 +0,0°56268
AW 10,0%1427 +0,0°4113 +0.0°1085 +0.0°2633
32 +0,045304 +0,0°1626 +0,0°4561 +0.081178
33 +0,0*1835 +0,0'6171 +0.0°1837 +0,0°5024
H +0,0%6521 +0,042253 +0,0°7110 +0,0°2060
35 +0,0°3164 +0.0°7927 +0,0'2649 +0,0'8119
36 +0,0%6941 +0,0°2692 +0,0°9516 +0,0%3083
37 +(,0°2153 +0.0°8839 - +0:0°3302 +0,0*1130
38 +0,0°8471 +90,0%2809 +0,0°1108 +0,054000
39 +0,0°1886 +0,078652 +0,0°3603 +0,0°1371
40 +0,0°5336 +0,0°2586 +0,0%1136 +0,0°4553
41 +0,0°1467 +0,0°7506 +0,0°3476 +0,0°1467
42 +0,0°3922 +0,0°2118 +0.0°1034 +0,0°4590
43 +0,0°1021 +0,0°5818 +0,0%2989 +0,071398
44 +0,01%2589 +0,0°1555 |  +0,0%417 +0:0°4133



VIII. Besselsche Funktion.

178 VIIL. Bessel fonction. .
2 J, @) J, (@2) \ J, (28) J, (24)
| |
45 +0,06402 :  +0,0*°4054 +0,0%309 | 44,0°119]
8% +0,01'1544 +0,0'°1031 +0.01°6175 +0,073347
47 +0,0'3637 +0,0112557 +0,01°1611 +0,01°9172
48 +0,0'°8368 +0,0:26198 +0,0'4105 |  -+0,0'°0453 |
49 +0,0°*1882 +0,0'21487 +0,0111022 +8.0M8409
50 +0,01%4139 +0,01%3397 +0,0122486 +0,9111636
51 +0,0'589] +0,0*7598 +0,0125917 +0,0"24085
52 +0,015188 +0,0141708 +0,0"#1378 +0i0"9978
53 +0,01439 +0,015370 +0,0'43142 +(01%0385
54 +0,0'"8 +0,0t579 +0,01°702 . {50,0:5585
55 +0,0"2 +0,0'°18 +0.0'¥158 "\ $0,01081
56 +0;0'73 +0,0834 [ .0,0°3288
87 +0,0171 +0,077 N 5,084
58 +0,0171 +0,0%%14
59 RS +9,0°73
60 Q) +0,0*"1
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Fig. 98. 7,(8) % 7, (7).




VIII. Beseelsche Fonkiion.
VIII. Bessel fumetion.

179

Y J5(25) J,(26) J,(27) J{ 28} Jp (29}
0] 400963 + 0.1560 + 0.0727 — 00732 —0.1478
1{ —01254 -+ 0,0150 + 0.1366 - + 0,1306 + 0.0069
g1 —01063 —0.1548 — 0,0826 + 0.0825 -+ 0.1483
3| 401083 — 0,0389 —0,1459 —01188 + 0,0135
4| --01323 + 0,1459 + 0.0302 —0,1079 — 0,1455
5| —0.0860 + 0.0838 + 0,1548 + 0,0879 — 0,0537
§ | —01567 — 01137 + 00271 40,1393 + 0.1270
7| —00102 — 0,1362 —0.1428 —0.0282 -+ 0:1062
8 01530 + 0,0403 —0,1012 —0,1534 {0757
9| 0108 + 0.1610 +-0.0828 —0,0595 01480
10| —00752 + 00712 + 0.1564 +01152  § \—0.0161
1] —01682 —0,1083 -+ 0,0330 + 01418 ) ° 40,1368
12| —00729 -—0.1611 —0.1295 — 00038, + 0,1200
13| +o.0983 — 0,0424 —0,1481 — 0.14500 — 10,0376
14 | +01751 + 0.1187 -~ (,0131 -~01309 —0,1537
15 | 400878 -+ 0.1702 + 0,1345 -+.0.0142 — 01108
18 | —0.0577 + 00777 -+ 0.1825 />-0.1461 + 0.0391
7] —0177 — 0,0745 + 00582 {01527 + 01539
18] —01768 — 0,175 —0.0893 + 0.0394 -+ 01414
19§ —00814 — 0.1681 —01772\¥ —01021 + 00218
20 | - 0.0520 — 0,0704 —0, 1801 —0.1779 —0.1131
21 | 40,1546 + 0,0697 — (10600 — (1501 —0,1776
22 | 402246 + 0.1669 -+0,0668 — 0,0502 — 01441
23 | 02306 + 0,2227 38.0.1688 + 00732 —0,0410
24 [ +0,1998 + 0.2271 + 0.2209 +0.1704 -+ 08,0790
25 | +01509 -+ 01966 AN 402238 -+ 02190 + 01718
2 | <+ 01081 + 0,15104 -+ 0,1936 -+ 0.2207 -+ 02172
27 | -~0.06778 + 0,1&; + 0.1491 + 0.1908 +032176
28 1+ 0.04008 + 06776 + 0.1045 -+ 0.1473 + 01881
29§ +002045 ~h04063 + 0,06773 +0.1038 -+ 0.1456
30 | 001181 40,0288 -+ 0,04096 -+ 0,06769 + 01030
31 | +0.0°%889 [\ 0.01217 + 0,02329 + 0,04126 -+ 0,06763
32 |+ 0.0%9795 ¢ + 0.0%147 + 001253 -+ 0,02368 -+ 0.04156
33| +00%08 -+ 0,0:9957 + 0,0%6400 -+ 0,01287 -+ 0.02405
38 +0.0%60 + 0,0°1360 + 0.0%3118 -+ 0,0°6648 -+ 0.01320
35 |+ 040008 + 0,0°599 + 0,0°1453 + 0,0%3278 + 0026891
36 | %pﬁﬂﬂgg - 0,0°254 -+ 0,0°650 -+ 0,0:1548 ~+ 0.0%3437
37 1 g 0.036 + 0,0°103 + 0.0°%279 + 0.0°701 + 0,0°1642
38 o013 —+ 0,641 L 0.0016 + 0.0°306 =+ 0,0°754
39 ] 00 + 0,045 + 0,046 + 0,0°128 + 0,0°333
40 1 4 0.0% +0.0% + 0,048 + 0,052 + 0,0°142
a4 | 40091 + 0.0%2 + 0,057 3-0,0:20 +- 0,058
42 + 0.0°] -+ 0,052 +0.0% -+ 0,023
43 + 0,001 +0.0%3 +0.0%9
44 + 0071 + 0,03




VIII. Zylicderfunkticnen.
VII1. Bessel funetions.

g (x) : {of. p. 128

o 2 4 8 8|ldals] 0o 2 4 & s 4

. ]

01 +1.0 000 *999 *996 *091 *984| —4 50| —01 778 710 644 577 51| 66,
1;+09 975 984 951 938 919: 14| 1 443 376 308 240 171| 68}
2i 900 879 857 832 805, 24| 2 103 034 *985 *896 *827| €9
3} 776 746 713 679 642! 34| 3{—0.0 758 689 620 550 481| 70
4 604 584 622 478 432] 43| 4 412 343 274 205 137| 69
5 385 335 284 231 177| 52} 5 068 000 +068 +135°:903| 68
8 120 082 002 *940 *877| 61| 6| +0.0 270 335 403 489 534 68
7|+08 812 745 677 BO7 536| 69} 7 599 664 728 791 855 64
8 463 388 312 235 156, 78| 8 917 979 *040,%2017*1811 61
9 075 *993 *910 *B25 *739, B84] 9! +01 220 279 Y7394 451 58
D +0.7 852 563 473 382 200! 90J6,0 506 561.<p16 B9 T721' 4
1 196 102 008 *809 *sll: 9&] 1 773 824/>874 922 970 49
2/+08 711 611 510 408 305 102| 2| 402 018,064 109 153 195, 44
3 201 096 *990 *384 *777| 106| 3 2380279 319 358 3951 40
4|+0.5 669 560 450 340 230; 110] 2 Sa 469 504 B37 570 M
§ 118 006 *894 *781 *66g! 112| 5 ,{B01 631 680 BBB 715 28
i B|+04 554 440 325 210 095 1165)| 6| -\ 700 765 788 810 831 &
7|+03 980 864 748 632 516! 116] 7/»\ 851 889 886 902 917! 16
3 400 283 167 - 051 *935; 116] 8\ 931 943 956 965 973 U
9|+0.2 818 702 536 470 354 116] 8 981 ‘987 993 997 999| +4
0 239 124 009 *834 *780| 115470 +0.3 001 001 000 *998 *8us| —1
1/-+01 6868 553 440 327 215 I3 1! +02 991 985 978 970 96| 7
9 104 *993 *882 *773 *6ed N9 | 2 951 939 927 913 898| 13
3/ +00 555 448 341 235 130y 106| 3 882 865 847 828 07| 18
1 025 7078 ~181 "283 884 | 102 4 786 764 740 718 690
5|—0.0 484 583 @8I 11?573 97| 5 863 636 607 578 547| 29
B 968 *062 *154,*245'*336' 92| 6 516 484 460 416 281| A
7|01 426 512 5890684 768 86| 7 346 309 271 933 194| 38
8 850 932 *012.*690 *167: 79| 8 154 113 072 030 *987| 42
902 243 318¢'390 462 532 72| 9! +01 944 500 855 809 783| 46
40 600 668733 797 860| o4 fB.0 716 669 622 573 525 48
1 921\ 980 *038 *094 *149| b&7] 1 475 425 375 325 274, 60
2|03 20%\ 53 303 361 398! 48] 2 209 170 118 066 013| &2
3 443 486 528 568 606: 41| 3| +0.0 960 907 853 800 746! B3
4 0843 878 711 743 773 3R] 4 692 637 583 520 474| o
5|\801 828 853 876 898 241 & 419 365 310 955 201| 86
8 918 636 052 968 981 161 6 146 092 *037 017 071, 55
7 992 *002 *010 *017 *022° —8| 7| —0.0 125 179 233 9288 339, M
8 —04 026 027 028 026 023 To| 8 392 445 497 549 601 B2
9 018 012 004 *985 *98a| 43| 9 653 704 754 804 gha| 50
0| —0.3 972 958 942 925 907| 1slo.0! 903 952 *000 *048 *098! 48
1 887 865 843 818 793, 24] 1:—01 142 189 9234 279 324| 46
2 786 737 707 678 644| 30| 2 368 411 453 495 536 | 42
3 810 575 539 501 483| 371 3 577 616 6556 694 731| 39
4 423 381 339 206 251 a2 4 768 804 833 a73 807| M
| 5 205 159 111 062 012| 48] 5 939 871 *002 *032 *06l| 30
61—0.2 961 910 8567 803 749| 54§ 6| —02 090 117 144 189 194| 28
7 893 637 580 522 484| 68| v 215 241 9263 984 304| 22
8 404 344 9284 222 180| 61| 8 323 341 358 374 389 17
9 097 034 *370 *306 *841| 64 9 403 417 429 440 450 12



VIIL Zylinderfunktionen.

VIII. Bessel functions.

181

A (=) (cf. fig. 99, p. 189.)

2 60 2 ¢4 6 8| dl]= 0 2 4 & 8|4
0.0|+10 000 *299 *998 *995 *992| —15.0| —0,13 103 138 166 190 207 |—26
1/+09 988 982 976 968 960| 7f 1 219 208 228 224 915|F 0
2 950 940 928 916 902| 12} 2 201 182 157 128 094|427
3 888 873 856 839 8al| 17[ 3! 055 Q11 *963 *910 *853 | 50
4 801 781 76D 738 7I5) 22| 4; 0,12 791 724 653 578 498| T3
5 691 666 640 613 585: 26 § 416 329 237 142 043N 93
8 857 527 497 465 433! 311 6|01 940 834 724 611 404V 112
7 400 366 331 295 258) 36| 7 374 250 123 *994¢*861 | 128
8 9221 183 144 104 063! 40| 8| —0,20 725 586 445 301154 | 142
9 021 *879 *935 *891 *847| 44| 9| 005 *853 *699 *642 *384| 165
1,0/+08 801 755 708 660 61| 48[6.0, —0,09 223 0BO *BY5 X728 *559 | 186
|1 662 512 461 410 358| &1] 1) —0.08 389 217 (043 *BBS *69l | 174
2 305 261 197 143 087 | 54f 2! —0,07 513 334 164 *972 *790| 181
3 031 #9756 *917 *860 *801| &7f 3| —0.08 606 -321)°236 050 *863| 186
4/+07 742 683 623 562 501 60| 4 —0.05 678488 300 112 *923 188
5 439 377 314 251 188’ 63§ 5| —0,04 784544 355 166 *976: 189
8 1#d 059 *934 *929 *gg3| 65| 6] —0.03(787 598 410 221 033| 188
DR W ) Bl PN R

. i) 3 1

9 117 048 *978 *908 *838| 70 8|\ 7 012 *834 *B57 *481 *307| 177
80| -+0.5 767 697 626 565 484 | 71J%@—0,00 134 +038 +208 +376 +543 | 169
1 412 341 289 198 196 714\I' +0.00 709 872 *03¢ *194 *353| 16l
2 054 *ag2 *910 *839 *767| 2 2| +0.01 503 64 8I8 967 *11| 152
3|04 695 623 551 479 407 | 72| 3| 002 262 407 549 689 827 | 141
4 335 263 191 120 048[\'72| 4 963 *096 *227 *356 *483 | 130
8+03 977 9205 834 783 (692| 7L 5| +003 607 728 B47 964 *078| 118
It E i RINEEER T K
81402 926 858 791,793 656| 68] 8| +0.05 163 246 326 403 477 78
9 583 523 4988l 325 66) @ 549 618 684 747 808, 65
30| 260 198 7337 o8 o0d| 64[80 866 921 973 *023 *070: 51
PR DR LR B v
3 337,880 222 186 110| &7 3 403 417 429 438 444I+101=
¢ 0341*999 *945 *89l *838| 4| 4 447 448 447 442 436 —3,
jremmEm mm gy Bummap
; 385 3 ; ,
7| 1002 810 450 *997 *550 *109| 450{ 7 200 165 127 088 046! 38
814000 675 *247 “174 " 588 7996 420 8 002 *956 *307 *857 *80G ! 50
9:—0,01 397 792 *179 *s60 *935 385] 9| +0.05 751 694 636 577 Bl5| 58
40, —0,03 302 663 *017 *364 *704| 350[0.0 451 386 319 251 180° 68:
1 005033 364 684 997 *303] 315} 1 108 035 *960 *883 *806. 76
b0 e slan nach 0| ) 2 oo 8 8t A0 ) 8

—0 253 *504 *749 *986| 250| 3

41009 217 441 658 869 *072: 215] 4; +0.03 865 772 679 485 491 94
51~010 269 460 643 820 991+ 180 5 395 299 202 104 006! 98
8011 154 312 462 607 744, 148] 6| +0.02 907 807 707 607 506! 100
7 876 *001 *119 *232 *338| 115] 7 405 303 202 099 *997: 102
8:—012 437 531 619 700 775| 85f 8| +0.0L 895 792 683 587 484 103
9. 845 908 968 *017 *063| 501 9 381 279 176 074 *971! 103:



VIII. Zylinderfunktionen.

182 VIII. Bessel funetions.
Ay (%)
@ 0 2 4 § 8| d]= 0 2 4 8 sl g
0.0| +10 000 000 *339 *397 *996 | —1[5,0( +0,01 490 259 031 *808 *585 225
1;+0.3 992 988 984 979 973 4} I +0.00 373 *162 045 " 048 447 205
2 967 960 952 944 935! 8] 2| —0,00 643 834 *021 *204 *384 | 185
3 926 915 904 892 880| 12)] 3| —0.01 559 731 €98 *062 *222| 185
4 867 854 B840 826 809 15] 4. —0,02 378 531 B79 824 985| 146
i 5 793 777 759 71 723| 18] 5| —0.03 103 236 366 492 Bi5| 128
6 703 634 663 642 620 21f & 734 850 961 *070, *i75, 110
7 598 575 561 527 5037 24f 7| —0,04 278 374 468 &50) 647 99
8 477 451 425 398 370| 26) 8 731 812 890985 *03G| 78
9 342 313 284 254 223) 29] 91 —0.05 104 169 230 289 245 60
1.0 192 161 129 096 063 32K.0 397 447,493 537 577| 4
1 029 *995 *960 *025 *ges| 35] 1 616 650{'682 712 738| 31:
2/ +0,8 853 816 779 741 703 38] 2 762784 802 BI8 8§33| 17
3 664 625 585 545 506| 40] 3 813\851 857 B8Rl 862 | —35
4 464 422 380 338 295| 42| 4 861" 857 852 844 833) 18
| 6 252 209 166 120 075{ 44} 5 421 807 780 772 751| 18
| 6 030 *985 *339 *B93 *846| 46[ 8 728 704 678 649 619| 28
P T T07 799 752 704 656 608! 48| 7, N\’ 587 554 519 482 443| 36
8 569 510 461 411 362; 50 8i'\. 4b3 361 2318 273 97| M
9 311 261 210. 153 108; 61} 9 179 130 080 028 *975; 51
2,0 057 005 *853 *901 ™ 52470 —0,04 921 866 809 762 693| 57
1.+06 796 743 630 637 584| 53] 1 573 511 449 385; 69
|2 530 476 422 368 314 |“~a4] 2 255 130 123 055| 66
;3 260 205 150 096 Q41 35| 3| —0.03 987 918 849 779 7e8! 70
4/+0.5 986 931 876 820 ~265| 56 4 637 566 494 421 348| 72
5 710 854 599 g7 56] 5 275 201 128 063 *973| ™
6 432 376 320,265 209 56| 6| —0.02 904 830 755 680 605| 76
7 153 097 041(*988 *930; 55} 7 529 454 379 304 999| 75
8|+04 874 819 763,708 852! 550 8 154 079 004 *029 *854| 76
9 997 541 (286" 431 376| 55J 9| —0.01L 780 706 632 559 445 74
3,0 321 2a 7911 166 102 55 6.0 412 340 268 198 194! 72
1 3 *939 *885 *g31| 54 1 053 *983 *913 *843 *7741 0
2| +0.3 773 671 618 565| 53| 21 —0.00 705 837 570 503 437 87
3 519 459 407 355 303| 52] 3i 371 306 242 178 115, #4
4 <251 199 148 097 o46| 51 4 053 +008 +069 +129 +183: &0
5 +0‘s 995 945 855 845 795 sol & +0,00 247 305 362 418 473; 66
6 746 697 648 599 551 49| 6 528 582 634 688 737| 52
7 503 455 408 361 314| 47| 7 788 837 8856 933 980| 48
8 %68 222 176 130 085! 46] 8| +0.01 025 070 114 157 199| 44
8 040 *G9B *951 *907 *864'l aul 9 240 280 319 357 394| 39
&0 +0.1 821 778 735 693 651 4zf.0 431 466 500 533 566 33
1 6H) 569 528 488 448, 40f 1 5397 628 657 685 7131 28
2 408 369 330 202 925¢| a8l o 739 7656 789 813 835! 24
3 2l6 179 14z 105 068| 37| 3 857 878 897 916 934: 19
4 033 *098 *953 929 *894| 351 4 950 966 981 995 *008: 14
500 861 827 794 762 730| 33| 5[ +0.02 020 031 041 051 058 10
8] +0.06 979 B66 356 051 50| 312 6 066 ogs 079 083 087| &
7;40,056 453 160 *871 *587 *306!| 2850 7 030 092 094 094 094 +1:
8| 1004 030 *757 *489 225*+365: 265| 8 093 091 088 084 080 —3
9i+0,02 709 457 209 *985 *726' 246f g 075 069 082 054 046| 8




VIII. Zylinderfunktionen. 183
VIII, Bessel funetions.

Ay ()

ale 0 2 4 ¢ 8 4

"]
=
o
e
=]
=]

,-|-1,{)() 060 00 *99 *98 *96| —115.0! +40.14 010 *710 *414 *121**830} 295
‘4099 94 91 88 84 80 4] 1 +0.12 532 258 *975 *B696 *420| 280

76 70 64. 58 51 6] 2. +0.11 146 *876 *508 *343 *081| 268
©+-0.00 822 566 312 062 *El4| 252
¢ --0,08 570 328 089 *853 *6l9| 238

~+0.07 389 162 *937 *715 *496N 224
40,06 280 (87 *857 *649 *445; 209
- +0.05 243 044 *348 *B54™464 1 195
C+0.04 276 091 *909 *'2 0“*353 | 180
: +0,03 379 208 039 %874 *711; 167

-+0.02 550 393 2%8 086 *936| 153
+0.01 789 6456 /A 364 227 | 140

093 *962 *833 *707 *583 | 128
+0.00 469 -843° 296 112 001 | 115
—0.00 1080\21% 319 421 521} 1B

fg 713 805 896 984 92
:—u,oko 153 235 314 391! 80
466 538 609 678 744 70
809 871 931 990 *046| 60
;.—0.02 101 153 204 253 300 50

345 3688 430 488 507 40
543 578 611 642 671 32
699 725 750 773 794 24
815 833 B850 866 880 18
B93 904 914 923 B30; 10

936 941 944 947 948 3
948 947 944 941 936 +3
930 933 916 907 897 8
886 874 862 848 834 13
818 802 785 767 749 18

729 708 688 667 645 2l
622 508 574 549 524 2
408 471 444 417 389 27
360 331 302 272 242 30
211 180 149 117 085{ 32

053 020 *987 *954 *9211 33
—0.01 887 853 819 785 751 | 34
: 716+ 682 647 612 577 35

542 BO7 472 437 402 35

367 332 296 261 226, 3

191 156 122 087 052] 34
018 *083 *949 *915 *B81| 34
—0.00 847 813 780 747 714 | 33
681 648 616 584 5562| 232
520 489 457 427 396 32

366 336 306 277 248| 30
219 180 182 135 107{ 28
080 054 027 001 *0247 26
+0.00 049 074 039 123 146) 24
S 190 193 415 237 259| 22

=

—
S O@WAmG B WS Wwmeassen o 3 B et

098 45 32 13 08 *92| 13
097 7vr 62 47 31 14| 16
09 98 60 62 44 26| 18
08 *87 67 48 *25| 20

095 04 *82 *B0 *37 *14| 22
+0.9 39¢ 366 342 317 202 24
266 240 214 187 160| 27

‘ 132 104 076 048 Q17| 29
(408 987 957 827 896 866| 3l
i 832 802 769 737 T04| 32

670 637 603 669 534| 34
453 464 428 392 356] 36
318 282 245 208 170f 37
132 094 085 016 *977| 39
+0.7 938 898 858 818 777| 40

737 836 B565 613 672 4l
B30 288 445 403 380 | 42
318 274 231 188 144 | .43
100 056 012 *968 *9244 44
+0.6 879 834 789 744 699 45

854 608 563 Bl 4| 46
436 380 334 288\\242 46
195 149 103 066 4
+05 863 916 869823 776 47
728 €82 638</583 541 | 47

434 448 7800 354 307| 478
260 2%3_\’166 119 072| 47
025 *9797*032 *885 *839| 47
+04 792745 609 653 606| 48

580 514 468 422

£\
ON830 284 939 193 148| 45
’103 057 012 *967 *923| 45
+03° 878 833 789 746 7OL| 44
857 613 569 526 483| 43
439 396 354 311 269 42

226 184 142 101 059 | 418
018 *977 *936 *895 *855| 4l
+0.2 814 774 734 695 855 39
618 6577 538 500 462| 37
424 388 348 311 24| 37

201 164 138 092 36
057 021 *986 *052 *917| 35
+01 883 849 815 782 748| 34
715 683 650 618 886 32
556 6523 492 462 431 30
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VIIL Zylinderfunktionen.

184 VIII. Bessel functions,
4, (x)
20 2 4 8 8lalsl o 2 12 6 8]a
00/ +1.00 00 00 *29 *98 *97| —115.0| +0.2 404 372 340 308 977
1/+099 95 93 90 87 84| 3|1 246 215 184 153 193] 31
2 80 76 71 66 61| 5} ¢ 093 063 033 003 *a74! 20
3 55 49 42 35 28| 74 3|+01 945 916 B87 859 830, 29
4 20 12 04 *95 *85{ 9 4 802 774 747 719 62| 2
5| 098 76 66 55 44 33| 11 5 +016 648 380 114 *850-%8z| 9265
8| 21 03 *97 *s4 *71| 13] 6| +0.15 308 071 *816 *563 *312 | 254
71 097 58 44 29 15 00; 14] 7i +0.14 063 *817 *572 *3305%080 | 243
8] 096 8 69 52 36 19| 16] 8 1012 853 617 384153 924 239
‘9 02 ™84 66 *48 *29| 18] 9, +0.11 897 473 250030 *8i2| 221,
1,0/ +0.8 510 491 471 451 431 20[8.0| +0.10 597 383078 *963 *75G | 210
1 410 389 368 346 324| 220 1| +0.09 551 34% 149 *950 *734. 200
2 301 279 255 232 208| 24| 2/ +0.08 561,360 180 *992 *807| 189
3 184 180 135 110 085| 25| 3| --0.07 624\d43 265 088 *Gi4| 178
4| - 039 033 007 *980 *954 26 4| +0.06 721N 571 403 237 073 167
I 5/--0.8 928 899 871 843 815} 28| &: +006/912 750 594 439 9851 157
o 786 757 728 699 669| 29| 6] .\ 134 *9B84 *837 *692 *549| 148
| 7 639 609 578 548 516! 30f 7[°0.D4 407 268 131 *996 *8e2 136
. 485 454 492 390 358| 32] 8/\P0,03 731 602 474 349 925 127
| 9 325 292 259 226 193] 33]+@ 104 *984 *866 *750 *§36| 117
20 150 125 091 057 022| 34J7.0| +0.02 524 413 305 198 093! 108
- 11+0.7 987 952 817 882 846|850 1'--0.01 990 889 789 692 596 | 98
© g 6l1 775 738 702 666 3Bf 2 502 409 318 229 143 90
3 629 592 555 518 480\ 37] 3 056 *972 *880 *B09 *730| 82
4 443 404 367 330 ~29) 371 4! +0.00 653 577 503 430 359| ™
[ 263 215 176 % 099 30| 5 289 221 155 090 026! 66
8 060 021 *981.*32¢"*303| 40| 6| —0.00 036 097 156 213 270; 58
7| +08 863 824 78444 7oa! a0] 7 324 378 430 481 530 62
8 664 624 582543 503 40| 8 578 625 670 714 757| 45
9 463 422 (982" 341 300| 41| 9 799 839 878 916 952 39
3.0 259 219\ 178 137 0961 4118.0] 988 *022 *035 *087 *118| 33
1 055\314 *973 *931 *890; 41| 1) —0.01 147 176 204 230 955| 27
S 2.+05 B49N808 757 6 684 41| 2 280 303 325 346 367( 22
3 643 602 560 519 478| 41| 3 386 404 421 438 483 17
4 437 395 354 313 272 41] 4 468 482 495 5068 518| 12
DB NWR3L 189 148 107 oee! ail 5 528 537 546 554 S6L| B
B . 025 *984 *943 *502 *362| 41f & 567 473 578 682 5855 4
;7104 821 780 739 699 658 41| 7 588 590 591 592 592] —1
. 8 618 577 537 497 456| 40] 8 591 590 588 586 683| +2
9 416 376 336 296 257| 40] 9 580 b75 571 566 560 4
4.0 217 177 138 099 059! 40{9.0 554 547 540 532 524 7
1 020 *981 *942 *903 *865| 39| 1 516 507 497 487 477; 10
2/+03 826 787 749 7il 673| 38| 2 487 456 444 433 4211 12
3 835 597 650 502 484| 38] 3 408 396 383 369 356| 13
4 447 410 373 336 299| 37] 4 342 328 313 299 284| 14
5 263 228 190 154 118| 36] 5 269 254 9238 222 206| 16
8 082 047 011 *376 *941! 358 § 190 174 158 141 194| 17
7i+0.2 906 871 637 802 768 34f 7 107 090 073 086 039| 17
8 734 700 686 633 600| 23| 8 021 004 *986 *968 *951| 18
9 567 534 501 468 436, 33) 91 —0.00 933 915 897 879 86L| 18




VIIL. Zylinderfunktionen.

YIII, Besael functions. i 185
A ()
] o 2 4 6 8|afel 0 2 4 6 8 4d
: ] 5
00 00 00 *99 *99 *97;:— 1{5.0] +0.3 209 177 145 113 081| 32
0? iégs % 94 92 8 87 2f L 050 018 *387 *956 *925: 31
2 82 80 76 72 67| 4} 2 +02 834 863 832 802 772 30
3 83 57 62 48 40| B} 3: 742 712 682 652 623 30
4 34 97 20 12 04 8} 4 533 564 535 506 477 29
S gg 79 70 61. 9fs 449 420 392 384 33\ 28
g 088 gg 41 31 20 09i 10 eg 308 281 253 026, 199| 27
71 097 98 8 74 62 49| 12 7i 172 145 118 092 3066 | 27
8 3 23 10 *96 *82. 14| 8 040 014 *9838 *g62"*H37 | 926
9. 096 67 53 38 92 07! 16f 9! +0.1 912 837 862 \837 8l3| 25
00 085 91 75 58 41 24 17f6.00 --0.17 881 639 399\ °160 * 24| 240
"lg'e ° 07 *e9 *71 *53 *34. 18| 1| +0,16 689 4564924 2085 *767) 230
2. 094 15 %96 *77 *57 *37. 20| 2| +0.15 54l  31% “09¢ *873 *65d | 202
3 093 17 *96 *75 *54 *33: 21| 3| +014 437°922 008 *796 *5868 | 213
A4 0,82 11 “90 *67 *45 *e2, 22{ 4| +0.13 gg 171 *967 *764 *563| 204
5 409 099 078 053 020 005| 23] 5| 0.1/ 166 *870 *776 *583 | 195
6/+08 981 556 932 907 882| 25| 6| -+:0,11893 204 Q17 *832 *B48| 188
7 856 831 805 779 752| 26| 7| 4B.1D'466 286 108 *932 1757 177
8 6 635 672 644 617| 27| 8| 40.09 584 413 243 075 *S09! 189
9 583 561 533 505 476| 28] A+0.08 745 582 421 262 104 160
; 360 331| 29§A0% +0.07 949 794 643 491 342, 151
2? g?ﬁ g.%? gg? 210 180| 3041 195 049 *905 *762 *622 144
2 148 118 087 056 025 ~38}| 2| +0.06 482 3456 209 075 *942, 135
3/+0.7 983 961 929 897 86Hf 32| 3| +0.05 811 681 5564 427 303| 127
4 833 800 7687 735 79’3 33| 4 176 058 *238 -*B19 *702 | 120
5 865 635 602 34 5| +-0.04 587 473 381 250 141| 118
| 8 501 Ege 432 3 B\364 34] 6 033 *ag7 *822 *718 *616 | 105
7 329 295 260 (926 190! 35] 7| +0.03 516 417 319 223 198| 97,
8 155 120 (85,050 014! 35] 8 035 *343 *B53 *763 *676 | 90:
9106 975 943 go7- g7l 836 36| 9| +0.02 589 504 420 338 257 82
3.0; 800 76477927 691 655| 38[8.0 177 099 021 *346 *871| 76|
1 " §19 732 546 509 473| 37| 1| +o0.01 798 725 655 685 517 gg
2: 436,399 363 326 289| 37] 2 449 384 319 =“255 *193
3 252.N\315 178 141 104| 37| 3 132 07 013 *955 *898| 58
§: 067" 030 *993 *956 *919| 37| 4| +0.00 832 788 735 682 631| &3
5 +n,a~ ‘881 844 807 770 733| 37| 5 581 532 484 437 391| 47
6 695 655 621 584 H46| 37] 6 346 302 269 217 178 gg
7 500 472 435 398 360 37f 7 136 096 058 T02F 015 :
8 393 286 249 =2ig 175 37| 8| —0.00 051 085 119 152 l1ad| 33,
9 138 101 o084 027 *0%0| 37] 9 216 245 275 303 33l 29§
40°+04 953 917 830 843 808| 370 358 334 409 43 458| 95
1 770 733 697 660 624| 36] 1 481 503 525 546 ggg %%_I
2 568 551 515 479 443| 38)] 2 586 605 623 640 i
3 407 371 335 300 264| 36] 3 g73 689 703 718 731 1
4 229 193 158 122 087 36] 4 744 757 768 780 790 | 11
: ]
5 052 017 *0g2 *947 *912! 35) 5 g0l 810 819 827 836 9
B/+03 878 843 809 775 740! 34} 6 843 850 B57 B3 868| 6|
7 ; 872 878 982 886 839 4
706 872 £38 605 571 34] 7:
8 537 504 471 438 405 33] 8! 899 894 896 898 8§93 | 2
9 372 339 308 274 241 33| 9! 900 900 901 9S00 900| RO




" V1L Zylinderfonktionen.

186 VII1. Bessa! fonctions.
Ag (&)
z 0 2 4 6 8|4z 0 2 4 6 8|4
lo0] +1.00 00 00 *o0 *0o *98| —ifs.0| +03 865 833 82 M 70| 3
1/+099 9 95 93 91 88| 2f1 700 678 B47 618 4585| 31
2 g6 83 79 7w 72| 3| 2 555 504 494 464 424 30
3 68 64 59 58 49| 5[ 3| 404 374 344 314 285 30
4 43 37 31 25 18| 6| 4. 265 226 196 167 138| 129
5 11 04 *95 *g9 *all 8} 5 109 081 052 023'€805. 29
8/ 098 72 64 55 46 36| 9f 6] +02 957 939 811 888, -865. 08
7 26 16 06 *96 *865| 10} 7 827 800 772 A5 TI8| 27
B 097 74 60 51 39 97| 11| 8 691 664 637(Bli 584| a7
9 14 02 *89 *76 *&2| 13| 9 550 532 505.°480 454, 26
L0| 098 48 3¢ 20 06 *u1| 14l6.0 428 403~0877 352 227! 25
1] 095 76 61 45 29 13| 16| 1 300 27707952 228 o031 9B
2| 094 97 81 84 47 30| 17| 2 179 8% 131 107 083 24
3 12 *94 *75 *58 *40| 18| 3 037 013 *980 *987. 93
t 4} 093 21 02 *83 *84 *44. 19 4| +01 9\4 92 899 877 855 22
1 804+09 224 204 184 163 142! 200 5 811 789 767 746 21
8 121 100 079 057 035| 2if 6 +o\f 242 030 *820 *611 *40%| 209
L7 013 *991 *969 *946 *923| 22| 7! D6 197 *933 *790 *588 *388| 202
8| +0.8 900 876 853 829 806| 94| 8| \0.15 189 *992 *797 *603 *410! 194!
9 781 757 732 708 683| 25}.9) 014 218 029 *B4l *654 *469 188
2,0 658 632 607 581 555 26YR0| 4013 285 103 *822 *743 *565. 180
1 529 503 477 450 4923| «27] 1| +0.12 389 214 041 *869 *698. 172
2 397 369 342 315 287)™e7{ 2| 4011 530 2362 196 031 *868. 166
3 260 232 204 175 14%) -28] 3| 40,10 707 548 388 230 074| 158
4 118 090 061 032 ~003| 29| 4| +0.09 920 767 615 465 318 161
5/+07 974 944 915 85,865 30l 5 189 023 *879 *735 *594| 144]
6 825 795 7655735 704' 30f 6| -0.08 453 315 177 041 *306| 137
7 674 643 6120582 550° 31| 7| +0.07 773 641 510 381 253 130
8 519 488 487 425 394| 31] 8 126 002 *877 *755 *B34| 124
9 362 330,296 266 23¢| 32] 9) +006 514 395 278 162 047| 116
3.0 202 17007138 105 073 32 ﬁs,o 40,05 93¢ 822 T7I1 602 493 110
1| 040 \007 *975 *34g *a09| 33| 1 388 281 176 073 *971) 104
2| +06 878 €43 810 777 743| 33| 2! +004 870 771 673 575 480 98
3 748" 677 643 610 576| 34] 3 385 291 199 108 0185 92
47 (583 509 476 442 408| 34| 4| 4003 929 842 755 670 585| 86
5 y7374 341 307 273 230 34) 5 503 421 340 260 183 &0
B 206 171 137 103 089: 34} 6 104 028 *952 *878 *805| 75
7 035 001 *966 *932 *398! 34} 7! 40,02 733 661 591 522 454| 70!
8/+05 864 830 796 782 707 34f 8 387 321 956 192 129| 64!
g 693 659 625 691 657 34| 9 087 (08 *946 *887 *B29| 60
4,0 522 488 454 420 386| 34[9.0] 4001 772 715 660 BO5 552| 5O
1 352 318 284 250 2161 34f 1 499 447 396 346 297 50
9 182 148 114 080 046 34| 2 249 202 155 109 064] 46
3 012 *979 *345 *all *a78| 34| 3 020 *977 *934 *893 *852] 42
977 *934 *893 *85

4/+04 844 810 777 744 TI0| 33| 4| --0,00 812 772 734 g9 659| 38
5 877 ©43 610 577 5441 2331 5 62 485| 34
6 511 478 445 412 379 33] ¢ 453 233 ggfzs gég 38| 31
7 347 314 981 249 216 33] 7 299 270 242 9214 188| 28
8 184 152 120 087 055 32| 8 162 083| 24
3 A2 120 087 136 111 087 _
023 *991 *960 *328 *Ba6: 320 9 040 018 —004 —026 048 | 22




Y1li. Zylinderfunkticnen. ' 187
YIII. Bessel functiona.

4; (x)

]

g 2 4 6 81 4d]= 6 2 4 6 8 | d

=]

DT EN O B e &

=1

-]

)

=3

o

+100 00 00 00 *93 *98 —
+099 97 85 93 41 90

+0.4 408 377 347 317 287 30
256 226 196 166 137| 30
107 077 048 018 *989| 30
901 871 842| 29
813 784 756 727 698 29

670 641 613 583 &l 28
628 600 472 444 4] 28

e hwkhHO
+
e
(X3
e
[=1]
@
g

093 &8 81 73 €5 b6

48 39 30 21 12 7 380 361 33¢ 2307, 279 27

02 *82 *82 *7L *61| 10| 8 250 295 198 171l 45| a7

097 50 38 27 16 04l 1201 9 118 091 065 ,039 “013| 26
096 92 50 67 64 41| 13f6.0] +02 936 960 935 .B508 683 | 26
g 15 0L *B7 *73| 1.4 1 g57 832 807\ 791 758| 26

095 59 44 30 15 00 16] 2 731 70877882 657 633 25
094 84 69 53 37 20| 1] 3 608 . 584, 560 636 512| 24
04 *87 *70 *53 *36] 17 4 48844 440 417 3947 23}

+0,8 318 307 283 265 246] 18§ 5 : 3% 347 324 301 279| 23
g98 209 180 171 152| 193 6 {958 234 211 189 167| 22

132 113 093 073 052 20} 7 K745 123 100 080 08| 22

032 011 *990 *069 *948| 21] 8] NN 037 015 *994 *973 *952| 21

408 927 905 834 862 840| 22] 9] %01 932 911 891 870 850 20
BL7 795 772 749 726| 23[R0 830 810 790 770 751| 20

n03 690 657 833 609| o4fN1| 4017 311 118 *D26 *735 *546| 192

585 &Rl 537 512 488| 24F 2| +0.16 357 170 *984 *799 *Bi6| 185

463 438 413 388 363|~g50 3| +0.15 434 253 074 *896 *710| 178

337 312 9286 260 934% 26] 4| +0.14 543 369 196 024 *854| 172

208 lez 165 12001020 26| 5| 013 685 517 350 184 020| 166

075 048 021 *sgg\*sss o7l 8 .--0,12 857 696 535 378 219 180
+0,7 930 912 884856 828| 28] 7 082 *907 *752 *600 *448| 153
800 772 744( 715 67| 28] 8| 1011 298 149 001 *854 *709| 148

658 630 €01 572 543| 29} 9| -+0.10 564 421 280 139 000| 141

514 485+066 426 397| 29[8.0| +0.09 862 726 683 455 322 136

387 3380308 278 o248| 30f 1 190 059 *929 *B01 *673] 129
218'%8 158 128 o098| 3ol 2| +0.08 547 422 298 176 0Qb4} 123

; 068" \337 007 *978 *9a6! 30] 3| +o0.07 93¢ 815 697 580 ded| 118
(+0:6 515884 854 823 792! 311 4 350 236 124 013 *903| 112

~L761 730 699 668 637| 31] & +0.08 794 686 579 473 369 108
< ) 608 575 543 512 481| 31| B 965 183 062 *961 *B62; 1011|.
499 418 387 355 a24| 31| 7| +0.05 764 867 571 476 382 936
202 280 229 197 166| 311 8 289 198 107 .017 *8928] 90
13¢ 102 071 039 007| 32] 9] +0.04 841 754 668 583 500| 86
+05 976 944 912 880 849| 3290 417 335 254 174 095! 80
817 785 753 722 680 32r91 017 *340 *664 *780 *715| 75
668 626 595 563 &3li 301 2| -+0.03 642 G5B9 498 427 38| 71
499 463 436 404 373 32] 3 289 221 154 088 023 66
341 309 278 246 215| 32] 4] +002 958 895 832 770 709| 62
183 152 120 089 057| 321 5 649 590 531 474 417 &8
026 *985 *963 *932 *901| 31| 6 3L 305 251 197 1441 M
+04 870 839 807 776 45| 31) 7 093 041 *990 *940 *891| &0
714 684 653 622 591 31} 8| +0.01 843 795 748 702 656| 46
560 530 499 469 438 31Y¥ 8 612 568 624 481 4391 43



VUL Zylinderfanktionen.

188 VII1. Bessel functiona.
_ Ay ()
P 0 2 4 § 8| 4dl}= D 2 4 6 8 | d
0.0/ +1.00 00 '60 00 *93 *98|— 1[5.0| 04 863 834 805 776 47| 99
1/+099 97 96 9 93 9 2f1 718 689 6680 631 603| 99
9 8 87 8 81 78 3] o2 574 545 516 488 453 | g9
3 75 72 68 64 60| 4] 3 431 402 374 348 317! 28
4 86 51 46 4 36| 5] 4 289 9261 233 205 177 28
5 31 25 19 13 07| s|s 149 121 093 066038, 28
6 00 *94 *87 *80 *71° 7f 6 010 *983 *855 *923 *3011 27
P 7| 098 65 57 49 41 32| 8} 7|-+03 873 846 B819.%9% 65| o7
3 24 15 06 *e% *87| 9| 8! 738 712 685\655 832! 97
9| 097 77 67 &7 47 36| 10] 9 605 579 §53” 526 500| 26
1.0: 26 15 04 *92 *81| 11fk.o0 a74 448292 397 37i| 98
1 096 69 57 45 32 20| 12] 1 345 300)°294 269 24| 95
2 07 *94 *81 *68 *54. 13| 2 218393 163 143 118| 95
13| 095 40 26 12 *93 *33| 14] 3 094\.063 045 020 *996| 25
4 094 62 54 39 23 08| 15f 4| +0.2 978" 948 923 900 876 24
5:409 392 378 360 344 328| 16| 5| /852 828 805 781 758 93
6 311 294 278 260 243 17| 6:. .73 711 688 665 643| 23
7 226 208 190 172 154| 18] 738 620 597 575 552 53G| 22
N 136 17 098 080 061! 19{ sl 508 486 464 442 426| 2
‘9 041 022 002 *983 *963! 20§90 398 377 355 334 313 21
2,01 +0.8 943 923 902 882 86T alno 201 270 249 229 208) 91
1 840 819 798 777 756 | [ 1 187 167 146 126 168] 20
2 734 712 690 668 B48y.22f 2 086 066 046 0268 07| 90
3 624 802 579 4§56 B33 23| 3' +0.1 987 968 949 928 §iG| 19
4 510 487 464 441 {4¥7| 23| 4 891 872 854 835 &17| 18
5 393 370 346 39% ‘97" 24] 5| +0.17 982 798 617 437 257 | 181
6 273 249 294 199 175; 25| & 079 *909 *726 *551 *377| 175
7 150 125 100°,074 049| 25] 7| -L0.18 204 033 *862 *893 *325 | 170
8 024 *998, *472°*0d6 *921: 26| 81 +0.15 358 192 027 *863 *7a0 | 165
S 9| +07 8§95 868\B42 816 789 26} 9| 20,14 539 378 219 061 *904| 159
0| 783 756> 710 683 656 27080 +0.13 748 593 439 286 135| 164
1 628 (802 575 528 5200 27| 1! +012 984 835 687 540 393| 148
9 4935465 438 410 3821 98| 2: 248 105 *952 *820 *673| 142
3 (3567 327 299 271 243 28] 3| 40,11 540 401 264 198 *999 | 136
4 215 186 158 130 101. g28]-4 +0.10 858 725 593 462 332 131
5 |\ J 73 0aa 016 *987 *958: 29] 5 203 075 *949 *B23 *698: 126
6 40,6 930 901 872 843 814, 29| 6| +0.09 574 452 330 210 090 121
7 783 756 727 698 669 29] 7| +0.08 972 854 738 622 508| 118
8, 639 810 581 551 522 29] 8 394 282 171 080 *951| 111
9 433 463 431 404 375 30] 9| 007 €12 735 629 523 419 106
4.0 345 316 286 256 227| 30fe.0 315 212 111 010 *g11{ 101
i1 197 167 137 108 078| 30| 1| +0.06 812 714 617 591 496| 96
P2 043 019 *989 *959 *s29| 230f 2 332 239 147 056 *985| 91
t 3| +05 900 870 840 810 781| 30f 3| +0,05 876 787 700 €13 527| 87
i4 751 721 891 661 631 30f 4 442 358 275 192 111| B3
5 602 572 542 512 483| 30| 5 030 *950 *B71 *793 *716; 78
8 453 423 394 364 334| 30| 6! 1004 640 564 489 416 343[ T4
7 306 275 9246 218 18| 30| 7 270 199 128 058 *989| 70
B 157 127 098 069 039| 29| 8: 4003 921 854 787 721 €58| 66,
i 8 010 *980 *951 *922 *ga3; 29| 9° 591 528 465 403 341| €2
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190 Ny (=) (cf. fig. 101, p. 196)

P 0 1 9 3 § | 5 8 7 8 9 a
00l—2 oo — 564 305 122 [*979 *863 *764 *B78 Y602 +143
T g3 473 416 34 316 | 271 298 189 151 115 |+ 45
051 049 I8 983 *959 |*932 *905 *B7Y 855 *E3L |+ 97

~0. 807 785 763 741 721|700 681 86l G2 624 4 2]
606 508 571 554 538 1 521 506 490 174 458 |+ 17

445 430 416 400 398 | 374 380 347 334 3@ 4+ U4

309 206 284 271 259 | 248 236 224 213 20 I+ 11

191 180 169 158 148 | 137 127 117 107 Q97N+ 10

—0,0 868 771 675 580 48s | 393 301 210 120 032 '+ 93
+0.0 056 143 229 314 398 | 481 563 644 725 (6 + 83
1 883 960 *037 *113 *184 |*262 *336 400 *480\\¥A51 i+ 74
+01 622 691 760 828 895 | 961 *026 *091 *155/ *218 i+ 66
+0.2 281 343 404 464 523 | 562 640 698 (W64 B0 |+ 59
855 920 974 *027 *073 |*I31 *182 *232).#282 *381 |+ &2

+0.3 379 427 473 520 565 [ 610 654 _698C 74l 783 |+ 45
824 865 906 945 984 !*022 %060 <097 *133 169 |+ 38

+04 204 239 273 306 338 | 370 40L\N432 462 491 |+ X
520 548 576 603 629 | 655 68QN 7056 728 752 |+ 28

774 796 818 633 859 | 879 2 916 934 951 |+ 20

968 084 000 *015 *029 |*043°(%056 *06% 081 *093 + 14
2.0/+0.5 104 114 124 133 142 | 150> 158 165 172 178 + 8
183 188 192 196 199 [+202 204 208 207 208 + 3

208 207 207 205 203.0°201 198 194 190 188 - 2

181 175 189 163 188\ 148 141 132 123 114 |— 8

104 034 083 072 PO | 048 036 02 009 B — 1
+04 981 956 951 935." 919 | 902 885 868 850 & . — 17
83 704 705 735 | 714 693 672 650 626 :—2l

805 582 4R ih |4 am  ap a0 s i 24

369 333 306\\279 951 | 223 195 167 138 108 —28

079 049 %989 %958 |*027 7896 865 *833 *80r .— 3l

+03 769 738 ,\703 670 637 | 803 569 535 500 466 — M4
431 386 » 361 326 289 | 253 217 181 144 108 — 36

071 033 *996 *958 *921 |*883 *8456 *B07 *768 *730 | — 38

+0.2 891\ 852 613 574 536 |-495 456 416 376 336 — 40
266 216 175 135 094 054 013 972 *931 i— 4l

+0.1 890 849 808 767 726 | 684 643 602 560 519 — 42
(N7 438 394 352 311 | 269 227 188 144 102 |— 42
SNMV0BL 018 *977 %936 %894 |*853 *BI1  *769 *72B Y688  — 4l
0,0 646 604 562 5621 480 |, 439 397 36 315 275 i—4l
234 193 152 112 07t (Y031 003 050 090 130 140

—0.0 169 209 9249 1288 328 | 367 406 445 44 522 [— 39
561 599 838 676 714 | 751 789 826 864 s (— 3

938 974 *011 *047 *083 |*119 *155 *191 296 *261 |— 3B

—-01 9296 331 385 400 432 | 487 501 535 568 601 |— 33
633 668 698 730 762 | 793 85 @56 8@ 917 [— 31
947 977 *007 *036 065 |*094 *123 *I51 *179 *207 |— 28
~02 235 262 239 316 342 ) 368 394 419 444 460 |— 28
494 BI8 642 566 589 | 612 635 658 880 702 |— 23

723 744 765 788 806 | 826 845 @65 884 902 |— 20

921 939 956 973 990 |*007 023 *039 *055 *ov0 |— 17

LCO-IMOT WIS D=1 HRW O G-I MW O-JmEn WIS Cm-JMD LI b -




M@ i1

x 0 1 2 3 4 5 8 7 8 9 d
00/ — oo 637 318 alL3 160 |128 107 917 804 716+ 31
1l 648 588 541 501 466 436 410 387 3.67 3.49 |+ 30
5]-3 324 1?6 042 *019 *807 |*704 *609 *521 *440 *364 |+103
3l—2 293 9297 165 107 052 | 000 958 *906 *862  *820 [+ 52
4/-1 781 743 708 673 641 | 610 580 5l 523 497 |+ 31
5 471 447 423 401 378 | 357 337 317 297 278 |+ 2l
8 060 243 296 209 193 | 177 161 146 132 117 [+ 16
7 103 096 076 083 030 | 038 - 025 013  00F *390 .+ 12
3/—0. 978 967. 956 945 934 | 924 913 903 833 asai [+ 10
9i—08 731 634 539 444 351 : 258 167 077 *g88  *900> |+ 93
1.6/—0.7 812 726 640 535 471 | 388 308 223 149 661 '+ 83
1|—0,6 981 902 8§23 745 667 | 590 B3 437 361 286 |+ 77
2 2131 137 063 *390 *916 |*844 *771 *BY3 *028 568 |+ 72
3.-0.5 485 415 344 9274 904 § 135 086 7997 . {*gog  *360 |+ 69
4|04 791 724 G656 589 63l | 454 388 32070 265 183 '+ 67
5 1293 067 %992 *027 *86% |*797 *732 508 *604 *540 |+ 65
§!—0,3 476 412 349 285 222 . 189 098 \\N\03¢ *972 *809 |+ 63
ni_0.2 847 785 724 662 601 | 540 479\ 418 357 297 |+ 61
8 937 177 117 057 *997 |*938 %ag #go0  *7l  *702 |+ 59
9|—01 644 586 528 470 412 | 35Qy 297 240 184 127 |+ 97
2.0 070 014 *958 *902 *B46 *791) 736 *681 *628 *571 |+ 55
1.-0.0 517 483 403 355 30l |,248° 126 142 090 037 |+ 583
2:40.0 016 087 118 170 922t N27e 323 373 423 473 i+ 51
3 583 572 621 670 7Y 77 815 883 9l 958 |+ 48
al+001 005 052 098 144 _480°| 236 281 326 371 415 |+ 46]
5 469 503 547  50° 833 | 675 718 760 801 843 |+ 42
6| 884 924 965 oeg *015 |*084 *123 *162 %200 *233 |+ 30
7|+62 276 314 35 (38R 424 | 460 496 531 566 60l |+ 3B
8 B35 669 3\\ %56 789 | B0 83 866 897 929+ 33
9 95§ 990 %50 *079 [*108 *136 *164 *192 220 |+ 29
30(+03 247 273 .'300 06 351 | 376 401 425 449 473 |+ 28
1 19 519N\“h42 564 585 | 807 627 648 668 888 |+ 22
2 707 796~ 745 763 780 | 798 815 831 847 863 |+ 18
3 ~g83 908 922 936 | 949 962 976 987 999 |+ 13
4:+0.4 010\ .91 033 042 052 | 061 070 079 087 094 |+ 10
& 202 109 115 192 127 | 133 138 142 147 150 |+ 6
8| 2364 157 160 162 164 | 165 166 167 167 167 |+ 1
Tios\J187 166 165 163 161 | 189 156 1653 149 146 |— 2
8\ ) 141 137 13 126 120 | 114 108 101 094 086 |— 6
g 078 o070 08l 052 043 | 033 023 013 002 991 |[— 10
| 40|40.3 979 987 955 943 930 | 917 903 889 g75 86l |— 13
1 846 831 815 800 783 | 767 780 733 716 698 |— 18
2 680 662 643 G624 605 | 586 566 546 595 505 |— 19
3 484 483 441 420 397 | 375 363 330 307 283 |— 22
4 960 933 912 187 183 | 138 113 088 062 036 |— 25
] 010 *984 *957 030 *004 |*876 *B48 *&2l *7g94  *766 |— 23|
8402 737 709 680 652 623 | 594 564 53 505 475 |— 29|
7 415 415 384 354 393 | 282 261 230 199 167 | — 3l |
8 136 104 072 040 008 |[*976 *943 "oil *g78  *845 |— 32/
ol+0,1 8i2 780 748 7i3 680 | e47 613 580 546 512 |=- 33 ‘




192 N, (@)
P 6o 1 2 3 4| 5 8 7 B8 9 | 4
50/—03 085 100 114 128 142 [ 155 168 180 193 204 |— 13
1 916 297 233 249 253 | 289 278 287 296 304 |— 10
2 313 320 328 335 341 | 348 354 350 365 370 |- 7
3 374 379 383 386 389 | 302 395 397 399 40F |— 3
4 402 403 403 403 403 | 402 402 400 399 397 [+
5 305 2392 389 386 383 | 379 375 370 365 360 |+ 4
§ 354 349 348 336 329 | 322 315 307 299 290 |+ ¢
7] 282 273 963 254 244 | 233 223 212 201 . 189 |+ 11
| 8 1797 165 153 140 127 | 114 100 o087 073 058<(% 13
L9 044 028 013 *398 *982 |*966 *350 933 *916 *HOSN |+ 18
60,02 882 B64 846 828 810 | 791 72 753 734 ™D |+ 19
1 634 674 654 633 613 | 692 570 549  B7()G06 [+ ga
2 483 461 438 415 393 | 368 346 322 3897 275 1+ 24
3 951 9226 200 177 152 ; 127 102 077 <05 025 |+ 25
4-01 999 973 947 921 894 | B6B B4l 614,787 760 |+ 2
5 73 706 677 650 622 | 594 566 .638 509 481 .+ 28
8 452 424 395 386 337 | 308 279 %60 221 191 |4 29
7 162 132 103 073 044 ; 014 934 .\ MB5¢ %924 *8%4 |+ 3p
800 854 84 84 774 744 | 7i4 684,653 623 593 |+ 30
9 563 532 502 472 441 | 411 _3B1Y 350 320 290 '+ 30
7.0 269 229 199 169 139 | 108)\078 048 018 012 i+ 31
1+0,0 042 072 102 131 161 | 191221 250 280 309 |+ 30
2 339 368 397 426 455 |.484° B13 542 571 599 |+ 29
3 628 656 684 713 74l {\789 797 824 852 G798 |+ 28
4 907 934 961 983 *OLS)*042 *06B %095 +121 *147 |-+ 97
51+01 173 198 9225 250 976 | 301 328 351 375 400 |+ 25
8 424 448 470 296,620 | 543 567 590 613 635 |+ 23
7 858 680 702 724\"746 | 788 783 810 831 852 |+ 22
8 872 893 913 (@32 950 | 972 991 *010 %028 %047 |+ 20
9402 065 083 100 I8 136 | 153 170 187 203 219 .+ 17
8.0 235 251 966> 282 298 | 311 306 340 354 387 |+ 15
1 381 394 407 420 432 | 444 456 468 479 290 |+ 12
2 501 512(622 532 542 | 552 561 570 578 887 |+ 10
3! 595 603> 611 618 625 | 632 639 645 651 657 |+ 7
4 662 BBY” 672 €77 681 | 686 689 693 696 699 |+ b
5! 70{\705 707 709 70 | M2 73 714 74 715 |+ 2
6 76 714 T4 73 712 | 711 709 707 705 03 |— 1
7 (700 697 634 630 687 | 683 678 674 669 664 |— 4
Bl ¢°\\858 653 647 641 635 | 628 620 614 607 599 |— 7
9 'B92 583 575 566 558 | 549 539 530 520 510 |— 9
8,0 493 489 478 467 456 | 444 433 491 408 396 |— 12
1 383 370 357 344 331 ; 317 303 289 9274 260 |- 14
2 245 230 915 199 184 | 188 152 136 119 103 |— 16
3 086 060 052 034 017 (*999 *981 +*3g3 *945 *326 |— 18
4+01 907 889 870 851 831 | 812 T2 772 7Ee 78 |— 19
5 712 B92 671 650 630 | 603 588 666 545 523 |— 2l
8 502 480 458 436 414 | 392 369 347 324 302 |— 92
7 279 256 233 210 186|163 140 116 093 089 |— 23
8 045 021 *398 *B74 *949 [*025 *901 877 *853 *s28 |— 2
9|+00 804 779 756 730 705 | 681 666 631 OB 562 |— 34




N, (@) 193

z 0 1 2 3 4 5 6 7 8 9 a
501+01 478 445 411 377 343 | 309 275 240 208 172 |— 34
1| 137 103 062 034 000 |*965 *930 *896 *BBl *827 |— 35
2,+00 792 757 723 688 653 | 619 584 549 515 480 | — 35
3 445 411 4076 342 307 . 973 238 204 170 135 |- 34
4 101 067 Y033 001 035 |[T069 103 137 Ti70 204 |— 34
- 8|00 238 271 304 333 371 | 404 437 470 503 535 |— 33!
6 a68 601 633 665 697 ! 729 781 793 824 856 |- 32
7 887 918 949 980 *Q11 *042 *072  *102  *133 183N — 31
8—01 192 223 251 281 310 | 339 368 396 425 . 453 |— 99
9 481 509 536 564 591 | 818 646 671 698 (w4 |— o7
8,0 750 776 801 827 852 | 877 902 9268 940\ 974 .— 95
] 958 *022 *045 *088 *091 *114 *138 *158 _*I80 *201 — 23
. 2|02 203 244 265 985 3068 | 326 346  385<°N%85 404 | — 90
3 492 441 459 477 495 | 512 530 547N 563 530 |— 17
4 596 611 627 642 657 | 672 686 7007 714 728 |— 15
5 741 754 787 779 791 | 803  81AN\NS8Z6 836 847 12
6 867 B68 877 887 896 : 905 9§ 922 930 937 — 9
7 845 952 958 966 971 | 977 @83 988 993 997 |— &
8:—0.3 002 008 010 013 016 | 019,022 024 036 028 |— 3
9 028 030 031 032 032 | 032()031 031 030 028 [F 0
70 027 026 023 020 O17 .p14 011 007 003 *998 '+ 3
1102 995 990 985 980 9740868 962 - 955 949 942 + B
2 934 927 919 911 902\[“893 885 875 868 856 I+ O
3 846 836 625 814 803 792 780 788 756 T4 |+ U
4 731 718 705 692 <678 | 664 850 638 621 606 |+ 14
] 591 6576 560 544N 529 | 512 496 479 462 445 !+ 17
6 428 410 393 3% 357 | 338 320 301 9282 283 |+ 19
7 243 9224 20 '\‘_.184 164 | 143 123 102 081 080 |+ 21
8 033 017 *ga6\ | *974 952 .*930 *908 *885  *863 *840 |+ 22
801 817 794 gW 748 724 70L 677 653 529 605 |+ 23
8.0 681 556, 4832 507 482 | 457 432 407 382 367 |+ 25
1| 331 308 > 280 255 229 ! 203 177 151 126 099 !+ 96.
2 0?2 §46°7 020 *993 *967  *940 *913 *887 *860 *833 + 27!
300 779 752 725 698 | 671 644 617 589 562 i+ 27
4 535\“508 480 453 426 | 398 371 344 316 989 I+ 98
5 262 834 207 180 152 | 125 098 071 043 018 |+ 27
8+0.0091 038 085 092 119 | 146 173 200 227 253 |+ 27
TIoN\280 307 333 360 386 | 413 439 465 491 518 |+ 27
8 / 544 569 595 621 B47 | 672 698 723 T48 774 i+ 25
9 799 824 849 873 808 | 922 947 071 995 *019 [+ 24
30,+01 043 067 o091 114 137 [ 161 184 207 229 253 |+ 24
1 276 297 319 341 363 | 385 406 428 449 470 !+ 22
2. 491 512 532 583 573 | 593 613 633 652 G671 |-+ 20
3 691 710 728 747 765 | 783 801 819 837 854 |+ 18
4 871 883 905 922 938 ) 954 970 986 *001 *017 |+ 18
S1+02 032 047 081l 076 090 | 104 118 131 145 158 |+ 14
§ 171 183 196 208 220 | 232 . 243 254 265 276 '+ 12
7 287 297 307 317 326 | 336 345 3_4 32 371 4+ 10
g 379 387 394 402 403 | 416 423 429 435 M1 |+ 7
|9 447 452 458 463 467 | 472 476 480 48¢ 487 |+ 5§




194 N, (@)
|
z 0 1 2 3 4 5 8 7 8 g . 4
|
10,0|40.0 557 532 507 482 457 | 432 407 382 357 332 — 0§
1 307 281 256 231 206 | 181 156 131 108 081 {— 25
2 056 031 T006 019 044 [T069 084 119 143 168 | — 25
3|-00 183 <218 242 287 291 | 316 340 366 383 413 |- 25
4 437 462 486 510 534 | B57 581 605 628 6h2 [ — 23
5 675 699 722 745 768 | 791 814 837 859 B8@2 {— 03
6 904 926 949 871 993 (%0156 *038 *058  *O79 *Jol |— 22
71—01 122 143 164 185 205 | 9226 246 267 2B7 30R N~ &
8 396 346 366 385 404 | 423 442 461l 479 4980 — 19
9 516 6534 552 560 587 | 604 622 639 685 (B2 |— 17
110 688 0B 721 737 752 | BB 783 798 8IZNM LR3I — 16
1 843 857 871 885 899 { 913 926 93¢ 952 965 14
2 977 990 *002 *014 *025 [*037 *048 *050 ({¥OP0 o6l o — 12
302 091 101 I11 121 130 | 140 149 15870166 176 |- 10¢
4 183 191 198 208 213 | 220 227 234V 240 46 — 7
§ 952 058 263 289 274 | 278 283 \N\gg@7 291 2% |— 4
6 209 302 305 308 311 | 313 315,317 319 3l |- 9
7 322 323 324 2324 335 | 325 374 324 324 323 F 0
8 382 320 319 317 315 | 313 .. 308 305 302 ‘- @
9 288 285 281 287 283 | 278 273 269 263 288 -+ 6
12,0 252 247 241 234 298 | go» 2l4 207 200 192 |+ 7
1 184 176 168 160 151 %142 133 124 115 195 + 9
2 095 085 075 084 0545 043 032 021 009 *8g8 |+ 11
3al-01 986 974 952 945 937 924 911 @98 885 g7l I+ 13
4 858 844 830 §le ~802 | 787 7@ 758 743 727 :+ 15
5 712 697 681 sqg 649 | 833 617 601 584 BET 1 16
6 551 534 517 482 | 464 447 429 411 393 |+ 18
7 375 357 {32 301 ) 282 284 245 286 206 [+ 18
8 187 168 148 129 100 | 089 083 049 028 Q09 !4 20:
9|—0.0 989 968 948 927 907 & 886 866 845 824 8O3 * 21
13.0 782 761N(M40 719 698 | 676 656 634 612 B9l L+ 92
1 569 54%; Fo6 505 483 | 461 439 418 396 374 |+ 22
2 352 33> 309 9287 965 | 243 931 199 177 156 |+ 22!
3 134,332 000 068 046 ' 024 002 o019 To4l o83 .+ 22
4/+00 086°\V107 128 150 1v2 | 193 215 236 258 278 .+ 2
5 301" 322 343 365 388 | 407 498 449 470 491 |+ 2l
6| .. (\612 533 554 574 595 | 615 636 656 677 697 |t 20
7\¢"\77 737 767 777 796 | 816 836 855 875 834 |+ X
B 913 832 951 970 989 [*007 *026 *044 *062 *08L ;+ 19
9401 099 117 134 152 169 | 187 204 221 238 2556 .+ 18
14,0 972 9289 305 321 3371 353 369 385 401 416 |+ 16
1 431 448 481 478 491 ; 605 520 534 548 6 |+ 14
2 575 689 602 615 628 | 641 654 666 679 891 |+ 13
3 703 715 726 738 749 | 70 771 78l 792 802 o+ 1
4 812 822 832 842 851 | 860 869 878 886 895 |+ 9
5 903 911 918 926 934 | 941 948 955 962 968 |+ 7
8 974 980 986 992 997 |*002 *007 *012 *017 *02l |+ @
71402 025 029 033 036 040 | 043 046 049 05k 054 |+ 3
8 056 058 059 061 062 ' 063 064 085 085 065 '+ 1
l. 9 066 065 o065 064 064 | 0B3 0L 080 088 057 ~— 1




N, (= 195

z 0 1 2 3 4 5 B 7 3 9 d
10.0(+02 430 493 496 498 500 | 502 504 508 507 508 |+ 2
1 508 609 509 503 509 | 508 507 508 505 504 |— 1
Iogl 502 600 498 495 492 | 489 486 483 479 475 |— 3
3 471 466 462 457 451 | 446 440 435 428 492 '~ &
4 418 409 402 394 387 | 379 371 363 355 346 |— 8
5 337 328 319 309 299 | 289 279 269 958 247 |— 10
8 236 225 214 202 190 | 178 166 153 140 198 |— 12
7. 14 101 088 074 060 | 046 032 017 003 *988 N — 14
8)+01 973 958 942 927 911 ! 895 879 863 846 B30 |— 18
g Bia 796 779 762 746 | 727 709 892  674,(B55 |— 18
11.0 837 619 600 58l 562 | 543 524 506 486\ 486 |— 19
1 446 47 407 387 366 | 346 326 3056 @ 264 |— 20
2 243 222 200 180 159 | 137 116 095 {073 051 |— 91
3 023 008 *986 *964 *941 |*919 *BAT7 *BTHTN*ES2  *830 | — 27
41400 807 785 762 740 717 | 694 671 _ 648% 625 602 |— 03
5 579 556 533 510 487 | 484 441 \N417 394 371 |— 93
6 348 324 301 278 254 | 231 208\“V18¢ 161 138 |— 23
7 114 091 068 045 021 002 026 048 072 095 |— 23
800 118 141 14 187 210 | 233 4956 279 302 324 |— 23
g 347 370 392 415 437 [ 460N)482 505 527 649 |— 23
12.0 671 593 615 837 659 | BRLS 702 793 745 786 | — 2%
1 787 809 830 85l 871 | 913 933 954 974 |— 21
2 924 *014 *034 *054 *074N*093 *113 *132  *IS1 *171 |— 18
301 189 208 207 246 264\] 282 300 318 336 354 |— 18
4! 371 389 408 423 440 | 457 474 4900 508 522 |— 17
5 438 554 570 585\ 601 | 616 631 B45 6RO 675 |— 15
8 889 703 717 73" 744 | 757 971 783 798 808 |— 13
7 B21 834 B48 ¢'B57  BB9 | BB0 B92 903 914 924 |— 1
8 835 945 9555NOB5 975 | 984 093 *002 *011 *020 |— O
902 028 03 Q44 052 080 | 067 074 OBl 088 095 |— 7
13,0 101 WA M3 118 1924 | 129 134 139 144 148 — 5
Pl 152 1s6(H)160 163 167 | 170 17 175 178 180 |— 3
| 2 182 1837 185 186 187 | 188 189 189 190 190 |— 1
3 190, (189 188 188 187 [ 185 184 182 180 178 '+ 2
¢ 17§~§’173 170 187 184 | 181 157 153 149 145 |+ 3
I 5 M0° 136 131 126 120 | 115 109 103 097 090 |+ 6
-8 ~D8 077 070 063 056 | 048 040 032 024 0l [+ 8
TINN007 *099 %990 *981 *971 [*962 *952 *042 *932. *923 |+ 9
Bi=Q)V 912 901 890 879 868 | 857 846 6834 822 810 |+ 11
D8 798 785 773 760 747 | 73¢ 72l 707 694 680 !+ 13
14,0 666 652 638 624 610 | 595 580 565 550 535 |+ 15
1 520 504 489 473 457 | 441 425 409 392 376 |+ 18
2 359 342 325 308 291 | 274 257 239 298 204 |+ 17
3 186 168 150 132 114 . 09 077 059 040 (21 !+ 18
4 003 984 *9G65 *946 *027 |*907 *§88 *869 *849 *830 |+ 19
5—00 810 701 771 751 732 | 712 692 672 662 632 |+ 20
8 612 591 571 561 531 | 510 490 469 449 498 |+ 21
7 408 387 387 346 326 [ 305 284 264 243 222 [+ 21
8 202 181 160 140 313 | 088 077 057 036 015 |+ 21
31400 005 026 o047 067 088 | 108 129 149 170 190 |+ 20




196 N, () |
& ¢ 1 2 3 4 6 g 7 8 9 a
. |
501402 055 052 050 047 045 | 042 038 035 031 Q27 |- 3
! 1 023 019 015 010 005 | 000 *995 *930 *984 *g78 |— §
2|40 972 986 950 953 946 | 939 932 925 917 610 |— 7
3 902 894 885 877 868 | 860 851 841 832 823 |~ 8
4 813 803 793 - 783 772 | 762 751 740 729 718 |— 10
5 706 695 683 67L 659 | 647 635 622 6l0 537 |~ 12
B! 584 G571 557 544 530 | 517 503 489 475 460~!— 13
7 446 431 417 402 387 | 372 357 341 326 AN [-— 15
8 296 279 263 247 231 { 215 198 182 165 ,~1$S — 18
9 132 115 038 081 063 | 046 029 011 984 {*¥6 |— 17
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Fig. 101, Die Neumannsche Funkiion.




N, (x) 197
T 0 1 2 3 4 5 6 i 8 9 d
15,0!4-0,0 211 23T 251 g7 292! 312 332 353 373 3/3 |+ 20
11 4313 433 453 472 492 § 512 B3l §51 371 580 |+ 20
% G 829 648 667 686 | 705 724 743 761 780 |+ 19
3! 749  El7 835 864 B2 ; 890 908 928 843 961 |+ 18!
‘1r 978 996 *013 *031 *048 {*065 *082 *098 *115 *13t |+ 17
pi401 148 164 180 196 212 | 238 244 259 274 290 |+ 16
[ 306 320 334 349 363 | 38 392 408 420 434 |+ 151
7 47 481 474 487 500 : 513 526 538 651  BE3I N+ 13
8 576 587 699 610 621 | 633 644 656 865 &7 |+ 12
9 E86 696 T08 716 726 ; 735 744 754 762 '.\f?{]. + 8
"
<
D
5 S
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Fig. 102. Die Neumamneche Fanktion.



198 VII. Zylinderfanktionen,
VI Bessel fanctions.
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V111 Zylinderfunktionen.
VIIIL Bessel functiona.
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VI Zylinderfunktionen.
VIII Besse! functions.
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VI Warzeln.

VIIIL. Roots,
Die sechs ersten Wurzeln 2™ von
P Nyka) =— g (k) N, ix) = 0.
The first eix roots -’ﬂg') of o (@) Ny (k2) o (k) Ny (2)
k o) S ® @ | a® | L@ p
1,2 | 15,7014 31,4126 47,1217 62,8302 | 78,5386 | 84,2487
1,51 6,2702(— 0,3|12,5598 18,8451 25,1204 31,4133 | 37.6488 ;p =0
2,0 31230 ¢ 62| B.273—on]| 9,4182 1 12,5614, 15,7040 | 18,8462
11 1,2 §15,7088 31,4159 47,1239 62,8319 | 78,5398 | 94,2478/ N
1.6 6,2832 12,5664 18,8496 25,1327 | 31,4169 37,8900}, P =<
2,0 3.1418 6,2832 9,4248 12,5664 | 16,7080 | 18,8496
1,2 15,7277 31,4259 47,1305 62,8368 | 78,5438 J942611 ||
15| 6,321s(4- 09 [13,5861 18,8628 25,1427 | 81,4238 137.7057 | } » =1
2,0} 3,198 (+157 | 8,3124(4-0,5 _B,444b 12.5812 (15,7199 18,8585 oo
1,2 115,7607 31,4424 47,1416 62,8451 | 78,5604 | 94,2556 s
15| 6,3858 <+ 2% |12,6190 18,8848 25,1592431,4371 | 37,7186 | P=+¢
2,0 3,288 (+335 | 6,3807 (+-t,n| 9,4772 490 | 12,6058 15,7397 | 18,8760
1l 1.2 [ 15,8066 31,4656 47,1570 62,8567 | 78,6697 94,2644
1,6 8,4742(4 3% | 12,6648 (19,13 | 18,9156 26,1823 | 31,4566 { 37,7322 | p =2
2,0 3,4083 {358 | 84277 (+10| 9,6298 (+02}12,6404 | 15,7673 | 18,8381
1,2 15,8665 (+ 02 | 31,4953 47,1769 /\ v162,8716| 78,5716 | 94,2743 .
1.6 6,5860 ¢+ 6@)}12,7235(-%0,2) 18,9561 ™~ 196,2121|31,4795 (37,7521 ' p= 5
2.0] 3,551 (+-496 [ 86,5130 (-+1,6) 9,6813+02) | 12,6846 | 15,8029 | 18,9288
-W \
Z 14
N
p bl -‘i L~ a1
v WP T i H
39, e ] pii
A X A sl _-___,_..-""'""
35 \"..’ ‘/, ,/___..-- =
7N\ / l/ N “.f
\,, A F
-iﬂ\
™3 ey
~O 2
29
5
12
o s 3
T 2 3 ¥ 8 r 4 & w, ¥
— 3
ig. — gty Goer oy
Fig. 110, (& By against ¥ =7, {ef. p. 208.)



VIII. Wurzeln. -
VIIL. Roots. 205

Die sechs ersten Wurzeln xg‘) von
The first six roots :cg‘] of

Ty (@) Ny (k) — I (k) N, () = 0

(k — .

;r k =0 =% | »=1 p=1 p=2 p=3
C 1 | 346 | 31418 | 3146 | 31416 | 31416 | 31416
12| 31403 | 3146 | 2,486 | 3152l | 31613 | 317
L5 | 21381 | 31418 | 31608 | 31928 | 3237 ., 3:2930
C 20 | 31 | 31416 | 39 | 398e | 3408 | 3.5H

3 ! o3 31416 | 32n 3474 | 3780 | {40s

g | 307 | 3146 | 33 36287 | 4,00 A\N4s

5 | Zom | 33416 | 338 3,742 £33 ' 4.6

5 | 34% 1416 | 343 3,84z LN 48

7| 29 1418 | 3481 3,918 4400 4%

8 | 3008 31416 | 349 3972 | @48 5,0%

9 | 239 31416 . 3,5% 5022 N5 5,11

10 | 2.8 31418 | 3.5 3,06 4,605 6,11
S 287 31416 , 3561 2100001 4,650 5.2z
119 | 2. 31416 | 8,66 129 | @80 | 6@

i 92,4048 3.1418 3,8317

o4 . 74,4034 95,1351 56,7638

K é(k—l)x“') k [(k—l)x(s)‘}"k'

k- k lg—naY|

7,2954 | 3.1152 |80 | 6187 | ..--
4703 | 3059 pi | e [eeen
Lo | 2408840000 | 55201 | o

11,0000 | 3,1416 | 1.0000 6,2% 1,0000 | 94248 11,0000 | 12,5664
13885 | 3,1378 {1,7253 1, Bi277 2,0882 | 94137 |3,2737 12,6610
1,447 | 3,138 | 2,136l (%B:2715 | 2.7048 | 9,4108 | 86,2087
1,6677 - 3,1337 | 2,612\ 6.264 4,9033 | 93867 ..oveefeeenies p=0
1,806 . 3,128 13,5985.f 6,2489 |12,287 9,323 |.oo--e e

12,5361

86537 | oo 1L7915

2,628 | 3,937 |.v.... O
20 3,8317 oo ! 7,0156 oo
Zu den Tafeln 8. 204 ... 206. ‘
Kleine Ziffern bedeuten Unsickerheit .

um 1 bis 2 Einheiten, Unierstreichung

bedeutet Unsicherheit von mehr als :

2 Einheiten, |

Die in Klammern beigefigten kleinen

Zahlen geben die Unsicherheit der be-

treffenden Werte in Einheiter der vier-
ten Dezimale an,

fiir

for EF— 1

k— 1Yzl —>nn

10000 . 3,428 |1.0000 62832 | 1.0000 | 9.4248 |1,0000 | 12,5664
1,3006 | 81502 |1,6190 % 6.2972 | 1,9281 | 9,4424 |2,7960 ' 12,6003
146011\ 3,157 |1,8992 © 6,3081 | 2,3478 | 9.4650 |4,2986 ; 12,6383

1101735 oo | 13,3237

For the tables p. 204 ... 206.

Small digits denote uncertainty of
1 or 2 units, nnderlining denotes uncer-
tainty of more than 2 units.

The small numbers in parertheses
give the uncertainty of the correspond-
ing values in umits of the fourth
decimal.

Alle (") fiir

an 0 g BT



VIIL Warzeln,
206 VIIL Roots.

Die sechs ersten Wurzeln 2(™ von
. : » k) — Jg (kx) N = .
The firat six roots a:g') of Ty (@) Ny (k) » (k) Ny (@) = 0

|l k-1 | &-1pa® k—1)e® (-0 E—12"  p
1,2 | 3,1403 6,2826 9,4243 12,5660 | 15,7077 | 18,8493
1,61 3,1351 6,2799 9,4296 10,6647 | 15,7086 | 18,8485 | L o
2,0 | 3,192 §:2734 9,4182 12,5614 | 15,7040 | 18,8462 |,
oo | 2,4048 5,5201 | 8,6837 11,7916 | 14.9309 | 18,0712
1,2 | 3,1418 5,2832 09,4048 12,5664 | 15,7080 18,8495 |
1,5 | 3,1416 68,2832 9,4948 12,5664 | 15,7080, 18,8498 1 , _ 1
2.0 3.1416 58,2832 9,4248 12,5664 | 15,7080 18,8496 Z
oo | 3,1416 6,2832 9.4948 12,5664 | 15,7080 | 18,8496
1,2 | 3,1455 6,2853 p,4261 1125974 |18,7088 18,8502
1,5 | 3,1608 6,2931 94314  {126713{16,7119 18,8528 { , 4
2,0 1 3,1966 68,3124 89,4445 N}12,5812 | 15,7199 | 18,8595
< | 3,8317 7,0166 10,1735 ()"}13,3237| 16,4706 | 19,6158
1,2 | 3,1521 5,2885 94283 12,5630 | 16,7101 18,8513']
1.5 | 3,1928 ¢+ 1,7 | 6.3095 19,4404 12,6796 | 15,7186 18,8584 | .3
2.0 | 3,285 (1336 | 68,3801 ({n| 94772 +11) 12,6059 15,7397} 18,8760 ] 8
oo | 4,4938 — vy | 77253\ | 10,904 14,0662 | 17,2208 | 20,3713
- ‘ ’\\\‘ -

1,2 | 3.1613 82031 | 94314 12,5713 1 15,7119 | 18,8528
1,51 3,237 + %0)¢.6,3324 9,4578 12,5919 | 15,7278 | 18,8661 | 5, . g
2.0 | 34083 (44560] 6,477 (410 | 9,5298 (+0% | 12,6404 | 15,7673 | 18,8991
o0 | 613574 23 | 8,4172 (—a) 11,6198 14,7860 17,9598 | 21,1170 | |

N\ I

R N B

1,2 |3 1731 6,2991 9,4354 19,5743 1 15,7143 : 18,8549
1,513,203 (4 34 | B,3617 (+0.) | 9,4775 12,6060 | 15,7397 | 18,8760 |1 ,, — 5
2.0 13,654 (+496  6,6130 (-1.6| 9.5813(+02|12,6846 (15,8029 18,9288 g
6 | 58,7638 — 2.3 | 9,0950 (—03) ;12,3229 15,5146 | 16,6530 21,8539 |

Die in den Tafeln 8, 205 u. 206 ent-
haltenen Wurzeln (5 — 1) 2 der (lei-
chungen

The roots {(k — 1)a}” of the equa-
tions

Jo (%) Np(ka) — J (k) Np(z) = U
sind identiich mit den Wurzelwerten | contained in the tablesp. 205 and 206 are
(ra — r1) 53" der entsprechenden Glei- | identical with the root values (r3—11) T
chungen of the corresponding eguations

Jo(r1B) Np(rew) — Jp(ra2) Np(n7) = 0,

. Ty o s
wobei ;’ = k ist. ‘ where -2 = k.
ot r




VIII. Zylinderfunktionen. 207
VIil. Bessel functions,

Mit . | With
I g2
T (x)= L
p'( ) Ny(z)
lautet die Gleichung | the equation assumes the form

T (n,) = T,(kz,), @ == (1 +e), Fig.11L,

Die Fig.112...115 geben Losungen |  The fig.112... 115 give solutiong of
der Gleichung') | the equation’) .
oA\

Ty (e = 1, (ka), 7,= "1 2 (1 +a) A

o1 2 g3 0o 88 1,

_?f//f//?
.
v //Z//

£
e
e

a‘l’
Lt
. / L]

R i - 1

i
B

z_n_/ = / /"fi
/f/ l A / “~/ /
IAY.Y.YNAT OSSN /
/ AAVIRVAY. % /7L
i / 4 Q"./ 7/_ /-‘ —
NV 7V A é 11/ 4 -
» Wi Ay iy w15
LA /// /&g Aviu/. s
A A A7 / . &/ y, B
&G A AV S AT AV
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wy’(§7/ A /// —10
\ }f:/. - // ij// ///'/ i
NN
T LA B
1 LT
a5 i ~+T |x-0 05
Y a1 K] 0,3 0% 0.5 05 o7 a3 ?a,sﬁ 70
S
Fig. 111,

'L Hendulic, Wasserwirtschaft und Technik, 1930, Heft 23 ... 26,
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VIII. Zylinderfunktionen.
- VIIL Bewsel functions,
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9. Die Funktion Ry(¢) von H. F. Weber und Lommel. 211
9. The function 2,(s) of H. F. Weber and Lommsl.
.

,(8) = % sin(¢sing - pp)de,

i $ o
@)+ 5 2%+ (1—-5) %) = stpt—pompr
) I x Pl o
-%:.Qp(#) =— SIHEPE [1 — 2’—-—3:‘ + FemE—y . .]
n z 7
+eostp 5[5~ FE—p +o]

: 1, 13 18— p?) (8*— p?) Q"
p(2) + No(2) ~ +:;!Pﬁ¢ [1 z' + ¢ PZE Y _ ]
1= cospu p _pE*—ph p(ﬁ'—p') {4’—-33’1 ]

F-ad 25 « N

10. Die Struvesche Funktion efp(g).
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2192 Lommel-Webersche Funkticn 2, (x)
__._—.—-—-——_l-—__.—'——__;;——_—'_.—_-____
0 1 ) 3 4 5 8 7 8 9 d
ol 00 000 OBd 197 191 255 | 318 382 445 509 572 | 63
1 636 699 763 826 883 | 952 016 *O7H Y142 *204 | &3
2| 01 988 330 393 455 518 | 580 643 704 767 028 | €2
3 8] 952 *014 *075 *137 | *198 *259 *320 *381 441 | Bl
4] 02 501 G562 622 681 741 | 801 860 918 978 3T | 60
5| 03 o098 153 212 270 328 | 385 442 499 GBS 6I3 | &7
6 669 725 781 836 892 | 947 *Q02 *056 *111 *164 | 6§
7| 04 218 271 395 378 431 | 482 535 586 638, ,6@Y | 51
Bj 740 790 841 890 940 | 983 Y038 *086 *135 \X82 | 48
9| 05 230 277 324 370 417 | 462 508 653 598\ - 642 | 45
1.0 687 730 773 816 859 | 901 943 984 *025~ 065 | 42
1! 06 106 145 185 204 9263 | 300 333 375 “Ml3 449 | 37
9 486 521 657 691 626 | 660 893  T2AN" 759 79I | M
3 g24 8§54 886 916 947 | 976 *005 %034 S*062 *050 | 29
4| o7 118 144 171 197 223 | 1248 273. (997 321 344 | 2%
5 37 389 412 433 454 | 474  4%6.J 514 533 552 | 20
6 570 588 605 622 638 | 654 . GGY° 684 699  TI2 | 1B
7 726 739 752 783 775 | 786 o087 807 817 &% | 1
8 83 842 B850 857 8G5 | 871 C/877 882 887 8 | 6
9 895 898 902 904 506 | .908° 909 903 910 508 | 2
2,0 909 907 906 903 .90l |N\897 894 890 886  BBO | 4
1 875 860 863 656 549w} 841 833 g4 818 806 | B
2 796 788 975 783 752 740 T7 714 701 @87 | 12
3 673 B58 643 627 <611 | 594 578 560 543 825 | 17
4 506 487 468 448828 | 408 387 366 344 322 | 20
5 300 9276 954 €30 9206 | 181 157 132 106 080 | 25
8 054 027 00L-%973 *946 | *918 *890 *861 *832 Y302 | 28
7| 08 773 743 gg 'ege 651 | 620 BB 556 524 491 ¢ 31
8 459 495 358 324 | 290 955 220 186 150 | M
9 114 (78N\042 005 *969 | *932 895 *g57 *819 *78l | 37
30| 05 743 704, 666 627 588 | 548 509 469 429 389 1 40
1 348 (308 267 9226 185 | 143 102 060 018 *976 | 4G
2| o4 34 \891 849 806 763 70 877 634 591 547 | 43
3 \ue 416 371 327 | 283 939 194 150 106 | 4
4 0. 015 *g70 *905 *S80 | *835 *790 *744 *699 Y664 | 4B
5 0.;.3 608 563 517 471 426 | 380 334 289 243 197 | 46
6| ¢\ 151 106 080 014 *968 | *922 *&77 83l *735 %739 | 46
7IN02 694 848 602 557 511 | 465 420 374 329 284 | 46
N/ 933 193 148 103 066 | 013 *968 *993 878 *834 | 45
9] 01 789 745 701 656 612 568 524 481 437 394 | M4
4,0 350 307 264 221 178 | 135 093 050 008 *966 | 43
1! 00 924 883 841 800 768 | 717 676 636 595 585 | 4l
2 516 475 435 396 356 | 317 278 240 201 163 | 39
3 195 087 049 012 *025 | *062 *093 *134 *171 %206 | 37
4| -00 243 978 313 248 2383 | 417 452 485 519 552 | 3
] 585 618 651 683 715 | 747 778 809 840 870 | 32
6 901 931 960 1990 *018 | *047 *076 *104 132 *159 | 28
7] -01 187 213 240 266 203 | 318 343 368 393 417 | 2D
8 442 485 489 512 534 | 567 579 600 622 643 | 23
9 Bo4 684 704 724 743 | 762 781 799 817 835 [ 19




Lommel-Webersche Funktion £, (z)

. s 1 2 3 4 5 6 7 8
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09| 08 SEE ggg 2% ggg % | a8 3%% 05 298
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201 00 00 148 1% 21 U |93 9% a; o6 on | 4
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! o wh 454 492 528 566 601 | 37
G| 02 25 3m 3 a7 | s dm o o 560 999 | 3
B 637 673 709 é S, 44 *176  *207 *938 *o68 | 31
7 883 *016 *04 \*e 113 | "1 473 501 529 556 | 28
81 03 299 329 &% | 7 % 763 7TeT O | 25
s 083 6l0 ”636 ooz 7 989 990 *011 *081 | 2l
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Lommel-Webersche Funktion £2,(x)
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216 Lommel -Wehbersche Funktion &,(z)
ey

5 6 7 8 9 d
100 01 187 182 136 111 085 060 034 008 %983 *957 | 2§
1] 00 931 906 880 854 828 803 777 781 726 760 | 25
2 674 649 623 598 572 547 B21 496 470 445 | 2§
3 420 394 369 344 319 | 294 269 244 219 194 | 25
4 168 145 120 095 071 047 022 *002 *026  *050 | 24
5{ ~0.0 074 098 122 145 169 193 216 233 263 288 | 24
6 309 331 354 377 39 4922 444 466 488 5%0 23
7 532 553 5Y5 598 617 { 638 859 680 701 821 | 2l
8 742 762 782 802 821 841 860 879 899, .9iB | 20
9 936 955 973 991 *009 | *027 *045 *063 *080.\*C97 | 18
116 01 114 131 148 184 180 196 212 228 i%‘43 258 | 18
1 274 288 303 318 332 346 360 3738387 400 | 14
2 413 426 439 461 463 475 487 493 Y510 521 | 12
3 532 542 553 563 573 583 593 611 20 | 10
4 620 637 646 653 661 668 676 .{683 690 896 7
5 703 709 75 720 728 731 73BNV 4L 745 B0 | &
6 784 757 76l 784 768 770 973 - 796 718 780 | 2
7 781 783 784 785 786 786, \787 787 787 796 | 0
8 786 785 784 782 781 779\ 777 7B T3 T 2
g9 767 764 760 757 753 | W49 745 740 736 730 4
12,0 726 720 714 708 702 [\ 696 690 683 676 662 ; 8
1 662 654 646 638 B3V 622 613 604 595  H88 8
2 577 587 557 547 B3R | 527 616 G606 494 483 | 10
3 472 4B0 448 436 424 412 399 387 374 361 | 12
4 348 334 321 3074293 279 265 250 236 231 | 14
5 206 181 176 Js0t 15 129 113 097 081 085 | 18
6| 048 032 01 g *G81 | *864 *047 *930 *912  *8%4 | 17
7| 06 877 859 823- 804 786 768 748 730 711 | 18
8 633 673 635 B16 596 577 657 538  Bi§ | 20
3 498 478,' 458 438 418 397 377 357 338 316 | 21
13.0 295. 2% 254 233 212 191 170 149 128 107 | 2l
1] 086 044 022 001 | *020 *042 *0B83 *0B4 *106 | 21
2{ 00 1274 170 192 213 | 235 9256 278 299 321 | 22
3 3{7 364 386 407 4929 450 472 493 515 536 | 21
4 679 600 621 643 664 685 706 728 749 | 21
61 A3%770 791 812 833 854 875 895 916 937 857 | 21
6L. 0% 978 998 *019 *039 *0A9 | *079  *100 *I20 *140 *315% | 20
Wl 179 199 219 238 257 | 277 9296 316 334 363 | 20
8 372 301 409 498 448 485 483 501 5189 537 | 19
9 554 572 58% 607 624 641 658 875 691 08 | 17
14,0 74 741 767 773 780 | B804 820 835 851 866 | 15
1 881 895 910 W5 939 953 987 981 995 *008 | 14
20 0.2 021 035 048 061 073 086 006 110 122 134 | 13
3 146 157 189 180 191 201 212 292 233 942 | 10
4 252 282 271 281 290 299 307 316 324 332 9
5 340 348 355 362 370 377 383 30 396 402 7
8 408 414 419 425 430 435 440 444 448 452 | D
7 456 460 483 487 AT0 | 473 475 473 480 482 3
8l 484 485 487 488 489 490 491 491 491 491 1
9 401 490 480 489 488 487 485 483 482 479 i




Lommel-Webersche Fonktion 2, (x} 217
EW

% 0 1 g 3 4 5 8 7 8 ) d ,[
|
00| 02 852 555 558 B60 62 | 564 565 567 568 569 | 2
1 59 569 570 569 569 | 568 568 566 565 563 | 1
2 561 559 567 554 551 | 548 645 541 538 B33 | 3
3 593 505 520 515 510 | 504 498 492 488 479 | 6
4 473 466 459 451 444 | 436 428 420 411 402 | 8

5 993 384 375 365 355 | 345 3% 324 314 303 | 10§
6 505 980 9269 957 245 | 233 220 208 195 182 i 12
7 a9 156 142 128 114 | 100 085 071 056 041\ 14
8 026 011 *995 *980 *OBd | *948 *932 %915 *893  *g8x | 1B
3| 01 886 848 831 814 797 | 779 76l 743 726 (W07 | 18
11,0 a8 670 651 632 613 | 53¢ 675 556 5IEYS BL7 | 19
1 397 477 457 437 417 | 398 376 355 @83% 314 | 2l
2 963 972 951 929 208 | 187 165 144 (g2 100 | 2l
3 078 056 03¢ 012 *990 | *968 *345 993,901 %878 | 22
1| o0 55 833 810 787 74 | 7% 719 B9V 673 650 § 22
5 607 603 580 567 534 | 511 487\\464 441 417 | 23
8 %94 371 347 394 300 | 277 %g% 930 207 183 | 23
7 60 127 113 090 067 | 043 Q207 *003 *027 %050 | 24
8| -00 o073 09 119 42 186 | 1898212 23¢ 257 280 | 23
9 303 326 348 371 394 | 260438 461 483 505 | 22
12.0 508 50 572 594 615 | 639 653 B8O 702 723 | 22
1 ma5 786 787 008 829 %850 870 891 912 932 | @l
g 950 970 992 *012 *032) %052 *071 %091 *110  *129 } 20
3| -01 148 167 186 204 2239 241 259 277 295 313 | 18
4 331 348 366 383 400 | 416 433 450 466 482 | 16
5 4§ 514 530 53; s61 | 576 591 606 621 635 | 1§
8 640 663 677 (891 705 | 78 73l 744 767 710 13
7 782 795 g0g< 819 830 | B4 853 8B4 875  BBG 12
{i 8 897 907 @17\ 927 937 | 946 956 964 973 982 9
9 961 999 _¥007 *015 *022 | *030 *037 *044 7081 *057 | 8§
13.0] ~0.2 o064 O07\C/076 081 087 g9z (97 102 107 111 5
1 116 age) 123 127 130 | 133 136 139 141 144 | 3
2 146 147 143 150 162 | 183 183 184 184 154 | 1
3 1588154 153 152 181 | 160 149 147 145 143 | 1

4 M1 138 135 1320 1g9 | 126 122 118 115 110 | 3|
5 N30s 101 o096 091 o08s | os¢ o075 089 063 056 6
Bl .() 050 043 03 029 022 [ OL4 - 007 *990 ¥ *982 | 8
7ICC01” o74 955 956 847 938 | 929 919 909 899 883 | 9
8 879 8es 857 846 635 | 84 813 8k 789 777 4 11
g er 753 740 To7 T5 | 7oz 683 675 662 648 | 13
140 634 620 B0 592 678 | 563 548 834 519 503 | 15
1 ina 473 457 ade 426 | 410 394 377 36l 346 1 16
2 a6 311 94 o977 260 | 243 26 208 191 173 ) 17
3 e 38 190 101 083 | 065 047 028 010 991 | 1B
4| -00 o 953 935 @816 897 | 877 88 83 820 800 ) 20
5 781 761 741 T2 702 | 6% 662 642 622 B0 | 20
8 583 beg  5dg 521 0L | 481  46L 440 420 399 | 20
7 e 956 a3 317 297 | a6 285 236 a1 14 4ol
B 393 I8 i3 11l 090 | 070 049 028 008 O3 | 20
9 00 0 O0s4 oO75s o095 116 | 13 157 177 198 218 | 2D




218 Stravesche Funktion o] (x)
e e .,
& 0 1 2 3 4 5 6 7 8 9 d
00 00 000 064 127 191 255 ! 318 382 445 508 572 | 63
1 636 699 763 826 889 | 953 *016 *079 . *142 *205 | 84
2101 268 330 393 456 518 | 580 643 706 787 829 | g2
3 891 952 *D14 %075 *137 | *198 *259 *320 *381 *441 | gl
41 02 501 562 622 682 741 | 801 860 919 978 *037 | gD
5 03 096 154 212 270 328 | 385 442 499 586 613 | 57
8 863 726 78l 838 B892 | 347 *002 *056 *1I1 *165 { 55.
71 04 218 272 325 378 431 | 483 535 586 638 - &80 | &2
8 740 790 841 990 94D | 989 *038 *087 *135. *i%3 | 49
9/ 05 230 277 © 324 371 417 | 463 508 553 538 )\'842 | 48
1.0 887 730 773 B8l6 859 | 901 943 984 2& 085 | 42
1| 06 106 145 185 924 262 | 301 339 376 4\ A13 449 | 39
9 486 522 BS7 592 626 | 660 @93 728 N759 781 | 34
3 824 835 886 916 947 | 976 *005 *03A *063 - *090 | 29
C4P 07 17 145 171 197 223 | 248 273 .97 321 344 | 25
5 387 389 412 433 454 | 474 495N\v514 533 552 | 20
6 570 588 605 622 638 | 654 8% 684 B39 7i¢ | 16
7 726 739 752 TE3 775 | 786 o797 807 817 &% | 11
8 835 842 850 857 865 | 8N '877 8@ 887 9l | 6
9 B35 898 902 504 908 | 908> 909 909 SI0 909 | 2
2,0 909 907 906 903 901 . 897 894 890 686 860 | 4
1 875 869 883 856 843 MNB41 833 824 818 805 | B
2 796 786 776 763 758N\ 740 727 T4 701 687 | 12
3 673 658 643 627 61D 595 578 561 543 525 | 16
4 506 487 468 448 428 | 408 387 386 344 322 | 20
5 300 277 254 230N 206 | 181 157 132 106 080 | 26
3 054 027 Q0L Q93 *946 | *018 *890 *@61 *B32  *802 | 28
7! 068 773 743 7%23:\‘ 882 651 | 620 583 656 524 401 | 31
8 459 425 324 | 290 255 920 185 150 | 34
8 114 078 042 ons *969 | *932  *895 *857  *@19  *7Sl | 37
30| 05 743 70all;666 627 6588 | 548 509 468 429 389 | 40
1 348 308) 267 226 185 | 143 102 (80 018 *976 | 42
2] 04 934 7B91 843 G606 783 | V20 677 63 531 547 | 43
3 503 4459 415 371 327 | 283 238 194 150 105 | 44
4 060\ 015 *970 *og5 *B8O | *835 *TO0 Y744 Y695  *e5d | 45
5 034608 563 517 472 426 | 380 334 46
6] V151 106 060 OI4 *968 | *920 *8?27 *gg? $§§ *:sl’gs?a 15
71709 694 648 602 6£57 511 | 485 420 374 309 984 | 46
8N/ 238 183 148 103 058 | QI3 *968 *923 *878 *83d | 45
9 01 789 745 701 656 612 | 568 504 481 437 394 | 44
4.0 350 307 264 201 178 | 135 09 ' * 43
1} 00 924 883 841 800 758 | 717 573 ggg ggg ggg 4]
2 515 475 435 396 356 | 317 278 240 201 163 | 39
3 125 087 043 012 *025 | *082 *009 *135 171  *207 | 37
4] 700 243 278 313 348 383 | 417 452 485 519 &2 | 34
5 585 B18 651 683 715 | 747 778 8 870 | 32
6 901 931 950 990 *019 | *047 *076 132 *%g *1@9 28
71701 187 213 240 266 293 | 318 343 368 393 417 | 25
g 442 465 483 512 534 | 557 579 600 622 643 | 23
664 B84 704 724 T3 | 762 781 799 817 835 | 19




Struvesche Fanktion of (z) 219

00! 00 D000 o000 001 002 003 | 006 068 01l O 017 | 3
1 a2 026 031 035 042 | 048 054 06l 089 077 | 6
2 ges 004 102 112 122 { 132 143 164 166 178 1 10
3 390 203 918 230 243 | 258 273 288 303 320 ) 15
4 338 353 370 388 406 | 424 443 462 481 502 ) 18
5 g9 543 564 585 607 | 820 @52 675 608 722 | 22
B nag 770 795 820 846 | 872 898 925 981 979 ) 26
$l g1 006 034 083 091 120 | 150 179 208 240 270 30
8 301 333 364 396 498 | 461 494 527 560  J9h | 33
8 G058 B63 ooy 732 767 | 803 839 875 911 948 | 36

1.0 65 *002 %050 *097 *135 | *173  *2ll *250 *280\\ %328 | 38
1| oz 268 407 447 487 b8 | 568 609 650 GOl 733 | 40
2 Y74 16 858 900 943 | 985 %028 %071 %M *158 | 42
3| g3 201 245 9283 333 377 | 421 468 Silhn 550 600 | a4
4 845 691 7% 781 o7 | 873 918  963L7 *010 *057 | 48
5/ 04 103 149 196 9242 289 | 336 382 (o9 476 6523 | 47
6 570 618 685 712 759 807 g0 849 997 | 48
71 05 o044 092 140 187 235 | 283 @300 378 426 474 | 48
B 201 560 616 664 712 | 759 (807 854 902 949 | 47
3 267 *044 *0a1 *133 *186 | *2a3()260 37 374 *4dl | 47

20| 0§ 463 514 661 607 654 | (RO 747 793 839 885 | 46
1 330 976 *022 *067 *112 |468 203 ‘248 %090 *337 | 46
2l g7 38 A2 470 514 58BN 602 645 g88 732 76 | 44
3 Ft7 860 903 945 98| *028 Y071 #1172  *153 *194 | 42
4| o8 935 a76 316 356 ~3% | 436 476 515 554 593 | 40
§ g2 G670 708 746N 783 | a1 868 B89 831 967 | 38
6| 09 004 039 075 410° 145 | 180 214 248 282 316 35
7 249 382 \ (487 479 | 511 542 673 804 635 33
8 BES 695 754 783 | 811 840 868 895 922 | 28
8 950 976 *093 »0og *054 | *079 *106 *128 *154 *177 | 25

30| 10 901 o2arosr ov0 992 | 314 3% 3% 377 399 | 22
1 418 §7 47 a4t 494 | Blg 530 b4B 565 562 | 18
2 598 . b 830 645 @60 | 675 688 703 716 729 | 16
3 7g0'vea e 777 7Y | 799 B0 BED O 833 | 10
4 gag° 856 @84 872 880 | 888 B3 gag 905 910 6
5 Nels 920 995 929 93z | 935 38 A 943 944 | 3
6l . (SVose 946 o7 047 947 | 946 946 944 943 940 | 1
TKN™ 938 935 932 928 935 | 920 918 91¢ 905 B899 | 5
8 303 ggy 880 673 865 | 867 849 B4l 832 822 | 8
9 413 803 7oo 782 7ML | 7Te9 748 7B 723 710 | 12

4.0 697 684 670 666 642 | 627 612 69 581 566 | 15
1 243 B3y 515 497 480 | 462 4 425 407 387 | 18
2 368 313 309 308 988 | 267 od6  2ad 203 181 | 2l
3 Teg 138 113 090 067 | 043 019 9% *g7]  *946 | 24
a| os 991 s &n 8 s | 783 767 7l 714 687 | 27
] 860 632 B05 577 649 | 520 492 463 43&¢ 405 | 29
6 376 346 317 287 257 | 227 1% 166 135 104 | 30
7 073 o042 010 *o73 *947 | *015 883 85l +319  *786 | 32
81 08 734 721 688 655 622 | 089  DBoh 522 488 455 | 33
5 4 %87 353 31 285 | 251 26 182 147 113 | 34
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290} Stravesche Funktion &f, (x)
x [ 1 2 3 4 5 6 7 8 g d
50] 0,1 852 B9 886 902 918 933 949 963 978 892 ¢ 15
1 02 o006 019 032 045 058 085 08l 092 104 114 | 11
2 124 134 144 153 . 162 170 i79 186 194 201 8
3 208 9214 220 926 231 236 241 245 249 252 5
4 256 258 261 263 266 266 267 268 269 268 1
7 268 268 267 266 264 262 260 957 254 251 2
6 247 243 239 234 230 224 219 213 206 200 | B«
7 193 186 178 170 162 154 145 136 127 117N 8¢
8 107 096 088 075 Q64 052 04l 028 016 083 12
9 01 9% 977 964 950 936 921 907 892 877, 6L | 15
6.0 846 829 Bl13 797 780 763 746 728 FITNS 692 | 17
1 674 656 637 618 599 579 560 540 ¥ 499 | 20
2 479 458 437 416 394 373 361 329 {307 284 | 21
3 262 239 216 193 169 146 122 038‘ 074 050 | 23
4 025 001 *976 *351 *926 | *901 *878 .850 v O*ga5 T8 | 25
i 00 773 747 721 0694 668 641 615 588 561 534 | 27
6 507 478 452 424 397 369 34& " 314 286 258 1 28 4
7 230 202 174 145 117 085 7032 603 *028 | 28
8| 00 054 083 112 141 170 198 .\227 256 285 314 | 28
9 © 343 372 401 430 449 4888 518 547 A76 605 | 2%
7.0 634 663 692 721 750 779‘ 808 837 865 834 | 2%
1 923 952 980 009 *038 | %066 *095 *123 *151 *180 | 28
2 01 208 236 264 292 320« 348 375 403 431 458 | 28
3 486 513 540 567 594N 621 648 674 701 737 | 27 &
4 753 779 805 831 837 883 908 933 959 9684 | 28 4
5 02 009 033 058 0gelM07 | 131 155 179 202 926 | 28 ©
6 249 272 295 31 341 363 385 407 429 451 | 28 |
7 472 494 £06 877 897 617 637 6a7 | 21 |
8 677 696 715 734 752 77l 789 807 825 g42 | 19 |
3 860 877 93 910 926 | 943 959 o4 990 7005 | 17 |
180 03 020 O03HCH4d 063 077 091 105 118 131 144 | 14 |
1 156 15@} 180 192 204 215 226 936 247 257 | 11 i
2 267 .27 286 295 304 313 321 329 337 345 9 i
3 3588309 386 372 379 385 390 396 401 408 6
4 410\ 425 419 423 428 429 432 435 438 440 3
5 ) 449 443 445 446 447 447 447 447 447 446 0
6 ()36 445 443 4 440 438 435 432 430 426 2
TN 423 419 416 411 408 401 397 391 386 380 3
8 374 367 361 364 247 339 332 324 318 367 8
g 293 200 281 271 262 252 242 231 201 210 | 10
9.0 199 187 176 164 152 140 127 115 102 osg | 12
1 075 062 048 034 Q19 005 *390 *975 *g0 945 | U4
2 02 929 914 898 881 865 843 832 815 798 780 | 16
3 763 745 727 709 831 672 654 635 616 597 | 19
4 578 558 538 519 499 478 458 438 417 306 | 21
& 376 354 333 312 290 269 247 0225 203 181 21
B 168 138 113 091 068 045 022 *999 *g975 *§62 | 23
7| 01 929 905 881 858 834 Bl0 788 762 737 713 | 24
I 8 683 664 640 615 590 566 541 516 491 466 | 24
9 441 416 390 365 340 315 289 264 238 913 | 25




Struvesche Funktion &f, (w)
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z 0 1 2 3 4 5 8 7 8 g | d
50! 0,8 078 043 009 *974 *939 | YS04 TBE9  *834  *799  *764 | 35
1! 07 78 693 858 623 587 | 552 517 481 446 410 | 35
9 375 340 304 969 233 | 198 182 127 092 056 | 35
3 021 *986 *950 *S15 *880 | *B45 *BlD *774 *738  *T04 | 3B
a| 06 670 B35 600 585 530 | 496 461 497 392 358 | 34
5 324 290 256 222 188 | 154 120 087 053 020 | 34 ||
gl 05 987 954 921 888 BS5 | B23 790 758 725 693 | 3¢
7 661 630 598 587 535 [ 504 473 442 4M 381N 31
8 350 320 290 9260 231 | 201 172 143 114 088N 30 )
9 058 028 000 *972 *044 | *917 *BB) *862 *835 (%808 | 27
60 04 782 756 729 704 678 | 652 827 602 7PN 553 | 26
1 529 505 481 457 434 | 411 388 385 343~ 321 | 23
8 299 278 9258 235 214 | 194 173 163 133 114 | 20 ||
3 095 076 057 033 020 | 003 *385 *968/).%950 *934 | 17
4] 03 917 901 685 889 854 | 833 824 BWL T T8l | 16
-5 8 754 741 To8 716 | 704 692..8B0 669 638 | 12
B 847 837 626 617 607 | 598 58O 580 572 564 | 8
7 556 549 541 535 598 | 522 51V 60 505 500 [ 6
8 495 491 486 483 479 | 478 {493 470 488 466 | 3
g 364 463 461 481 460 | 460N )20 460 461 462 | ©
7.0 463 465 466 469 471 | 4740 477 480 484 488 | 3
1 492 496 501 506 51l | 817 523 528 636 542 | 6
2 549 556 G564 G572 580 0V688 597 606 615 625 | 8
3 834 644 €55 665 678~ 687 698 710 722 734 | 1l
4 726 750 772 786 79BN | 812 826 840 854 868 | 14
5 883 898 913 9290°N\045 | 961 977 993 *0l0 *027 | 18
6] 04 044 061 078 086114 | 132 151 169 188 207 { 18
7 P06 245 065 <286 304 | 325 345 365 386 407 19
8 428 449 470492 513 | 635 557 580 602 624 | 22
9 647 670 693 716 739 | 72 786 810 833 867 ) 23
8.0 881 908 \93'0 95¢ 979 | *003 *028 *053 *078 *103 | 24
1! 65 128 153 >179 204 230 , 256 281 307 333 359 | 2
2 385 ,41} 237 488 490 | 516 543 569 596 623 | 26
3 pda. {R76 703 729 756 | 783 @10 837 864 891 | 27
4 91§§ 945 970 %000 *027 | *054 Y081 *108 *135 *162 | 27
5| 0B 490" 218 9244 271 998 | 325 362 37 406 433 | 27
6 ~N860 487 514 541 6es | 594 621 B48 674 7Ol | 26
T £ N\\7e8 754 780 6807 833 | 899 885 811 837 963 | 26
8 ) 989 *015 *041 *066 *092 [ *117 *142 *188 *193 *218 | 25
9] 07 243 967 292 337 341 | 365 330 414 438 462 ) 24
80 485 500 533 656 579 { 602 625 B48 670 693 | 23
1 716 737 760 761 803 | 825 846 867 883 909 ) 22
2 930 951 971 991 *012 | %03l *061 *071 090 *109 | 19
3] 0.8 128 147 186 184 202 | 220 233 266 273 280 | 18
4 307 324 341 357 974 1 380 405 421 436 461 | 15
5 466 481 49 510 G524 | 538 558 566 578 5Ol | 14
B 604 616 629 641 653 | 664 675 686 897 7OB | 11
7 719 798 730 748 7A8 | 767 776 7856 793 801 | 9
8 810 817 85 $32 839 | 846 §3 859 B85 871 [ 7
9 476 @87 887 891 896 | 900 905 908 912 915 | 4




229 Struvesche Funktion e} (x)
e T T
x 0 1 2 3 4 5 B 7 3 9 | a
00| 01 187 162 138 111° 085 | 080 034 008 *983 *0&7 | 95
1{ 00 931 905 5830 854 828 | 803 777 751 726 700 | 95
2 674 649 623 598 572 | 547 521 496 470 445 | 95
3 420 384 383 344 319 | 204 289 244 219 194 | 95
4 189 145 120 098 O71 | 047 022 002 %026 050 | 25
6] 0.0 074 098 122 146 169 | 193 218 239 282 236 | w4
5 309 331 354 377 399 [ 422 444 466 488  5i0 | 23
7 532 553 575 596 617 | 638 659 @80 701 (o1 | 21
8 742 762 782 802 821 | 841 860 880 aag 818 | 20
9 938 955 973 991 %010 | %027 *046 "063 *DGO)° *087 | 17
11.0f 0.1 114 131 148 184 180 | 196 212 228 <9437 258 | 18
1 274 9288 303 318 332 | 348 360 373\ U387 400 | 14
2 413 426 430 451 483 | 475 487 49BN 510 691 | 12
3 532 542 563 563 673 | 583 593 ./BO2 © 611 620 | 10
4 623 637 645 653 o661 | 688 676.0883 690 698 | 7
] 703 709 716 720 726 | 73T a6V T4l M8 0 | 5
8 C 764 757 761 764 TR8 ¢ T W3 V75 778 VRO | 2
7 781 783 784 785 786 | 78R/\TB7 787 787 788 | 0
8 786 985 784 782 781 | Y@ V77T O I3 | 2
g 787 764 760 77 763 [\G4° 745 740 736 70 | 4
|20 725 720 714 708 702 . N696 690 683 B76 669 | B
1 882 654 646 638 63} 622 613 604 595 586 | 8
2 577 667 857 547 537° B27 516 50p 494 483 { 10
3 472 460 448 436 <404 | 412 399 387 374 a6l | 12
4 348 335 321 30754293 | 279 285 250 238 g2l | M
5 206 181 178 B0 145 | 129 113 097 081 085 | 18
B 048 032 015-%998 *981 | *964 7947 *030 *912 *894 | 17
7] 0.0 877 859 . 823 904! 786 788 T8 730 711 | 18
8 893 873 635 616§ 5% 577 557 538 518 | 20
9 498 478\ 458 438 418 | 397 377 357 336 316 | &
13.0 205 274 254 233 212 [ 181 170 149 128 107 | A
1 036 (085 044 022 001 | 020 *042 *083 *084 *108 | 21
2] 00 1270148 170 192 213 | 235 956 278 299 a3l | 2
3 3427384 386 407 499 | 450 4727 493 516 538 | 21
4 ~B57 579 600 B21 043 | 664 685 708 728 749 | 2
St 88770 791 812 833 854 | 875 895 916 937 957 | 241
6| " 978 998 *019 *039 *059 | *079 *100 *120 *140 *159 | 20
ANl 179 189 219 238 257 | 277 296 315 334 363 | 20
8/ 372 391 409 498 446 | 465 483 501 519 537 { 18
9t 564 572 589 607 624 | 641 658 675 691 708 | 17
14.0f 724 T4l © 757 773 789 | 804 830 835 BSL 866 [ 16
1 881 ®95 910 925 939 | 953 987 681 995 *008 | 14
21 02 (22 035 048 061 O73 | o088 o098 110 122 13 | 13
3l 146 157 169 180 191 | 200 912 228 233 242 | 10
4 262 282 271 9281 290 | g9 307 316 324 3w | 9
] 340 348 355 362 370 | 377 383 390 396 402 ] 7
6 408 414 419 495 430 | 435 440 444 448 452} B
7 456 460 463 467 470 | 473 475 478 480 483 { 3
8 484 485 487 488 489 | 490 491 491 491 491 | 1
g 491 450 490 489 488 | 487 485 483 482 479 1




Btruvesche Funktion o5 ()

P 0 1 2 3 4 5 B 7 8 9 d—]
106; 08 9i8 921 924 926 928 | 930 932 833 93¢ 935 [ 2
1 935 93 936 936 935 ] 935 93¢ 93 931 99! 0
2 628 926 923 920 918 ) 914 91 908 994 900 | 4
3 695 891 886 @81 876 ] 870 864 858 BS52 846 | B
4 839 832 825 818 810 | 802 704 YBE 7T 769 | B
5 760 750 741 731 721 | 711 701  6%0 680 669 | 10
8 658 G546 635 623 611 | 599 587 574 561 548 | 12
7 535 521 508 494 480 | 486 452 437 42 407 | 14
8 392 377 362 346 330 | 314 298 282 265 ‘€49 | 18
9 232 215 198 180 163 | 145 137 109 091 A 073 | 18
11,6 055 036 D17 *099 *980 | *961 *941 *922  *god\ “*E83 | 19
1/ 67 883 - 843 83 803 783 ) 762 742 721 700 680 | 2l
2 859 638 617 536 574 | 553 B3l 510 ..0488 485 | 21
3 444 422 400 378 356 [ 330 319 2838 w7 244 | 22
1 222 199 178 153 131 | 108 085 Q62> 039 Ol6 | 23
6] 08 933 970 946 923 500 | 877 85830 807 784 | 23
8 760 737 713 690 667 | 643  620N\N\"H95 573 580 | 24
7 526 603 473 456 433 | 409 ge 363 340 35 | 24
8 993 9270 247 994 201 { 178 .%25 132 109 086 | 23
9 063 040 018 *995 *873 { *950~¥G28 905 *853 *86l | 23
120{ 0.5 839 817 704 773 751 ; 7Y T 686 664 643 | 22
1 821 600 579 558 537 .\BIB 496 475 455 434 | 21
2 414 =294 374 352 344N\ 2295 27 256 237 | 19
3 218 199 180 182 143 125 107 089 071 053 | 18
4 - 035 018 001 *934 *GBE’ | *950 *333 *917 *900 *884 | 16
5 04 . 668 852 836 92h 805 | YOO 7Y 7B0 746 731 | 16
8 717 703 689 ggg 661 | 548 B35 622 609 596 | 13
7 684 572 653, 536 | 524 513 502 491 480 | 12
8 470 459 443\\ 39 430 { 420 411 402 393 384 | 10
] 376 307 359N 352 344 | 337 9 322 315 309 | 7
13.0 0302 296,»990 285 279 ¢ 974 989 264 959 255 | 5
1 951 24757243 239 236 | 233 230 227 225 223 | 3
2 220 ,2%9 gi7 g¢16 214 | 214 9213 212 212 212 ) @
3 212 913 213 214 214 | gI6 218 219 221 223 ) 2
4 ZZF\»\’.Uzza 931 234 2371 240 244 248 262 256 | 3
8 960" 265 270 275 @980 | 986 290 297 303 30! 6
6 0316 323 230 337 344 ) 352 3/ 37 375 384 | B
Ti L0392 401 410 419 428 | 438 447 457 467 477 | 10
8l V" 488 498 609 520 531 | 642 454 565 577 589 | 11
] 601 614 626 633 651 § 665 678 691 704 718 | 14
14,0 732 T46 7E0 M4 789 | 803 §18 833 848 863 | 14
1 878 @993 009 - 935 940 | 956 073 989 *005 Y022 | 18
2] 05 038 o055 072 083 106 | 123 140 158 175 193 | 17
3 211 299 247 265 283 [ 301 319 338 358 3% | 18
4 294 413 432 451 470 | 489 508 527  B47 566 | 19
5 586 605 625 645 664 | 6844 704 74 744 764 | 2
8 784 204 824 845 865 | 885 906 926 946 967 | 20
7 987 008 *028 *049 *070 | *090 *111 *131 *152 *173 | 20
8 06 193 914 235 955 <276 | 297 317 338 359 379 ;a1
9 400 4920 503 523 544 664 582 | 21

441 462 482




VIIL Besselsche Funktion von iz
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Fig. 118 u. 119. Besselsche Zylinderfuuktionen bei rein imaginirem Argument.

(VgL 8. 282, 283,
Fig. 118 and 119. Resgpel fanetion for nnra 'I'rnsurl')hn\-w P TR T . ST T S A g



V1L Zylinderfunktionen,

VIII. Bessel funetions, 225
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Fig, 120 u. 121, Besselsche Lylinderfunktionen bei konstantem rein imagindrem

. Argument tiber p. (Vgl. B. 252, 283.}

Fig. 420 and 121. Besssl functions for constant pure imsginery argument against p.
{ef. p. 252, 233.)



296
o {F2)
- — v (ef. fig. 119, p. 224,
2 3 4 B 8 7
00| 10 000 000 o001 002 i
1 %0 000 oo ok 004 006 009 03 a8 00
2 o I 131 18 146 | 167 064 07z 081 090 7
3 226 242 274 201 | 309 32 197 ol 4 12
a6 468 490 7 M5 34 334
; oo 813 53 560 584 1
| 688 7 09
g u 920 852 984 *g%g *Eﬁ% tggi ,500 828 859 359 -
EEEE RN DR 3
JuBBEREN S B @ ok
8L 78 7 5 Oy
3| 13 k2.2 T8 83 8wy g2 013 f0md  I3F *1%6 "
31 g ggg ggg *% *1% *230 *% «gg*f ,ﬁgn ,}96 866 gg
4| 15 534 623 398 *hin |l oo .l 8% 43 D
713 804 896 167 2B B9 4
5| 16 467 566 N 2 :
, 86 Q 73 %370
g e m e e mis oo
p LJ
8] , 30 003 018 030 *ods | *omg 5 503 om6 | 12
ol Z 18 142 157 1 197 | 90 o7 o oum A8 | 18
0 200 296 22 3 34 |\ B/ 217 233 248 264 | 16
1 15 e 1% g8 D S ¥ 4 M
2 65 646 ces coy ouny o6 4 ord g9l i | 19
3|, W @ oem ew @ ™9 27 o 8 o | 20
» 043 07 0% 119°\143 937 959 981 ‘004 (2 %
; 20 15 M S o b W0 W o
7 563 581 609 G X 40 U 42 a8 e
70, M sm o wilem B M Tt oo | o
gl ¥ 17 1A a8 2 o0 02 060 0%z *1ag 3
(678 613 6 306 431 467
30| s s om o -Mﬁg % B i | %
2| O mOms b3 sl sdg 80 o6 007 693 0 | 4
iy E Rl EEEEI
R\ 899 987 *0i6 |*oos g .17 M T 64
TR EER 195 *266 *316 | 69
S8 8 0% 1w 2w 65| 6% 76l &7 ey %0 | 6
10, ™ 83 @m 95 0l L7547 513 591 665 | 71
5|10, 36 43 049 63 om i g o G e R
. *
0| Lm0 40 s o | o 501 - N e | 0
11 w41 s oo me B0l 904 voo7 Wiz jal7 | 108
21 1% 44 560 8 798 gl i o3 008 210 ]
4 438 095 73z
gllox1 ms 784 M 796 ;83 m G i cin o |
711052 088 18 13 oo S g ome em gm | I
T|w0xe 068 lo4 123 142 1] M 013 oz v0sg 07 | 13
D mREdERE e e B
02 = a4y 463 | 2
628 62 676 700 | 93




— iy {tx) 227
® 0 1 2 3 4 5 8 7 8 9 a
00| GO 000 050 100 150 200 { 250 360 350 400 450 | 50
1 501 561 60r 651 702 | 762 803 853 904 954 | KO
2 01 005 056 107 158 209 | 260 311 382 414 485 | 51
3 17 569 621 673 735 | 777 899 882 935 987 | 53
4| 02 040 093 147 200 254 | 307 38l 415 470 524 | 53
5 570 634 689 744 800 | B55 911 967 *0R4  *080 | 55
6! 03 137 194 251 309 367 | 425 483 K42 800 659 J\58
7 719 778 838 893 969 | *020 *081 *142 *204 *288\) 6l
8| 04 329 391 454 518 581 | 646 710 775 840 905! €5
9 8§71 %038 *104 *17L *239 |*306 *375 *443 *512 %682 | &7
194 05 852 722 793 864 935 | %008 *080 *153 *227 MF300 | 73
11 08 375 450 525 601 677 [ 754 832 910  988\° *067 | 77
21 05 147 927 308 389 470 | 553 636 719 ~803° 4§88 | 83
3 973 *053 *146 233 *32) |*408 *498 *588< %678 *760 | 88
4| 08 881 953 *046 *140 *235 | *330 *496 *592N\°*620 *718 | 95
5 08 817 918 *017 *1I8 *220 [ *322 *426 %830 *635 *741 | 102
81 1.0 848 956 *064 *174 *084 | *395 *507-.%620 *733 *848 | 111
71 L1 983 *080 *197 *316 *435 | *555 sg *799 *goo  **04g | 120
8| L2 172 298 495 554 683 | 814 N945 *078  *212  *346 | 131
8| 14 482 620 758 897 *038 | *180,°F323 *487 *B12 *759 | 149
20| 15 908 *055 *206 *357 *510 | *664 4820 *977 **135 204 | 154
1] 1 745 7682 778 795 @1} [B28 845 862 879 897 | 17
2 814 932 950 688 98600004 *022 041 060 078 | 18
3] 2 098 117 13 156 1783 196 218 236 257 277 | 20
4 298 319 340 362 383! 405 427 449 471 494 | 22
5§ 517 540 563 583\ M610 | 633 657 682 706 731 | 123
] 756 780 806, 831 857 | 883 909 935 952 989 | 286
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VIII. Zylinderfunktionen,

232 VI Bessel functions. (cf. fig. 118, 119, p. 224)

z Iy (i) —id 2y | —Jlix) | = £, (i) ’ JoEa) | —id, (i) !
0,0 | 1,0000 0,0000 0,0000 0,0 | 0,0000 0,0000 0,0000
0,2 | 1,01003 0,1005 0,0%5017 | 0,2 | . 0,0°1871 | 0.0°4175 | 0,078347
0.4 | 1,04040 (,2040 0,02027 {1 0.4 | 0,0°2347 | 0.0°5720 | 0,0°0884
0,6 | 1,08206 0,3137 0,04637 | 0,6 | 0,0°4602 | 0,0%3436: D,0%2056
0,8 | 1,1665 0,4329 0,08435 | 0,8 | 0,01110 § 0,0°1101 | 0,0'8764
10| 1,26861 0,5652 0,1357 1,0 ] 0.02217 : 0,0°2737 {(,0%2716
1.2 1,3937 10,7147 0,2026 1,2 | 0,03936 | 0,0°580% | 0,0°6879
1.4} 1,6634 | 0,888l 0,2875 14| 0.06452 | 0,000 0,0°1519
1.6 1,7500 1,0848 (,3340 16| 009989 { 0,01937 | 0,0°3038
1,8 1,8898 1,3172 0,520 1,8 ( 01482 [}~0,03208 | 0,0°6625
2,0 2,2796 1,5908 0.6889 2.0 0,2127 /5> 0,05073 | 0,0°96826
QLY .
2,2 2,68291 1,914t 0,8891 2,2 | 02976 0,07734 | (,01837 -
%4 | 3,0493 2,2961 1,1342 24 | 04079 0,1145 0,02626
2.6 3,8533 2.,7554 1.4337 2,6 \\915496 0,1664 0,04079
2,8 4,1573 3,3011 1,7994 2,8’\ /0,7306 0.2341 0,06169
3.0 4.8808 3,9534 2,2452 30,1 0,9598 0,3257 0,09121
3.2 | 57472 4,7343 2,7883\ ) 3.2 | 12489 0,4468 70,1323
34 | 65,7848 95,6701 34495571 34 | 1,6118 0,6049 0,1886
3.6 | 8,0277 6,7927 4,2540 3.6 | 2,0861 0,8105 1,26561
3,81 0.5169 8,1404 82325 3.8 | 2,6326 1,0758 0,3678
4,0 ; 11,3019 9,7695 | 674222 4,0 | 3,3373 1,4163 0.5047
4,2 | 13,4425 11,7056?\ 7.8684 4,2 | 4,2120 1,8513 0,6867
4,4 | 16,0104 140462 9,6268 4,4 | 52955 2,4048 0,9234
4,6 | 19,0026 16,8626 | 11,7811 46 | 66360 3,1060 1,2338
4.8 | 22,7937 | 002508 | 14,3550 4,8 1 82903 3,9921 1,6360
5,0 | 27,2399, 4024,3356 | 17,5056 5,0 | 10,3312 §.1082 ! 2,1580
P\
52 | 32,5838 29,2643 | 21,3319 5.2 | 12,8451 8,5106 2,8288
6.4 | 39,0088 35,1821 ; 25.9784 5.4 : 15,9388 8.2686 3,6890
5.8 [.48,7376 42,3283 | 31,6203 6,6 | 19,7424 10,4678 4,7884
5.8 4.,56,0381 50,9462 | 38,4704 6.8 | 24,4148 13,2137 6,1890
60 67,2344 61,3413 | 46,7871 6,0 | 30,1505 | 16,6366 7,0685




Y1I1. Besselsche Funktion von iz
VIII. Bessel function of {x. (ef. fig. 120, 121, p. 225, 233

| — otz | S ) Jy (£a) x| —idy (i) | ~ T, () | iy, (dx)

meoeoo

R po kbR Ll ol o
(2= 0 00 O3 W= BO 00 O e DD

cuonChohich T e R s R M a3 GO 3 GO 0) BD BD B B
o G0 O e BD 00 D0 e DD = 00 O W DD o 00 T

G.0000 0,0000 | 0,0000

( 0,0 | 0,0000 0,0000 0,0000
¢,0°1381 § 0,0°°1987 | 0,0°*2483| 0,2 | 0,0**2758 | 0,0'°2758 | 0,0'2507
0,078940 | 0,0%0552 | 0,0'%6377 | 0.4 | 0,0**1417| 0,0'°2832 | 0,0'°5148
0,0°1026 | 0,0°4388 | 0,0°1644 | 0.6 | 0,0'°5473 | 0,0'*1641 | 0,0'%4471
0,0°5820 | 0,0°3316 | 0,071855 | 0,8 | 0,0°7340 | 0,0'°2932 | 0,0''1065
0,0%249 | 0,0°1599 | 0,0°9961 | 1,0 | 0,0°5518 | 0,0°2743 0,0“12(19
0,0%6821 | 0,0%5809 | 0,0%4335 | 1,2 | 0,079879 | 0,0°1722 | 0,0'°9365
0,0°1752 | 0,01737 | 0.0°1510 | 1.4 | 0,6°1168 | 0,0°8138 | ,0.9%5160
0,0°3967 | 0,0'4506 | 0,0°4467 | 1.6 i 0,0°3942 | 0,073136 /\'0,0°2270
0,0°8280 | 0,0%1050 | 0,0°1168 | 1,8 | 0,0°1157 | 0,0°1034 N~/ 0,0°8409
0,0°1600 | 0.,0°2246 | 0,02770 | 2,0 | 0,0°3044 | 0.0°301% °| 0,0°2722
0,0°2419 | 0,0°3492 | 0,0%6076 | 2.2 | 0,0°7329 | G.067975 : 0,077903
0.0°5081 | 0,0°8497 | 0,0°1250 { 2,4 | 0,0°1641 N(0,0°1944 | 0,0°2098
0.0°8505 | 0.0%1634 | 0,0°2437 | 2,6 | 0,0°345B.1\'0.0°4496 | 0.0°5185
0.01377 | 0,0°2864 ! 0,0°4540 | 2,8 | 0,0%6915 % 0,0°9513 | 0,0°1193
0,02168 ! 0,0°4472 | 0.0°8137 | 3.0 0,0\%1 4 | 0,0°1946 | 0,0°2610
0,03332 | 0,0%7295 | 0,0°1410 | 3.2 )6,0°2439 | 0,0°3816 | 0,0°5446
0,05015 | 0,01160 | 0,0°2373 | 3.4 4.0,0%4347 | 0,0'7205 | 0,0°1090
007411 | 0,01808 | 0,023893 | 3.6 { 0,0°7523 | 0,0°1316 . 0,0:2103
0.1078 0,02755 | 0,0°%243 1438 | 0,0°1263 | 0,0°2336 | 0.03929
0,1545 0,04133 | 0,0°9810~3,0 | 0,0°2090 | 0.0°4038 | 0,0°7131
0,2186 0,08105 | 0,01512 | 4,2 | 0,0°3373 | 0,0°%819 | 0,0°1261
0,3050 0.,03694 02209 | 4,4 | 0,0°5344 | 0,0°1128 | 0,0°2178
0,4239 0,1280 |¢6,03440 | 4,6 | 0,0°8324 @ 0,0°1830 | 0,0°3883
0,5819 0,1821 \<\~0,05030 4,8 | 0,01277 ! 0,0°2918 | 0,0°6109
0,7923 0,2565 0,07412 | 5,0 | 0,01932 | 0,0°4580 | 0,0°3955
1,0707 0.3580 0,1670 59 1 0,02885 | 0,0°7086 | 0.0°15%6
1.4371 04954 0,1528 5,4 | 0.04260 | 0,01082 | 0,0°2523
18171  {70,6803 0.2163 5,6 | 0,06222 | 0.01632 | 0,0°3932
| 92,5430 (N0,0277 90,3037 ﬁ,g 0,08000 : 0,02435 | 0.0°6052
B!

- 33598\ 1,569 | 0.4230 | 0,1290 0,03594 0,0°9207
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VIIL. Zylinderfunktionen.
VHIL Bessel funetions,

J gy I, @—id, @J, iz)=0.
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Fig. 128, Hankelsche Zylinderfunktionen der Ordnungen Null und Eins
bei rein imaginirem Argument,
Fig. 128, Hankel funetion of the orders zero and one for pure imaginary argument.
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VIIE Zylinderfunktionen,

244 VIII, Bessel functions.
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Fig. 130, _Besselsche Zy!in‘déffunktion der Ordnung Null von x{%9,
Fig. 130, Beafl function of the order zero of x40,
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VIIL Besgelsche Funktion von z i%5,

VIIL Bessel function of zi%5, 245
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B8 461 438 411 386 360 | 333 306 279 258F 223 |+ 27
7 195 166 136 108 076 | 045 014 =982 930 *917 |+ 3l
80, Bgd 850 818 781 746 | 71l 674 638 601 563 (+ 36
9 595 487 447 408 368 | 327 266 244 202 189 4+ 4l

wenden | to turn



248 | Re J, (e V7)

x ] 1 2 3 4 b 6 7 8 th 4
50 |6 230 269 307 345 383 | 421 480 487 536 573 |— 38
1 611 648 686 723 760 ; 797 834 871 908 544 |— 37
2 980 *017 *053 *088 *124 | *1B0 *195 *230 *285 *0) |— 3
31" 33¢ 369 403 437 470 ; 604 637 570 603 635 |— 34
4 667 699 731 762 703 | 824 665 885 915 944 |— 3
] 874 Y002 *031 *059 *087 |*116 *142 *189 *195 *221 . — 28
| 8|-8 247 97w 297 391 345 ; 368 392 414 43 458 |— 23
7 473 500 520 540 660 | 078 537 614 632 648, |~ 18%
8 664 680 695 709 723 | 737 749 76l 773 VB4 }— 14
9 794 803 612 820 828 | 835 841 B46 BBl 865 |— 7
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Re Vi d (a)5 )=-—%¢ Re J, (z¥/7) ~\ (of. p. 262.)

%
Wy

8

o 1 2 3 4 {5 & 4“8 8 |ad

00+0.00 000 000 000 OO0 000 | QO g% w002 003 605 [+ 1
Q8 008 011 014" 017 | 021 0257 031 036 (43 |-~ 4
050 058 067 Q76 086 | 098 S 110 123 137 182 [+ 1
169 186 206 2256 246 | 268 ) 2%2 317 343 371 |+ A&
400 431 463 497 532 | &7/0° 608 849 691 735 |+ 38

781 829 879 930 984 {R040 *098 *167 *219 *283 |+ 56
+0,01 350 418 489 563 B3G\[' 716 797 B9 966 *053 |+ 78
002 143 236 332 431 638 | 636 743 852 965 *ORO |-r104
+0.03 189 320 445 572 <3703 | 837 973 *114 *257 *404 |+134||
+0.04 554 707 864 *02d\ *188 |[*355 *526 *701 *878 **05S |+167

+00 624 643 663 680 702 | 723 744 75 786 808 |+ 21
831 854 gm(\901 925 | 949 974 993 *025 05l |+ 2
+61 078 106 J33\M 161 189 | 218 247 277 308 338 |+ 28

-

370 401 34 466 500 | G33 567 602 B37 673 [+ 33

709 748 Q 783 821 869 | 898 937 9Y7 *018 ‘059 (+ 39

+0.2 100 142> 186 228 272 | 316 361 406 452 - 498 [+ 44
545 5% 641 600 740 | 790 840 891 943 996 |+ B0

+0.3 & 156 - 211 286 | 322 379 436 494 563 |4 &6
61“3\ 872 732 703 835 | 917 980 *044 *108 *i73 |+ &2

-+0,4 372 439 BO7 | 576 646 718 787 858 |+ 69
2, N 931 *{)04 *Q77 *151 *228 |*302 *378 *4B65 < *533 ‘612 |+ 78
OG5 691 . 770 851 932 *Q14 %097 *1B0 *264 *348 %434 |+ 83
+06° 520 607 684 783 872 | 981 *052 *143 *23¢ *327 |+ 89
+0.7 430 514 603 704 800 i 897 995 *Q93 *192 *292 |+ 97
+0.8 392 493 595 698 801 | 906 *010 *115 *221 *328 |+106
+0.9 436 544 653 763 873 | 985 *097 *209 *323 *437 |+112
+1.0 53l 667 7B 900 *0l7 | *136 986 *374  *495 *616 |+119

+11 738 860 983 *107 *231 |*357 *482 *809 *736 *864 |+126
+12 993 *122 *252 *382 *513 | %646 *778  *911 **0d45 **179 |+132
+1. 431 445 459 472 486 | 500 &Bl14 598 542 556 |+ 14

570 584 898 613 627 |64l 858 670 B85 699 |+ 14
714 729 744 758 773 | 788 803 818 833 848 |+ 1B
B4 879 894 909 925 { 940 956 971 987 *002 |+ 1§
+2, 018 033 049 085 080 { (96 112 128 144 180 |+ 16
175 1891 207 223 239 | 256 272 988 304 320 [+ 16
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gmJy (= ¥7) 249
== ——————r
i 2 ] 1 2 3 4 L3 [ 7 8 9 o
6,010, 116 072 928 017 *062 |T108 *155 *too2 250 298 |4 46
1/+0, 347 396 446 496 547 | 599 @51 704 757 811 |4 52
2 886 921 977 *033 *000 |*147 *206 *284 *324 *3B4 |+ a7
3+ 444 506 587 830 893 | 757 B2l 886 951 *018 |+ 64
4 |+2. 085 152 220 289 358 | 429 499 571 643 716 |+ 71
5 789 863 938 *013 *089 |*166 *243 *321 *400 *480 |+ 77
6|+3 580 641 722 804 887 | 971 085 *140 *285 *312 |- 84
7 |+4 309 486 575 664 753 | 844 935 *(27 *120 *213M+ 9l
8 |+5 307 - 402 497 593 690 | 787 886 984 *0Bd X184 |+ 97
| 8]+6 286 387 480° 593 697 | 801 907 *013 *119,(%927 |+104
Continued on n. 253, \.\
. a — 7%3
Sm Vid, (2 i) =—7.3m & (a¥/7) o8
z | o 1 2 3 4|85 &7 8 9 |4
00/+0.0 000 050 100 150 200 | 250 ~5300 350 400 450 [+ 50
1 500 550 800 650 700 | 750€ 800 850 900 950 |+ 50
9!+p1 000 050 100 150 200 | 250)° 300 350 400 450 |- 50
3 500 550 60 650 70D |{750° 800 850 900 950 |+ 50
4{+02 000 050 100 150 200,y 250 299 349 399 449 |+ 50
5 499 549 599 640 B33 749 799 848 898 948 |+ 50
] 998 *048 *098 *147 K197 |*247 *297 *346 *396 *446 |- 50
7i+03 4968 545 595 64509694 | 744 793 043 892 M43 |+ 50
8 991  *041 *090 *140 *189% |*238 *268 *337 *386 *435 |+ 49
: 9|+04 485 534 583 (B2 68l | 730 79 828 876 925 |+ 49
Lg 974 *023 *ggi\‘ >120 *188 |*2l7 *222 *%g *323 *4%;0 +ae
5100 HB B8 N v +iod |7l vl vmd an @ |+ 47
3|+08 403 45049 542 588 | 633 679 74 770 815 |+ 45
4 860 905~ 950 994 039 | *083 *1a7 *171 *215 *259 |+ 4
5(+07 3027736 389 43 475 | 517 560 602 B4d 686 |+ 42
B 727 \“7g9 810 851 892 | 932 972 *012 *052 *092 |+ 40
71+0.8 {aﬁs 170 209 247 286 | 324 361 399 436 473 |+ 38
8. .\509 - 548 581 617 652 | 687 722 756 790 824 |+ 35
9| o387 890 923 935 987 019 050 *080 *111 *141 |+ 32
20 (409 170 199 9228 956 284 | 311 338 365 391 417 |+ 27
1N/ 442 488 491 514 538 | 560 582 604 625 646 | 22
2 666 686 705 723 741 | 758 775 791 807 822 |+ 17
3 836 850 883 875 887 | 898 909 919 928 936 |+ 1l
4 944 951 958 064 968 | 973 976 979 981 982 |+ &
5 983 982 981 979 977 | 973 969 963 957 950 |— 4!
L 6 943 934 024 914 903 | 890 877 'B63 848 832 | — 13
7 815 1797 778 758 737 | 715 692 668 643 617 |— 22
] 530 561 532 502 470 | 437 403 368 332 295 —33
9 g57 ol7 176 134 091 | 046 000 *953 *B05 *8%6 |— 45
30(408 805 753 699 644 588 | 531 472 412 350 287 | — &7
1 293 157 090 021 *951 |*BRO *807 *732 *656 *H78 |— 71
2]+07 499 419 338 9253 187 | 080 *992 *902 *810 *716 |— 87
3408 @21 5or 428 326 204 + 121 016 *809 *800 *689 1103
4|+05 577 43 347 229 110 |*988 865 *740 *613 *484 |—122

wrntdatn | o turn



250 Re Vi, (a:]/_} = §Re T (z]/z ) ' (ef. p. 202)

| 2 o 1 2 3 4|5 & 7 8 9 |a
35 |+2, 338 352 368 385 401 417 433 448 483 482 |+ 18
6 498 515 531 547 583 | 580 596 612 628 645 |+ 16
7 661 677 693 709 726 | 742 7H8 VM4 700 806 |+ 18
8 B22 838 854 B70 886 | 902 918 934 949 585 |+ 1B
9 981 996 %012 *027 *043 |*058 *O74 *089 *i04 *i126 |+ 15
4,0 [+3. i35 150 165 180 194 | 209 224 239 253 287 [+ 15
1 282 296 310 324 338 | 352 366 380 393 407 i+ 14
2 420 433 446 459 472 | 485 497 510 522 B34+ 13
3 647 668 570 682 593 | 605 Bl 627 638 G648 |+ 19
4 652 669 679 683 699 | 709 718 V27 736 s745 + 10
] 754 762 770 778 786 | 794 801 808 815' N 822 + 8
6 828 834 8B40 846 851 | 856 BBl 866 B'ZG B4 |+ b
7 878 882 885 888 891 | 893 895 897 .'B9% 900 |+ 2
8 801 901 901 901 90 | 900 899 898K 8B 894 |— 1
9 691 888 8BS 881 877 | 873 868 863> 858 &bl | — 4
50 845 839 831 824 816 | 808 799-N789 780 70 (- 8
1 763 748 736 724 712 | B99  BEANNGT2 657 642 |— 13
2 627 611 595 578 560 | 542 524> 505 48% 465 | 18
3 445 423 402 379 356 | 333 284 259 233 [— 23
4 206 179 152 _ 123 094 : 065 \ 34 004 972 Y040 |— 28
5+ 907 874 839 804 769 | 733¥ 696 658 620 581 |— 36
g 841 500 469 417 375 |\331 287 242 198 150 |— 44
7 102 054 005 *956 *905.)*654 *802 *749 *BO5 *G4l |- &1
8|+l 586 5629 472 414 356|296 235 174 112 048 |— 60
| 9;+0. 984 919 854 787 ".7'19 l 650 581 510 433 366 |- 89
05 ~ Forteetzung 5. 263,
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Fig. 134. Hankeischa thnderfunkhon der Ordnong Nall von o405, T
b Fig. 184. Hankel fonction of the order were of mios



- — a4
am YT, (&VT) =— & g 7, (/) 251
x ] 1 2 3 4 L} 6 7 8 9 d
a6 [+04 352 .9220 085 *940 *g10 |*670 *A27 *J82 *236 *087 |—140
§|+0:2 937 784 629 472 313 | 152 *989 *824 *B5e 487 {—161
740 131 114 086 079 061 : od2 024 *t0o5 014 033 |- 19
80 053 o072 082 112 133 ) 153 174 196 216 238 \— 20
9 o0 - 282 304 326 349 ) 372 36 419 443 467 |— 23
4,0 401 516 540 566 501 | 616 642 668 695 71 {— 26
1 748 776 §03 830 858 | 887 915 944 973 e (- 29
2 \—1 032 062 092 122 153 | is4 215 247 279 31l |— 3
3 343 376 409 442 478 | 510 544 578 613 848, |- 34
4 ge3 719 755 791 827 | 864 901 939 978 “0l4 11— 37
512 053 001 130 1869 209 | 249 289 328 370, ': 1l |[— 40
1] 452 494 536 578 620 | 663 76 TS0 793\, 837 | — 43
7 892 926 971 *O17 *0ge |*108 *154 *201 *248 *296 (— 46
813 342 390 438 486 536 | 584 633 683 ,~0732 783 {— 49
g4 §33 B84 935 988 *038 [ *090 *143 "195: *p4g  *301 |— 52
6014 354 408 462 516 571 | 626 681 .,@36 792 848 |— 55
1 905 961 018 *076 *133 (*191 *049\ *307 *366 Y424 |— 58
210 484 543 603 662 723 | 783 B4k 906 966 *028 |— 60
3|6 R 151 213 276 339 | 402 s65 598 592 646 |— 63
3 790 784 849 914 979 |*044,77109 *175 *241 *307 |— 65
5l-7, a3 439 506 573 640 S 714 8ip 909 977 |— 67
6|8 045 114 182 250 319 ({388 457 526 595 664 |— B9
7 734 803 873 942 Y012} ¥082 *152 *222  *293 *363 |— 70
89 433 504 574 646 Wb 786 857 927 998 *069 |— T
9i--10, 139 910 281 352 ~422 493 564 BH 705 776 |— 71
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252 fte H{Y (x /1) (ef. p. 262)

o 1 2 3 4|5 & 7 8 9§ |a

]

+0,5 000 999 *897 *993 *989 |*984 *978 *O71 *983 *955 |— 5
+04 046 936 926 915 904 | 892 880 B8B7 854 440 |- 12
826 812 V87 782 767 ; 7Bl 736 718 T0L 684 |— 18
667 690 632 613 595 | 577 'BBB B39 520 500 |- 18
480 461 441 421 400 | 380 359 339 318 287 -9

276 264 233 211 190 | 168 146 124 102 080 ;- 22
058 036 014 *981 *969 |*046 "9a4 %901 *B79 *“#46 |— 23
+0.3 834 811 788 765 743 | 720 697 674 651 525\ — 23
606 583 560 537 514 | 491 469 446 423 46D |— 23
377 386 332 309 286 | 264 241 219 196 (N\174 |— 22

151 128 106 084 082 | 040 D13 *995 *973\ *85] 1 — 22
+0.2 929 907 885 864 842 | B20 789 TY7T \7HE 734 |— 29
713 892 671 649 628 | 607 5B 566,645 524 |— Al
504 483 483 442 482 | 402 382 362\ 342 323 |— 20
302 283 263 244 224 | 205 186 _16% 148 128 [— 19

110 091 072 054 0356 | 017 *998.%880 *962 *944 !|— 18
+01 026 908 891 8Y3 855 | 838 LV 803 786 769 [— 17
762 735 718 702 685 | 669 %‘2 636 B20 504 [— 16
588 572 B56 540 525 809 £ 994 479 483 448 [ 18
433 418 404 389 374 ; 3B0)"345 331 317 303 [— U4

289 275 261 247 233 [ 920 208 193 180 186 |- I3

153 140 127 1315 102+(\089 077 084 052 040 |— 13
+0.16 277 156 037 *918 *BOG™} *B83 *BEY *452 *338 *225 |—117
+0:00 112 001 *890 *780 *672° |*564 *456 *350 *245 *140 |[—108
T0.08 037 *93¢ *B32 *731.1%B31 |*531 *433 *335 *238 *142 | 100
+0.07 047 *053 *B5O *YEB\ *675 | *583 *493 *404 *315 a7 |— 92
+0.06 140 053 *968 _*883 *799 |*716 *B33 *G51 *470 *290 !— 83l
+0.05 311 232 154,877 000 |*925 *849 *775  *701 %629 [ — 75
+0.04 556 485 414\ 344 374 | 206 138 G70 004 *038 |— 68
+0.03 872 808 Jf44° 680 617 | 555 494 433 373 313 |- 62

[~

—

[~=]

3 ‘255  186(7;139 082 025 |*963 *9l4 *859 *BO5 *752 |— 66
17+0.02 B89 647,595 544 483 | 443 384 345 297 249 |— 50
2 202 /168" 109 083 018 | *373 *929 *886 P43 *BOG |— 46

. 3|+0.01  "EB¢NTV17 676 635 595 | 556 517 478 440 402 |— 39
4 q 323 292 257 221 | 186 152 118 085 051 |— 35
5 018 *987 *055 *023 *892 |*B62 *832 *BO2 *773 *744 i— 30
6[+0.000716 687 653 632 605 | 678 552 528 500 475 |— 27
Tlosh/ 461 496 402 378 355 | 332 309 287 265 243 [— 23
8 /) -222 201 180 Isp 140 | 120 101 082 063 044 |— 20
9 026 7008 009 027 044 (7080 TO77 093 "l08 125 |— 16

40/—0.00 140 155 170 184 199 | 213 9227 240 953 266 |— 14
1 279 292 304 316 398 | 340 351 32 373 384 |— 12
210003 943 *046 *1d46 *245 *3d1 {*438 *&28 *B18 *707 *793 |— 95
30004 877 980 *040 *119 196 |*271 *344 *415 *485 *553 |- 7D
40,005 619 683 746 807 866 | 924 930 *034 *087 *130 |— 58
9|-0.006 189 237 284 329 373 | 416 457 498 535 572 |— 43
6 607 642 675 706 737 | 766 794 821 8468 871 [— 29
7 B394 916 937 956 976 | 993 *009 *025 *039 *052 [— 18|
8.—0.007 065 076 087 096 104 | 112 119 124 129 133 |— 8
9 138 138 140 140 140 | 133 137 135 131 127 |+ 1
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x 0 1 2 3 4
5 8 7 8 9 | d
0!0 _21 o0 — 564 306 L] i
1 -1 Sh ;1 4 3 oo | ok "o TTeT TS *g0g |14
2 1 4o g 3 L33 1L LIMOLED LIS e i 44
;oo mLo@l e 7 0m S6¢ "0 *91e e Erz v M
4|08 L B W B 1% | 0 - i e vhos 1139
|05 49 3¢ 2 113 . 13
§i-04 413 4 m 13 008N 200 (700 1602 *506 |+104
M HM OB B % o5 a o 728 (650 |+ G
0 f oM W oW o 4 o el 7 70
oo o N N iR 0% e e 8N+ 58
. o 225 781 738 698 654 | 613 573 53 Odia |+ .
1 19 382 345 309 274 | 240 206 o e L%
3 786 760 734 708 683 | 649 868 ~+840 *B13 |+ 29
: momomoEORIE B W B
337 318 300 282 286 oft M
g 166 150 135 120 108 ar g2t 18 R
&l @3 -011 ‘002 014 Y026 038 06D 3,060 036 4 1D
Blroo oo 1ot L4 18 | 1 gl o R T
, 0,01 888 973 *055 *136 *216 |*292 ¢ Eg oo R ,ég" + 10
0| +0.02 662 719 785 » Lt
819 91l hBg
EEEEEE R R L
e i 2 B 8 B2 BB B Hs
. o oW oM LB OEE R DIN
_, 436 447 457 468N
g 460" 474 | 481 4
: s ol sl Gl g0 | oAl o R M
8 475 468 4%'.:* N ST G i am e |- b
389 378, “aHT 36 o 3% - 8
- dliior o 2| 332 ®0 307 204 281 — 12
|39 2530 25 210 | 195
1 B@EERE LS L L
e (g8 ol0 sl DS a6 797 778 |—19
: gﬁ” oW o iR % R R v
330 309 288 28 -
R 7 | 246 924
ol B R EIR e
I\ M5 eu em & edl o e o [
o et €13 & 548 527 |— 21
b o e % 425 | 404 384 364 343 333 |- 21
¢ 63 243 924 | 204 184 L
o FEER BB G L4 0
. 736 TI8 700 683 668 wm m s
: 583 547 530 6l4 497 R e |16
101 385 369 364 338 | 323 308
§ o M1 33 e g 180 | 1% 160 W w8 T
TITOOI 04 Y904 767 vGil 498 RICR R 3
Bltoom o7 57 gk 6 201 | 077 *953 *831 *7i0 e |l
o 118 002 %838 *774 "661 *549 *439 |—1l4
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wenden | to turn
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Re HEY (2V/7)

z 0 1 ) 3 4 5 8 7 8 9 | g
50|—0.007 122 117 110 103 096 | 087 078 069 058 047 |+ g
1 036 024 011 *398 *984 |*969 *954 *933 %923 *908 |+ 15
2!—0006 889 871 853 835 816 | 796 776 756 735 714 |+ 29
3 © 892 870 648 625 602 | 578 554 530 505 480 |+ 94
4 455 429 403 377 351 | 324 207 269 242 2l4 |+ o7
5 186 157 199 100 O71 ! Q41 Q12 *982 *952 *g22 |+ 90
61—0.005 892 881 831 800 769 : 738 707 6756 644 612 |+ 3]
7 580 549 517 484 452 ; 420 387 355 399 29\3 + 3
8 257 9294 191 158 126 | 092 059 026 *893 ‘*BEY |+ 33
9|—0004 927 894 860 827 794 | 7Bl 727 694  6Bl. 827 |+ 33
. ,\' \’1'11’_:r1.~'1~t-z1.1n2 A, 258,
_ . a . >

e i By (e Vi) =— Re HP (o i 1\ (cf. p. 262.)

@ 0 1 2 3 4|5 6.7 8 9|4
00[+0.0 000 166 288 394 488 | 575 \355 730 800 866 |+ 87
1 929 989 *046 *100 *152 {*20L7/*048 *294 *237 *379 {+ &0
2(+01 419 458 485 531 565 | 598\ 630 6SL 690 710 |+ 33
3 746 773 798 893 846 [MBRY 891 912 932 952 |+ 23
4 970 989 %006 *022 *038 [054 *068 *082 *096 *109 |+ 16
5+02 121 133 144 155 168Y 175 184 193 201 208 |+ 10
& 216 923 230 236 .94 | 247 952 957 961 965 |+ 6
7 268 071 274 277..279 | 281 282 284 985 985 [+ 2
8 286 986 286 285\ 285 | 284 983 281 28C 978 |— 1
9 276 273 971 968 265 | 262 258 255 251 247 |— 3
10 943 233 © 934\\230 225 | 220 915 216 204 199 |— 6
1 193 187 q% 175 169 | 163 156 150 143 136 |— 8
9 129 1924 1 108 101 {093 086 078 Q70 082 |- 8
3 054 046(H038 030 022 | 014 005 *997 *488 *98C |— 8
4|+01 971 982,954 945 936 | @37 918 909 900 891 [— 9
5 882 ~'@73 863 854 845 | 836 828 817 807 798 |— 10
8 7880779 769 760 750 | 7a0 73l 7Rl 71 702 |— 10
7 % 882 672 663 653 [ 643 633 624 614 604 |— 10
8[+015 ¢ 845 748 650 562 | 464 356 258 160 082 |- 98
9|+0143965 867 770 672 &75 | 478 381 284 187 090 |— 7
20|40d3° 993 897 801 705 608 132 |— 96
14N 037 *043 *843 *754 *ggl *gég *3%1 *gg% *gg *195 |— 93
2[™012 103 011 *519 *828 *737 |*646 *555 *485 *376 *285 [— 91
314011 198 107 018 *030 *842 (*754 *BG6 *579 *493 *406 |- 88
4|+010 320 234 149 064 *979 (*B95 *g11 *727 *644 *56l [— 84
5(4+009 479 337 315 234 153 | o072 * *912  *g33 *754 |— 81
6/+008 675 537 518 442 364 | 288 g?% 136 060 *985 |— 76
71+007 910 836 762 689 616 | 543 471 399 327 256 |— T3
8 186 116 048 *976 *907 .*839 *771 *703 *636 *569 |— 6B
91+006 502 436 370 306 240 | 176 112 048 *995 *922 |— 64
30|+0.05 80 798 736 675 614 16 |— 80
1 258 200 143 085 029 *3573 *g?é *3%; *ggg *351 -~ 57
| 2|+004 697 643 583 536 483 | 431 379 307 276 925 |— 52
3 176 125 075 026 *977 [*929 *g80 *@33 *785 *73g [— 48
44003 692 645 600 550 509 | 464 420 376 332 289 |— 45




Sm Hg‘) =V7) 255
z o 1 2z 3 &85 8 7 8 9 |a,
'50l+0,007 329 220 112 004 *898 |*793 *689 565 1482 *381 [—106
1140006 280 180 081 *983 *886 |*730 ‘64 Y600 506 *313 |— 96
5|+0005 322 231 140 051 *963 {*B75 *788 702 617 1533 |— 88
3|-0004 450 367 285 204 124 | 045 *g66 Y888 *Bll 735 |- 79
3|-0003 660 6585 512 439 366 | 205 224 154 085 OI7 |- 71
5|+0002 942 882 816 750 685 | 621 558 496 434 872 \— 64
8 315 952 103 135 077 | 020 *963 *908 *B53 *798 |- &7
71+0.001 745 692 638 587 536 | 486 436 386 338 230~ 50
8 045 196 149 104 059 | Ol4 *971 *927 883 842 45!
o|+0.000 801 760 720 880 640 | 602 563 526 488 452 |- 38
Continued on p. 268, A
Smyy Hm (x V; )———,;mH‘ol’ (xyg_)“ N
z 5 1 2z 3 415 exp 8 9|4
00! — so 637 3.8 212 159 | 127 w 3,08 794 705 |+
1 634 576 528 488 451 42l 370 349 330 '+ 30
2|3 134 *980 *sdd *7i2 *594 | *486° }*335 59  *208 *125 +108
3-2 050 *079 *913 *850 *791 | 73D~ *683 *633 *68Y *540 |4 55
4l 297 456 417 380 344 | 310 277 246 2l 186 |+ 34
5 159 132 106 081 056wl 033 010 *98d *068 *947 |+ 23
B|—0 go7 908 @8y 871 ogp4 837 820 804 788 773 |+ 17!
71—07 582 437 0206 169.%0025 (*894 *7g6 7642 *£00  *402 +131
8106 9288 172 06l 853 847 |*744 *842 (543 *346 *351 |+103
9i—05 958 166 077 296D *003 |*819 *737 *g56  *576 *498 |+ 84
10l—04 4oz 37 e3O%o1 130 | 080 *9g2 *925 833 *794 |+ 70
1/—03 730 867 eog\ 545 486 | 427 370 313 257 203 .+ O3
2 149 096 MN044 993 *942 [*893 *Bid *7%6 749 702 |+ 49
3|09 656 Bll, 867 523 480 | 438 396 355 314 274 |+ 43
4: 935 I8g’/ 158 120 083 0d7 011 978 *041 *907 |+ 36
5|01 873 30 807 774 74z | 711 880 643 §19 580 + 31
8 ‘53 503 475 448 | 421 394 367 341 316 |+ 28
7 g%g 985 241 217 193 | 169 148 123 100 078 |+ 24
8 R\ oap 014 *933 *o72 |*952 *a31 912 *ga9 *873 '+ 20
9|-00,3%54 835 a7 703 781 | 763 746 729 712 6% |+ 18
2.0 l~oos 788 o625 466 309 154 | 002 *gr0  *704 *558 *414 |+152
1A glos 273 133 *996 *861 *727 |*B96 467 *339 *21d *080 ' +131
5' 003 969 849 731 614 600 | 387 276 167 059 953 +113
2|-p02 84 746 646 545 447 | 381 266 163 071 *981 |+ 98
1|—0.01 832z 804 718 633 550 | 488 387 308 230 153 [+ 82
5 078 004 *031 *859 *789 |*718 65L %694 *519 *454 [+ 70
B:—000 391 328 967 207 148 { 090 033 +og3 To78 t132 |+ 58
7+0.00 185 237 288 338 387 | 435 482 528 574 618 |+ 48
8 g6z 705 747 788 828 | 887 908 944 981 *017 -+ 39
9|+0,01 053 e87 121 156 187 | 218 250 230 310 339 |+ 32;
30 367 395 422 448 474 | 489 5% 547 571 593 |+ 28
1 415 @637 658 678 698 | 717 73 754 772 789 1+ 19
2 |+0.018 038 216 372 624 670 | 812 843 082 *210 *333 |+143!
3|1o018 452 G587 677 784 886 | 984 077 *167 *253 *336 |+ 98
52 & 7 '
4.+0.020 414 489 580 627 681 | 701 808 g1 911 958 |+ B0

wenden ] to turn
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+0,03 246 203 161 119 077 | 036 *995 *955 *9l5 *875 |— 41
+0.02 835 796 758 719 681 | §43 606 568 539 498 |- 38
460 424 388 363 319 | 284 250 216 183 150 i— 35
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Fig. 136, Hankelsche Zylinderfanktion der Ordnung Eips von zi05.
Fig. 136. Hankel function of the order one of mi%s,
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+0.028 001 041 079 113 144 | 172 197 219 238 255 |+ 28
. 269 280 288 294 297 | 298 296 992 285 276 |+ 1

265 2561 236 218 198! 175 150 126 {096 066 |— 23

034 000 ™964 *926 *8B7 |*845 *B0Z *758 *711 *663 |— 42

+0.020 614 563 §L1 457 401 | 344 286 226 166 103 |— 57
040 *975 *908 *842 *774 [*704 *634 *562 *490 *416 |— 70

+0,019 342 966 190 112 034 |[*958 *B75 *704 *712 *630 |- 79
+0,018 546 462 378 292 208 | 120 032 *044 *836 *787 |— 86
+0.617 677 587 436 406 314 | 222 129 036 *943 AN\ — R
1-0.016 755 661 566 471 375 | 280 184 087 *99i ‘:894 — 8

~G418 797 V00 603 &06 408 | 310 212 114  036,\*B18 |— 98
0014 620 722 623 626 426 | 328 229 131 033\ *93 |— 98
+0.013 836 737 639 541 443 | 345 247 149 051V *053 |- 98
+0.012 8356 758 661 564 467 | 371 274 178,082 *086 |— 96
40011 89¢ 794 689 604 509 | 415 320 226\ 132 039 |— 94

+0,010 946 853 760 668 5678 | 484 3% 301" 210 120 {— 92
030 *340 *850 *761 *672 [*5B4 *405.\*A08 *320 *233 |— 88
*036\*560 *457 *384 | 85

+0.008 301 219 137 056 *974 |*893 *%a 733 *654 *574 |— 81
033 *957 *883 *807 |— 77

*+0.006 733 650 686 513 440 | 388 296 226 154 ggg - 72
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i
-
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+0.005 340 275 211 147 083, 020 *957 *B95 *833 *772 |- 63
+0004 711 650 590 531 472w 413 356 297 239 183 |— B9
i26 070 014 *959 X905 |*B50 *796 *743 Y690 637 |— &5




VIiL Zylinderfuﬁktionen.

258 VIII. Bessel funclions,
il r
T @Y=, +iv, CH @YD =U, + iV,
& E Uy “o y ¢} Uy Ve l Uy | Vi
6.0 |—8.868 +7.335 +0.293[—10.846f—0.00 4594|+0,0° 4157—0.00 3325+ 0.00 3585
1| 849 8454 —0,494—11.54 4263 0825 3295 3087
2| 7560 9,844 —1.3841—12.23 3936|—0.0° 2031 39236 2631
3| 569 16,901 —2.380--12.90L 3616 4451 3152 2916
4| 276 12223 3490|1353 3306 6473 3048 . 1837
51—7,867| 13.607 —4.717|—14.12 3007 8137 29928k 1498
6| 399 15.047 --6.067|—14.67 2721 9476| 29981 1189
716,649 16.538 —7.544|—15.14 2448/—0,001 0523 (9855|+0.0° 9145
85816 18074 --9,151|—15.54 2190 1318 .\ 2508 8710
9|—4.815 19.644/—10.891}—15,847—0.001 9470 18760 € 2356 4561
7.0|—3.633| 21,239—12.765/—186,041 7181 b 2002 9677
11—2.257] 22.848—14.774|-—16.10 5066 9320 2049 1039
2|—0.674] 24.458/--16.918|—186.03 3093 .~ 2451/—0,001 8968|--0.0° 0379
3|4+L131| 26.049—19,194]-15,79 1273 722352 7475 1575
4| 3189 27.608—21,600(--16.3670.0° 9597 -\ 2143 6022 9589
5| 5.455 29.116—24,130|-14,73 8065 1840 4618 3430
6| 7.9%9| 30.55 |—26.777|—13.87 ~B872 1462 3266 4116
7|10.814| 31.88 |[—29.532—12.763] %\ 5410 1022 1976 4661
| 8|13908| 3300 | -32.38 |--13.373 % 4a74 0534 0752 5081
9| 17,293 3415 |—35.31 | —9.681 "\ 3257 00091—0.0° 9535 5390
8.0 20,074 3502 3331 | - 2353--0.0° 9459 8507 5600
1194957 35,67 |—41.35 K£5:269 1654 8899 7490 5725
2| 29,245 36,06 |--44,48 [ ~2.53 0852 8317 8544 5773
3| 33,840, 36.16 | 47,47 } +0.63 0242 7740 5667 5758
4| 38,738 3592 |--5049°| +4.2320+0.0* 2832 7167 4859 5686
514394 | 3530 Pr3.4a | 8290 7315 5604 4117 5568
6| 49.42 31;%5'—56,28 12.832§+0.0°1 1088 £055 3440 5411
7| 56.19 | G271 |—58.97 17:882' 4216| - 5523 26825 5203
8| 61,21 33065 6145 | 23.46 759 5011 2970 5609
9| 67,47 28.00 —6368 | 29.598 8775 45001 1771 4778
9,01 7304 | 24.71 |—66.60 | 36,30 JH+0.0°2 0318 4056 1325 4528
118058 | 20,72 [--67.14 | 43,58 1411 36l8/—0.0' 9289 4270
2] 8735 | 1598 |—68.25 | 51.46 2191 3202 5799 4006
3|9421 | 1041 |—6883 | 59.94 2615 2815 2747 3740
410110 | +3.97 |—68.82 | 69.01 2754 2454 0099 3475
! 5[107.95 |— 341 |—6813 | 78.68 2647 21204-0,0* 2175 3212
| 6[114.70 |—11.79 |—86.67 | 88,94 2331 1812 4105 2955
. 712026 [—21,2¢ |—64.35 | 99,76 1837 1529 5792 2704
81127,54 |—31,76 [—61.07 | 11112 1196 1271 7054 2463
9 (133,43 |—43.46 |--56.72 ! 122,99 0434 103§ 8129! - 9231
110,0 138,84 {—56,37 |—51.20 | 135,31 14-0,0°1 9578 0824 8971 2009
\ of. fig. 131, p. 245; fig. 185, p. 261
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VIII, Hankel funetion of r i%5, 259
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VI, Zylinderfunktionen.
VIil, Beagel functions.

Fig. 140,
Beispiel:

Fig. 140.

Example:

Die Pfeile bif = J, (f V1) senkrecht von der r-Achse ansgehend. (vgl. 8. 262,

Elektrische Wechselstromdichte im Bunddraht in verschiedenen Abstinden
von der Drahtachse,

The amrows bif = Jo ("' Vi) going out perpendicularly from the r-axis,
. {ef. p. 262.)

Electric alternating current density in a .round wire at different distances
from the wire axis.



VIII. Besselache Funktion von ritH,

VIII, Bessel function of rs%", 261

Fig. 141. Die Pleile b i’ = J, (r i )} senkrecht von der r-Achse ausgehend. (vgl. 8. 262.)

Beispicl: Magnetische Wechselfeldstirke im Runddraht in verschiedemen Abstinden
von der Drahiachse.

Fig. 141. The amows bif = J,(r /i) going out perpendieularly from the r-axis.
(of. p. 262.)
field intensity in 8 round wire ab different distances

Example: Magnetic alternating
from the wire axis.



262 Ty =bif und HO(yY7 ) =R
[ -
r [ [ b, 1 hy Ta Ay ™
00| 1.0000( —0.0000- | 0,0000| +05000-] oo | L0000} oo | —1.5000~
1| - oo 016 0500 | +0,4992 |1.6183 | —0.8023 |6.118 —1.4907
2 001 064 1000 988 | 2043 | —0.7376 ]3.137 710
3 001 143 1500 928 (0.9722 | —0.8807 |2.057 459
4 004 258 2001 873 | 8114 976 {1,510 167
5 010 398 2501 gol | 6926 |-0.5765 §1.1778 | —1.3847
8 020 573 3001 714 | 5995 266 {0.9534 506
7 037 779 3502 610 | 5241 |-—0.4777 | 7914 149
8 064 | —0.1018 4004 491 | 4617 294 | 6688 - J(~:1,2780
3 102 283 4508 356 | 4091 |—0.3816 | 5729, 400
19 155 581 5013 205 | 3642 342 | 4958) 01l
1 2927 207 - B5al 038 | 3955 |—0.2871 | 43277 |—-1.1616
92 320 | —0,2260 6032 | +0.3856 |0.2918 403 |\ 3801 215
3 438 639 548 658 624 | —0,1936 N\ 3358 | —1.0809
4 586 | —0,3041 7070 445 365 372. 0.298G 399
5 7687 485 7599 217 136 656 ' —0.9985
8 984 908 8138 |4+0.2974 01933 | %0.8546 an 568
71 1.1242 | —0.4367 3684 717 782 ) 085 128 148
8 643 9244 444 591 /10,0375 10,1913 | —0.8725
9 892 | —0,5320 9819 159 448, * 834 723 301
2.0 1.2290| - 810 1,0412 | +0.1859 | A\3166 | +0,1202 555 | —0,7876
1 740 | —0,6305 1024 547 { ‘1984 750 4083 447
2| 1.3248 802 1659 999 %h © 0927 | +0.2208 2737 017
3 808 | —0.7301 9391 | +0.0885 ] 0,09973 - 665 1553 | —0.6586
4| 1.443 799 3012i 638 9110 | +6,3121 0492 154
] 511 | —0.8295 a6, 179 8307 877 | 0,09540 | 05721
6 585 768 44984200189 | 7618 |+0.4033 5684 288
7 666 | —0.9278 530 567 6973 488 7913 | —0.4851
B 754 74 | ¢ 616 953 6387 943 7216 415
9 849 | —1.0248 | 05 | —0,1346 5853 |+0.5398 8587 | —0,3978
30 950 724 .\ 800 746 5367 | 852 6017 541
1} 2.059 | —1.1198% 901 | —0.2153 4923 | +0,6306 5501 102
9 176 egu' 2,009 564 4518 760 5032 | ~—6.2664
3 301 | —1.2138 124 982 414% | +0.7214 4808 294
4 434 604 246 | —0,3403 3811 668 4218 | —0.1784
5 576.%,>1,3067 376 827 3503 | +0.8121 3866 M4
B 728 527 515 | —0.4255 3220 575 | 3544 | —0.0903
7} . (889 g5 £64 686 |0.02081 |+ 0.9028 3251 462
8 3061 | —1,4444 823 | —0.5118 724 481 |0.02984 020
9 044 900 992 553 506 934 740 | +0,0422
4.0 439 | —1.5355 3,173 989 307 | +1.0386 517 864
1 646 809 366 | —0.6427 124 838 313 1 +0.1307
2 887 | —1.6263 872 866 |0.01957 | +1.1292 128 76
3| 4102 718 792 | —0,7305 803 744 0.01955 | +0,2194
4 352 | —1,7168 4,027 745 861 1+1.2196 798 63
§ 619 821 278 | —0.8186 531 649 654 | +-0.3081
6 902 | —1.8073 546 827 4116 | +1.3101 523 525
7| 5203 525 832 | —0.9068 3017 563 402 969
8 524 977 5:137 510 2006 | +1,4005 2910 | -+0,4414
8 868 | —1.5429 462 952 1076 4567 1893 85
s0l 84231 881 809 | —1.0395 214 908 0958 | +0,5303

of. tig. 142, 143, 140, 141,

138, 139, 146, 147.




J(ryi)=bi® und BN yi)=hi" 263
r bo o by ‘ b hy Ty hy T
500 6231 | —1.9881- | 5.809 | —1.0395" | 0,010219 |-+1.4909* {0.010958 | --0,5303~
1l 820|+1.9667 8179 837 |0.0°9431 |+1.5361 0099 748
2! 7034 214 574 | —1.1280 $705 813 |0/0t9310 | +0,6194
al 475 |+1.8762 996 723 8036 {--1.6265 8584 839
4] 946 310 7,448 ¢ —1,2166 7420 716 7917 | +0,7085
5/ 8448 | +1.7858 925 609 6853 | +1.7168 7302 530
6 982 406 8.437 | —1.3063 8329 620 6738 976
7l 9,552 | +1.6954 983 | - 496 5847 | +1.8071 6217 ' +0,8422
3} 10,180 501 9,566 940 5402 523 5738 \B68
af 809 049 | 10.1871{ —1.4384 4991 974 5297 | +0,3315
6.0} 11.501 | +1.6597 | 10.850 828 4613 |+1.9428 4830 781
1| 12.238 145 | 11.558 |—1.5272 4964 877 4515° | +1.0207
gl 13096 +1.4693 | 12.313 717 3941 | —1.9672 | . \4170 654
3| 12.865 241 | 13.213: —1.6182 3644 o20 |{"™g852 |+1.1101
al 12,761 | +1.3789 | 13.979 ! 606 3360 | —1.8789, 7Py 3559 548
. [
5| 15.72 337 | 14.898 ; —1.7052 3115 g18, 3288 994
8{ 16,74 | +1.2885 | 15.88 497 |0,0:2881 | —IN78BY 3039 |-+1.2441
7] 17.83 434 | 1692 942 665 w416 |0.0t2809 888
8| 1899 |-r1.1082. | 18.04 | —1.8387 365 {16984 596 | +1,3335
9| 20.23 530 { 19:23 833 og1{|~ 513 400 783
70| 21,58 079 | 20.50 | —1.9279 /110 062 239 | +1.4230
1f 92,06 | +1.0827 | 21.86 705 10.0°1952 |—1,5611 051 677
9| 2047 176 | 23.31 | 4-1.9829 5N 807 160 |0,0°1897 | +1.5125
3| 26.07 | +0.9724 | 24,86 3|3l 672 | —L4709 755 572
4] 2779 272 | 26.51 | +1.8937 548 9258 623 | +1.6020
5| 29.62 {+0.8821 | 2827 | . 490 433 | —1.3807 501 467
6| 31,58 371 | 30.16 |2\ N043 3262 356 3890 915
7| 3367 | +0.7918 | 32.17 APL7597 2278 | —1,2905 2852 | +1,7363
8| 3590 467 | 2@z 180 1368 454 1892 811
9| 38.28 016 | 36.62°| +1.6703 0527 003 1005 | +1,8258
8.0} 40,82 | +0.6564 }»39:07 056 10,0°9747 | —1.1552 0185 706
1| 43,53 11 {a1.60 | +1.5809 9027 101 |0.0°9427 | -+1.9154
2 46;43 +0s58% N 3 4-4'49 362 8380 '_190650 8727 302
3} 40.52 21 4748 |11.4918 7743 199 8079 | —1.8950
4} 52.83 —N&tl’?ﬁﬂ 50,67 468 7173 | —0.9749 7479 501
ol g8, 08 | sa08 | . oo0 | esss | e8| ems | 083
8| 60,13%}+0,3857 | 57.72 |-+1.3673 8155 | —0.8847 6412 | —1,8605
7 .&4}:1& 406 | 61.62 126 5703 396 5938 | 157
8K6046 | +0.2055 | 65.78 | +1.2678 5084 | —0.7945 5499 | —1,7709
8| 73,06 504 | 70.22 231 4896 495 5003 260
9.0| 77.95 053 | 7497 | +1.1783 4537 044 4718 | —1.6812
1} 8320 |+0.1602 | 80.05 335 4204 | —0.6593 4370 364
2] B8.80 152 | 8547 | +1.0887 3596 142 4048 | —1,5815
3| 54.78 {+0.0701 ] 91.27 439 3g11 | —0.5692 3760 467
4|101.18 250 | 97.46 |-+0.8991 3347 241 3475 . 018
5| 108, ,0201 }104.08 543 3103 | —0.4790 3220 | —1.4570
8 115,05.36 0 652 1111.15 035 |0.0%2876 339 |0,0°2983 121
71123.10 | —0.1103 [118.7: |+0.8647 866 | —0.3889 764 | —1.3673
8]131.43 564 |126.80 199 471 438 562 204
10,01 149.85 466 |[144.67 302 124 537 200 7



264

ﬁ "

-1

-2

—_—

(ef. p. 266, 267))

7
"-..____“‘-_ §
h““""‘-... o F 5
""‘"n-...,_“_h "3(._ ¥ /
T P
= N L Wil \
[l ]
™
- A T~ P
I N
s\ 2
e | TN \ 23
i e e el \*-... N 7
B | et . A
T " o
2 8 4 s?. % 5
. — , und tiber . ——=-T
Fig. 142. J(rys) =0if, & and ® againet - (F P 262)
&
_ | ad aL
.‘\~
l‘ | N /
! - /]
\
PN
N !
N /|
. A
NN
N f 3
2 —
A} B
\\ o
. “"-..___f‘
g ] [ 10_1 |



265

.F
T _"--_-..}‘ | 50 §
. / !
-, Sy y /i
- /
z2H . / 100
| ™ ™ i
e ;
‘\‘H.. H\_‘_ r
T
L -
+I Jrl b .\
-\'""“-.h“ // --..,_‘_'m air
%H O
o™ - 4
gL—-I—_ ] po \ o
5 & ? ] &l 70
. Fortsetzung von ... ; »
Fig. 143- o ontinuation of Fig. 142. (cf P" Gl
: N
] 7 7
~ 7 !
k | 1 // 20"
il ¢ W .
| T 12 /
I LA O /
i X /
4 s
3
\ 4
N 7Z___
el S
2| — \ 7 vt
A\ / BEEN N
 h A TT T I
/________________ BER
1V RN
1 . %“
.-—--—-'-'-'-'-'.-_‘_--—- | |
Pl -_‘ i 14tz 1 U A I T I O B e oy
// ~ M“iﬁ.ﬂﬁﬂqm'——;——
I N S N S, Sy ] gl—
g 2 ry _ ] F 10
3 —
Fig. 145. HP (Vi) (of p. 266, 367)

HP(r Vi)



i RV 5 V) ma BOGYD) BT

| by r by 2 by hy rhy 2 hy
r| fo—F | 5 2 b, r b, o By 2h, | Th
0.0 | —05000-{ oo 10000 | oo | +0.5000 | 0.0000 | 0.0000 o
1 008 | 20,000 000 | 400.00 | +0.6888 | 0.2645 132 | 5290
2 032 | 10:001 oI ! 100,01 | +0.7837 | 0.3839 384 | 3.839
3 071 | 6667 001 | 4445 §52 | 0.4726 708 | 3,161
4 128 | 5,002 003 | 25.01 g9l | 0.5372 | 0.1074 | 2,688
5 199 4,002 o0B 1601 | +0.8082 | 0.5880 470 359
8 287 | 3.339 017 1 1113 240 | 0.5288 838 096
7 389 | 2,866 032 ! 8188 372 | 06622 | 0,2318 | 1,892
8 507 | 2513 054 | 6.284 486 | 0.6903 817, 726
9 639 | 2241 084 | 4.980 584 | 0,7140 | 0.3213 587
1.0 786 | 2006 198 | 4,061 669 346 | (g3 469
1 945 | 1.852 188 | 3,368 745 523 p~0hd198 368
2| —0.6116 711 265 | 2,851 812 677. I\ 608 2795
3 297 594 361 | 2,452 873 s14.]" 0.5079 2092
4 486 497 481 | 2:13% 927 | /936 565 | 1337
5 682 ' 417 627 | 1,889 977 J~0:8045 | 0.8034 0797
6 gg2 | 350 800 688 | +0,9022 ' 145 516 0181
71 —0.7084 295 | 1.1004 593 063\ 234 999 | 0.9687
8 282 249 239 387 100~ 316 | 0.7484 9240
g 479 211 506 275 R 391 971 | 0,8833
2.0 669 | 1.1804 305 1804 P, 187 459 | 0,8459 459
1 352 557 | 1.2135 1007 > 197 522 548 116
2| —0.8004 361 497 0328, 295 579 | 09437 | 0.7799
3 186 207 888 | 0.9745 251 832 927 506
4 337 083 | 1,331 | _oa241 275 883 | 1.0418 235
5 474 001 | 376 |“0.8801 298 728 0911 | 0.6983
8 599 | 10936 | 4294 413 | +0,9319 7 1404 748
7 711 892 | 47, 068 39 812 1896 527
8 811 863 | (521 0.7758 58 851 2393 392
9 900 844 1672 479 76 888 | 2885 128
3.0 978 | 1.0B3G)| 626 223 93 920 338 | 0.5947
1| —0.9046 &7 M 0,688 | +0,9408 949 387 i |
2 106 | (O | 738 769 24 980 437 612
3 156 /7y 35 | 787 565 38 | 0.9008 486 459
4 201 (" 29 | sa 375 52 35 | 536 315
5 24o. 4 | sa7 195 85 61 586 178
6 27 46 | 952 026 78 86 636 048
71 300 48 | 2,008 0.5862 90 | 0,9108 g85 | 0.4923
8N\ 326 46 | 060 707 | +0.9501 28 734 804
9Y,/ 347 43 | 134 560 12 47 784 681
4,0 -366 38 | 168 419 29 65 233 583
1 382 32 | o2 284 a2 8 883 480
2 397 26 | 273 155 42 | 0.9204 933 383
3 411 18 | 32 031 50 23 983 290
4 423 07 | 378 0.4812 59 40 | 2,033 200
5 4356 | 10797 { 429 798 68 58 083 114
6 445 83 480 688 i) 70 132 030
7 457 B8 1 530 582 84 85 182 | 0.3951
8 467 53 | 581 48] 91 | o0.9300 | 232 876
9 477 40 | 831 384 98 13 282 01
5.0 488 27 | 882 291 | +-0.9606 o6 | 332 730

&
=
=

. 144, 145,
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by rhj 2h B rh | 2h
4 ﬂo_'ﬂl bl g bl FE Ne— N1 ?IH: gjl: ;h—l
50 | —00486- | 10727 | 2.682 o.4201 | +0.9606- | 08326 | 2,332 | 0.3730
1 9 13 | 7% 201 13 39| 381 662
2 | —0.9506 1.0699 { 782 115 18 50| 43 596
3 16 85 | 83 032 26 62 | 481 533
4 24 7| 88l 0,3952 31 72 | 530 in
5 33 501 876 38 83 | 580 412
8 41 46 | e81 802 4 93 | 630 355
7 50 33 | 3030 73l 49 ! 00405 | 680 300
8 9 21 { 08¢ 863 55 141 730 948
3 87 11 | 13 597 59 23 | 780 194
60 %5 00 | 180 533 BS 3| swN) 14
1 83 1.0569 [ 230 472 70 43 B% 096
2 90 71 279 412 4 51 |. A9 049
3 .97 68 | 309 355 79 80 _{ 980 003
41 —0,9605 91 3m 300 83 667}3.029 0.2958
5 1 51| 429 248 88 o 07 915
8 i3 2| 4 194 9 go | 128 873
7 24 34§ 529 144 97 |\ 87| 178 832
8 N 26 B79 006 | +0.9700 95 228 793
9 37 20 | 629 050 4% 0.9503 | 278 754
7.0 42 13 | 680 004 N\ V08 10 | 328 717
1 48 06 | 79 0,2958 19 17 | 379 641
2 54 1.0497 | 779 918- 15 24 | 429 546
3 59 90 829 874, 19 K1} 479 611
4 65 83 | e +B33 92 37 | 520 578
5 63 77 | so8 | 74 98 a2 | 57 545
6 72 71t 879 4N\ 756 29 48 | 628 513
7 79 - 65 | 4,029 718 2 53 678 | 0.2481
8 83 58 «é’% 0.2682 35 59 | 78 51
8 87 53 I\ 46 39 6 | 778 22
8.0 82 4750179 12 42 70 | 828 | 0.2393
1 95 43¢ 229 0,2578 45 76 878 64
2 | 08700 w86 | 278 45 48 80 { 928 36
3 04 a0 | 329 13 50 84 | 977 09
4 08 N\ 28| 3m 0,2482 52 g9 | 4007 | 02283
] 2" a1 | 429 52 55 841 077 57
6 &6" 18 | 479 99 58 ] 128 a2
71 020 11 | 529 0.2393 g1 | 09604 | 178 08
81\ ) 23 07 | 578 65 63 09 | 228 | 0.2184
9 27 03 | 629 38 65 14 | 278 60
L o.0 10 0 ) 11 68 17 328 37
1 3 ! 3992 gzs 0,2284 7 20 | 377 14
2 35 g9 | 9 58 73 24 427 | 0.2082
3 38 85 | 828 33 75 29 477 71
4 41 gt | 8™ 09 77 32 | 627 43
5 44 7a | @30 | 02185 80 37 | 578 29
6 47 74 980 . 8l 82 41 628 1]
7 &0 70 | 5.029 38 B4 44 877 0,1989
8 53 &5 079 15 86 47 77 69
9 55 61 129 0,2093 83 51 777 50
10.0 57 58 | 179 72 90 65 827 3l



263

/
i

T

7 4{ ."J, I

/
/

xm"
/:’,’.’
//ff

I
I

/

¢
]

|,."_.l'

f,-j///}:f’?/s?'ff 7

/
/

ehflj

5
ot 1T
-

4

A
i

und
and

) seukrecht won der y-Achie nus-

Fig. 147 p = 1,

Fig. 146 p— 0
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i The arrows k¢7= H{*(r V7 } going out perpendienlarly from

gebhend. (vgl. 8. 262
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IX. Die Riemannsche Zeta.funkﬁon 969
IX. The Riemann Zeta-Funelion 6

I1X, Die Riemannsche Zetafunktion.
IX. The Riemann Zeta-Function.

1. Definitionen.
1., Definitions.

Im folgenden bedeute # eine ganze In the following let » denote an
Zubl, p eine Primzahl. integer, p & prime number.
Setzt man ¢ = & + 1y, s0 kann {(2) Putting 2z = x 4 iy we may{define
fiir £ = 1 definiert werden durch ¢(s) for z > 1 by A\
"e

£(e) = Z 2-JJa-p,

where the proti@t."mﬂy be extended
over all prime‘ntmbers.

wobei das Produkt iiber simtliche Prim-
zehlen zu erstrecken ist.

%'zt‘\%-*—--‘ {x>1}1

allgemein ist | generally we have
o\ o ) 1
(A1 — 290 —3 ) (W —p ) =14 25 >

2 " bedsutet, daB die Summe nur ﬁi}i;r ‘ 2 " demotes that in the summation only

die ganzen Zahlen # (> p) mn ersirocken | those values of n{>>p) occur whose

ist, deren simtliche Primfa,kgl:o;%n > p | prime factors are all > p.

sind, '\ N
Pir z > 0 gilt die ~f@ende Dar- When z>>0 the following represen-

stellung: tation holds:

X o

o £ g Ly 1 [
(1—21\){(>)=1—-2—z+-35—§+ '''' '(z~1)!hfe‘+1d“

For | 2| < < 1 the following series
is very well suited for numerical com-

61 -2 =i + g+

K\
Fiir { g3 << 1 eignet sich zur Be-
rechgyaig’besonders gut die Reihe

} putation
\ < 1 1 1 11 1 2 1 z(z4 Uiz +2)
(=D it w0 we
r=1
1 ziz D244 1 _z(z+1)---(z-+-6)
T 3ost s 1209 600 n=t7
LT R USTIE L R
+ 17500 160 = -
Setzt man zur Abkiirzung | Putting for brevity

5::%-'—'3:3}:2“,

50 wird | the function



270 IX. Die Riemannsche Zetafonktion,
IX. The Riemanr Zeta-Funetion,

E) =20 ouy = 5 (—¢)

is even with respect to ¢ and has rea]
coefficients if it is expanded in ascending
| powers of #%. (The nen-trivial zeros of

the {-function on the straight lize 1 + it
lie on the real axis for the 5-fune-

eine- gerade Funktion ir ¢, die bei Ent-
wicklung nach steigenden Potenzen von
£* reelle Kooffizionten hat. {Die nicht-
trivialen Nullstellon der #- ¥unktion auf
der Geraden § + i ¢ liegen bei der 5-Funk-

tion auf der reellen Achse.) tion.}
‘2% Furktionalgleichungen, | 2, ..Functional equ\atic}ns.
(1 —5) = .%z cos ’325 (7 — 1)1e(e) ‘:\.\, \
slo+ ) RS dat, Q
X

5
v

i

&

Triow

SE
eIy

o

13T ?
T o e
e

LS el M,
-3 -2 -1 ¢ F; 2 7 3 $

Flg 148. Hohenkarte der Riemannschen Zetafunktion.

Fig. 148, Altitnde chart of the Riamann Zeta-function.




IX. Die Riemannsche Zetafanktion.

TX. The Riemann Zeta-Fonction. 2171
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Fig. 160. Helief der Rlema,nuschen Zetafunktion,
Die rechts mit 0 bezeichneten Fallinien kdwmitien von einer Nullstelle, die mit oo be-
zeichneten von eifier Unendlichkeitsstelle.

Fig. 150, Relief of the Riemann Feta-Function,
The lines of steepest gradient denotod by 0, on the right'hand side of the figure, come
from & zero, thos¢“denoted by 00 come from an infinity,

T -
3. Bpezielle Wiarte. | 8. Special values.
(0)1—;‘.—“%, (1) = oo, f—2nm) =0
(1280 =~ 1B, t@mop P B s

2 Jl
Dabei bedeuﬁ B die Bernoulli- | Here B, denotes Bernoulli’s num-
schen Zahlen, die sich ans folgender | bers which may be found from the

Entw:.ck@ng ergaben: following expansion:
& z 1 ® st
N/ -1 =l=ge+tBig—Bh+—--
Bi=%, B=) B=1_00238095 B -1
L= g 27 gq 1T =Y 1= 55
5 - ki
By = o5 — 00757576 By = 2?‘-3_0 =0,263114 B, = 3
8BIT _ 43887 _ 1T6IE
Ba=Gig =T092187 By = N5l — 5497118 By~ M _ 59919404
8

=T, (=1, o= s E®) =g
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IX. The Riemann Zeta-Funetion. 273
E(—x)
" 0 1 2 3 | 5 6 7 8 9
o |0 5000 4172 3497 2038 2472 2079 1746 1462 1220 1012
1 [—0.8 8333 6798 6479 4346 3376 2540 1845 1251 0752 0338
g |+0.00 0000 2725 4879 6519 7713 8517 8982 9156 9081 8795
3 8333 7729 7012 6200 534 4441 3520 2599 1656 0825
3 000 0000 0768 1469 2094 2637 3092 34556 3725 3900 39680
5. 3968 3867 3680 3414 3076 2671 9211 1703 1158 ,gggs
6 |+oon 0000 0680 1171 1732 2261 2747 3178 3545 3837 7
7 4187 4191 4115 3936 3654 3269 2785 2208 1544 0804
8 |--000 0000 0854 1742 2645 3543 4416 5240 5992 664B, 7183
8, . vE76 7802 7842 7677 7291 6672 5813 4710 3367 1792
10, | 400 0000 0199 0413 0641 0876 1115 1348 1574 .71781 1962
1, 9108 92914 2968 2962 2183 2040 1810 1493 1086 05688
12, | —0.0 0000 0876 1431 2056 3137 4057 4994, (/5022 6Bl 7627
13, 8333 8888 9249 9371 9209 8718 7854\ G579 4861 2672
14, | +0 0000 0316 0679 - 1087 1533 2012 2612’ 3021 3524 4001
15, . 4433 4793 5057 ° 5193 5173 4963.d531 3846 2879 1604
16 | —oo01x 0000 1945 4236 6855 9810 1303,71648 2006 2369 2723
17 3054 3343 9 3710 3739 . .3B30° 3353 2880 2181 1229
18, | 001 % 0000 152, 3350 550.5 79551069 1366 1682 2008 2334
19, 2646 3159 3319 338103317 3096 2687 2066 1171
20, | —01x 0000 143,3 330,0 5463 7975 1082 1397 1737 2085 2459
2L 9g15 3145 3407 3635 w8739 3703 3430 3058 2362 1357
99, | - 0000 1752 3034 6503 9633 1326 1728 2168 2838 3133
23 3608 4471 4784 4964 4960 4715 4167 3246 1682
AN 5@
R
z 0 TN 4 65 6 7 8 9 | 4
0, —0,001x 5000 .6030° 7339 9046 1135 1480 1953 2778 4438 9430
1 | 40001 oo 10584 5502 3932 3106 2612 286 2054 1882 1750
21 1, 645 560 491 432 383 34l 305 274 247 223 49
3, -0 183 167 152 139 127 116 106 098 030 12
4| 1o 5@ 757 BeB 643 593 547 505 467 431 399 | 46
5, o 9g a2 317 293 272 252 234 217 201 187 20
B | L0L0N"734 g1l 496 2390 292 201 116 038 *965 *898 | 9l
% 00 835 777 793 673 626 6583 542 508 470 438} 43
g | <5 a8 380 354 329 307 286 9266 248 231 216 4l
9! 1602 008 *o72 *7A4 626 515 *413 *317 *227 “144 Y067 | 102
19| 1,000 995 = 97 865 806 753 701 654 609 568 530 51
1. 494 461 430 401 374 340 325 303 283 264 | 25
12, L0 461 095 141 *997 *863 *738 ‘B2l *512 *410 7316 | 125
13| 1.0°1 997 145 O0RS *936 %929 *B67 *803 *764 *704 *BS7 | 62
14| L0* 612 571 533 497 464 433 404 377 351 328 | 31
15, og5 966 248 232 216 202 188 176 164 16
18 | 1.0%1 52”& 496 330 241 158 030 008 *9d0 *B77 *818 | 78
17, | L0° 764 713 666 620 579 50 504 470 439 409 39
18, 382 356 332 310 269 270 262 235 219 205 13
18, | 101 908 780 661 540 446 249 250 174 086 022 97
90, | 1,0° 954 890 831 775 723 676 629 587 548 S5l 48
21. 477 425 415 387 361 337 316 204 274 256 | 24
22, | 1.0 2385 925 076 *937 *807 *686 *573 *468 *369 278 | 121
3.1 Lol 192 112 038 *9p8 *903 *843 *787 *734 7685 638 [ 60
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Nullstellen 0,56 -} # &z, der Riemannschen Zetafonktion,
Zeros 0,5 |- ia, of the Riemann Zeta-Fanction.

. r n uz” n I!” n aﬂ j
1 | 1413725 | 11 | 52970 | 21 | 79.337
2 |2n022040 | 12 | 5eade | 22 | s2.910
3 | 25010856 | 13 | 59,387 [ 23 | 84734
3 | 30404878 | 11 | 60833 | 24 | 87406 ~
5 | 32935057 | 15 | 65113 | 25 | 88.809 ||
6 |arses176 | 16 | 67080 | 28 | 92404 § 0
7 140918720 | 17 | 69546 | 27 | saem(
8 (43327073 | 18 | 72087 | 28 | 95871
9 | 48006150 | 18 | 75705 | 28 | 9si8al
10 |49.772832 | 20 | 77145 ¢0
D
. P N
Genanere Tafeln: | 2N/ Mores scenrsic tabless

I.P Gram, D, Kgl. Danske Vidensk, Selsk, Bkrifter, Kopenhagen 1926—26, 10. Bd,
B. 813 —326 gibt [(s) 10- und 11stelligfiir s— —24,0; — 239 ... J- 24,0, forner
(2 ~-1)§(s) mit 10 und 11 Dezimglen fift e —=-—2,0; — 1,9 ... 4,0 und die Differenzen
bis zur vierten Ordnung, N

Ny Y

Lehrbfcher und Abhangl'(mgen: i ‘Text-hooks and papers:

3

a) F.C. Titchmarsh, o’\%eta-moﬁon of Riemann (Cambridge 1930, at the Univer-
gity Press). 103 Seiten. :

b} E. Landau, Verteilung der Primzahlen, I und II (Leipzig 1909 bei Teubner).

¢} J.P. Gram, Acid /Mathematica Bd, 27, 1903, 8.289—304, Note sur les zéros de Ia
fonction {{z) dé Riemamm, .

d)R.J. Backlnd, Acta Mathematica Bd, 41, 1918 8. 845—375, Uber die Nullstellen
der Rier.ﬁi‘ﬁmchen Zotafonktion,

ey J.LH 1ngon, Transactions of the Americ. Mathem. Sosiety vol. 27, 1926, p. 49—60.
On the\roots of the Riemann Zeta-Function,

H)E T Whittaker and G. N, Wataon, Modern Analysis (4. od., Cambridge 1937,
.~I{n§arsiﬁy Prose). p. 265—280, yeis ( «
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X. Konfluente hypergeometrische Funktionen,
X. Confluent hypergeometrie functions.

1. Die Reihe | 1. The series
. o Ecc-i-l:ﬂ:"‘_ u:x—i-vln:-l-ﬂm’
y=M(e, p,z)= 1+ 755'+ 7 741350 + = p H—lm'gr-i'
genligt der Differentialgleichung | satisfies the differemtial equation
d_,c,-i-(y*x) —-—¢y=0. .
¢\
2. Asymptotische Darstellung: 2. Asymptotic expansion:()"
_,, +1, (et D ey ) @<P4Y)
M)~ m( I s .
iy, A=) lr— «) (1= 2) (2= o) (WY —a+ 1)
P! g [ 1 (0 & o).
8. Rekursionsformeln: 3. Recur{eiﬁ:e'formu]ae:
MA,FEM(a+ ‘1: 4 + u! 3‘&
2 My, =y Myy— y My, \
“Mn"(“"'?)Mol*'J’Mw
(o +2) My = (¢ — ) Mjn;"|" y My,
wy Myy=y(a @) My— z(y — o) M,
o Mg = "1'2“""?)}1'{ +y—QM_, 4
(?““)xﬂo1—*? 3"1“ y— DMy +y(1—p) M, _,
4. Whittaker und Wmon “setzen | 4. Whittaker and Watson take

Du=2m—k p=2m+1
und bemiehnan,&“ﬂf die Funktion | and denote by M the function
P '\.’ "' 1_..L ._..i
\\ W/ z e "M
Tafeln: | Tables:
8) Brit. Ass., Section A, Oxford 1926, Leeds 1927, gibt - bis Gstellig I, entsprechend
den folgenden Kurvem.

. . i

b} R. Gran Olsson, Ingenicur-Archiv8 (1937), 8.99—103, gibt 4etellig M fir z = Tp’

mit p=0,1,..10 und n=2 oder =24 in 11 Tafeln {x swischem — 0,676 nnd
1.85; ¥ swischen 0,5 und 8). Siehe dort anch 8. 376.

Lehrbtichers | Text-hooks:
Whittaker and Watson, Modern Analysis (Cambridge 1827) p. 387T—3564.



276 X, Konfluente hypergeometrische Fonktionen.
X, Confluent hypergeometric functiona,
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X. Konfluente hypergeometrische Funktionen.

X. Confluen$ hypergeometric functione. 211
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X. Kenfluente hypergeometrische Fonktionen.
X. Confluent hypergeometric functions,

Fig. 165 M («, +1,0, z).
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Fig. 156. M (e, +1,0, z).
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X, Confluent hypergeometrie functions.
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X. Konfluente hypergeometrische Fanktionen.
X. Confluent hypergeometric functions.

Fig. 160. M(x, +2.0. ).
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X. Konfluente hypargeometrische Funktionen.
X. Confluent hypergeometrie functions. 281
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XI. Mathieusche Funktionen,
XTI, Mathien funetions,

1. Die Mathieugchen Funktionen
@, (7, q) des elliptischen Zylinders:
cey %, ce 2,
8e, &,

sind entweder gerade oder ungerade
- periodisehe Teilltsungen der Mathieu-

1. The Mathieu functions g, (2, ¢} azso-
cizted with the elliptic cylinder:
cey,
geqd,
are either even or odd periodic par-
ticular solutions of the Mathieu diffe-

sehen Differentialgleichung rential equation O\
i a'y 4gcos2x)y=0. O’

Nicht bei jedem Wertepaar «, ¢ gibt es
eine periodische Lisung, sondern fiir jede
Mathieusche Funkiion ce,x und se, =
ist g eime bestimmte Funktion von e.
Es geltsn die folgenden Beziehungen
{k ganz):

ce(kn + 2) = + ce(kx —x)

(i + =) |

Not for each pair of va‘lues o, g hay the
d. o. 8 periodic sol«’{tmn but for emch
Mathieu function\ge,x and se, z g is
a function of & The followmg relatlons
are valid (Ainteger):

RS

s’e"(k}':: -]: 7)=—se(kn — )
B0 (3 + 2) = (= D+ ey (5 — 9)

P (@ + 2= 1) g, ()

Ez gentigt daher, eine Ma.tth‘schﬁ
PFunktion im Bereich O <C 5‘\< 2 dor-

zustellen. Auf jeder Strecka‘z, —xy=2m
bat dss Produkt zweier ;¥erschisdener
zum selben ¢ gehiiri ar Mathieuscher
Funktionen den }( 1wert Null.

2. Nullstellens”
‘. 1) __.-.gehk—g- =

'\
\J
\
3

Die vier Funktionen |
Cey, %y W)
haben » Nullstellen zwischen 2 =0 upnd

z = ":'! die mit wachsendem ¢ immer
niher an ; heranriicken.
Bei 2 = % gind positiv:

("_ 1)“'392,.3’: ("" 1)“Se’"+1‘x,

Hence it sufficea to represent a Mathieu
In

each range %y — %, = 2nx the product
of two different Mathieu functions asso-
ciated with the same g has the mean
value 0.

funetion in the domain 0 <& < 1;

2, Zoros:

i
se!n«]-lk“ = celﬂ+l (k + ?)”
ce > 0.

The four funecticns

1 T By, 3

n
2 1
which as ¢ increases approach more and

hayve # zeros between =0 and 2=

more 1o %-
At g = -’-'— the following are positive:

(=1 —cosz (=1t

ceinﬂx
cosz ?

80, , &
co8
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p 7 7= 7~ -
ce,| \ /
¢

VT

Fig. 166. Symmetrien der Mathieﬁ:;iahen Funktionen (nicht madatiblich),

3. Bei jeder Mathieuschen Funk,tlon
, P Wird der willkiirliche konstante Fak-

3. For each Mathieu funkiion g,, the
arbitrary constant factor shall b deter-

* tor s0 bestimmdé, da8 Q mined such, that
2 2O ,
. A BN B ?olr m =0, } Vorzeichen nach 2.
v JFatde =1
A% 5 » mF0 ! Sign by 2.
’\n i .
Fir ¢ -—-y\w;rd dann | Then for ¢ —» 0
) 4?5 mt, ee, (x, 0) = cosmz, ge,, (2, 0) = sinm z.

4 Ersetzt man z durch ——x und g 4. If we replace = by % —# and ¢
Rbrch — ¢, 80 erhiilt man dla Differen- | by — g, the differential equation be-
tialgleichung comes

1 d'y
Tas T le(—g) +4geos2a]y =0
mit den Lésungen | with the solutions

cey, (E —z, —fj') =(—1)*cey,(z, q) Cey s (’—;—;:,—g)= (—1)"segpa (1,9)

se“(% -z, “q)# (—1)*ee;, (z,q) 88y, (2 —a, q) (—1)"cey, . (z, q)-

" Es geniigt also, die Funktionen fiir Thus it suffices to calculate the func-
positive g zu berechne:_:. tione for positive ¢'s.
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§. Mit #={{z) als unabhingiger ‘ 5. With {=t(x) as independent
Verinderlicher lautet die Mathiousche | variable the Mathien aquation is

Gleichung
dt\? d? d't d
(da:) dzg + Frs d?: +4(rx-—4qcos2z)g_0
B. B fﬁ.l’ | o. & for
e ot (1"") Py 1%+ (@—te)y=0;
bt Pt [t 2a(t+ v =00

t = cos®z: t(l——t)—{i'?%—(g ) +(r:c-—4q+8qt)q== :

6. The Mathien funetwns sahsfy the
integral equation < N
+ 17 2%7
A,
(P(m) — lfe‘ 2gninz elat (t)dt ‘&
—x
7. Ktherungswerte fiire, bei kleinemg.
Die oberen Vorzeichen gelten fiir ceg; s
die unteren flir deg; , 4.

day=— 25qs+ a5, qL 210 qe+

8. Die Mathisuschen Funktionen ge-
niigen der Integralgleichung

7. App{gﬁmatevalues ofw, forsmallg.
The bpper signs are valid for Cogz 1
the 1ower for seg, .y

4a1=1:1:8q—89 4‘3"8;1*-q‘i---
4a,-—4+—-q’ \— 7-109¢*+ -
4&,—-9—}-49 ;l;Bg-i—

28.29
4a4— 16—|— 5g + ¢+ 1087( ) NEPP
dgr Bl 7 :
‘% "" n'-—l + s i — ) (49)
X 9 5 |- 22 n*— 208 n*— 11 —116 oy
..\'« v+ —(————I—J.—(;r—‘gafﬂ: (49 +
G\I%herungswerte fHir & bei groBem ¢ 8. Approxuna.ta values of & for large ¢
(etwa q> ) Vit der ungeraden Zahl (about q> ) With the odd number

n=2v—1 ergibt sich « fiir ce, apd | n=2v—1 the values of o for ce, _,
and ge, result from
ﬂ’+1 n nl+3  bntt3in'+49
+ 210 I/EE 2l?q

SB i1+

—g~dg—nV2¢+—5—
48 nt+ 41007 + 405 + 83 % 1260 n' - 2843 5?1 486
Bsmi 40 IO L O o

9% gV2g i gt
2108 n® - 624681 + 270879 %" - 14 149653 4+
b4bo® T = —— .

+ gM, glv'__ 0

+n
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Bei grofem positivem ¢ gehdrt zu den | If ¢ i8 large and positive, thy four fune-
vier Funktionen tionsg

ey, (2, ), 88,1 (@, — q), sy, (2, @), ey, (2, — q)
fast derselbe Wert von o, ehenso zu den | have almost the same valne of a, like-

vier Funktionen | wise the four functions
CB‘.(.‘.‘G‘, 9)} ce,,(:c, - Q), B0gu 41 (xl Q‘), cei:u-l ("‘E! = t}’)-
o verschwindet bei 8,2 und e, +1% | « vanishes at co, # and sg
n=1{ 1 2 lgroB <O\
arge e\
fir —_ Ao
mr g~ 0,11} 004 266 0,109 2n 41"
RY
' o
Tr 1 fLﬁ % ¥
214 A !
-4 l\—.---- N 13 i
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Fig. 168. « als Funktion von q.

9. Darstellung durech Fouriersche 9. Ropresentation by Fourier series:
Reihen:
o= zl; Ay, 5 c082r 2, Cly & = 2-41-1-1, 141 00827+ 1)7,
¥ oo r=x
Be,”m=2;3“',’sin2r z, geh+l$=23“_’_l 2r41 BR(2 74 1)2.
r= rm=g ’
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Vir die Koeffizienten A, B ergeben sich | For the coefficients A, B the following
die folgenden Bekursionsformsln: recurrence formulas result:
8) filr Cog, %t a) for ce,, z:

- “Aln,0+ 2qA!a,!= 0!
4inu‘o+(1_ “)Ain. !+ 29 A!n.{= 0!
2q A’Sn,!r-!+ (f’ _u)-A!n,!r'i_ 2.qA!s,!r+l =0 r>1)

h)ﬁr Bﬁs”ﬂ:: | b) for seinz:
(1_“)Biu,l+2gBlu,l=0! 8§
24B5n.ir—-3+ (?"’— “)B!n.ir+ 2qu.,:,-+|= 0 o‘(’EV 1);
o) filr eay, 4y & | o) for cey, % . QO

oS

1 £ 8
2q ‘A"a+‘l,1 + (T - “) A—ls+l , v+ 2qA!n+t, 37\;201

1\ O
2§A1a+1,3r-—1 + {(‘-""“ “g') — “] Agpyr grest 22‘455“."”: 0 (r>0n
d) flir 565, . 4° | d)for .l;!a\;;}l'x:

1 \g
- 2QB3..+1,1+ (]" "'a) Blg+1’13ﬂ722325+1,3= O:

) 1\t
2QBn+1.5r-1+{(”'+ 3) —“}BSutljfx4-1+gﬂB:.+1,sr+s=0 (r>0).

NS

Nack 8. ist fiir m=1,2,8,... upd By 8. we have for m=1,2,3,... and
fir jedes ¢ Q for each g
243+ 43 4 A3 4 o= BB b= Al Mo = B By =1
fiir ce,x die erste Summe™ 2. for ce, % the first sum = 2.

Die Reihem konvergieren um 80 The series converged less as ¢ in-
schlechter, je grﬁBer,\?z,,iEt. creases.

7N\
,‘Sdéln : l Tables:

der A v»r- A“'::ﬁr ce, x der B, -+- B,, fir se, z
1 AI”?"‘{'ME n COH X " B."'B“ w B8 X

f

" I’.g"; '.'A“ n S X
mit 5 Dézimalen (g==0,1 ... 200) bei
3. Goldstein, Trane. Camb. Phil. Soc. 98 (1927), p. 308—886. Mit diesen Koeffi-
zionten sind die folgenden Kurven bereohnet worden,
H.P. Mulholland und 8. Goldstein, Phil. Mag. 8'(1929), p. 834—840, geben «

fir co v und ey, # (m=0,1,2, 3) und fiir —3—: 0,2; 04...20 mit 8 Dezimalen.

Lehrhilcher: 1 Text-books:

"a) Whittaker and Watson, Modern Analysis, 4. ed., p 404—428.

by M. 7. 0. Strutt, Lamdsche, Mathieusche und verwaundte Funktionen in Physik
und Technik (Efrgebniase der Math,, 1, 3; Berlin 1982 bei Springer), 8. 28—51.
Doct Literaturverzeichnis 8. 110—116.
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X
Fig. 174, cefzy g

Fig. 175, ae,(r, g
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Einlge oft gebrauchis, Konstanten. Some often nged constants.
N } ) mf2 = 1,670 796827 = 1: 0,636619 772
“\",\“ 7%= 9,869 604 401 = 1; 0,101 321 184
A\ V/m = 1,772 453851 = 1: 0,564 189 584
3 \\ VajZ = 1,268 314 187 == 1: 0,797 884 B61
~O ) ¢ == 2,718 281828 = 1: 0,367 879 441
N/ AT == 81,006 276 68 = 1: 0,082 251 63443

x)/2 = 4,442 882 988 = 1: 0,225073079
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Hilfsmittel fiir den Rechner.
TUseful books for the computer.

I Produkten-Tafeln,
a) H Zimmermann, Rechentafeln. (Berlin 1629 bei W. Ernst.) 204 Seiter.. Produkte

bia 99 mal 999. Ausgabe A 680 A4, Ausgabe B 820 B4
b) L. Zimmermann, Rechentafeln, grobe Ausgabe. (Lisbenweirda 1823 ba; Reisg.)
225 Beiten, Produkfe bis 99 mal 9989, Preis 4,80 AHK
e) A. L. Crelle, Rechentafeln. (Leipzig 1930 bei G*ruyter) 501 Seiten, Predokie bia
999 mal 999, Pra;s 26,00 AA
d) J. Peters, Neue Rechentafeln (Berlin 1309 bei Gruyter). 501 801':6]1\ Produkte his
99 mal 9999, “Prede 20,00 A4

e)Brit. Ass, Adv, e, Mathematical tables, vol. V, Factor table {Loxdon 1285, durch
Cambridge Unwers!ty Press), 291 Seiten. Faktoren der Za.hlen Bis 100 0GO0. (Grroﬁea
Format.) Preis 17,60 K

,

. L % '.
IL. Grifere Tafeln einfacher Fuﬁk"tionan.
a) M. van Haaften, Resiprokentafel. (Groningen 1928,  Noordhoff.) 50 Sejier. Kehr-

werte von 1 ... 30000 mit 7 geltenden Btellen’/ Preie 6,20 A
by W.H.Oakea, Table of the reciprocals of nurhwra i... 100000 mit 7 geltenden
Btellen, (London 1864 bei Leyton.) 205 Beiten’ Preis 21,60 A4
¢) P. Timpenfeld, Quadrate von 1 ., .,‘12600, Kuben von 1 ... 1206. (Dortmund
1926 bei Kriiger.) 128 Seiten. N Preis 4,00 A4
d) L.Zimmermann, Qnadrate vmi 1. .. 100009, (Liebenwerda 1925 bet Reiss.)
187 Seifen. Preis 6,40 AA
e) J. Blater, Tafel der Vieriel: Quadra.te aller ganzen Zahlen vom 1 ... 200000
(Msdling 1887 bei J. Thomas.} 205 Seiten. Pi’els 12,00 RAK

f) J, Plassmann, Tafel der Viertel-Quadrate aller Zahlen von 1 ... 20009 zur
Erleichterung des Mul izjerens vierstelliger Zahlen. (Leipzig 1933 bai Jénecke.)

226 Beiten, . Preiz 5,40 AH
g)J. Bojko, VlerteTquadrate der Zahlen "1 his 20000, (Zirich 1908 bei E. Speidel.)
2% 4 20 Se;tgn\ Preig 1,50 AK

h) Ba.rlovxm'mbles of squnres, cubes, square roots, cube roots and reciproeale of all
mteg'er bers up to 10000. (London bei Spon, 3. Aufl., 1950.) 208 Seiten.

Preis 6,60 A4

iy L, ge Mllne ~Thomson, Standard table of square roots. (London 1929 bei G. Bell)

090 iten. Preis 6,50 A4

IIL. Bechen-Inatramente und™~Maachinen.

a) A. Galle, Math. Tustrumente. (Leipsig 1912 bei Teubher.) 187 Seiten.
Prein 5,60 24
by K, Lenz Die Rochen- und Buchungsmaschinen. (1932 bei Teubmer.) 122 Seilen.
Prois 5,40 A4

I¥V.Zahlenreohnen,

a) J. Liroth, Numeriaches Rechnen. (Leipzig 1909 bei Teubner,) 194 Seiten.
Vergriffen.
b) L. Schrutka, Zahlenrechnen, (Leipzig 1998 bei Teubner.) 146 Beiten.
Preis 2,70 Py
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o) U. Cansins, Calcolo numerico, (Bologns 1928 bei Zanichelli) 461 Seiten.
Preis 17,60 AHK
d) G. Caasinis, Caleoli numerioi, grafici e meceaniei. (Pisa 1928 bei Mariotti-Pacini.)

672 Seiten. Preis 22,00 A4

o E Maccaferri, Caleolo mumerico approssimate (Milano 1819 bei U. Hosplit

200 Seiten. Preis 3,26 A4
V. Graphisches Rechnen. Q.

&) R.Mehmke, Leitfaden zum graphischen Rechnen. (Wien und Leipzig 1924 bei

Deaticks.) 183 Seiten. Preis 920 BAX

b} C. Runge, Graphische Methoden. (Leipsig 1928 bei Teubaer.) 142 .Saiﬁan.
:n,?reis 5,40 AL

o P

_ VI Praktische Analysin®
(Interpolation, geniherte Integration und Diffsrertistion Reihen,
algebraische, transzendente und Differeatial-Gleichungen.)

8) 0. Biermann, Mathematische Nihsrangsmothoden. (Braunschweig 1906 bei Vie-
wog.) 237 Seiten. ) o Preis 8,00 F.X
b) H.Brans, Grondlinien des ‘Wissenschaftlichen Rechnens. (Leipzig 1903 bei Teubner.)
169 Deiten. ON ] Vergriffen.

¢) H.L. Eice, Theory and prastice of Intetpolation. (Lynn 1899 bei Nichols.) 284 Beiten.
Enthilt Tafeln der Vorsahien fif die Interpolation bis zor 8, Ordnung.
o\ Preis 24,50 AHX

d) T. N. Thiele, mmrpoh@nschnug. (Leipsig 1909 bei Teubnor) 176 S;:)ibg;.ﬂx

¢) J. V. Staffensen, Iterpolation. (Englireh.) (London 1927 bei Baillidre, Tindall v,

Cox.) 248 Beiten. N\X : Preis 36,80 AH
f) 0. Runge und) H. Kénig, Numerisches Reochnen. (Berlin 1924 bei Springer.)
371 Seiten. /¢ Preis 16,98 AH

3 . N et 1998 bei Teubne‘r.) 196 Beiten.
g H Ba.n\‘ign, Praktische Analyesis, (Loiprig Preis 6,60 FHA

Wy aktiecken Auaiysis. (Leipsig 1928 bei Grugter)
2 g:;é En'“""' Mothoden der praktiscien Anclyei. | Preis 21,60 A4
iy B Whittaker and G. Robinson, The caloalus of obeervations. A treatise on

i i : Blackie and Son.) 395 Beiten.
numeriesl mathematics. (London 1924 bei iten, 650 AL

i i . 1891 bei Gauthier-Villars.) 96 Beiten.
b) B. Radau, Formales d'interpolation. (Paris ) G e

mrerical mathematical Analysis. (Baltimore 1930, Jobns

1) J. B. Soarborough, Nu Preis 23,00 BHX

Hopkins Press,) 416 Seiten.

_ (Berlin u. Bonn 1828 bei F. Dimmler.}
rechuung: (56T Prein 16,00 A&

owie ... {Berlin 1988 bei 8pringer.)

m) M. Lindow, Numerische Infinitesimal
176 Heiten.

m sKs' 2%3““‘ Tafeln fir die Differensenrechnong & Preis 12,00 R4
eiten. . .
. . : To 983 bei Macmillan).
o) L. M, Milne.Thomson, Calcolus of Bnite Diffarences, (London 1 5 Pl‘:l‘;! 2“‘5 .ﬂn

558 Seiten.
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VI Formelsammlungen,

a) E. P. Adams, Smithsonian mathematical formulae and tables of elliptic functions
(Theta-Funktionen}. {Washington 1922 Smith. Inst.) 314 Seiten, Revised. ed. 1939,

k) W, Laska, Sammlang von Formeln der reinen und angewandten Mathematik, (Braun.
schweig 1888 bis 1894 bei Vieweg.) 1071 Seiten.

c) E. Madelung, Die mathematischen Hilfsmittel des Physikers, (New Yark 1944 Dover

FPublications) 400 p, $3.50

d} G. Petit-Bois, Tafeln unbestimmter Integrale. (Leipzig 1906 bei Teubner, Y454 Seiten.

Vergriffen,

8} B. O, Peirce, A short table of integrals, 2 ed. (Bosten 1918 bei Ginh? 151 Seiten.
Third ed. by W. F, Osgood, 1929, 156 p. .\' N4

fi)J. Thomae, Sammleng von Formeln und Sitzen ans dem qulete der elliptischen
Funktionen. (meug 1905 bei Tenbrer.) 44 Seiten, " Vezgriffen,

. & G. Prévost, Tables des fonetions sphériqnes. (Paris . Bopdeaux 1933 bei Gauthier-

Villars.) 8. 136—157. {Grofes Format.) Preis 15,20 AK

b} H. B. Dwight, Tables of integrals and other ma{hemat:cal data. (New York 1934

bei Macmillan,) 292 Seiten. Preis 6,00 34
L

NN

VII Hilfamittel zur,li;«rmo:niachen Analyae,

#) C.Ronge und F. Emde, B.echnm{g'éformular zor Zerlegung einer ewpirisch ge-
gebenen periodischen Funkhon in Binnawellen. (Braunschweig bei Viewsg.)
A Text 1,00 #K (Formulare vargriffen.)
b) L. Zipperer, Tafeln zpr, h@rmomschen Analyse, (Berlin 1922 bei Springer.)
+\J In Mappe 3,78 B4
c) P.Terebeni Rechau}e}ublunen fir harmonische Analyse. (Berlin 1930 bet Sprmgar}
In Mappe 16,20 4.4

& L W. Pollak, ‘Radhenla.feln tor harmonischen Analyse, (Leipzig 1926 bei Barth.)
180 groBe Sei@ Preis 50,00 A4

el L. W, R@ak. Handweiser zor harmonischen Analise, Prague 1928,

’}'. IX. Interpolationstafeln.

aj A Q\happell Table of Coefficients ... (London 1929, Selbstveriag, 41 Westcombe

k Road, 8. E. 3). 27 grofis Be:tan Fir die lnter‘polatdon nach Gauf, Bessel,

Evaret.t &) 7 bis 10 Dezimalen, Schritt: 0,001; F) genaue Werte {6 bis 16 Dezimalen),

_ Schritt: 0.01. Preis 4,00 A4

B A, J. Thompson, Table of the Coeficients of Everet’s...;: Tracts for computers V.

(Cambridge 1921, University press), XVI + 20 Seiten, 0 Dezimalern, Schritt: 0,001
Second ed., 1943, YIII + 32 p.

c) H T, Davis, Tables of higher math, functiens, vol. I (Bloomington 1934, Principia

Presst. 377 Seiten. Fiir die Interpolation nach Gregory, Stirling, Bessel, Evemtt und

fur die Differemiation nach Gregery, Everets, (5. 101—147.) 6 his 14 Dezimalen, Schritt:

0,01, ¥, 2, 1935,

&) L J. Comrie, Interpolation and allied tables, (Sonderdruck aus Nautical Almanac
for 1937, London 1936, H. M, Stationery Office). Far die Interpolation nach Bessel,
Everett, sowie fir Differontiation, 48 Seiten. 3 bia 10 Desimalen. Preis 0,90 .4

o) L. J, Comri e, Interpolation tables (Sonderdrack aus Nantical Almanac for 1931,
London 1929, B. M. Stationery Office). Fiir die Untertafelung (Unterteilung in & 042’
10 Teile) nach dem Endziffer-Verfahren. 36 Beiten. Proie 0,90 A
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Verzelchnis von Tafeln der elementaren Transzendenten.
I. Kroisfunktionen von Winkeln mit Dezimalteilung des Grades.

a) C. Bremiker, Log.-trig. Tafeln mit finf Dezimalatellen. (Berlin 1906, Weidmann-
ache Buchkhandlung.) 191 SBeiten, Natéirliche Werte der Kreisfonktionen mit vier
Dezimalen. Winkel um 0,1 Grad fortschreitend. Preis 2,10 A4

b) A. Bekitlke, Vierst Log.-Tafel. (Leipzig 1032, Teubner) 40 Beiten. Wie bei ),
Preis 1,80 A&

¢) Ph. Litzbayer, Vierst, Tafeln zum logarithmischen u. natfirlichen Rechnen. (Leip-
sig 1930, Toubner) 44 Seiten. Wie bei a). Preia 2,000\2.4

d} Bieha woter III, i}, — Wie bei a). ’.\‘\

0)0. Lohes, Tafeln fir numerisches Rochnen mit Maschinen. (2. Aufl, (Teipzig 1035
bei Engelmann,) 113 Seiten. Kreisfunktionen mit £ n f Dezgimalen. Winkel um 0,01 Grad
fortechreitend. ¢““Preis 8,00 AKX

fy 1. Peters, Siehenstellige Werte der trigon. Funktionen. {Berling 1918, Goerz, Teuhner.)
384 Seiten. Winkel um 0,001 Grad fortschreitend. English editiony New York, Van Nos-
trand, 1912,

. R
g 1. Peters, Kreis- und Evolventenfunktionen. (Bonn.rQ%? bei Démmler.) 217 Beiten.
Sechs Desimalen. Winkel um 0,01 Grad fortschrpitend. Prein 20,00 24

II. Krsisfunktionen von Winkal,nfi"n Dezimslen des Rechten.
Exponentialfunktionen und Hyperbelfunktionen von =u.

a) 4, Gravelina, Fanfatell log.-trigs Tafeln. (Berlin-Leipzig 1888 bei Georg Reimer,)
203 Seiten, Kreisfunktionen n;jt(vier Dezimalen, Winkel um 8,001 Rec‘}r:lt:n ‘t;;-
gchreitand. L) ergriffen,

b) F. G. GawB, Finfet, log.-\m\'g. Tafeln fir Dezimalteilung des Qua.drsn?en. (Stutt-
gart 1926 bei Wittwerl) 140 Beiten. Wie bei a). Preia 5,85 A

¢) J. Hoilel, Recueilf e “formules et de tables numériques. (Paris 1901 bei Gauthl;e;
Villars.) LXXI {64 Seiten. Wie bei &) Preia 1,80
iH ler, Fi :che Werte der Kreisfunkt. (Stutt-
4) F, Balzer phdH. Dettwiler, Fianfat. natirliche .
' K i iten. Winkel nm 0,0001 Rechten fortschraitend.
gart 191g:?3r Wittwer.) 100 Seiten , chraitend,
1 peuer Tlg. zem Masch.-Rechnen. {Braun-
e bei dl
Preis 10,00 A.X
f) 1. Peters, Sechsst. trig Tafel fiir neue Teilung. Berlin 1930 ht'i_Wirhmann.} 170
Seiten. Gibt auch see und cosec. Winkel um 0,000L Rechten fortschreitend. Second ed.,
1939,

4 0\’ $ .
&) @/8teinbrenner, Faafst. trig. Tafel ‘ :
schweig 1914 bei Grimme, Natalis u. Co) 174 Boiten. Wi

: i i . 1in1799. Librairie
J.Ph.Hobertu, L. 1deter, Nouvelles tables *ﬂs‘momémq““ (.391’ :
® de I’Eco?e Ré;ie.) 351 Seiten. Fupkiionewerte mit 7 Desimalen. Winkel von

0,00000 bis 0,03000 in Schritten von 0,00001, voo 0,0300 bis-0,5000 in Schritien
von 0,0001. ' Vergriffen.

k) Roussilhe und Brandicou

rt, Tables & 8 décimales des valeurs naturelles des
sinus, cosinun ot tangentes. (Paris 1925 bei Do

rel) 139 Seiten. Wie bei d).
Vergriffen,
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{yBrit, Ass. Adv. S¢. Math, Tables, vol, I (London 1931) 72 Seiten. i 7%, Gofax
mit 15 Dezimalen fiir x = 0,0001 . .. 0,0100, Schritt 0,0001; 15 ... 16 Stellen fir I=
0,01 .., 4,00, Schritt 0,01; 15 Dezimalen fir x — 0,1...10,0, Schritt 0,1 {bis 20 Stellen).

: Preis 880 5.4

B)K. Hayaahi, Tafeln fiir die Differenzenrechnung. (Berlin 1933 bei Bpringer.) 66 Seiten.

o7* e~ mf @inxx, Eofax 7- bis 8 stellig fiir x == 0,01... 10,00, Schritt 0,01.
Preie 19,00 24

III. Hyperbelfunktionen und Exponentialfunktion einer reellen
Verdnderlichen und Kreisfunktionen von Winkeln im Bogenma.

a) W, Ligowski, Tafeln der Hyperbel- und Kreisfunktionen. (Berlin\flﬁgﬁ bei Ernst
u. Korn.) 104 Beiten. Gibt Gin, @of, Ty, sin, cos von x =.0,00~bis 2,00 mit sechs
Dezimalen und &in, Gof von x=2,00 bis 8,00 sechs- bis achtstelliyz in Schritten

von 0,01. N Frais 6,00 #4
b) C. Burrau, Tafeln der Funktionen Cosinzs und Binus 4nit’ den natiirlichen sowohl

N

reellen ala rein imaginiren Zahlen als Argument, (Berlin:Leipaig 1907 bei W.de Gruyter.)
63 Seiten. Gibt sin vnd cosa von x = 0 bis 1,609 und Eohand Sin von x -= ¢ bis 8,008 in

Schritten von 0,001, PN Preis 4,00 B4

¢} C. F. Becker und C. K. van Urstrand, Iilyﬁefbolic funetions. (Washington 1909,
Smithsonian Tnstitution.}) 321 Seiten. Epthilt zahlreiche Tafeln in Schritten von
0,0001 und 0,001 {nat@rtiche Zahlen nud“Logarithmen). Preis 16,80 2.4

d) K. Hayaahi, Fiinfat. Tafeln ders :kl‘eia- wnd Hyperbolfanktionen, sowie der
Funktionen ex und e—x (Beilin und Leipzig 1928 bei Gruyter.) 182 Seiten, 'Wie bei ¢
{ohne Logarithmen). 3 Prein 9,00 A4

e} UL Meyer und A. Deckert,> Tafeln der Hyperbelfunktionen, (Wittenberg 1924
bei Ziemaen.) 78 Seiten, {Gibt Sin, Eof, Ty von x=0 bis 3,009 und sim, cos, tg in
Behritten von 0,001, da2u’die Logarithmen, Preis 3,60 2.4

f} K. Hayashi, Biehens nnd mebretellige Tafeln der Kreis- und Hyperbelfunktionen
und  deren Produlte sowie der Gammafunktion, - (Berlin 1928 bei Bpringer.)
283 Beiten. ,5\ - Preiz 43,20 A4

g K. Ha;kg’};},_ Fiin fatellige Funktionentafel. (Berlin 1930 bej Springer.} 176 Seiten.
Gibt dig"\ reis-, Exponential- und Hyperbelfonktionen, sowie ihre Umkehrungen
fiir x%<.0,00 bia 10,00 in Schritten von 0,01, Preis 27,00 A4

£\ -
hy'Hiitte, des Ingenieurs Taschenbuch, 26. Aufl, Bd. I. {Berlin 1931 bei Ernst o. ohn.)
1199 Beiten. Funktionswerte mit Dezimalon fitr x = 0,00 bis 1,60 in Behritten von
0,0t und fir x = 1,6 bis 6,0 i Schritten von 0,1. - Preis 16,60 A4

i} L. M Mil“ﬁ-Th_ONSGH und L. ). Comrie, Standard four-figure mathematical tables.
(Lendon 1931 hei Macmillan,) 245 Seiten, Kreislunktionen fir x = 00000 his 0,04060 in

S('hritFen van 90001, Kreis, Hypetbel- und Exponentiaifunktionen fir x == 0,000 bis
1,570 in Schritten von 0001, Preis 8,40 RM

k)Brit. Ase. Ady. Sc., ‘Math. Tables, vol. 1,
15 Dezimalen fiir x - 0,1...500,. Schritt
Bohritt 0,001,

(London 1931 72 Seiten, sin x, cos x mit
0,1; 11 Dezimalen fiir x = 0,001 ... 1,600,
Prois 8,80 24

I} 3. W. Campbell, Numerical Tables of hypecholic and other functions. (Boston 1929
bei Houghton Miffin.) 76 Seiten, Vierstellig. Schritt 0.001 und 0,01, - Preis 450 RM
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[V. Kreis- und Hyperbelfunktionen einer komplexen
Verinderlichen.

s) A. B. Kennelly,

bridge 1914, Harvard University Press.) 212 Beiten,
viele Tafeln, z. B, &in und Gof von z=0 bis 39 +1 3

0,05 wud i 5 0,05,
k) L. Cohen,

{New York 1913 bei McGraw-Hill) 282 Seiten.

Tables of complex hyperbolic and circular functions. {Cam-

dnzu éin groBer Atlas, Enthali
x 2,00 in Schritten von
Preis 15,80 0. 20,00 AA

Formulae and tables for the calcalation of alternating current probleme.

Enthiilt am Schluf die\von

W. E. Miller berccbunete Tafel des Gin und Sof von z=0 bis 0,98 51,00 in .

Schritten von 0,02 und i 0,02.
¢} U. Meyer, Fluchtlinientafeln
tOrganisation, Verlagsges, m. h.

4] R. Hawelka, Vierstellige Tafeln der Kreis-

Prois, 1460 A4

des Hyperbeltangens einer komplexen \Yeranderlichen.
H., 5. Hirzel, Berlin, 1921} AN Y

Vergriffen,

und Hyper];i]{un}ctinnen sowie ihrer

.‘\ ¥
Uambehefunkbionen im Komplexen in Schritten von 5 Q@@(und i 002. Gebrauchs-

anweisusg dentach, englisch, franzbsisch.

109 Beiten.

Die Unterteilung des Grades in Minuten
wnd Sekunden beim Rechnen mit Kreis-
fonktionen ist nur beim Gebrauch von
g0 geleilten Theodoliten
gomst sber eime nutzlose Unbequemlichs
keit fitr den Ubergang zu den entsprechen=
denphyeikalischen GrobBen. Welche Hanpt-
einheit man wihlt (ob den HRadianten
oder den 90. oder den 100. Teil des)rechten
Winkels), ist nebensiichlichi \Die Unter-
teilang der Haupteinheit soll jedenfalls
dezimal eein. enn ,man’ oft za nicht
spitzen Winkeln ihpxgehen muB, ist die
dezimale Teilung~des’ rechien Winkels
{,mene Teilungj{sm bequemsten, das
Bogenmnd (Winkeleinheit der Radiant)
am unbequemsfan.

gerachtlertigt, «

(Elaktrotech@cher Verein in Berlin,1931.)
22 Prois 7,80 ZA

7
L ¥

For ‘computation with circular fanctions
the subdivision of the dagres into minutes
_énd ‘seconda is only justified when using
theodolites divided in this manner; in
‘sther cases it is @ useless incomvenience
in the ealculation of the corresponding
physical magnitudes. What principal
unit we choeose (whetber the radian or the
90th or the 100th part of the right-angle)
is o secondary matter. At all events the
gubdivision of the main unit ghould be
decimal, If one often has to nae other
than acute angles, the decimal division of
the right angle is the most convenient, and
cireular measure (the radian unit} the most

inconvenient.

Siehe 's;ﬁt;i; den Entwurf 46: ,, Winkeleinheiten and Winkelteilungen* des Ausechusaee

fir Eiuheiten und Formelgrsfen (AEF,
193%, 8. 286. ’

in der Elektrotechn. Zeitschr. 1952, 3. 8563, und
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In the following list the abbreviation NYMTP stands for Mathematical Tables
Project, New York, and all of jts volumes, except those published by the Col-
umbia University Press, may be purchased from the National Bureau of Stand-
ards, Washington, D. C. BAASMTC refers to the Mathematical Tables Committee
of the British Association for the Advancement of Science, D=decimal places;
S=significant figures. ~
NYMTP, Table of the first Ten Powers of Integers from 1 10 1,000, Washingtog, B¢, 1939,

80 p. Out of print. .

BAASMTC, Table of Powers giving Integrul Powers of Integers, initiéted.b}‘ i. W L
GLAISHER, extended by W. G, Brikiey, €. E, Gwyrhen, ). C. B, MiLisr, and E, |,
TERMoUTH, Cambridge, University Press, 1940, xii, 132 p, ™

NYMTP, Toble of Reciprocals of the Integers from 100 000 throuph 200 009, New York,
Columbia Univ, Press, 1943, vii, 201 p, \S

BaRLOW's Tables of Squares, Cubes, Syuare Roots, Cube _Rm)is, und Reciproculs of all
Integer Numbers up ro 12,500, edited by L. J. Coualkhurth ed., London, Spon, 1941,
xii, 258 p. O

NYMTP, Tubles of Natural Lagarithins, 4 +., Waghiagton, D, C., 1941.1942, xviii, 501 p,
+ xviii, 501 p. T+ xviii, 501 p. + xxii, 506 Proe—={1(1) 100 000, 01.0001319; 16D]. Also
12(1)10: 40D|. QO

NYMTP, Tables of the Exponeniiuyl Functi,an':éx, Washington, D.-C., 1939, xviii, 535 [
*=1—2.5{.0001)1; 18D), {1.1.0001)2.50001 15, 13D, [50.00)16; 12D} ail ascending;
10€.000112.5; 18D descending ; 1G6¢, 000001 ) 0001 ; 18D and [141)100; 19D} zscending
and descending . N

NYMTP, Table of Arc Tan x, Washil;gton, D. G, 1942, xxvi, 169 P x=t0001) T0.01350(.1)
3001112000 10) 10 000 12D Joo

- + . rr 2 X .t -
J. PETERS, Sechsstellige ¥ ert\f{ Yrig. Funktionen von Tagsendstel zu Tuusendstel des Neuw-

grades, Berlin, Wichmann, 1938, 520 ™ Second ed., 1939, Third ed. with verrections, 1940.
Al 6 trig. functions, R

). Perers, ."?iebensfell{’g_e Logarithmenta
Additions- und Subtractionslogarithmen nebst einem Anhang mit Formeln und Kon-

%

s and lo%: (8. von O8.0000 bis 300000, sewre log cos and log .rtg von 9T¥.0000 his

100« 0000F5ir jede Sekunde (A== 001) fes Neugrades, Berlin, Landesanfnahme, 1940,
vii. 4933, +F +i, 666 p.

H. BrawtgRuiue, Niebenstellige trigen, Tufel alter Kreisteilung fiir Berechnungen mit der

p R?:gkemrmschine, 2, verh, u, erw. Aufl.,, Leipazig, Lorentz, 1931, xxviii, 340 p. For sin, tan,
‘ut! cos,

H. BRANDENHURG, S‘ecﬁssteuige trigon. Tufel alier Kreisteilung tir Berechnungen mit der

Reckenmaschine, Leipzig, Lorentz, 1932, xxii, 304 p, Reprinted, Ann Arber, Mich.,
Edwards Bros., 1045,

L Bauscrincer and ). Peress, Logarithmic-Trigonometricul Tubles with eight Decimal places
containing the Logarithms of all Numbers from 1 1o 200 000 und the Logarithms of the
Trigonometrical Functions for Every Sexagesimal Second of the Quadrant. 1, Logurishms
of ali Numbers from 1 to 200 00¢; I1: Trigonom. Functions, 2 v., Leipzig, Engelmann,
1910-11. Second ed. 1936, xx, 368 p. + ji, 952 p.

). PETERS, Ackise. Tafel d. trig. Funktionen fir jede Sexagesimal Sekunde des Quadranten.

Berlin, Landesaufuahme, 1939, xii, 901 p. English edition: Eight-place Table of Trigo-

nometric Fanetiong for every sexagesimal second of the Quadrant. Ann Arbor, Mich.,
Edwards Bros,, 19043, For &in, tan, cot, cos,
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U. &. Coast anp Geoperic Survey, Neturel Sines and Cosines to Fight Decimal Places,
Washington, D. C., 1942, 541 p.

E Bucxincuam, Manual of Gear Design. Section one: Eight Pluce Tables of Angulur
Funetions in Degrees and Hundredths of & Degree . . . New York, Machinery, 1935,
p. 797, For sin, cos, tan, cot.

NYMTE, Tabies of Circular and H yperbolic Tungents und Cotungents Jjor Radiun Arguments,
New Yerk, Columbia Univ. Press, 1943, xxxvii, 410 p. 8S, and 813D, '

NYMTY, Tables of Circular and Hyperbolic Sines and Cosines for Rudion Arguments, 1940,
xviii, 405 p. 9D, )

NYMTP, Table of Sines and Cosines for Radiun Argument, 1940, 275 p. 815 D, N

). Peters, Zehnstellige Logarithmentafel. I Logarithmen d. Zahlen vor 1 bis 1007000, nebst
einen Anhang muth. Tafeln von ). Peters, L Stein, G. Witt, If: Logarithmen, dép trigon.
Funktionen von 0° bis 90° fiir jedes Tausendstel des Grades, Berlin, Lan esaulnahme,
1922, 1919, xvi, 608, xxviii, 195 p. + wiii, 901 p. For sin, tan, cot, ’co%.‘: Hilfstafeln zur
Zehnsiellige Logarithmentafel, Berlin, 1919, 71 p. i\

H. Anncyer, Nouvelles Tables Trigonométriques Fondamentales f y&lea'rs naturelles), 3 v.
Paris, Hermann, 1915-18, xviii, 31 p. + 235 p. + 367 pThe}t trigon. functions, for
eack 10" of the quadrant to 15D. {Logarithmes/, Paris, 198, xxxii, 503 n. For sin, cos,
tan, cot, cach 107, to 15D, / ),

1. Prrems, Einundzwanzigsiellige Werte der Funkfioneg;'\.ﬁinus wnd Cosinus . . ., Berlin,
Abhandlungen, Akad. d. Wissen, 1911, 54 p. \®

F. Enng, Tubles of Elemeniary Functions, Leipzjg-: and Berlin, Teubner, 1948, xii, 181 p.
Reprint, Ann Arbor, Mich., Edwards Bros., :19{15.

NYMTP, Table of Sine und Cosine Integrals forArguments from 10 to 100, Washington, D. C.,
1942, xxxii, 165 p. 10D, Ky

NYMTP, Tables of Sine, Cosine and Exponential Fategrals, 2 v., Washington, b. C., 1940.
xuviii, 444 p. + xxxvili, 225 p. 0D,

H. B. Dwictit, Muthemticul Tubles‘of Elementary and Some Higher Mathematical Functions
including Trigonometric ciions of Decimals of Degrees and Lagarithms, Thirq im-
pressien { with additiond), New York, McGraw Hill, 1943, viii, 231 p. The tables ol higher
functions include: sneface zonal harmonics; complete elliptic integrals of the first and
second kind: ber, hety/ber, hei'; Riemann zeta function.

D. Bierens DE HAnn,\'N’ouueHcs Tables q'Intégrales Définies, edition of 1867 corrected with
Fnglish trangl\of the Preface. New York, Stechert, 1939, xiv, 716 p.

C. F. LIﬂDMA‘NEE'}nmen des Nouvelled Tables d'Intégrales Déﬂnfes' de M. Bierens de Hann,
Amsterdam [sic.|, 1867, (K. Svenska Vetenskaps-Akad,, Handlingar, v. 24, no. 5, Stock-
holm; ¥891.) Off-set print: New York, G. E. Stechert & Co., 1944, 231 p. ‘

NYMT!:’;' Tubles of Probability Functions, 2 v., Washinglon, D. C., 1941-1942, xxxviii, 302 p.
% /xxii, 344 p. 15D, and 7-88. .

BAASMTC, The Probability Integral, by W. F. Sueeparo, Cambridge, University
xii, 34 p.

E.C.D M:IJNA‘ Poisson's Exponential Binomial Limit, Table I, Individual Terms; Table 1,
Cumalated Terms, New York, Yan Nostrand, 1942, viii, 46 -+ ii, 47 p.

NYMTP, Tubles of Lagrangian Interpolution Coefficients, New York, Columbia Univ. Press,
1944, xxxii, 3% p. -

C. Heumax, “Tables of complete elliptic int
title page and a corrigenda sheet were p
reprints.

Z. Muast, Tables of Legendre Associate

no. 4) Cairo, Schindler, 1941. xii, 286,
cant figures.

Press, 1939,

egrals,” J. Math. Phys., v. 20, 1941, p. 127-206. &
rinted at Stockholm in June 1941 for insertion in

J Functions (Fouad 1 University, Faculty of Science
p. BT (%), m=1(110, ==0{.001)1, about 8 signifi-



304 _ Supplementary Bibliography

BAASMTC, Eﬁden Funcsions,_ being solutions of Emden's Equation mget'her witk Lertain
Assaciated Functions, London, Burlington House, 1932, viii, 34 p.

J. A. Stratton, P. M. Mossk, L. ). Cnu, R. A. Hurnew, Elliptic Cylinder and Spheroidal
W ave Functions, New York, Wiley, 1941, xii, 127 p. .

BAASMTC, Bessel Functions, Part' | Functions of Order Zero and Unity, 1937, ix, 288 p,
Jolx}, Ji(x), x=[0(.001)16{.01)25; 10OD}: z., J1(x.), =", Jolx',), s=={1(1}1150: b1,
Yo(x), ¥Yilx), x=[00.01)25; 8D|; y., ¥i(v.), ¥a Yal¥'a), s==1(1)50; fafx), Iy (x),
Koix), Kilx), x=[0€.001)5; 8D1; e-*lyx, e-xlylx), exKolx), evKy{x}, x==f5(.81120;
8D]. )

NYMTP, Tuble of the Bessel Functions Jofz}) and Iifz) for Complex 'A'rgumén{.\Mso “Five-
point Lagraogian Interpolation Coefficients,” New York, Columbia ’!J‘niv. Press, 1943,
xliv, 403 p. 10D, : ’ \ o

N
F. TéLkE, Besselsche und Hankelsche Zylinderfunktionen nuliter be.; dritter Ordnung vom
Argument rVi, Stuttgart, Wittwer, 1936, iv, 92 p, : m'\‘_ '

A. N. Lowan and A, Hittaan, “A short table of the first ive“Zeros of the transcendental
equation Jolx}Yeikx) — Jolhx) Yolx)=—0" I Ma{h} ‘Phys.,, MLLT.,, v 22, 1943,
P, 208.209, - o\ .

W

I8 '
(b J OMuth, Phys, MLLT., v. 23, 1944, p, 45.60,

: n
NYMTP, “Table of faiz)————
{x/2)n .\,
Tables for n=2(1)20; +—=[0(.1)10: 9D] ‘mo§lly.

AN LQWAN and M. ABRAMOWITZ, “Tab{;:{,’f the inlegrals‘/;‘ Jo(t)dt and j;" Ygizdde,”
J. Math. Phys., MLT,, v, 22, 1943, pa212. x=[0(.01)10; 10D 1.

A. N, Lowan, G. BLANCH, and M. Am%'amownz, “Tables of Jio(szl/‘x J_(:)df/t_nd related
functions,” J. Math. Pbyg.,o\hﬁl’.T., v. 22, 1943, p. 5157, For Ji(x), x—[3(1)10: 16D,

Mathematical Tables and (eher Aids ta Computation, quarterly journal publ, by the National
Research Council, Washihgton, D. C., no. 1 +, Jan, 1943 4.
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General index.

(Please note: All references in this General Index wili be found only
in previous section, and do not apply to material in the Addenda.}

The obliqualy printed page numbers i'efer to the tables.

After effect function 38, 39
Amplitade, Jacobian 90

Bernoulli'a numbers 272

Bessel functions 126—268

— — of large order 168

— —. of the 19t kind 128, 152--179,
994235, 244351, 258, 260—267

. — of tbe 200 kind 13t, 189 -199

— _ of the ard kind 183, 236—243,
250—359, 262, 265—268

Catalan's constant 20

ce x 235

Ciigy 2, 6

Clothoid 3%

cn u 92

Coils, inductance of 86, 88
Constasts,. often nsed 285
Cornu’s spiral 36

Cosine integral 1, 6 R

Cylinder, parabolic 32

\

) 3

Debye's series 139
do u 92 ™
Doubly-periedic functions 92\
Eiz) 2, 6 \&~

Etk, ) b4, 68~—7.&\’.f

Elliptic functiong-90

— integrals 5&“ .
— —, applitation 86, 88

—, complete 73, 78 —85
% il}Bomplete B2, 62—67
odular fonction 43
Equiahharmonic case of elliptic fonetiona
100, 102
Error integral 23, 24
— —, derivatives 24, 26——31
_ Ealer's constant C 2, 10, 18, 19, 130
Exponential integral 2, ¢

Factorial function 9, 14

— —, incomplete 22

— —, logarithmic derivative 18, i7
— —, reciprocal 15—I7

Fik, @) 52, 69—67
Fresnel's integrals 35, 34, 35

 Gamma-fanction 9, seealso factorial funetion

Haunkel'a series 137 ™\
Hankel fanction 133, 236 —243, 50259,
263, 266 O\
Hermite's polynomials 32 ™
H,(x) 138, 236—243, 25p»,9259, 262, 266
N

Jacobian smplitude 90%

— elliptic fanctigna 9

—— TZeta-functidn\g8’

Index of tab]is‘of the elementary trane

cendentals’ 299

Indugtance, 6f coils 86, 88

Tntegtals; elliptic 62

=\ Fresnel's 35

oJylr), see Bessel functions of the 18t kind
" Ay (x) 128, 180--189
Legendre [unclion 107
— —, associated 110

¥
— —, normalized 112, 115, 114
— —-, of the 19t kind 107, 118
— —, of the 20d kind 109
Legendre's standard form of the elliptic
integrals 62, 61—72
lifz) 8
Logarithmie integral 1

Lommel- Weber function 110, 212—247

Mie, y,x) 276

Mascheroni's constant €' 2, 10, 18, 19, 130
Mathien fonctions 283

Moduoler fanction 43

Nenmann fonction 131, 189-—159
Nicholson's formulae 141
N, {z} 131, 189—199

2,(x) 210, 212217

Parabolic cylinder, function of the 32
7I-fanction, sea factorial fametion

P,ix) 107, 118



General

306

index.

Frx) 110

Poisson's integral representation of Bessel
functions 150

W-function 18, 16, 17

Qn(z) 109
Q7 (@) 111

Riemann Zeta-function 269, 273
Roots of eguations with Bessel functions
204208

8e x 283

Siei spiral 4

G(x) 100, 1032

&5, () 211, 218—223
Bine integral 1, 6

.
A

L >
N/

Bi(x) 1, ¢
Skin effect 260,- 266
om o 92
w
2\
"N
+ 2\J
LA
Y :o
P,
X:\”'
E“\,"
‘\\w
R\

Bommerfeld's integral representation of
Bessel functions 142

Spherical Harmonies 107

Spiral, Corne's 36, 37

—, Biei 4

Btruve function 211, 218—223

Theta-funetions 41, 45
— — logarithmic derivative 42, 45

<

Useful books for the comput.ar'?%

Wagner, after effect fun\?tlon 38, 38
Watson's formula.e 142
Weierstrassian fuhctafms 08, 102

Zeta-fanctisi i, bacoblan 98
e —, Riethdnn 269, 273
— W)ﬂerstmssmn 100, 162

p*
\‘
y

w



1. Potenzentafel.
I. Table of powers.

E. g. in this table 3405'n gignifies

In dieser hat z. B. 3405|» aie Be- |
3,405 - 10" The integer n is. thbre-

dentung 3,405 » 10", Die Zahl n ist

also die Kennziffer des gemeinen Liog- | fore the characteristic of the comon
arithmus. logarithm. Y

Beispiele fiir den Gebrauch der Tafel For examples of the use{of the table
auf 8. ], ' | see p. 8. G

Fig. 1. #==2% =, Jmy = 0.



1. Potenzentafe].
L Table of powers.

N




1. Potenzentafel.

I. Table of powers. 3
= —

.1'.:9 a:lll .’B" ﬂ:“ z‘ll xll xl.’l .‘L‘j
19531 | ~3] 97661 —4] 4883 | —4 || 2441 |—4 [j12207 | 4| 6104]—8] 3052 | —5]] 0.50
g3 | 111904 [—3} 6071 3096 15791 8053 4107 0,51
9780 | 114456 7617 3909 2033| [10569:—4| 5496 0,52
3300 | (17489 9069 4913 2604 | [13799! | 7314 0.63
3304 2108| 11385 |—3)j 6148/ 330 [17927 9681 0.54
4505 2533 13931 7662 4014 9318) [12748 |4 }| 0.86
5416 30331 116985 8512 | 5327 2083] 16704 0.58
2351 36200 | 2064 11762 —3 || 6706 3822 2178 0,67
7428 4308 499 | [[14492 8406 4875 2828 0.58
8853 5111 3016, [|t7792 10487 | —3| 6193 3654 0,59
10078 | 2] 6047 3628 2177 13061 7836 g702 |, (Hlfo80
11694 7133 4351 2654 161%2 9877 6025 061
13537 8393 5204 3906 2000| [12402 |—31 7689 0,62
15634 9849 6205 3909 2483| [15516 9775 0,63
18014 | [11629|—2| 7379 4792 s020| [19343| ~{re3re|—3[|0.64
2071 | 13463 8751 5688 3697 2403 {15621 0.65
9376| [|15683| l1o3s1|—2]| 8832 4509 9078 [19641 0,66
2721| 1se8| {12213 slg3| [ oase| |3emal [2e1| {07
3109| |2114| 14375 9775 g6a7| ohds20 | 3074| 0,88
3546 2ad6| lies7a| [|11e4s |—2[f 8036|< i 6546 3826 0.69
4035 oge5| lhormz|  [[i3sal 9889 )" | 6782 4748 0.70
4685 3255 2311 16410 11851 | -2} 8272 5873 0,71
5200 3744 2696 19408| _[li3o74| (10061 |—2] 7244 0.72
5887 4298 3137 9200 | (Sl6718| {12205 8909 0,73
8654 4924 3644 ogag L lilogsa| f14765| |10926 | —2[{0.74
7508 5631 4224 ne8) [ 2378| [17B18| {13363 0,75
8459 6429 4886 ans 2829 2145| {16301 0.76
9515 7307 5642 | ~Jh4344 3385 2576  [19832 0.77
10687 —1| 8336 8502 |« \J| 5071 3956 2407 0.78
11985 9468 78809, || 5909 4668 3688 2913 0.79
13422 | (10737 |—1] 8590 8872 5498 4398 3518'  |lo.80
15000 |12158| o jidsd8 7977 | 6461 5233 4239 0,81
16762 |13745| (jil27Li—1}l 9242 7578 8214 5096 0,82
18694 15616{7> 1128781  ||10689; —1|| 8872 7354 6112 0.83
o0s2| [17a@0}™ fiasez| |[2341;  [jo368 1| 8708 7316 0.84
2316 (18687| |16734|  Jj4224 12091}  [10277|—1} 8735 0,85
95731 _\d213| [1903z|  [[16387 14076 [12105! 10411 —1[ 0.88
2855 |1 2484 2161 18503 16359 | |[l4232; 12382 0.87
3165\ | 2785 2451 2167 18979 [16702| {14687 0.88
3504 3118 2775 2470 2199| [i9564| (17412, [[0.89
3874 3487 3138 2824 2542 2088 2059 |(0.%0
4279 3894 3544 3205 gsss| {os70| |[2a30] o
4722 4344 3996 3677 3383 3112 9863 0.92
5204 4840 4501 4186 3893 3620 3367 0.93
5730 5386 5063 4769 4474 4205 3953 0.94
6302 5987 5698 5404 5133 4877 4833 0,95
8925 6648 6382 6127 5882 | 5647 54211 [1o.98
7602 7374 7153 6338 6730 | 6528 8333 l0.97
8337 8171 8007 7847 7690 | 7536 7386 | 0.98
9135 9044 8953 8864 8775 { 8687 8601°  [|0,99
10000 of10000! ofioo00! ojfr0000: 0[}i0000, 0110000 0f10000° o0}f1.00!




L. Potenzentafel.
I. Table of powers.

2 z Pt =7 z?
1,02 [l10404 ofl11262; 0[11487 11717
1.04 [l10816 12653) h3is9 13668
1,06 {11236 14185] 15036 15938
1,08 §|11664 15868 117138 18508
1,10 {12100 17718 19487 2144
1,12 [f12544 19738 2211 2476
1.14 |[12996 2196 2502 2853
1.16 [[13456 2438 2826 3278
1,18113924 2700 3185 3759
1.20{|14400 2988 3583 4300
1.22 114884 ; 3297 4023 4908
1.24 {15376 3635 4508 .~} 5530
1.26 [[15876 4002 6042 £353
1.28 ||16384 4398 5829 7208
1,30 ||16300 4827 | {6375 8157
1,32 117424 520 6983 9917
1,34 117956 5788 )" | 7758 10396
1.36 |[18496 6328 86051  [11703;
1,38 {19044 5307 9531 13153
1.40 [{19600 | 7530[  fos41 14758
1.42|| 2018 A 8198 11642 18531
144 || 2074 8916 12839 18488
146 | 2132 9585 14141 2065
1.48] 2130 10509 1|15554 2302
1.50]f 2250 11391 17085 2563
1.52| 2310 123331 lis7as 2849
1.54 f 2372 13339 2054 3163
1.56 || 2434 14413 2248 3507 :
1.58|| 2496 15558 2458 3884 ¢
1.80|| 2560 116777 2684 4295
Lez|l 2624 18075 2928 4744
1.64] 2690 19456 | 3191 5233 |
1.68]| 2756 2092 3473 5766
1.68}f 2822 ! 2248 3777 6346 |
1.70 || 2890 [, 2414 4103 6978
1.72]| 29583 2589 4453 7660
174 3029 2775 4829 8402
1.764(\3088 2972 5231 207
1.78Y{ 3168 3181 5662 10078
1.80 " 3240 3400 6122 11020
182 3312 iF 3634 6615]  f12038
1.84{) 3386 3881 7140 13138¢
1.88 |} 3460 4141 7702 14325
1.88]| 3534 4415 8301 15605
1.90(| 3810 4705 | 5939 16984
1.92 | as86 5010 9619 18468
1.94 | 3784 5331 10342 ; 2008
1.96 || 3842 5668 11112! 2178
1.98]f 3920 6025 11930 2362
2.001[ 4000 8400 12800 9560




L Potenzentafel.
L Table of powers.

& 210 o | M e .
11951 | 0412190] O[12434] oljizes2{ O[j12936} 013195 073459( 0Of 1.02
14233 | 14802 [15395 16010 16651} [|17317| 18009 1.4
1gg95| hv7eos| [18983 2012 2133; | 2261 2397 1,06
15590 2159 2332 2518 2720 2937 3172 1.08
2368 2594 2853 3138 3452 3797 4177 1.10
2773 3106 3479 3896 4363 4887 5474 1.12
3252 3707 4206 4818 5492 6261 7138 114
3803 4411 5117 5936 6686 7988 9266 18]
4435{ | 5234 6176 7088 8598 |10147| 1[1974| 1|NM8
5168 6192 7430 8916 10699 | 1[12839] [15407] A\J}1.20
5987 7305 8912 10872 1f[132eq} |16182| |19742 1.22
931 8594 |  [10857| 1j[13215 16385 2032 2529 1.24
8005 | [10086 | 1[12708 16012 2018 2542 |  |3203 126
9903 | [11806| [15112 19343 2476 3169 4056 1.28
10604 | 1[13786| [i7en2 2330 3029 3937 | {] 5118 1.30
19166 |  |16060 2120 2798 3694 4878, | 6438 1.32
13930 | |18666 2501 3352 449} 6018 8064 1,34
l15917 2165 2944 4004 5445| f7dos| hoorl| 2ff1,38
18151 2505 3467 4770 6583 | (o085 | 112537 1.38
2066 2893 4050 5669 79371 [11112| 2]15567 1,40
2347 3313 4733 6721 gbds] [13653| 19245 1.42
2662 3834 5521 7950 13448 | 2[16484 2374 1.44
3014 4401 6425 9381 | _cfft3696| [19998 2919 1.46
34e7 5042 7462 11044 | 2116346 2419 3580 148
3844 5767 8650 129760 [{29462 2919 4379 1.50
4331 6583| [1o00s| 2]j15010 2312 3514 5341 1.52
4872 7503 [11564| {17793 2740 4220 6498 1,54
5472 8536 |  [13318 |, { j 2077 3241 5065 7886 1.56
6136 9696 [15319¢\. ]| 2420 3824 6042 9547 1,58
6e7z| [tosss5i 2fivaez|™ || 2815 4504 7206| [11528| 3[11.60
7685  [12449 2017 3267 5293 8576|  [13891 162
8382 14075 ¢} 2308 3786 6208 101821 3[16698 1.64
9571 |  [165888{ > 2637 4378 7068|  [12065 2003 1.66
10061 | 2[1790{¢" | 3008| f 5055 i gige| [14067| |2397| |l1:88
11859 | | 20187 | 3427 5826 9905] |[16s3a| |[2882| [|1.70
13175 | |\2266 3898 5704 11531 | 319833 3411 1.72
14620 | 2544 4428 7702 13401 2332 4067 1.74
16204 2852 5019 8834 15548 2736 4816 1.76
17938 3193 5684 10117] 318008 3205 5706 1.78
19836 3570 6427 11568 2082 3748 6747 1.80
2191 3988 7257 13209 2404 4375 7963 1,82
2417 4448 8185 15060 2771 5099 9381 1,84
2665 4956 | 9218 17146 3189 5932 | [11033[ 4}|1.86
2934 5515 110368 319484 3665 6890  |12953 1,88
3997 8131 11649 2213 Iy 4205 7990 15181 1.90
3548 6808|  [13071 2510 4819 9252 |  [17783 1,92
agee 7551 | (14649 2842 5513| ll0696| 4] 2075 1.94
4269 8367| [16399 3214 6300 {12348 2420 1,96
4677 9261, 118337 3631 7188|  |14234 2818 1.98
5120 10240 3| 2048 4096 8192  |16384 3277 2,00




L. Potensentafel.
1. Table of powers.

at 2’ &
0117881 1116216 2| 2118
14448 18011 3784
2137 2124 4568 |
1} 2343 2] 244 £488 |
2583 2818 8568
2798 3405 7831
3050 2958 930
3318 4588 1130
3803 5289 12962
3906 8104 4156255
4228 7011 ) "|17878
4570 8032 2088
4932 2177 2438
6314 10480 | 3 2824
5719 ~R18H 337
8147 13493 3778
8508 15273 4363
7373 17250 5002
7673 19443 5736
B10O 2187 8581
8654 2466 7489
2235 2751 85629
9848 3077 96
10488 3] 3438 10985 |
11167 3830 12447
11 4262 14084
1 4736 5862
¢ 5252 17858
67 5817 2007
» 15008 2252
15882 7108 2522
16798 7838 2821
17748 §631 3150
18742 9493 3612
19775 10428 4] 3911
2085 11442 4348
2187 12538 4827
2313 13723 5352
2434 15003 53%6
2680 16364 6564
2680 176872 7238
2826 18475 7985
2966 2120 8708
312 2306 9683
32683 2505 10644
19 2718 111688
3581 2047 12821
3748 3183 14048
3921 3456 15377
4101 3737 18815




1. Potenzentafal.
I Table of powers. 1




I. Potenzentafel.
1. Takle of powers.

zl

xﬁ" 28

2070

-
s

=]
[—]

2162
4209
2256

2304
2352
240]
2450
2500

2116 | -

[

B

.} 5308

4286
4477
4675
4880
8081

6633
5765
6004 |
6250

21119501
2080

2174
2293
2418

4037
4358
4701

5456

5871
8312
6782

7813

18363
2006
21861
2591

2818

-

0,15

0,50

0.9659
0.9748
0.9823
0.9389
0.9948

11,1746

1,2589
0,7943

0.9013
0.9262
0.0497
0.9673
0.9843

1,0000
10277
1.0618
10730
1,0922

1.2731

1.4125
0,7080

1408M.,1014

0.8706
0.8029
0.9312
0,9551
0.8792

1.0000
10371
1.0606

1,247
11487
11708
1,2106 |
1.2287
1.2457
1,2847
1,3510
1.3797

1.5849
0,8310

1.09864

1.31961

1,7783
0.5623

0.8123

(8579
UBS&

0,9353
0,9659

1) 1.0000
1.1,0662

1.1062
1.1514
1.1928

1.2311
12668
1,3004
1.3320
1.3619

1.3904
1.4562
1,6157
1.5702
1.6207

1,9954
0.5012

1,6929
1.7565

2,239
04467

0,7579
0.8152
0,8670
0.8146
0,9587

10600
1,0756
11441
1,.2068
1.2660

0.9537

10000
1,0855
1.1635
1.2355
1.3028

1,3660
1,4259
1.4828
1.5372
1,5894 |

16395
1.7672
1,8661
1.8676
2,063

2.818
0.3548

1,9037

2512
0.3981

Beispiel

1.1832
1.2648
1,3418

14142
1.4832
1.5492
1.6125
1.8733

1.7321
1,8708
2,000
2,121
2,236

3.162
0.3162

e zur

Examples of the use
9 81250 =(10 - 0.8128) = 101 (7,977 + 0,316 —0,017) 107"

276 = 10'* 0,8276.
b) 8, 135;1’; = (10 - 0,8126)"7 = 5,823 - (0,8458% + 0.0098) = 5,623 - 0.8557

©) 10°754 = 5,623 + 0,069 — 0,003 = 2,679,



1. Potengenlafel.
1. Table of powers.

S 10 11
E“ || :l’ Z“ :‘5

3803| o6l17303| 7| 7873 7| 3562 7418
4% 4242 19514 8976 4129 18994 8737

o
&
[ <]
on
-]
—
8
&8
€D

10184! 8] 4726 2198 10220| 8

11161 5260 2472 11619

12310 5847 277 13192 6266 2977 14139
7180 446 16543

13528 6493 3116 14959
14848 7201 3493 16940
16284 7979 3810 19158
17842 8832 4372 2164
18631 4766 4883 2441

L095 | 4040 | 088 0,70 035 || om0 | 0 | 000 P

0.6830) 0.6598| 0.6373 | 06156 | 0.5946 |f 0.5744 0,5548 | 0.53597 0.5176
0.7551 | 0,7360] 0,7175 | 0,6994 0.6817 || 08645 0.6478 161 0:6155
0.82131 0.8073 | 0.7931 | 0.7791 | 0,7653 [ 07518 0.7385)0.7254 | 0.7126
0.8845 | 0.8747 | 0,8850 | 0.8654 | 0.8458 ¢ 0,8365 0,8272 10,8181 | 08080 0
0.9437( 0,9387 0.9338 | 0.9289 | 0,9240 }| 0,9192 10,3144 | 0,9095 0,9048

1,000 1,0000§ 1,0000 | 1,0000 | 1.0000 1,00% T;0000 | 1.0000 | 10000
1.1065] 1,1156 | 1,1258 | 1.1361 ] 1,146 |f 1,267F

1.2033} 1.2237 | 1.2445| 1.2656 | 1,2871 | 13069 1,3311] 1.3537 | 1.3767
1.2050 | 1,2256 | 1.3673 | 1.3896 | 1.4226{h1.4564 1,4911| 1.5265] 1.5628
1.3817| 1,4229 | 1.4653 | 1.5080 | 1.5640 1.5004 | 1,6481 | 1,8972| 1.7478

1,4641 1 1.5157 | 15692 | 1.6245 '1}8812 1,7411 ] 1.8025 1.%1 1.9319

1.5420 | 1,6049 | 1.6695 | 1,73661 1
1.6185] 1.6909 | 1.76661 1 2% -1.9262 [| 2.015 |2.105 |2.198 2.297

1.6914 | 1.7741 | 1.8609 1& 2.048 [l2.148 |2:253 {2,363 |2.479
17617| 18548 11,9528 2966 |2.166 [t 2:278 $2.399 2,526 {2,660
1.8299] 19322 | 2,042<)2.158 |2:280 |1 2.408 |2.5644 |2.688 2,840
Leni8| 2121 | 2258 | 2404 [2569 | 2.724 |2.900 3,088 |3.288
3.144 2,297, ‘2.4 2,639 z.'ggg 2031 |3.249 |3.482 [3.732
287 | 2.466.

2423 |2:627°| 2847 |3.085 |3.344 [§3.624 3928 |4.257 |4.613
1548 13981 |4.467 5012 [6.823 |l 8.310 | 7,080 7.943 {8.913
0,218 0,2512 | 0.2239 0.19%5 01778 ]| 0-¥585 1 0.1413]0,1259 | 01122

Potenzentafel:

of the table of powers:

d} 0,81250.75% = 0,8557 — 0,0008 = 0.8549.

c) 8,126°%¢ = 1 + 0,0043 - In 8195 = 1 + 0,0043 - 2,0960 = 1.0090-
f) 8,125+ = 5,879 - 0.8549 = 4,612 - 1,0090 = 4,885.

&) B,1269.14 = 100 - 0,6278 - 4,865 = 10 - 0,4018.
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1. Potenzentafel.

L Table of powers.
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Fig. 3. z=a¥ in logarithmischer Daratellang fiir — 15 <y <<+ 16
Fig. 8. ¢ =¥ on logarithmic seale for — 15 <Cy < - 15.



12 1. Kehrwerte komplexer Zahlen.
I3, Reeiprocals of complex nambers,

T1. Hilfstafeln fiir das Rechnen mit komplexen Zahlen,

IL Auxiliary tables for computation with eomplex numbers,

Die folgenden Formeln bleiben richtig, The following formulae remain true
wenn man in jhoer i beiderseits durch | on replacing ¢ by —4 on both sides.
—1 ergelizt. Q)

¢\
7NN ¢
1. Kehrwerte. A
1. Reciprocals. O
¢
Yl kel A, .
147z 12 =
b X ) '1 |7 v
0<b<a T O¥eramt iy
a N 1 1]
O<ca<h a:=br m‘:j—?_i y
10 _ A o
T T 2
ool | | __L:\{\\l | ] ] __‘.L. L Jeos
68— PN - '% - a4
ar P . ™ S S A Y
o i
a6 - S El o N o8
O J ‘ _“\"‘-- :
25 ‘:; . o5
)
”"‘ T | o
82 ] az
o1 j 4{, | <I, ! ] [_ las
i 1 { L] f VoL

. 1 . 1 .
Flg. 4, i“‘l'Tﬂ:' =19, 55? -P— .



. Kebrwerte komplexer Zahlen.

11. Reciprocals of complex numbers. 13
l:(l-}-im)-a_&—iv i@ mv—tin
xr “ | o I “ ]
0 1 0 0,50 0.8000 :
0.0L 0.9958 0.0°099% 0.51 0,7935 32323
0.02 0,9996 0,01999 0,562 0.7872 0.4093
2.03 0,9901 0.02997 0.53 0.7807 0,4138
0.04 0.9984 0,03994 0.54 0,7742 0.4181
0.05 0.9975 0,04988 0.55 0.7678 0,4293
0.06 0.9984 0.05978 0.56 0,7613 0.4263
0,07 0.9951 0.06968 0.57 0.7548 0.4302
0.08 0,993 0,07948 0,58 0.7483 0.4310
0,09 0,9920 0.08%28 0,59 0.7418 04877
0,10 0.9901 0.09501 0.60 0.7353 4812
011 0.9880 0.10868 0.61 0.7288 | \.0.4446
0,32 0.9858 0,11830 0.62 07923 o~ ¢ 04478
0.13 0,9834 0.12784 0.63 0.71595. 0.4510
014 0.9808 0.13731 0.64 0.7084 & 0.4540
0.15 0.9780 0.14670 0.85 0.7030 0.4569
0.18 0,9750 0,15801 0.66 0:6966 0.4597
0.17 0.9718 016523 0.87 |oo0.6902 0.4624
.18 0.9686 017435 0.68 ¢/{ 0.6838 0.4650
0.13 0.9652 0.1834 0697y 06775 0.4674
3,20 9.9615 0.1923 057D 0.6711 0.4698
0.21 0.9578 0.2011 w071 0.6648 0.4720
0.22 0.9538 0.2088 S 0.72 0.5586 0.4742
0,23 0,9498 0218¢ o~3° 0.73 0.6524 0.4762
0.24 0.9455 0226954 0.74 0.8462 0.4782
0,25 0.0412 0.2353 0.75 0.6400 0.4800
0.26 0.9367 435 0.76 0,8339 0.4817
0.27 69321 ¢ \0:2517 0.77 0.6278 0.4834
0.28 00273 . [\ 0.2596 0.78 0.6217 0.4850
0.29 0.0204 N 0.2675 0.79 0.8157 0.4864
0.30 09374 0.2752 0.80 0,6098 0.4878
0,31 0.9123 0.2828 0.81 0.6038 0.4881
0,32 0/9071 0.2803 0.82 0.5979 0.4503 l
0.33  |\{ 0.0018 0.2976 0.83 0.5921 0,4914
0.3 N\ 0.8984 0.3048 0.84 0.5863 0,4925 ‘
o350 0.8909 0.3118 0.85 0.5806 0.4935
038" 0.8853 0.3187 0.86 0.5748 0.4944
0,37 0.8786 0.3254 0.87 0.5692 0.4952
0.38 0.8738 0.3321 0.88 0.5636 0.4959
0.39 0.8680 0.3395 0.89 0,5580 0,4966
0.40 8621 0.3448 0,90 0.5525 0.4972
0.4} 3 8561 0.3510 0.91 0.5470 0.4978
0.42 0.8501 0.3570 0.92 0.5416 0,4983
0.43 0.8440 0.3629 0.93 0.5362 0.4987
0.44 0.8378 0.3686 0.94 0,5309 0.4990
0.45 0.8318 0.3742 0.95 0.5256 0.4993
0.46 0.8254 0.3797 0.96 0.5204 0.4996
0.47 0.8191 0.3850 0,97 0.5152 | 0.4998
0.48 0.8127 0.3901 0.98 0.5101 0.4999
0.49 0.8064 0.3951 0,99 0.5050 0.5000
0,50 0.8000 0,4000 1.00 0.5000 0.5000




14 IL. Quadratwurzeln ang komplexen Zahlen.
IL. Square roots of complex numbers,

2. Quadratwurzeln.
2. 8quare rocts.

o . u? 14 o4
1+tx=:t(u+%v), ﬂ8J=Vn—-.|-Ti_l;
—-— . Uz e
Vx+a-=:t(U+iV), w]_&g_i—_z'
Q"
Setzt man x = Gin 2¢, g0 wird: J Bubstituting x = ginh 215 Sin 24,
i we obtain: (\A

e\
u=Coft, ov—&iny, U=y05¢, V=y85¢"
0<bca: xw%: ]/a—-'l-_il'iaj_-(u]/?ﬁ-'i-v]/&)
V=a+ib=+@Va+iuVa)
0<a<b: x=%, ]/a+£b’;‘gQ"(U]/bT+iV;/b_)

V- a o £ (Vb iUV,
15 . r »..'"
LB |
® 3 J[
\ ]
£ 5 i0~
N\ 7
10 '
L SNl T e |
IS |
.\’\h-‘-""'"--.. ‘!7 ’ {
45 M3 __"'"""'--.....________-- T
M -_-:
\ —— ]
2l
e -—--—-
0 0.1 0.2 0.8 0% 0.5 0.5 07 Y Y] 70
e

Fig. 5. Vitiz= (utin, Vedim 4 (7 4i W)



. Quadratwurzeln aus komplexen Zahlen.

IL 8quare roots of complex numbers, 15
]/':{:;.:u—f-iv V=t +ix=v+iu
, _

x 0 1 ) 3 4 | 5 6 7 8 g | d
pg 100 00 00 60 01 02 63 04 06 08 10 I 1
0 50 000 050 100 150 900 | 250 300 350 400 450 | 50
gplbo0 1z 15 18 a2l 24 2 3% 3 40 45 | 4
1100 499 549 509 640 698 | 748 798 BT 896 946 | 50
02| L0 49 54 €0 & 71} 77 83 89 9% 02| 6
02|90 995 *044 *093 *142 192 240 *289 %338 1387 435 | 49
03| 1O 09 17 a4 @ 40| 48 5% B4 73 88
3| 0.1 484 532 580 629 677 | 724 772 820 868  9LO\| 48
04| 10 181 200 203 219 229 ! 233 949 959 269 280 | 10
4101 963 *010 %057 <104 *151 [*198 244 291 337 Se303 | 47
05‘ L0 291 302 33 324 336 347 359 371 383" 3% | 11

5|02 429 475 521 667 612 | 658 703 748 (793 838 | 46
os‘ 10 407 420 432 445 458 | 471 484  4877/»510 624 | 12

6| 0o gg3 927 072 *0I6 ‘060 |*104 *148 1182\ "*235 %278 | 4 |
7| 10 637 851 565 579 593 607 621 \036 643 684 | 14
7|03 30 365 408 450 493 | 536 S78.\\620 662 704 i, 43
0| L0 678 633 T8 73 738 | 753 768y 783 798 814 | 1o

0103 746 787 89 870 811 _95_2*%32@_ *03¢  *075  *115 | 42 |
; T0 820 844 960 B76 B9l | 9073 939 T 955 971 16
09/ 64 156 19 236 2% 316 ‘355 39 44 473 512 40
x o 1 2 3 4% 8 7 8 9 P d

Vot i=U+4V N Voz+i=V+il

— 4 |
x‘ ¢ 1 2,3 ¢ 5 6 7 8 9 . d

\\
414 | %50 986 323 369 396 | 36
°°' 07 o o 5&% «Sop *g31 |*eo7 8o "B28  *794 °760 | 3
: 807 545 o6z | 620 687 6% 733 771 . 37
01] 58 %7 é&i{ 0T %07 595 | ez b 497 466 434 | B
0.7 810 G665 964 002 041 <080 °ile *1s8 | 38
02‘ 402\~3?1 940 309 279 | 248 218 188 1;_3____123_ | 2%_
355 1 395 435 474 514 5
03, gg %}g‘g 237 216 013 «Gea [*9s6 ‘w8 00 ‘&73 v6db | 28
G0 g4 T 754 | 7ed B g 9ld 3 0

0afs g% g% a1 765 738 712 | 686 660 631 609 584 | 26
08 995 F035 075 *116 *196 196 *138 Teg7g %317 *357 | 40
05| 08 985 0 WP i a6l | a3 414 30 37 s | o4 |
9 - 599 639 679 19 ,
R S8 il a7 e 1M _1_2_3_'_22_
oo oG Bio— B8 960 960 000 040 7080 7120 08D | 40
07| 65 102 081 061 040 920 000 *980_ *960 _ *941 *92l . 20 |

] 836 790 772 754 73T !
04 902 883 864 45 827 i 39_‘

[ Y _ - |
o_gi 1.0 200 239 279 o79 819 i 359 | 398 438 477 §17 506 40
0 |

i 714 753 | 792 83l 870 909 B
08, I i gsv % §is 600 683 667 1T |

$i0123456739al
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11. Rechtwinklige und Polarkoordinaten.
IL Rectangular and polar co-ordinatea.

8. Bechtwinklige und Polarkoordinaten.

8. Rectangular and polar co-ordinates.

14 iz me',

z+i=me

(807 — 1)
i

t = I == ‘_iu- £ — ._1_ .
8 3 m=y1+ l-i-a'.ci;g2 wosa
+a+ib=red ™\
A, a, b gogeben; r, p gesucht: | A. given a, b; to find 'f‘,\;y\:
7'\
b 0= p G\ \
C<bCa: 2=—; ¥ - gm { N
@’ T lo=va80%—
. a ~\
0<ﬂ<b: x=?, r—bm, P 900.‘1:.(1
. A\
B. r, ¢ gegeben; a, b gesucht: | B Q\r& ¥, ¢; to find g, &:
0<p< 459 =g AV , r
o 20 d = b=;x'-
1350 < p < 150°: B = 180.;— 03 J
45° < p < 1307: p‘a’a{i’f’}b"-p?; a—%x, b=%-
R
56°) NS a5
&\
'] \ ) ol raE
3 p L /
o) L~
\’“.. B A
2° '\‘\\ ,/ 2 —as
KA // 7
2 L]
W ’// A .
,// 1 ’//
E‘fy
16" /// o1
,/ _r//
.--"“"'.’1/
e 62 [ 62 2 as o8 - a7 ] a3 i
—a=

Fig. 6.

1+iz=me®

x+ .l‘_meitﬁl)“—m.



1I. Rechtwinklige und Polarkoordinaten,
11, Rectangalar and polar co-ordinates,

17

iz =me'®

e p—— T —— s s

T

@+ i=me

i (H0%—p)

0 1 2

3

4

6

7

J!m

o

o

0.1

=]

(5]

s |

]

1!000
0‘

1.000
1.
1.500
1|

1.00¢
2.

1.e01
2.
1001
3
1,602
4‘
1.003

4‘

1,004
i

l_.ﬂ
1.0
1.0
Lo
1.1
1.1
1.2

1.2

1.3

[~ -]

1.0000 000 005 020
0000° 0673

1146°

0500 0605 0720
5728° 6302° 6875°

2000 2205 2420
1458° 2030° 2603°

4499 4804 5119
7184° 7756° 8328°

7997 8401 6816
2006° 3478° 4050°

2492 2087 3611
8624° 9196° 9767°

7984 B588 9202
4336° 4907° 5478°

4470 5173 5886
0042° 0612° 1182°
1948 2751 3664
5739° 6308° 6876°
0418 1320 2231
1428° 1996° 25647

0493 0603 07
B.711° 6.277° 6843

N\
11980  218]\.9391
10x1. 13107 186 2407°

4403&695 4995

10<1. 6699 7223° 7745°

03 8079 8462

10x 2 1801° 2294° 2762°

1503 2254 2712

102, 6565 7022° 7474°

6619 7137 7861

10x3. 0964 1383" 1799°

2066 2642 3224

103, 4992° 5375° 5754°

8063 8690 9322

10x 3, 8660° 9008 9352°

4537 5208 5882

10> 4, 1987* 2302~ 2614°

046

1718°

0845

7448°

2646

3176°

5444

8901°

9241

4622°

4035
*0338°

8820

8049°

6610

1752°

4386
'?44?

3162

3L
\

0841
7407°

2611

2963°

5304

8263°

8853

3268°

nn

7924°

8190

2211°

38

8129°

9958
9693°

6562
2923°

080

2292°

125
2865°

1125

0380
8021°| B624°

2680

3748°

6778

9473°

8678

5194°

4569
*0910°

*0469

6619°

7343
2322°

3124
4321°

6123
*0045°

*0120
5766°

6114
*1481°

*1103

° 2391 a

5218, 6060

£016°
4083

3700°

0875

7.970°

2840

3496°

5622

8778°

9252

3760°

3649

8369"

8727 |
2619°

4403
6501°

*0599

8586°

5024
4268°

1119
8.531°

3078
4038°

5948
9280°

8659
4228°

4127
8811"

9269
3024°

5001
i i GR70°

1245 *

‘0030° *0385"

7242 .
3229°

. 7932
3531°

71902

180
3438°

1280
9187°

3379
4804°

246
4011°

1446
8740°

3644
5466°

6843
° *1180°

, '10a?

6903°“

5232
f%ﬁ.‘i“

2420

8131°
8801
4031°
7
8722°

6935
5404°

1436

320 406
4584° 5157°

1620

*0312° *0885

1866

3919 4204,
6038°

8611}

7217 L7602
‘1732"‘2334"

':151'3

8800
*3184°

*3093
8901°

*0374

4600°

8845
*0291°

7805
5971°

1607

*1998
8052°

1788

9.648° 10.204° 10,758°

3581
5110°

8626
° *0305°

*0494
5174°

5105
9683"

*0371
322"

6211
7596"

*2548
¢+ *1023

9316
4128”

3848

5642°

6977
*0807°

*0923
564

o

6603
*0114°

*0930

4216°

6823
7954°

*3207

*0015

4421°

¢ *1349°

4120
6172°

7336
*1306°

*1360
6105°

6108
*0841°
*1495

4606

7440

8309°
*3870
*1669°

*()716
4712"

°|673

° 670

478

° 1404

456
573
146

46
73

345
872

45
572

544
571

644
°| 8671

743
842
° | 669

941
568

144
661

233
326
612
407
478
342
542
598
369

646,
335

69(."1

302!
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11, Vektoraddition.
II. Vector addition,

8

14+ 7i%= g47

r=01!

0.2

0!3

0,4

0.5

0.6

0’7

) 0!8

6.9

1’0

109014

1.1000

1.0997
1.0389
1,0977
1.0855

1.0931
10900
1.0865
1.0825

1.0780
1,0730
1.0677
10619

1,0557
1.0492
1,0424
1.0353

1.0280
1,0204
1.0128
1,0060

0.9972
0-9893
0.9815
0.9738

0.9662
0,9588
0,9516 ¢
0,9447

0.9381
0.9320
0,9262

092104

0.91629
91920
0084

0,9054 !

0,.9031

0.9003
0.9000

1.2000

1.1995
1.1979
11964
1.1918

1.1872
1.1817
11752

11677
1,1694 |

1.1501
1,1401
1.1292

1.1176
1.1063
1,0923
1.0787

1.0648
1.0600
1.0351
10198

1.0043
0-9886
0.9729
0.95673

0.9418
0.9265
0,9116
0.8972

08833
0,3201&
8578

64

0.8360
0.8268
0.8188
0.8121

(.8069
0.8031
0.8008
0.8000

1,3000

1.2993
1.2972
1.2938
1,2887

1.2823
1.2746
1.2855
1.25582

1.2435
1.2306
1.2164
1,2011

0,8511

1.4000

1.399]
1.3965
1.3621
1.3859

1,3781
1.3685
1 " 35 ?2
1,3443

1.3298
13137
1.2960
12768

1,2662
1.2342
1.2108
1.1863

10770

10476
1.0173
02865
06,2554

o,szve\s'g‘,séqo

0,9042
08613
0,8587

03,8369

0.7776

0,7605
0.7462
0.7319
0.7207

0.7117
07083
0.7013
0,7000

L8926
0.8614
0,8305

0,8003
0.7703
0.7427
0.7161

0.6013
0.6687
0,6488
0.6318

08181
0.6082
0.6021
0,6000

| 1,1606

1.5000

1.4390
1,4959
1.4308
1.4836

1.4744
14632
14500
1.4349

14179
1.3830
1.3782
1,3556

1.3314
1.3054
1.2778
1.2486

1.2180
1.1859

1.1180
10824
10457
1,0082
0.9700

0.9313
0.8922
08529
0.8138

0.7750
0.7368
0,6997
0.6641

0.6304
0.5992
0.5711
0.5468

0.5269
0.5122
+ (,5031
| 0.5000

1.1526¢

1.6000

1.5988
1,5954
1,5896
15815

1.5712
1.5586
1.5438
15267

1.5075
1.4861
1,4626
1.4371

1.4096
1.3801
1,3488

13158

12807
2dd]

\s2069

1.1662

1,1251
1.0827
1,0392
0,9946

0.9491
0.9029
0,8562
0.8091

0.7820
0.7151
0,6630

10,6238

0.5804
0.5393
0.5013
04677

0.4305
0.4181
0,4046
0.4000

1.7000
1,6087

.1.6949

1.6886
1.6797

16684
1.6545
1.6382
1.6195

1.5983
1.5748
1.5489
1.5208

1.4905
2079

4.4233

1.3866
13479

1.2207

1.1748
1.1274
1,0785
1.0283

0.9769
0,9243
0,8709
08168

0,7621

0.5878

0,5443
0,4925
0.4434
0,3981

0,3587
0.3275
0.3071
0,3600

1.8000
1.7966

1.7781

1.7658
1.7509
1.7333
1.7130

1.6902
1.664%
18368
(1ig064
’1,5736
1.5383
1.5008
1.4610

1.4180
1,3749
1,3287
1.2806

1 !23%
1,1789
1.1254
1.0703

1.0138
0.9558
0.8967
0.8364

0.7753
0,7131
0-6507
0.5879

0,5251

0,4022
0.3440

0,2902
0.2443
0-2120
0.2000

0.4630 |

1,8000

1.8985
1.8942
1.8869
1.8767

1.8636
1.847%
1.8289

L80m
o 197829

1,7568
1.7266
1.6935

1.6585
1.6209
1.5808
1,6383

1.4934
1.4462
1.3969
134564

1.2818
1,2363
1.1789
1,1197

1,0589
0.9964
0.9325
0.8672

0.8006
0.7329
0.6643
0,5948

0,5246
04541
0.3834
0.3132

0.2444
0.1793
0.1247

0.1000

2,0000

1.8986
1.9938
1.8861
1,8754

‘N1.9616

1.9447
19249
1.8021

1.8764
1.8478
1,8163
1.7820

14142

13576
1.2089
1.2382
1.1756

1.1111
10450
0.9772
0.9080

0.8373
0.7654
0.8922
0.6180

0,5429
0,4689
03902
0.3128




II. Vektoraddition.
1L Vector addition. 19

+i9_-.s£9 &

o lr=01] 02 | 03 | 04 | 05 | 08 | o7 | o8 | 08 | 10

00000 |6,00000 0,00000 (0,00000 600000 0,00000 |30'00000 0.00000 000000 000000

0,00454-(0.00833 (0011531001428~ 0.01666-10,01875-|0,02059"|0.02222" 0.0236810,02500"
0.10-10.00906 {0.01663 |0.02304 '0.02854 0.03330 [0,03745 |0.04116 0,04443 0,04738 10.05000
001354 0,02487 003448 004274 10,04930 0.05617 |0.06171 10.06663 |0.07103 IO 07500
0.20-10,01796 |0,03303 |0,04584 |0.05685 0.06642 [0,07481 0,08221 (0.08880 |0-0946% 10,10000

, 02029 |0,04167 0.05707 (0.07086 |0-08285 0.08337 0,10266 |0,11093 |0.11834 :12500
0,30-/0,02652 [0,04897 |0.06816 [0.08473 0.09916 [0.11184 |0.12304 0.13302 |0.14196, 0:15000
1.35-0,03063 10.05669 |0.07905 |0,09842 0.11533 [0.13019 (0.14334 |0,15506 0.18555 '0,17500
0.40-|0,03458 10,08420 |0,08974 |0.11192 0,12132 |0,14840 |0.16354 |0,17703 0.18411 40,2000

0,03838 10,07147 [0.10016 10,12517 0.14710 [0.16645 '0.18361 019992 0.2126  0.2250
0.50-]0.04138 007648 {0,11030 i0.13815 0.16265 [0.18431 [0,20355 [0.2207< |0-2361 02500
0.65-]0.04538 [0,08518 |0,12010 i0,15082 0.17793 [0.20195 [0.2233 |0.2424) 0.259 |0,2750
0,60-10.04855 0.09154 |0.12953 (0.16313 0.19290 [0.2183 (0,242 0:2840 0.2629 |0.3000

0,05147 1009752 (0.13855 (0.17504 (0.2075 02364 |0.2623\]02B54 |0,3063 0.3250
0.70-|0.05413 10,10309 |0.14710 0.18650 |0.2217 2632 0,%%3; 0,3067 10,3295 |0.3500
0.05650 10.10821 |0.15513 [0.18745 [0,235% 0.2696 |0 0,3278 0.3526 |0.3750
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HE Cubic equations.

£ Veltcoraddition: a¢” 4+ b’ = ¢#. (Tafel 8. 18, 19)
4. Vector nddition: ai® + b#® = ¢4, (Table p. 18,19.)

i+ rif=si’,

s=YI+ 721 3rcong,

Gegeben gesucht

Given

o, f,0cb<a
[

= —,

a

c=as,

a4

X

' to find &Y
e=le—B} O

y=uaxty,

oy

r 4+ o gif "
_1

r Bin ¢

ctgo=cigo +

N
'\
je nachdem >
aceording as % S

SR
SN AR L
SO ARIEBEE T A
&.s\‘" 20 : =2 | <

‘\1}‘»; Fig . 14rd€msi®  rfi€mgo g

A. Tn der kubischen Gleichung |

wit den Wurzeln «,, #,, z, ist

| 1I1. Kubische Gleichungen.

IIL. Cubic equations.

xa-—Ax’+Bx—-C=0

B_ 1

T =

. — J— -
E=0 =z z,2,;

A=z +z+ xy,

A. In the cubic equation

| with the roots xy, a4y, x, we have

+ ot
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E sei veell. Bei festem C seien A und
B in der Ebene auf rechiwinkligen
Achsen abgetragen. In einigern Abstand
vom Nullpunkt sind dann Nikerungs-
losungen in der Nihe der

1. A-Achse (B=0):

E must be taken as real. € being con-
stant 4 and B may be plotted in the
plane on rectangular axes. We then
obtain approximate sclutions at some
distance from the origin in the proxi-
mity of the

1. A-axis (B=0):

c — 7
a=—V—5, m=ty—F, n=a AI>>Eh

9 schiefen Achsen B = +Ed4:
[
Iy =g

3. B-Achse (4 —=0):

B
Tg= 2y = 4; N

9. inclined axes B = ;t.E{h\
{

N\

3. B-axis (4 =0 )

o€ et VB, me—V=B @55 E

Fir L#sungen, die mnicht von der
GroBenordnung E sind, gelten die wei-
teren NEherungen:

s ALVESD,

@ -

BiYB
EV N
Von sinem Niherungswert X gelangt
man za einem besseren X durch,

For solutiond. differing considerably
from E w¢ abtain the approximations:

| Yel>> 1Bl

~

_-—~ﬁiii—gs |z <<| El

Trom an gpproximste value X we
get a better value X, by
2H?

2

+ 8 )
Xlﬂx‘;l\}:]'%rs+(—f— )N-i*-"s

wo O

| whers

Nr=C+X[(X(4— X)— B]

o
§‘ N=B+ X(3X—24)
A\ H=A4-3X
O C+X12X—4)
™ X+r=gixsx—24’

vorausgesetat, dad |r| << |X|. Wird
X willkirlich angenommen, so zeigt
diese Ungleichung, wie 4, B, € beschaf-
fen sein mtisgen, damit X niherungs-
weise eine Losung ist. Aug X = 4 er-
gibt sich z. B. so als Desserer Wert

assuming that |r| << | X|. For arbi-
trary X this inequality shows how
A, B, C must be constituted so that X
may be an approximate solution. E. g.
from X = A we obtain a better value

4*+ ¢

X+Tﬂ=m|

wenn

| if we have

|0 — AB << | 4%+ AB}.



111, Kubigche Gleichungen,

22

IlI. Cabic equations.

Zuweilen kommwi man durch wieder- |
holtes Einsetzen bequemer zn genaueren
Werten X,:

More accurate values of X, ure some-
times obtained more simply by iteration.

B, ¢
Xymd -3+ 4
~ X
X1-§-+X‘A—B-—

B, X' ¢ O
Xi=z+7-1x A
Xla_]/_B+AX+§ O

0 X" BX AN
N-)-5+ 54 K0

jedoch nur, wenn die Ableitung des be- |
nutzten Ausdrocks fir X, einen kleine-
ren Betrag als 1 hat. Unter den fiinf
angegebenen Ausdricken fiir X, wihle
man einen solchen,

B. Es werde gesetzi: %

x:—E“=—U_"}~.A|=-

Dann folgt ~ [

W~ qut 4 buss1 =0,
(Zurtickfithrung auf C =1). Da diess |
Gleichungen in g, b lihear gind, stelten -
in der Ebene (4, b)@i6 Kurven u = 1/u
= konst. Geradef dar (Fig. 8). Schrig
nach rechts Gh\eg\hin hat man drei posi-
tive Wurzg‘i{,mc}uﬁg nach links unten
hin eine positive und zwei negative.
Nach obies und unten hin hat man zwei
groBd mnd eine kleine Wurzel nach
litks) und rechts hin ejne groBe und
zwel kleine. GroBe komplexs Wurzeln
finden sich in der Nihe der positiven
h-Halbachre, kleine in der Nihe der
positiven a-Halbachse. In diesen Go-
bieten seien die drei Wurzeln

Uy > 0,

)

Dann ist f

2
== —— ¢o8 9§ + u,,
Hy

AL

sy L e

however,\only if the derivative by X
of the gxpression vsed for X, is of smaller
megpituds than 1. We have therefore
td{ choose an expression of this kind
among the five given.

B. Substitating:

Ea, B-=F.
We get
P bt ar —1<90

{Reduetion to € me 1). These equations
being linear with respect to b, the
CUrves % = 1/y — const are straight
lines in the (a, b) plane (Fig. 8). Towards
the right top corner we have three
positive roots, towards the left bottom
corner we have one positive and two
negative roots. At the top and bottom
we find two large and one small root,
on the left- and righthand side one
large and two small cnes. Large com-
plex roots can be found in the proxi-
mity of the positive b-half-axis, small
ones near the positive g-half-axis. In
these regions let the three roots be

1 —
g em — g ',
Vi,

Then we obtain

b= QViTchsq—f-i—f--
1
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Hiernach kannman die Kurvenq=Lkonst.
goichnen. Bei kleinen und bei groBen w,
fallon sie anpshernd mit Asten der
Parabeln

a = 2¥b cos u,
susammen, Die Kurven 5 = 0° und
n=180" enthalten die Fille der Doppel-
wurzeln und grenzen das Gebiet der kom-
plexen Wurzeln ab. Rein imaginire
Waurzeln finden sich auf der Hyperbel
ab=1(a,b>0) sie bildet die Grenze

From these eguations the curvesp=const.

can be drawn, For small and large values
of », they neerly coincide with the
branches of the parabolae:

b=2Vacosy

The curves 5 = 0° and % == 180% con-
tain the cases of double roots and mark

- the boundary of the region of com®

plex roots. Roots without a repl, part
are to be found on the hiperhola
ad =1{a, b>> 0) which forme_the boun-

#N

\

- AR, 0 7 5 a® .3;0% ;.ojf /“’J, 1w
28N 857 50 12 il f SN & /[’5 ¥
7 ..-—--"'"T‘ "'f‘fz o8
-2 |1 \
| .‘"%«# a8
A28 " =" Lo
-18, L o / oom'
_,)r"’" IT‘/"IP L 70°
T
oo _ o
k' I | 66
NN / i
-0k i . d 0°
- v B / 4/ 5 3 7
R gl
K ; _
- 3 13
825 X ﬁ L r26°
’0 Q_ i .. =
At : ;
-azoms k ) !_/ { 3
=18 % -.;59'}
o s,
/ 3
= &% - ‘lr + P~ o8
\ZA i
Z L SN
e A
::,a 69 50 U Bots b e de o O

¥ig. 8. Die kubische Gleichung 14 aw?=u'+ bu. In der I*Iber:f: w2, b die Geraden
« == konst. und die Kurv }
Fig, 8. The cubic gquation 1 + aui = u.’ -4
« — const and the curves 0= const (u = 8¢

en ¢ — konst (1 = 8¢
bu. In the (g, b} plane the straight lines

!li‘.
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II1. Kubische Gleichungen.
1. Cubic equations,

ewischen den Gebisten positiver und
negativer reeller Teile. (Zu Gleichungen,
die drei Wurzeln mit negativem reellem
Teil haben, gelangt man erst durch’ ein
negatives ¢ und E.)

Im Gebiet ~7 <{a,6<C7 kann map
aus der Fig. 8 zu gegebenen a, b Nihe-
rungswerte flir die drel Wurzeln ablesen.
AuBerhalb der Figur kommt man den
Wurzeln durch einfache Ausdriicke um
8o niher, je weiter man vom Nullpunkt
entfernt ist. Einen Anhalt mgen die
Beispiele der folgenden Tabelle geben:

dary between the regions of positive
and negative real parts. (Equations
which have thres roots wiik negalive
real part are only obtained when ' and
E are negative.)

In theregion — 7 <C a,b << 7 BpProxi-
mate values of the three roofs can be
read off from fig. 8 for given valuesof g, b.
Outside the figure the roots sfiay be the
better approximated by giraple expres-
sions the further we ,dre\ from zero.
The examples of the\Following table
may serve as a qlg’g:" .

a=—100 a=0 ALY amt00

—100 = 0005 AND| 4100
8 { + 10103 + 0,000 000005 - 10101
;- — 1,020210 ++10,000002 + 1,000 000

+ 001 + 00N 4+ 0,010102 64
T 1 - oooossos | L gooooor

—100 .;.efi»smm —~  0,00005

+ 00001 f _ + 0,000 000 00001
T 1 - 000500 NI=-05490866 iy ig) |
o “.‘\ F £ 0,000 000 02

+ 01 N4 1,000 000 100,000 1

2 ooooosdes | T *
2 — 100,950 - 10 - 1
g B + 0.005003 + 0019810
bl ~ls0 - 0,010 060 01 ~  0.010102 06
A ANk 000009804 .
WP T 1000000 + 10,004 997 +100,990 3

~
03 Setzt man | €. Substiteting:
43 AB ¢ A
-Gt -5 s=ky+ 3
1 4
sel(s — 8 =»
;o nimmt die kubische Gleichung die |‘ the cubic equation assumes the form
arm .
¥+ 2=3py

80, und y wird eine dreiwertige Funk- |
tion der einen Veriipderlichen 3p und
188% sich in einem endlichen Bereich so

and y becomes & trivalent function-of
the single variable 3p and can be tabu-
lated in a finite region as accurately



111, Kobiache Gleichungen.
I[II. Cabic equations.

25

genau, wie man will, tabellarisch dar-
stellen (Zahlentafel mit Fig. 9). Fir
dis drei Liésungen gilt

i+ Y2+ ys*O,

Fir 3p=23 wird g, =gy =1, gy=—2,
und fitr p <71 erhilt man zwel kom-
plexe Wurzeln:

1 1

* s

as required {Table with fig. 9). The
following equations hold for the three
golutiona

1 3p

+—-='—2-! 3]1!}9;‘}:“"“2

|
|

When 3p = 3 we obtain g, = ¢ = 1,
yy——2 and when p <1, we hava j;{'o
complex roots:

p=y iy =y n=—2¥, \\“\
=83, Yo 51 ys— — 25 co ¥
Dabei ist | Here we have o \‘ .
—igt— L, i VRN ';,}
3p =4y 7 y !ft\\,‘y
1 1\";“ o
§ == s cos 6 == 9 VY.
vy :‘8?
":.. ! ?
|| /74
I S W/
H
1] Z 1
<] |
L ,
HA A1
RO
LN
I/ ] 5 +10
—vp

Fig, 9. Die kubische Gleichung y“F

Fig.y. The cubic eq

J.2=3py. Die Losungen Yo =19 + iy = 8"

orktionen von 3p. . i

wation ¥*+ 2=3p¥ The solutions y, =y Tty = &!
as tunctions of 3p.

als
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III. Cabia equations.

Fir die Lisungen gelten die folgen- For the solutions the following approx-

den Niherungen: imations hold:
1. 3p = — N ist eine groBe negative 1. 3p=-—N is a largs negative
Zahl (N >>1): number (N >>>» 1):
1 1 4 48
STEnTE o tw o
- 3
¥'=VN + SN

I YN 8N YN

2. 3p is a small { pbaﬁive or nege-

2. 3p ist eine kleine (positive oder
tive) number (irf Sz 1):

negative) Zahl (|p| <<1):

T
< %

- —Z743 , P 2n—3 1/_2_ 3,70,
v, Wa + 25 12%&'3’\‘ -+ 3

Ve

it
mi | where O

s LT e ?
PR s=—”‘—;'f§~,\ n=12 3,

V2 = 1,2599 = 1/0,79370,
3.8p=3, p=1-g Pal-p<<t,  r>0:

1 SR | rt P ro
f‘—iﬁ?l—ﬁ—ﬁ“m*ﬁV“”
.iw,;-_ Bt rt .
W Ertgtmtast
4. 3p=—.3{~:~’p—1—+ g2 P=p—1<<l, ¢g>0:
m\J - [
‘§> o=l + g F -t
R S S
gh=l+F—gm+
~Q .Bp == 1 N ist eine groBe positive §.3p=-+ N ig a large positive
Zabl (N >> 1) number (N >>> 1)

4 . 105 8 _

1 3
VN - = F - 2 10 F
hoe= ¥ T anyN N U gnsym N
1, 4

i
toh=—gtmt ot

Uber Gleichungen vierten Grades s. |  For equations of the fourth degree
J. Sommer, Aun. Phys. 58 (1919) ; of. J.Sommer, Ann. Phys. 58 (1919)
85.375 und F. Schilling, Math. Z. 34 p-875 and F.Sehilling, Math. Z. 34
(1931) 8. 50, (1981) p. 50.



III. Die kabische Gleichung *+2=3py.

. III. The cubic equation 34 2=3py.
3p Y y’
-1 a 3p y.ﬂ yu § G
NI EEL
N ~ W N*+_-;-5INI+ _25 l_is
ons N aNT|—50 [0.19414
—a,g 0.10060| 3151 | 3153 {o.97ess| —48 | 776 2‘22{11 Rl R
161 35 37 938| 8 | 0.2015 a 3
7 265] 20 21 506 - 13 28 23
o u 21 ) 7 054 | 2,187 07 07
81 3700 qom | 3,009 aral & ?933 gg 2,185 | 0.9389
g ggg gé gg 806 4 1] 3l 33 Z\i
2 81561 39 41 ;gé g %%ﬁ 87 240 %
2| ey 3 4 e 2,087 12,083} 10
ofoiosi| o6 [ o8 | eslf o i1 I Rl
—8-3 %gg 2.9!;3 zagg go] ~30| a9 18 23 Ei
sao| 8| 472 {19958
A 9958 ¢ 11 15
g 55| 39 gg 23{15 E g%g (4 7] 1oma 0
51 689 22 25 a5 51 64 23? 1 o
a| g6 o5 | 08 ao] 2 zmg\‘ 026 o
3 966 | 2,888 | 2.891 364 3], 8772 | 1.8790 o5 e
2 loaz109} 71 74 7l 2 "1339 559 1.8093 | 0.9067
1| Tos5| 54 57 268l 1D s08 2 ol 3
ol 405( 37 39 nsl ol 90| 073 4 0'8323
-7.9 558 19 2 166f°>2.9 | 0.3085 | 1.7833 | 093
al T @ 04 wal' 8| 1| 591178 o
21 76| 27ma looer | B8] 7| 22| 348 ’ ga o
6 [0.13041] 66 69 |~ 001 6 295 105 223 ?‘33
i g;g 48 g1 dovesdz] 5| 381 [1Lesely 197| 740
30 {880 88
31 bez| 12 \‘.{gﬁ 819 43 ggg g%'g Lsggg ggg
2| 745] 2694 2697 mss] 21 es7| 1287 537} 581
1l sl e ™ gasl 1| 7sefises3| 32| 52
. 0foaazs| a7 6l ga] o es5| 6| 107 s
—69] 322|038 42 saal 19! o8| 395|185 | 398
8 gh& 19 24 4l B |oasvea| 1s1| 68
7 % 0 05 a7l 7| 173 ] 14908 S 33%
6| ga0] 2582 | 2,588 el 6| zsa| ees| e8| 190
2’ \{1,15;70 83 67 sl 5| 28] 43| om0} L6
4 a7| 44 48 el 4| 51
37 &nl| 25 29 oe3l 3| 633 1.35133% Mggg 073%3
51 87| 05 2 logson| 2] m3| 73} 504 "874
1 |o.a6119] 2,486 | 2.1 ol 1] sw| 4es| 32| 788
53 a7a| 66 71 mol 0|osoe0| 229 142) 698
—5, 837! 46 52 g77] -08| 126|128
| 08} 26 32 sml 8 253 958 13337 2{1]%
7 {0,17187 12 w0l 7| 381 5| ex| 417
81 a76| 2386 | 2.392 s 6| su| 2o2f 47y 3
5f 773 72 a5l 8| ;| oe1| 315) 215
4 loasosl] 45 52 | a| w2liisse| 183, 110
3| ae8| 24 % losssri] 3| so3| ss8y o1 003
2l 76| 03 11 asal 2 ]os03s | 37012872 | 06893
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28 II. The cubic equation Y4+ 2=3py.
39 yl glt ' u 3p y’ yh s ﬂ
+0.0 [0.6300 | 1,0911 [ 1,2599 |0.6667 |+2,40]0.9318 [ 0.4528 | 1.0359 0.2979
1 432 683 469 | 550 2| 341 448 96 | 829
2 564 453 3431 430 4] 385 369 34 779
3 698 293 221 309 6] 388 288 a1l s
4 827 ] 0,9993 2] 184 gl 4 206 08 676
5 959 761 | 1,1988 | 057 f42.50] 434 123 11,0298 | 623
6 |0.7080 528 877 {0,5928 2| 457 038 83 [~ 569
7 220 294 769 795 4} 480 | 0,3962 714\ “514
8 349 058 B6S { 681 8| 503 863 58 " 458
] 478 [ 0.8620 564 623 8] 528 2| dB 401
+1,00| 607 579 466 | 382 |+260| 549 680 1C) 33| 34
05] 671 487 18] 310 2]l &7 5861+ 211 oamm
| 714 335 kil 238 4| 585 489 0| o920
157 798 211 324 ] 185 6] 617 | %389 |1.0197 1 157
20| 861 087] 278 o090 8| 640 J-\\28e 85| o092
25 924 | 0,7962 2331 o015 270! 63 181 731 625
30| 987 836 189 | 6,4939 2| 686 072 61 10,1955
35 0,8050 708 145 82 4} ¢ 0,2059 49 883
0] 113 579 102 784 6|\ 731 842 37| 809
45{ 175 448 060 | 705 ) 8y 784 719 25! 73
500 o237 318 0181 s24 |+2.80] 778 592 141 650
55| 209 185 11,0977 | 6543 Jo8"1| a7 526 68 [ 508
80F 361 050 9367 460.]" 2! 799 458 02 565
65| 422 | 0,8914 896 | 3w 3| 810 388 | 1,0096 ;| 520
70} 483 7768 856 | ~2p0 4] @21 316 91| 474
75| 544 635 8184\ 203 5] a3: 243 85 | 428
80! 805 493 78004 " 115 6] 844 168 79 380
85| 688 348 42| 025 7| 865 087 73| 329
80| 728 201 0.3933 8| 866 004 68} 278
95| 788 051 4N\ 688 | =839 8f 877 | 01818 62 231
+2.001 84 o.sggg 832 743 |+2.90| 888 829 56 | 164
2| 81 ¢ 618 705 1 900 735 81| 105
4 894 | 773 8031 685 2| e11- 836 45 1 042
6] 918 ¢\V710[1.0588 | &25 3{ 922 530 39 | 0,0974
8 842" 646 75{ 585 4| 933 416 341 an
+2.10 936 5BI 61 545 5| 944 292 28 { 823
2|89 518 471 504 8| 955 156 2| 738
4108013 451 a3l 483 7] 987 002 17] 638
6] 037 385 131 421 8| 978 | 0,0918 1] 52
8] o060 318 06| am 9| 989 679 06| 389
+2,20] o8¢ 260 | 1,0492 336 T vy /e
2! 108 | 18| 78| 2a3 Vit L V3t
4| 13 112 650 249 13—ef ;2 ) 14
8f 155 042 52 205 $rey/e 18] e l/";
B 178 | 0.4972 38 160 Y 3 27xV 3 1
2| 295 827 12| 089
4] 248 753 11,0398 | op2
6] 272 878 85 10,2975
8| 295 603 72 927
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II1. The cubic equation *4+2=3py. 29
ip " Yy Ys ap ¥ Yy Vs
3,00 —2.000
2
34e 1+]/ﬂ+-1—]/3+, —2-21 380 | 1508 | 05768 [—2173
301 | 1,058 | 0.941 |-—2.002 2 { 1,6041 78 77
2 837 208 04 4 123 688 81
3 | 11032 034 07 8 204 648 85
4 198 | 0.8890 09 8 984 610 ]
5 344 766 11 3.80 364 572 94
8 479 654 13 2 444 535 AN\ - 98
7 603 552 15 3 521 498 { 5,002
8 719 458 18 6 598 462" 08
- 828 370 20 8 B75 42 10
310 933 288 29 4,00 751 | .4 392 4
1 | 1,2032 211 04 05 938 (> 308 5
9 128 137 27 10 | 17measy” 296 35
3 220 067 29 15 4 148 15
4 309 000 3 20 | M8l 073 56
5 396 | 0,793 33 95 |/, 656 000 66
8 479 874 35 30.0 % 827 | 04330 8
7 561 815 38 35, 996 862 86
8 640 757 40 (40" 1.8163 796 96
9 717 702 42 45 327 733 |-2.306
3.20 793 548 a4 50 489 8§71 16
2 340 545 4853 55 648 611 26
4 | 1.3080 448 Ni< 60 806 553 36
B 218 356 | A 57 65 961 497 46
8 348 268 {(\" 62 70 | 19115 442 56
3.30 475 1840 66 75 266 388 85
2 539 %g% 70 80 418 338 75
4 719 75 85 564 286 85
6 | 837 0,6953 78 90 711 237 95
8 95IN< 88l 83 95 856 189 |—2,400
3.40 | 1.4084™ 812 88 5.0 2,000 142 14
2 174 746 92 1 93 05% a3
4 281 661 96 2 56 0,3966 53
g |\ as? 618 |—2.101 3 83 8684 7
goht 491 557 05 4 2,110 806 91
50, 593 498 09 5 3 731 |—2.509
’33. i 693 441 13 6 62 659 28
4 791 385 18 7 88 580 47
8 888 331 22 8 2,213 524 65
8 - 984 278 26 ] a7 480 83
360 | 1.5078 996 30 6.0 62 399 |—2.602
2 171 176 35 1 86 340 20
4 263 198 39 2 9,310 283 38
6 354 078 43 3 33 298 56
8 443 031 47 4 56 175 g4
3, ,5985 52 5 79 124 1
7‘3 2?% 0 940 66 6 2,401 074 1—2.708
4 705 896 60 7 24 027 26
6 791 852 64 8 46 0,2980 a4
8 875 810 68 3 88 935 61




IM. Die kobigche (Gleichang y*+2=3py.

30 III. The ecubic equation '+ 2=3py.
3p # ¥s ¥ 3p ¥ Ys Ya
7.0 2,489 | 02892 |—2.778 80 | 2882 | 02236 [—3,106
1 2,511 849 1 2,900 210 21
2 o 809 1—2.813 2 18 186 38
3 53 768 30 3 36 161 52
3 73 730 46 i 53 138 67
5 94 693 63 5 71 116 82
6 2.614 656 80 € 88 093 88
7 35 821 a7 7 3,006 071 |-3013
8 54 596 |{—2.913 8 23 050 | 78
9 74 563 30 8 40 029, ) a3
8,0 94 520 a6 | 100 57 008, 58
1 2,713 488 62 3,141 03811 {~3.332
2 33 457 78 | 1.0 922 {824 404
3 52 427 35 b 301 744 475
3 71 397 {—3.011 { 120 3718, 4% en 545
5 80 369 99 & 453 603 813
6 2,808 340 a3 | 13,0 528 541 680
7 27 313 58 5 | /598 484 746
8 45 288 74 | 140 ¥ “ess 431 a1l
9 64 260 90 NS A 381 875
1500 | 804 335 938
\\ o1 le s L
Y M| wtsa Y w
..{

1v. Elem\eMar—transmndenta Gleichungen.
iv. Llementary transt‘endental equations.

- \)ﬁer mit
I tgz =g tgf=_ with % (ﬂ-l- )x—-E—-a-—E-
JDsun \ 1 ! 13 146
Sulutg\ ""““‘“"3}3"@"10—@“"‘
. 4 o\. 3
< ﬂ\: N | Max. /ein x " z Max. (s_iitﬁ) :
Min. (}) " Min. \ x

1 1 11 32,9564 +-0,0303
2 4.4934 —0,8172 12 36,1006 —0,0277
3 7,7263 +0,1284 13 39,2444 +0,0255
4 10,9041 —0.0913 14 42,3879 —(,0236
& 14,0662 +0,0708 16 45,6311 +0,0220
B 17,2208 — 0,0680 16 48,6741 —0,0206
7 20,3713 -+0,0490 17 51,8170 +0,0193
8 23,6196 —0,0426
9 26.6661 +0,0376

10 29,8116 —0,0336




[V. Elementar-tranezendente Gleichungen. -
1V. Elementary tranacendental equations. 31

2, zigzx~=1 Cigzx=2; x=11I199678...

or

2x
8 tgr =5 @m=0, 7= 118,26 750 73 == 340,35 155

P
Lotgr=Fos m=0, o= 33,
oder = , reell oder
5., a) Tgz == —ctgz = cos (xy20) =cVi (c mal) or
. it d ’
tgE=¢ 2 m;h a:-(n~%)::—§ oorar cos 22 Cof 22 = — v
2= 23070, 3= 52978, ... ' .\' N,
oder . e - reslly oder
b) Tgr=—tgz . sin (zy2i) = sy —1 (s re&l or
_ d
ipf—e B mﬂ; x—(n~—)n:+§ 00:1- cos23ﬁ§§n§2x=+1:
Iy—= 0,- &y = 2,3650 Ty = 5497&
oder reel] oder
¢) Tgx —~+ tgx ,, sin (zV2%) = s)(a ( raal) or
tgi-—=e_“’ “IE?L x_(n+ ):z-j‘.i.'; ogfr cos22Cof 2=+ 1:

Ty, 2= 3G 20 T0685
or reell oder
d) Tgzx =+ ctg=z Om. ‘505 (“’ V2i)=cV—i (c real) or

tgg=g”3" mlt %6%-1— ):r+§ Og:r cos2x Cof2x= -1t

W
zp= 0,9375) 21— 39274, 2= T7,0685,

e) Zusammauiassunghwser vier (lei- e) Summary of these four equa-

changen: tions:
cos 2 x (Slitsﬁx = + I:
" mit
F ’“("i '( 18, with
L
17 56 nt )
L ) S hE W gt o= dt3)
q qw . q k4 q V=g 47
075 2.356195 0.25 0.785398 0.5 0_:207 880
1.7% 5497787 126 3,926901 1.5 _:898 329
275 8.639380 225 7.0688584 2.5 "\:388 203
3.75 11,780973 3.25 10,210176 3.5 17'67758

4,76 14.922565 4,35 13.351769 45 724947
4 = 0,4 - 107 29 = 29. 10



¥. Die Funktionen tgx eina
32 V. The functions tg o
V., Die Funktionen x tg x, t—--iw und s‘f‘ x.
Y. The funections « tg o, B2 ind me-
[ = I "'\i
tg > Ain @ tg x

t g x min i g L11
tea| clgw z z [T=| *&C P
000! 0 | 1 1 0.40 | 0.18912 1.0670 :
0.01 | 0.6°10000 | 1.0000 Loooe Jo41| 01782 1&01 333;33
0.02 | 0.0%4001 1.0001 09999 1p42] 01876 L.10633 | 0.9709
0.03 | 0.0°9003 1.0003 09998 [043[ 01972 .1{/>1,08686 0.9695
0.04 | 0,0°16009 | 1.0005 09397 |0.44 | 0.207h,N  1.0700 0.9680
0.05 | 0.0°2502 1.0008 09996 |0.45 | 0.2t 1.0735 0.96
0.06 | 0.6:3604 10012 09994 {048 02279 1.0771 o.esg{f
0.07 | 0.0°4908 1.0018 0.9992 | 0.47 [ 62887 1-0808 0.9638
0.08 | 0.0°6414 1.0021 0.9989 | 048 J-0.2499 1.0846 0.9620
0.09 | 0.0°8192 1.0027 0.9987 | 0.49. 0.2614 1.0885 0.8505
0.1¢ | 0.010033 1.0033 0.9983 {0.507] 0.2732 1.0926 0.9589
011 0.012149 1.0041 0.9980 ~}0%51 [ 0.2853 1.0968 0.9572
012 | 0.014470 | 1.0048 0.9978] 0.52 | 0.2877 1.1011 0,9355
0.13 | 0.016998 1.0057 0.9972° | 0.53 | 0.3105 1.1055 0.2538
0.14 | 0.01973 10066 | 0:9867 ;054 | 0.3237 1.1100 0.9521
015 0.02267 1.00768 JN\0"9963 | 055 | 0.3372 1114 0.9503
0.16 | 0.02582 1.0086 7N 0.9957 | 0.56 | 0.3511 1.119g 0.9485
0.17 | 0.02918 1.0039?\ “ 0.8952 10.57 | 0.3654 1.1245 0.3467
0.18 | 0.83275 101 0.9946 {0.58 | 0.3800 1.1238 0.9449
0.19 | 0.03654 L0322 0.9940 |0.59 | 0,3950 1.1348 0.9430
0.20 | 0.04054 D GQl0136 0.9933 [ 0.60 | 0.4105 . 0.9411
021 0.04478 10150 08927 10.61| 0.4263 Hgg% 0.9391
0.22 1 0.04920.{) 1.0165 0.9920 {062 0.9425 11515 | 0.9372
0.23 o.g‘%g b 1.0186 0.9912 {0.63| 0.4593 1,1573 | 0.9352
0.24 | 0 1.0197 0,9904 {0.64| 04765 1.1633 0.9331
0.25 | 0:06384 1.0214 0.9896 | 0.65 | 0.4941 1.1695 9,9311
0.23\. ,06917 1.0232 0.9888 |0.86 | 0.5122 1.1759 0.9230
007y 0.07473 1.0250 0.9879 |0.67| 0.5308 1.1825 0.9268
0.28"| 0.08051 1.0270 0.9870 | 0.68| 0.5499 1.1892 0.9247
0.29 1 0.08654 1.0290 09860 10.69 | 0.5695 1.1981 0,9225 !
0.30 ;1 0,09280 1.0311 0.9851 {0.70 | 0.5806 . 0,9203 |
0.31 | 0.03930 1.0333 0.9841 |27 0.6103 i%ﬁ’%& 0.9181 |
0.32 | 0.10604 1.0356 09830 {0.72| 08315 1.2181 0,9168
0.33 | 0.11303 1.0380 0.9819 |0.73| 06533 1.2259 0.9136
0.34 | 012027 1.0404 0.9808 | 0,74 | 0.8757 1.2339 | 0.8112
0.35 | 012776 1.0420 0,.9797 | 0.75{ 0.6987 1.2421 0.9089
0.36 | 0.13550 10456 0.9785 | 0.76 | 0.7223 1.2508 0.9085
0.37 | 014351 1.0483 0.9773 | 077 | 0.7468 1.2593 0.9041
0.33 | 0.15178 1.0511 09761 |o.781 0.7716 1.2683 0.9018
0.39 | 0.16031 1.0640 09748 |0.79| 0.7973 1.2776 1 0.8092




V. Die Funktionen gz sinzx
V. The functions ¥ %%~ — 33

5 gz ginz tgz 8in x
ta| *h < = | Ee| == - | =
0.80 | 0,8237 12870 | 0.8%7 |130| 4683 2,771 | 07412
0.81 | 0.8509 1999 | 0.8942 |1.31 4,909 2.860 | 0.7376
0,821 0,8788 1.3070 | 0.8916 [1.32 5.152 2.957 | 0.7339
0,83 | 0.9075 13174 | 08891 |133] 5418 3,062 | 0.7302
0.84 | 0.93M 13281 | 08865 |134| 5703 3,176 | 0.7265
0.85 | 0.9676 13392 | 08839 |135|  6.015 3300 | 0.7228
0.86 | 0.9989 1.3606 | 0.8812 |1.36|  6.356 3436 | 0:7190
0.87 | 1.oaiz 13624 | 0.8785 |137] 6731 3.586 {07153
0.88 | 1,0645 13746 | 08758 |1.38 7,145 3.752 {07115
0,83 | 1,0988 13872 | 0.8731 [1.30|  7.604 3936)] 0.7077
0.90 | 1.1341 14002 | 0.8704 |140] 8117 4341 | 0.7039
0.91 | 11706 14136 | 0.8676 |1.41 8693 | 4373 | 0.7000
0.92 { 1.2082 1.4275 | 0.8848 |1.42 9345 | ‘OwBas | 06962
0.93 | 1.2470 14418 | 0.8620 |1.43( 10.089N 4934 | 0.6924
0.94 | 12871 1456 | 0.8591 ) 1.42| 10947 5279 | 0.6885
0.95| 1,3085 14720 | 0.8562 |1.45| 11845 5681 | 0.6848
0.96 | 13712 14873 | 08533 |1.46| 2323 6157 | 0.6807
097 | 1.4154 15043 | 0.8504 |1.47 f\,~34.534 6.726 | 0.6768
0.98 | 1.4611 15214 | 0.8474 | 1.48°A\16.256 7.421 | 0.6729
0.99 | 1.5084 18391 | 08445 |149Y) 1840 8.288 | 0.6890
1.00| 15574 15574 | o.8a15 |07 2115 9,401 | 0.6850
1.01 | 1.6081 15764 | 0.8384 Y L51| 2481 10.880 | 0.6610
1.02 | 16607 15962 | 0.8354 [152] 29.90 12.940 | 0.6570
103 | 1.7152 1.6187 | 0.8328 |1.53| 3748 16012 | 0.6531
104 | 17718 16381 |,08292 |54 4999 21.08 | 0,8450
105 1.8306 1.6603 ¢N'0.8261 [1.65| 7452 302 | 0.6450
1.06 | 1.891 1.6834¢ 7 0.8230 | 1.56 [ 144.49 5937 | 0.6410
107 | 1.955 1.7075\" | 0.8188 |1.57 | 197156 799.8¢ | 0.6389
108 | 2.021 1;7326 0.8166 ; ao 00 0,6366
1.03{ 2.090 Ik PP T S B e
H? g-é% ' %g?g% g;glllgg 159 | —8279 | —3275 | 0.6288

: 4o NG ) 160 | —54.77 | —21.40 | 0.6247
M2) 23S L8| 0BT 161! Tanes | —15.835 | 0.6208
11| 238 1e Ong7o | 162 | —3290 | —12.535 | 0.6165

14| 248 : 163 | —27.50 | —10.350 | 0.6124
Hg\ '3,570 1943 gggg; 164! —23.66 —8.797 | 0.6083

% h 2,663 ! ' — -1 ,
117 2,761 2017 | oo |65 —2078 | 7636 | 0.6040
1.18 | 2.864 2.057 0.7836 1.87 | —16.779 —6.016 0,5959
L19 | 2.973 2009 | OT80L |qgg| 15303 | —5.409 | 0.5917
1.20 | 3.087 2,143 | 0.7767 [1.68] —14110 | —4.940 | 0.5875
121 | 3.207 2.196 0.7732 | 1.70 | —13.084 —4.527 0.5833
1.22 1 333 2.240 0.7698 |1.71( —12.205 —4.174 0.5791
1,23 | 3.468 2,293 0.7663 |1.72 | —11.442 | -3.868 | 0.5749
124 | 3811 2.348 0.7627 [3.73 | —10.775 3800 | 05707
125 | 3762 2.408 | 07592 [1.74) —10185 | —3. :
196 | 3.923 2.471 0.7556 |1.75] —9.661 | —3.185 | 0.5623
127 | 4.084 2,538 0.7520 {176 | —9.191 | —2.967 | 0.5580
Lk BE e R )
123 | 4473 2688 ' 179 —8035 | -2.508 | 0.5453



Y. Die Fonktionen tgx zingz
34 V. The fanctions % 8% Tz
tgz sinx stz tga sinw
Tz Tigx x x t= tg T x
1.80| -%715 —2.381 0.5410 |2.30| —2.574 —0.4866 | 0.3242
1.81 |  —7.422 —2.265 06368 |231] 2534 —0.4749 | 0.3199
1.82| -T161 —2.158 0.5325 | 2321 —2.494 —0.4634 | 0.3156
1.83| —6.901 —2.061 0.5282 | 233 —2.455 -0,4523 | 0.3113
1.84! -6.669 | —1.970 0.623% |2.34| 2417 —0.4414 | 0.3670
1.85f —6.453 | —1.886 0.5196 (2.35| -—2.379 —0,4308 | $3028
1.B6 | -6.251 —1.807 0,56163 | 236 | —2.342 —0.4205 \B.25385
1.87 | —6.082 -1.7336 0.5110 §2.37 | -—-2.30& —0.4104A| -0.2542
1.88 | -—5.885 —1.68851 0.5067 |2.38| —2.269 —0, 4006} 0.2899
1.89] 5719 —1.8009 05024 1238 —2.234 -0 3\9‘10 0.2857
1.80| —b.561 —15406 | 0.498] |240| --2.198 ~0,3817 | £.2814
1.91; -5413 | —1.4838 0,4937 241 | —2.164 50,3726 | 0.2772
| 5273 | —1.4304 0.4894 |242 | —2129 (]{~0.3836 : 0.2730
193 —5140 | —1.3799 0.4851 |2.43| -—2.085\Y —0.3549 ; 0.2687
194 5014 -1.3321 0.4807 | 244, —2.062 —0.3463 | 02845
196 | —4.893 | —1.2869 0.4764 | 2451 —=2.029 —0:3380 | 0.2603
196 | —4,979 | —1.2440 0.4720 | 246 | <1996 —0.3298 | (.2561
197 | —4.870 | —1.2033 0.4677 | 2.4% x\—1.963 —0.3218 | 0.2519
1,981 —4566 | —11648 0.4634 {248 —1.971 —0.3140 | 0.2477
199 —4.466 —1.1277 0.4590 2. 490 —1.899 —0.3083 | 0.2436
200 —4,370 | —1.0925 0.4546 0p250 | —1.888 —0.2888 | 0.23%4
2.01| -—4.278 —1.0590 0.4603 % 2.81 | —1.836 —0.2815 | 0.2352
202! -—4.190 | —1.0269 04453 | 2,52 | —1.8051 —0.2843 | 02311
203 —4,106 | —0.9983 04416 |2.63 | —L7743 —0.2772 | 0.2269
204 | —4.024 —0,9669 04372 | 2.64 | —1.7437 --0.2703 | 0.2228
205 -—3945 | —0.93887Y" 0,4320 |255| --1.7133 —0.2635 | 0.2187
2,06 | —3.870 | 09118 0.4285 |2.66 | -1.6831 —0.2668 | 0.2146
2.07| -—-3.79% | —0.8980 0.4241 |2.57 ] -—1.6531 —0.2503 | 0.2105
2.08! -—3.726 =0,8611 0.4198 |2.58 | —1.6233 —0.2439 | 0.2064
2.09 | —3.657 4208372 0.4154 |2.59| —1.5936 —0.2376 | 0.2023
210 | —3.59). 1 —0,8142 0.4111 72.60 | —1.5642 —0,2314 | 0.1983
211 | —35260| —0.7921 0.4087 {2.61 , —1.5348 —0.2253 | 0.1942
2.12 —3.464 —0.7707 0.4023 12.62; -—-1.5057 -0.2193 | 0.1502
2.13| <3403 —0.75(2 0.3980 ]2.63| —1.4766 —0.2135 | Q1861
2,14 N\ = 3,345 -0.7303 0,3936 12.64 | -—-1.4477 - 0.2077 | 0.1821
%15 ) —3.287 —0,7112 0.3893 |2.65| —1.4189 —2.2021 | 0.17812
L1617 —3.232 —0-6928 0.3049 §266 | —1.3902 —0.1965 | 0.17413
2¥{ -317 | —0.6747 0.3805 §2.67| —1.3618 —0.1910 | 0.17015
218 —3124 -0.6574 0.3762 §2.68| —1.3331 --0.1856 | 0.16618
219 —-3.073 —0.6407 0.3718 }2.69 | —1.3047 —0.1803 | 0.16223
220 | —3.022 | —0.6245 0.3676 [2.70 | —1.2764 —0,17508 | 0.15829
2.21 —2.973 —{.6088 0.3632 {3.71 | —1.2481 —0.16994 | 0.15436
222 —2925 —0.5935 0.3588 272 | —1.2199 —0.16488 | 0.15045
l223| —2.878 —0.6787 0.3545 §2.73| --1.1817 —0.15990 | 0.14855
2.04 —2,832 —0.5644 0.3500 {2.74| —1.1836 —0,15499 | 0.14266
23.25 1 —2.787 —0.5505 0.3458 12.75 | —1.1355 -0,15015 | 0,13879
2.26 —2.743 —0.5370 0.3416 1276 | - 1.1076 —0.14538 | 0.13483
2,27 —2.699 —0.5239 0.3372 |2.77| —1.0795 —0.14069 | 0.13108
2.28 —2,887 —0.5111 0.3328 |2.78 | --1.0515 —0.13605 | 0.12725
2.29{ -—2.615 —0,4987 03283 |279) —1.0235 —0,13148 | 0.12344




V. Die Funktionen
V. The functions * 8%

x
| . ==
! tzx sinx tg smx

& b Tl W T sas

o] et | e [y s | owr |
i 2.80 { —0.9955 —-0.12697 | 0.11964 {3.00 | —0.4276 —-0,04752 | 0.04704
12,811 —0.9675 —0.12953 | 0.11585 | 3.01 | —0.3984 | —0.04397 | 0.04359
1282 —0.,9395 —0.11814 | 0,11208 | 3.02 | —0.3690 | --0.04046 | 0.040186
12.83 | —0.9115 —0,11381 | 0.10833 | 3.03 | —(.3395 | —0.03698 | 0.03875
.2.84 | —0.8835 —0,10354 | 0,10459 }3.04 | —0.3099 | —0.03353 | 0.03336
1 2.88 | —0,8554 —(,10632 | 0.10087 | 3.05 1 —0.2801 —0.03011 | O. 9

%.86 | —0.8273 -{.10115 | 0.09716 | 3.06 | —0.2502 —0.02672 | 0.02663

2.87 | —0,7992 —0.03703 | 0.09347 {3.07 | —0.2202 —0.02336 |, 4-02330

2,88 | —0.7711 —0.09296 | 0.08980 | 3.08 | —0.1839 | —0.02002¢{\-0153%

2.89 | —0.7428 —0.086894 | 0.08614 | 3.09 | —0.15956 | —0.016711} (K016689

%90 —0.7146 —0.08497 | 008250 |3.10 | —0,12901 | —0,013495| 0.013413

£sl] —0.6862 —0.08104 | 0.07888 |3.11 | —0.09829 | —0.010162| 0.010157
12921 —0.6679 —0,07716 | 0.07527 [ 3.12 | —0.06738 | ,50:006922) 0.006520

2.93 | —0.6294 —0.07331 | 0.07168 [ 3.13 | —0.03629 4.5 0.003704| 0.003704

294 —0.6008 —0.06951 | 0.06811 | 3.14 | —0.0°500), —0.0°5072] 0.0°5072

295 —0,5722 —0,06575 | 0.064565 x 0 0 0 0

2.96 | —0.5435 --0.06203 | 0.06101 K7,

2.97 | —0.5147 —-0.05835 | 0.0674% "N

2.98 | --0.4858 —0.05470 | 0.05399 \¥;

2.99 | —0.4568 —0.05109 | 0.05051 )
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Fig. 10, Die Funktionen xtgzx, L

Fig. 10, The functions xtgsz,
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V. Wurzeln von g etg o-
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V. Roots of pectge-

/
&
W

& J0 awaﬁqu se 2 = . #4130 uonenba Ejuapuecsuei; ey jo & sooy 'al Fig

&

'* uoA whuoyRRGl siB ¢ = & 310 ¢ Funyomwyyy uamepuezeunyy 1ep ¢ wezmg ‘gl Hry

s\ S

] o 20 £ a..w ,.M L - & a e — » F
s&u £o- o~ - g & 5 r+ ) [0 £o— I- g8 @
“N + b 3 NN
RANN yari T LA LN TR "
N T N e b N e
LONINC LAV W A7) N ,
4 N AT NS
AN ; . N
£ / fm‘. \\ x\ 1 ___\ $ ys ./z h | o0
1 / M/ i / \ ‘W. /f
o / \e |/ Vﬁ f \ EATape // [ / _
K JV' \mvw \ . y ...\. R
A / Ap
. AN Wy (s A7
v ..w.1 \\ r.N. S




V. Die Funktionen ptg ¢~ nnd goige-.
V. The functions gtge— and gctge-.

2 2 2 g 2 2
—;mtgz _;xctga: —z ;ztg.n ;mctgw — “:ctgz ;xctgx

0 0,000000 0,6366 | 2.0-| F 0.0000 F oo 40 F 0,0000 | F oo
0 0,015838 0,6314 |2.1-| + 0.3326 |+13.259 4.1~ | + 0.6494 |1+25.89
1] 0,06498 0,6168 | 2.2" 0.7148 8,771 42" 1.3647| 12.8%6
(] (,15286 0,5888 {2.3- 11718 4.514 4.3 2,193 8,439
¢ 0,2906 0.6506 |2,4-| 1.7437 3,303 |44- 3197 8.036
0 0.5000 0,5000 2.5 2,5000 2.500 J4.5- 4,500 4,{00
0 0.8258 04369 J2.6- 3,579 1.8800] 4.6 6:331 |. 3342
1) 1,3738 0,3567 | 2.7 5,299 L3757 4,7 9,294\ 2395
0 2,462 0,2599 2.8 8,617 0.90981 4.8 | 14.773. 1.5596
0 5,682 0,14255] 2.9~ | 18310 0.45931 4,9 | 30.94.7: 0,761
L0 |+ oo + 0,00000] 3.0 | = o |£ 0,0000] 50 :i::‘oo I+ 0.0000
11" i— 6,945 - 0,17422) 3,1 | —18,573 | — 0.491046:1-¢ £32.20 |- C.8978
1,27 |— 3,693 ~— 0,3899 |32 — 9,849 |- L0397§5:2"y~ 18,004 |— 1.6896
1,37 1— 2,551 — 06624 §3.3-]— 6477 |- 16814563~ — 10,402 | — 2.700
—-1,9269 |- 10172 |3.4-|— 4680 |- 2.470 54— 7.432 |— 3.523
-1,5000 |— 1.5000 F3.6°1— 3,500 |— 3.50006.5“|— 5500 |— 5500
. NS
-1.16256 ;— 2202 ¢$3.6°|— 2,616 |-44.4955 |66 |— 4,069 |— 7.708
~0.8662 |- 3.338 §3.7°|— 1.8852 | < 7262 |57 |— 2.904 |—11.187
—0,5843 |- 5540 [3.8-;— 1.2347)~11.895 |5.8-|— 1.8845|-17.851
“|—0.3009 |—11,996 §3.9"|— 06177 —24.62 5.9 — 0,9345| —37.25
F0.0000 [T oo 4.0 |F G0000 |+ oo [60-| F 00000 F oo
Ertgz E:rct x r?—; i:c\‘. x Emctgm Ex E;..-fgx -g—:tctgx
x " = g5y o | = LAl x* x #

F 0:0000 | F 30~ 0- 14+ oo + 0.00003 8,0 { & 90,0000 :F oo

+ 0.96§1 | A4.88.51 17| -44,83 |- 112450817+ 1.,2839: 451,14
20145+, £/19.082 2- | —22,159 |- 2,3304] 8.2 2,66431 25.237

s 4-|—10,185 |— 56376 |84- 6,103 11,562
6:300 6500 | 7,5 |— 7.500 |— 7,500 | 8.5~ 8.500 8,600

'\
N\ 8,084 4,795 ) 7.6" |— 5,522 |-10.461 |86 | 11,837 6.248
TN/ 13.149 3414 3 7.77 |~ 3,923 |-15112 |87 | 17,075 4,433

7
7

3210 12364 |73-| - 14327 |- 3720 |83-| 4229 | 16290
8.809 |74
7,5
7.6

20.93 2209 }7.8- | — 2.5344 | -24,006 | 8.8 | 27,084 2,8593
43,56 1.0928§ 7,9 | - 1.2512|-48,879 189" | 6619 | 1409
E e 4 600001 8,07 F 00000 [F o 8.0"+ o i;t 0,0000




V1. bie Expounentialfunktion e+,
V1. The exponential function '/~
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Fig. 15. Hohenkarte und Fig. 14. Relief der Exponentialfunktion _
Y (g, p.4B).

Fig. 18, Altitude chart and fig. 14, Relief of the exponential function s¢'”=¢



VI, Natiirliche Logarithmen.
VI Nataral logarithms.

-]

0 1 2 3 4 & 6 7 8 9

[

DER=-3EM O =OQ OO0 WP O CO-JMO RWNHD WO-Jo0C BRWEHO WoO-IMO WD

60 000 100 198 296 392 | 488 §83 €77 770 862

953 *p4d *133 222 *310 |*398 484 *670 *6556 *740
01 823 906 983 *070 *151 |*231 *311 *3%0 *469 *548
02 624 700 776 852 927 %001 075 *I48 *221 *293
03 365 436 507 5677 646 | 716 784 853 920 988

64 055 121 187 253 318 | 83 447 b1l 574 837
700 782 824 886 947 |*008 068 128 *188 24\

05 306 365 423 481 539 | 596 653 710 766 822
878 933 988 *043 *098 |*152 *206 *259 *313

06 419 471 523 570 627 | 678 729 780  83)° N 381

931 981 *031 *080 129 |*178 *227 *275 l“32’4 *372

07 419 467 6514 661 608 | 655 VOl 747 993 B39
B85 930 975 *020 *065 |*109 *154 *198).*242 *286

08 329 372 416 453 502 | 544 587 B29C 671 713
: 7656 796 838 879 920 | 961 *002 X042 *083 *123

69 163 203 243 282 322 | 36l 400\ M39 478 517
783 821 858 895

933 963 *006 *043 *080 |*1i6 52" *188 *225 *260

L0 236 332 367 403 438 | 473\(\508 543 678 613
647 682 716 750 784 | 818°\,v'B52 B@6 919 953

986 *019 *053 *086 *119 | %151 *184 *217 *249 *g82

L1 314 346 378 410 442, 4474 506 537 569 600
632 663 683 725 786N VBT Bl7. 848 878 908

933 D65 *000 *030 %080 |*090 *119 *149 *179  *208

L2 238 2687 238 326, 355 | 38¢ 413 442 470 499

14 110 138 159 183 207 | 231 286 270 303 327

16 094 114 134 154 174 | 184 214 233 253 273

884 882 901 919 938 ] 956 974 993 011 *029

17 047 066 084 102 120 ] 138 156 174 192 210
228 246 263 281 299 | 317 334 362 370 387

780 7BE 783 800 817 | 93¢ 851 867 884 901

B




V1. Natirliche Logarithmen.

VI. Natural logarithme. 41
N 0 1 2 3 4 5 8 7 8 9 |4
50! 17 918 9314 951 967 9894 [*001 *017 * *» *
1.8 083 099 118 132 148 | 165 14l (1'33 g?g ggg %Z
2 045 782 279 294 310 | 326 342 358 374 390 | 16
3 406 421 437 453 460 | 485 500 516 532 547 | 16
4 563 679 594 610 625 | 641 656 672 687 703 | 15
5 718 733 749 - 764 779 [ 795 810 825
8 471 886 901 916 931 | 946 961 976 %‘1] *% %g
7119 021 036 051 066 081 | 095 110 125 140 1850 14
8 169 184 199 213 228 | 242 257 272 286  30LN 14
] 315 330 344 359 373 | 387 402 416 430 (M5 | 14
| (AL 469 473 483 602 516 | 530 544 550 57 \ 58
1 159 13 53 o1 ear | en e 6w 7 ol
g 741 755 763 782 796 | 810 824 838 851 866 | 14
3 B70 892 906 920 933 | 947 961 974,088 *001 | 14
alo0 05 028 042 o055 069 | 082 098 108 ©7122 136 | 13
5 148 162 176 199 202 | 215 229 242 255 268 | 13
8 281 . 095 308 321 334 | 347 30 \\373 386 389 | 13
7 412 425 438 451 464 | 477 480\ 503 516 528 | 13
8 541 554 G567 6580 592 | 606 618 631 643 656 | 13
g 669 681 634 707 719 | 7R 4 757 769 782 | 13
8.0 704 807 819 832 844 | 857> 869 862 894 906 13
] ‘919 931 943 956 968 |4880° 932 Y005 *017 020 | 12
ala1 o041 064 066 078 o0 NI 14 12 138 150 12
3 163 175 187 199 2M.} 223 2% 247 288 270 12
é 982 294 306 318 . 830 | 342 383 365 377 389 | 12
5 401 412 424 435\ 448 | 469 471 483 434 506 12
6 518 529 541 552> 664 | 576 587 539 610 622 12
7 833 645 (geg 679 {691 702 713 725 76 12
8 vag 759 770N 782 793 | 804 815 827 838 849 | 12
9 861 872 883 = 894 906 | 917 %28 939 950 961 [ 11
9.0 970 983 (994 *006 *017 | *028 #035  *050 %081 *072 | 11
iloo o083 094\-105 116 127 | 138 148 169 170 181 | 11
2 192 g03” 214 205 235 | 246 267 268 279 289 | 11
3 30(K’*911 %22 332 343 | 354 364 375 386 396 | 1l
4 207418 428 439 450 | 460 471 481 4% 502 | 11
5 §13 523 53 544 558 | 565 5§78 586 597 807 [ 11
8 8@ 628 638 649 659 | 670 680 B30 711 | 10
7lo~Ova1 732 ™2 72 762 | 773 183 793 803 814 | 10
8 go4 834 844 B854 865 | 876 885 895 go5 915 | 10
9 95 935 46 956 966 | 976 988 9% *pog  *016 | 10
Natirlicho Logarithmen von 104"
Natural logasitbme of 10t
n + -_— n + | -_ n + o —
1| 23028 3.6974 g | 13.8165 13.1345 11 | 25.3284 ?a__s_.sm
2| 46052 5.3948 7| 181181 176819 |12 27.6310 28.3690
3| e9078 70922 8 18.4207 19.5793 113 | 29.9336 30.0664
4| 92103 10,7897 9| 207233 aL.2767 | 14| 32.2362 337638
5| 115129 12.48m 10| 23.0259 249741 |15 345368 35.4612




Vi Dis Exponentinlfonktion ¢ %

42 ¥l. The exponential functivn e
« ¢ 1 2 3 4 5 6 7 8 9 d
0.0 |09 — 802 704 608 | 512 418 324 231 139 | 9%
1 048 *950 *869 *7B1 694 | *607 *521 *437 *353 *270 | &7
2/08 187 106 025 %945 *8B6 | %788 71l *63¢ *55B *483 | 78
31079 408 334 261 189 118 | 047 *977 907 *B3Y *§7L | 7
4|66 703 637 570 505 440 | 37 313 250 188 126 | 64
5 065 005 *046 B85 *B27 |*768 712 G55 *59 *543 | 58
6105 488 434 379 36 273 | 220 169 117 066 Ol6 | &3
7/04 966 916 868 819 771 | 724 677 630 584 538 N 47
8 493 448 404 360 317 | 274 232 190 148 107\} 43
9 066 025 365 *948 *906 | *867 *820 ‘791 *V53 716 | 39
10{03 673 642 606 570 535 | 499 465 430 396,362 | 36
1 329 296 263 230 199 | 186 135 104 073\ 042 | 3
2 012 *962 *952 *923 *804 | *865 837 808 *78Q° *753 | 29
3 |02 725 698 671 645 618 | 592 667 541 516 491 | 26
4 466 441 417 393 369 | 346 322 299 CR76 254 | 23
5 231 209 187 165 144 | 122 101 080 060 033 | 922
6 019 *399 *379 *950 *040 . *920 *901 \*g82 *B64 845 @ 2
7101 827 809 71 773 755 , 738 720\\ ™3 6w 610 | 17
8| 653 637 620 604 588 | 572 oL 641 526 el | 16
9 (014 957 808 661 515 370 | 2070086 946 *807 *670 | 143
20 (013 534 309 266 134 003 | *B7E)¥745 *619 *493 *3e9 | 130
11012 246 124 003 *884 *765 | %848 *533 *418 *304 *192 | 117
2011 080 *970 *861 *753 *546 L*64D *435 331 *228 *127 | 108
3 (010 026 *926 *827 *730 *633.5*537 *442 *348 *255 *163 | 96
4009 072 %982 "B92 *B04 *7I6\ | 629 *544 *458 *374 *291 | 87
51008 . 208 127 (046 *966 (%887 |*B08 *730 *G54 *577 ‘502 | 79
61007 427 353 280 208(\136 | 066 *995 *925 *866 *788 | 71
| 7006 721 eoe sey o2 467 | 393 38 266 204 M2 | &4
8 08l 020 *g6l K0T 843 |78 T2 Y670 v6l3 °BSB | 59
91006 502 448 393 40 287 | 234 182 136 079 029 | 53
301004 978 998 (880" 832 783 | 736 689 642 596 850 | 47
1 505 460\ 416 328 | 285 243 200 150 17 | 43
2 076  036-%996 *956 *916 | *877 *839 *BOL *763 *725 | 39
3/0.03 688 (632 6i5 579 544 | 508 474 439 405 371 | 34
4 33700804 271 233 206 | 175 143 112 081 080 | 3t
5 020, 7990 *960 *930 *901 {*872 *844 816 *788 *760 . 29
6002 %32 705 678 652 625 | 599 573 548 522 497 | 26
7| (0472 448 493 399 375 | 352 308 305 282 260 | 23
81 ) 237 216 193 171 149 | 128 107 086 065 045 | 2l
9 024 004 *0B4 *9B4 *945 | %925 *906 867 *BE9 *850 | 19
40 |0.01 832 813 785 777 760 | 742 725 708 691 674 | 18
10016 573 408 245 083 *923 | *7B4 *B0G *452 *299 *146 | 159
210014 995 846 699 562 408 | 264 122 *082 *B43 705 | 144
310013 563 43¢ 300 168 037 | *307 *778 *B51 *525 40l | 130
410012 277 156 034 *914 *796 | %679 *562 *447 *333 *22l | 117
510011 109 *998 *889 *781 *873 | *567 *462 *358 *255 *153 | 106
60010 052 *962 *353 *755 *658 | *G62 *4BB *372 Y279 *187 | 9B
710008 095 005 *915 *B26 *730 | *652 *566 *480 *3%6 *312 | 87
80008 230 148 067 *987 *307 | *828 *750 *673 597 *52l | 79
910007 447 372 299 227 1556 | 0B3 013 *043 *874 *806 | 72




V1. Die Exponentialfonktion ¢~ %
VI. The axpenential funetion ¢~ 43

lﬂM
b
x o 1 2 3 4 6 8 7 8 8 | 4@
600006 738 671 605 530 474 | 409
1 097 036 *876 *817 *858 | *799 *%g -%3% %g % %
3'0.005 517 462 407 353 300 | 248 155 184 092 042 ) B2
2|00t 992 @4z 893 844 796 | 748 701 6sd 608 562 | 48
4 W17 472 427 383 2338 | 206 254 211 169 128 | 43
5 087 046 006 *98 927 |*887 °8a9 “El0 773 *
60003 698 661 625 589 BG3 7. % 0 i ;33 %
7 346 313 280 247 215 | 183 161 120 089 088 | 32
8 108 *337 *088 033 *909 |*B80 *BSl 83 786 “TEILN 29
oloom 79 T2 63 658 632 | 606 580 b64 520 5O 26
8 479 454 430 age | 358 3 au 28 (2
1 243 221 198 177 165 | 133 112 oAl 070 b %
2 295 000 *ag9 *960 *830 |*G30 9Ll *o2 “873°8E6 . 40
410000 8% €18 800 782 764 | 747 M9 T2 (6% B7B 17
4000l 616 450 287 125 *964 |*805 ‘648 Y4 \$338  *185 | 168
50,0015 034 *885 *737 ‘590 *446 | 7301 159 *G)g " **B78 **740 | 144
5 lo.0003 604 468 334 2m 070 | 840 7Sl ‘sgh4 *558 *433 | 130
OG0z 300 187 085 *of5 *828 | TI09 RMRATATT U853 *050 | 117
T o0l Y38 027 *B17 *Bo3 *701 | 6% Jd4BeT 7385 Cagl *179 | 108
B 10000 078 *oTa *G78 780 7683 |°586.( a8l *367 303 210 | 97
z=1 2 3 s %5 6 7 8 98
579 13530 07 183lg 6738 2479 9119 3366 1231
-1 —1 —2 -?\ —3 -3 —4 —4 —4
Tam10 20 30 40 S0 60 70 B0 o0 100
5d0  Sosl  G3s0) 4eda 1ea8  87%7 97O 16049 8194 3720
—5 °9 o -18 -2 -2 8 -3 —40 #

%i{:rgip"llégév’mﬂm gm0 g g8 1,8049- 10— 1,2341. 1005000
) -1,1137- 10~%
= Qum (5-89,6932 M) = num (<~ 88,95326) == num (0,04674 —39).
The fignres on p. 49 represent the ex-

ponential funetion of 15 (r=x ¥
Close by the ,essentially singulax'* pomt

Dis Figuren anf 8. 82 gtellen die Ex- |

Bqnentinlfunktion von 1/z dar (g=2- t:iyl). [
icht bei der ,,wesentlich singularen" Stelle

£ = 0 hat man links beliobig kleine, rechts | z==0 we have on the left very small

large values, of

beliebig groBe Werle des Betrages g der | values, on the right very
ihe modulus s of the fanction, in the fore-

Pucktion, im Vordergrund und im Hinter-
rand ‘Werte von der GroBemordnung !. and background values mear unity. The
i lines of steepest gradient s = const crowd

ie Fall-Linien ¢ = konst. dringen aich
bei 2 = 0 immer mehr zuspmmen. Die die | the closer together the nearer we approach

komplexen Funktionswerte daratellenden | zero. The arrcwe rapresenting the complex
Pleile <weisen hier also nach allen Rich- | vaiues of the fuuchion point hers in all
topgen. directions.




VI. Die Exponentialfunktion e
V1. The exponential function e%.

?‘Ilfé

o 1 2 3 1 5 6 7 8 9 | 4
J
oo|io o 101 2m 305 408 | 513 €18 75 83 92 | 1o
1111 058 163 275 388 503 | 618 735 853 972 *093 | 113
2(12 214 337 461 586 712 | 840 969 *100 *231 *364 | 129
3/13 499 630 771 910 *043 | *191 *333 477 *623 770 | 14
4|14 918 *068 *220 *373 *527 | *6B3 *B41 **000 **161 **303 | 156
5|L8 487 653 820 989 *160 | *333 *507 683 *850 **040 | 172
611 622 840 853 878 896 | 916 935 954 974 994 | 19
71% 014 034 064 075 096 | 117 138 180 181 203 21
8 226 248 971 203 316 | 340 363 387 411 435 24
9 40 484 509 535 D60 | 5B B12 638 664 69| 26
o3 Nov
z=1 2 3 34 5 8 7 8o 08 10
2718 7389 2009 E480 14841 4034 10966 _g0el” 6103 32 02
z=20 30 0 50 60 M 80 \\'90 100
4852 10686 2304 blgb 11430 9516 564D, 12204 2698
8 13 17 21 26 0 & 39 43
[| €=10% M=0434 294 as2
Beispiel: o\
E;;’nl:‘f:_ DTS m B 7. O —u 19686 - 1018 - 1096,6 - 1,6905
PR 1981100 ¢
= num (37,5256 M) = num 16,29690. .
&
<
~¥I1. Plancksche Strahlungsfunktion.
s§ VIL Planck’s radiation funetion.
Ein,Kﬁﬁéér von der absoluten Tem- A body of absolute temperature 7

poratdr ' sendet eloktromagnetische
Wellen vor allen méglichen Wellen-
lingen i aup. Doch verteilt sich die aus-
gestrahlte Energie sohr ungleichmiiBig
auf die verschieden langen Wellen. Auf
die Wellen, deren Wellenlinge zwischen
dund1 4-d1liegt, komme die Strahlungs-
dichte Jdi [Watt/em?). Dann ist nach
Planck

emits slectromagnetic waves of all pos-
sible wave-lengths 1. The radiated energy
is however very wnequally distributed
among the waves of different length.
If we attribute to waves of wave-length
between 1 and i + d2 the demsity of
radiation Jdi [Watt/cm¥], we have
according to Planck

J=2h)t (e;%'— 1)-1.



VII. Planckache
VII. Planck’s

Strahtangsfonktion.

radiation Tanetion. 45

Darin hedentet

| Here we have

¢ = 299 850 km/sek

die Lichtgeschwindigkeit im Vakuum
k=1372.10"*

dieGagkonstante deselementaren Massen-
teilchons (Boltzmannsche Konstants),

h=0655-1
das Plancksche Wirkungsquantum.

Wenn man zwei Zahlen 2 und ¥ ein-
fihrt, indem man setzt

s Walt sek
Grad

, | the velocity of light in vacuo,

Grad = degrse

the gas constant for 1 moleculs (Bolts-
rasnn’s constant),

=% Watt - sok®

Planck’s quantum of action. \.J)

Introducing two pumbers z and ¥
by substituting a

0 \

7 %4
\

AT A ‘& ¢
?-%_1,43 em-Grad =6, A= BEHN

i —

MI otk 0589 107 Watt-cm= 2

J ' — Watt O\

oy = g~ 0,980 10 R CLI A aT’y,

80 nimumt die Plancksche Gleiehung die
Form an:
%

(=1

*

i,ﬂaﬁék’s equation assumes the form:

)x‘y—l.

y als Funktion von z gibi nai;}vie die | y a8 & function of 2 shows how at the
Strahlungsdichte bei dersélben Tempo- | same temperature the density of radi-
ratur von der Wellenlinge abhingt ation depends on the wave-longth (Table
(Zahlentafel und Figd5). and fig. 15).
¥ h { .
. \. _-:;ﬁk
AN 7 I W . N e
~ b '__._‘K\\
) AT
I I B e <
ERENEEEERRES
A O O TN I S S S ey o [ RS S oy
ma— W
g & - :‘: :,: < a5

o a8
Fig. 15. Flancke
Fig. 16. Planck’

che Strahinngsfunktion.

s radiation fanction.



VIL Plancksehe Strablungsfunktion.

46 VI!. Planck's radiation fanction.
x y - ¥ T ¥ * y & Y
0-060 | 0.07430 J0.110, 6,998 ¥0.180| 18446 J0.355| 11.279 [0.805| 2.922
1 8990 1]l 7.259 1 589 60{ 10.965 0] 852
2| 0.10797 2 522 2 73 65 658 15 783
3 2875 3 787 3 86 70 360 20 717
4 5249 4| 8,053 4 99 75 069 26| 653
5 7946 5 320 - 5| 19,12 80| 9,787 30| 530
6| 0.2099 6 588 6 24 85 512 35! L5829
7 441 7 856 7 36 %0 245 40 0
8 823 8] 8125 8 18 95| 8,885 45 412
9 0.3248 9 393 ] 59 0,400 733 F B0 356
0.070 718 |0.120 662 §0.170 69 05 488 1Op5| 3o
1| 0.4235 1 931 2 89 10 250.4.760| 249
9 802 2! 10.198 4| 20,08 15 090 85| 198
3| 05422 3 485 B 04 20| 7/79 70 148
41 0.6095 4 731 8 40 25 { ~\578 75 099
5 825 5 996 |0.180 54 3D 368 80| 082
6] 0.7613 6| 11,259 5 82 \g{; 163 86| 008
7| 0.8480 7 521 §0.190| 21.02 |7 5,965 90 1.961
8| 0.9368 8 781 5 15 . 45 773 95 918
9 1,0339 9| 12.040 Jo.200 20} 50 a86 10,700 @75
0080 1373 (0,130 296 05| I8 55 406 ] 05 8341
1| 2471 1 550 10| . 2l 60 231 10; 1,7938
21 3835 2 801 15 {1\00.89 65 061 15 548
3] 4864 3! 13.050 2087 82 70| 589 ] 20 168
4| 6160 4 296 | 25 B1 75 735 25 1.8797
Bl 7521 5 540 4\ 30 36 80 582 30 436
6 8948 6 780" 35 08 85 432 35 085
7| 2.044 7| 14017°] 40| 1978 |} 90 286 40| 1.5743
8| 200 8 1 45 45 95 145 45 409
9] 382 9 482 50 10 |0.500 009 50: 084
0090} 531 Jo14gp, 710 55( 1874 05| 4.876 55| 1,4768
1/ 706 1 934 60 37 10 748 60 459
2| 887 Jov2| 15154 65| 17.989 15 823 85 158
3| 3,074 27\ 3 37 70 600 20 502 70, 1.3865
-4 267.§ 4 584 75 206 | 25 385§ 75 580
5| 466 5 793 80| 16.809 30 271 80 301
6| 2671 6 998 85 411 35 161 85 059
/B8O 7| 16,200 30 013 40 054 90; 1.2764
81} 4,095 8 397 951 15817 45 3.951 85 506
¥ 315 9 531 [0.300 294 50 850 0,800 254
0.160( 540 F0.150 780 05| 14.834 55 753 05 009
1{ 788 1 965 10 449 80 658 10| 1.1769
2| 5003 2| 17.147 15 07 65 566 15 535
3| 241 3 324 20( 13.698 70 477 20 307
4| 482 4 497 25 329 75 390 25 084
5| 77 5 666 30| 12.968 80 307 30| 1.0887
6| 978 6 830 35 615 85 225 35 655
71 8,227 7 990 40 270 80 146 40 448
8| 481 8f 18146 451 11.932 95 089 45 246
9{ 738 g9 298 50 601 Jo.600| 2,995 50 048




YU, Plancksehe Btrablongsfankiion.

V1L Planck’s mdiation fanction, 41

z ¥ z Y z Y % ¥ x ¥
0.855( 0.8856 J0.980| 0.6235 |1.21 | 03000 | 1.46{ 016325} 2,71 | 0.0860
50| 667 85 128 § 2 | 02014 7] 014850F 2 422
65 484 90| 0231 3 831 8 sesf 3 246
70 304 95| 05920 | 4 751 9 23] 4 073
75 129 [1.000f 820 | 5 674 1150 | 0.13895] 5| 0.07904
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15| 07863 | 8 465 | 3 144 8 3 701
20} 721 9 a5 | 4 087 9 239 ‘4 567
28 581 110 190 | 5 032 | 1.60 | 0.1088¢] & 437
30 445 1] 060 B | 01979 1 7] 8 309
35 311 210393 | 7 928 2N 4% 7 185
40| 181 3 g14 | 8 g78 | ~3} 22| 8 064
45 054 4 gas | 9 8298 | < 03| 9l 0.05248
50] o6320 | 5 587 11.40 7831])" 5 | 0.00814 | 1.90 830
55 807 8 480 1 7] 6 509 1 718
80 687 7 377 2 | . +B¥M3 7 389 2 608
85 571 8 977 § 3 [\ 65101 8 18] 3 501
70 456 9 181 1 a8 slos| 9| oosse8| 4 396
75 344 J1.20 g9 § &Y 571{170 5] & 294
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In einem #-dimensionalen unendlich
ausgedshnten gleichfjrmigen Korper sei
anfangs eine endliche Wirmemenge 1m
Nullpunkt zusammengedréngt und sonst
keine Wirme vorhanden, Das dieser
Wirmemenge proportionale und daher
von der Zeit unabhingige Raumintegral
der Temperatur iiber den unendlichen
n-dimensionalen Raum sei = 1. Dann
ist die Tomperatur & zur Zeiv { = yf4a’

3% VIIIL Quellenfunktione
VIII. Source functions

p der Wirmeleitung.
of heaf condunetion.

In an n-dimensional infinitely ex-
tended homogeneous hody let & finite
quantity of heat be initially concentrated
at the origin and no heat at any other
point, Let the yolume-integral of the
temperature oxtended over infinite n-di-
mensional space which ia proportional
io this heat quantity and thersfore in-
dependent of the time, be squal to uni-
ty. Then at time ¢ = y/4a® (a® = ther-
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VIIi. Quellenfunktionen der Wirmeleitung.
VI, Bource functions of heat conduclion.

(a® = Temperaturleitfihigkeit) im Ab- |

stand x vom Nullpunkt

s

Die Figuren 16—21 stellen diese Funk-
tion dar fiir die Fille n==1 (erhitzte
Ebene, isotherme Ebenen), # = 2 (er-
hitzte Gerade, isotherme Kreiszylinder-
fiichen, # =1r), n =3 (erhitzter Punkt,
isotherme Kugelfiichen, x = R).

mal conductivity) the temperature u at
distance @ from the origin is

%1

e ¥
- Vay”

The figures 16—21 represent this func-
tion for the cases n =1 (heated plane,
isothermal planes), n — 2 (heatedtraight
line, isothermal cylindrical .Surfaces
z=r), n =3 (heated pg)iﬁt}'ﬁothermal

7NN
L 3

o ¥
P

\ L9

spherical surfaces, z = ¥}

N

/

» )/,
o

o :.' I ‘/
ENED AN/,
5 [

— 12N | [/

e
"]

=
N
AN

4 8.5

Fig. 19. Quellenfonktion der Wirmeleitung, eindimensional.

1.0
—_—

Fig. 19. Bource function of heat conduction, one dimensional.



VII. Quelienfunktionen der Wiirmeleitung.
VIII. Bource functions of heat conduetion.

m‘ =
IS

/

pe
£ 7

. Erhitzter Punkt
W

/ pHeated point

Erhitzte Gerade
Healod straight-line

Fig. 16, 17 und 18. Quellenfunktionen der Wiarmeléitung.
Fig. 18, 17 und 18. Bource fanctions of beat conduction.

Erhitzie ‘Ebene
Heated plane



VIII. Guellenfunkiionen der Wirmsleitung,
VIIL. Source funclions of heat conduction.
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Fig. 20. Quellenfunkiica der Winneeituug, zweldimensional.
Fig. 20. Source functicu of heat conauction, two dimensional.



VIIL Quellenfonktionen der Wirmeleitung. =
Vill. Source functions of heat conduction.
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Fig. 21 Quellenfunktion der Warmeleitung, dmid?mena?ona:.
Fig- 21’ Sonree fonction of heat conduction, threa dimensional.



52 IX. Die Hyperbelfonktionen.
IX. The hyperbolic functions.

IX, Die Hyperbeifunktionen.
IX. The hyperholic functions.

1. Definition.

6inz=5:’%%='x+:—:+z—:+-n=sinh.1:.

¥=0

S L3 at g 3
Guim=§27!=-l+é7+;[—+-~=coahx \\:\
ng=%%wx—%:+?;?—§%?+—-~=tanh(x.}:’ (Ix{<~§)
Gi:z=1-+§;+§;+-” N\\

. I 1-32° 1.8.627 \ sy
U Sinz =21 st m?ﬂ:-\\,..=smh z (jz|<1)

Ur Gof o — Ar Sin Y& <1 = cogh~t 2303

W=+ THT+T 4+ arm it (1o,

2 l1—x

. 2, Bpezielle Wegrtﬁ'e;'. 2. 8pecial values.
Gin 0 = 0, Cof0=1,0\ Tg0=0
Bin 0o = o0, Eof o, ——,\60\, Tgoo =1,

8. Gru.{a,d"gesetze. 8. Fundamental taws.
&in (—2) = — &'z, Goj(- a) = Cojz, g (—a)=— Tga
Cof®z =1 1 &intz, (Eofz+ Sin z) = Gof nz + Sin nz.

t,¥ine Funktion ausgedrtickt durch die andere.
4. Ono funection 8xpressod by the other

4 .\" 3
Gt~ VBolw 1~ e Cofo=Y T T CE— !

Vi-%g'z Vi—2g'z
Tgo——om2_ _VE&I'z—3%  Gojztimne _ 14+3p2

Vii3m'z @iz Cojz-Ginz I-Tgz

U Bin o =Ar Cojya?+ 1 =9Ur g ;._""":}."1
o

Ar Cof 2 = WUr Sinyz¥ =1 — Ay g .F_“’_;_“:_l

= 2 %r Gof i’-j,;‘:‘w:@m 51;—1



1X. Die Hyperbelfanktionen. 53
IX, The hyperbolic functions. o

. T 1
Yr Tg x = At Sin = At Gof o

. .2 142! 2%
____,% Ar Sin %I =%EI1: (ED‘ 1f—;=%?1r‘lg 1+‘1;1

5, Verkntipfung der Funktionen zweier Sektoren.
% Connection of the functions of two sectors.

Gin(zr+ y)=CinzCojy+ CofxEiny Q.

Cof (x +4)= Cofx Cojy + SinzSin y O\
Tgz+ Ty o\

Tty = T+ Tg72ay RN \

Sinz + Giny—2&in “T Eof ¥ (¥

Cofz + Eoiy=2t§oi%'_y(§u(%
Bing — Siny =2 Eoi“%@iﬁé’;_y
Sofiz — Gofy =2 @itV inZ5
Ty + Tyy et ?
o s 0 G
NE *@in(r+ ¢

T3 T Ty~ T @mzomy

\X . )
Sin® 2 — Siuly = Cof? z — Cof® y = Sin (z + y) Sin (z — y)
&’ z + Gof y = Coff o + Sin' y — Cof (z + ) Cof (z ~v)
oj? 20 Bint y = 1 + Sin(z+y) Sin(z—y)

Sfw Siny = 4 Gof (v + ) — + Coi = - ¥)
\ﬁﬁix Cof y =2 Gof (z +y) + § Cof (e — 9)
Ginz Gofjy = L Gin(z+9) + § Sz —9)
Soj s Giny =1 Ginz+y -+ 8nz—y

1
Sinz4 Giny _ Ta 3@ty oz +Cofy _
@i::téinz=ig;(x—5’ Gofz—Coly Egi@+nisgE—y

Ginx+Giny  Cofz—Cofy 4,1/,

Eofz+ oy SinzFSiny g3 ( ‘i 9
Fgo+Igy _ Gin(zty)
Fgz—2gy Ginfz-y




54 IX, Die Hyperbelfunktionen,
IX. The hyperbolic funetions,

ﬁr@inziHr@iny=ﬁr@in(m]/ﬁ_yij;ym)
Ur Gof 2 + W Gof y = Ur Cof (2y +V(@® —1) (" — 1))
UTgo A Tgy— U gy Y ‘°'+-"
ACojz + BGinz=Y A5~ B B*@:of(xwr:sg )
=V B = 4t A’Gm(x—i—%[rig ) §
O

8. Funktiopen der Vielfachen oines Sektors
8. Funetions of the multiples of & seei;or

_ 219:8
€in 2z = £ Ginz Eof 2 — A ,\

Sin 3x—4@tn"x4—3@mx=@3mm (4 Coj? a;-l)
€in (n + 1) z = 2 Gof z Gin nzx — Gin (u\ \l)x

- Binnz —n GinzGofr-12 + ( )@msz @ni —’x+( )@m’x Cofr—tz +-

B

Eof 2x*£§oi’x+@5m‘x="@07’$‘1=‘1+2@"‘2‘”‘1L+§§,
€of 3x —4(5073x—3$uix==@oix(4 Sintz 4 1)
@ui(n+l)x=2@o}x&@3fm:—-(§ni n—1)a

Cojnz = Goj» 2 "'Eg) *x Gojr 2z 4 ( )@m‘x Cofr—tz +.

iy

.G
. Eﬂ'x’ . T’z +38Tgr
e 2xﬁ1:+~%’w’ Tg 3o~ 3TpTz 41
2 Gty 2.1{&; Tgz+Gig x
@Zoi:c-—l Sinx Gofax—1
Eﬂ Gofc+1 ™ Gofe+1~ Buz

Cof 23: + c08 2y = 2 4 2 (Bin? z — sin® )
€of 22 — cos 2y = 2 (Bin® 2 + sin? y)

(1+a)—@0§x=£—2@m’%-

% Potenzen.
7. Powers,

2@in*z = Qof 2z —1
48indx —~ Gin 3z — 3 Sina



IX. Die Hyperbelfunktionen. =
IX. The hyperbolic fanctions, 55

8 Gintx— Bofdz —4C0f22 4+ 3
186Gt =Cinbxr —5Gindz + 10Ginz
32 Bin®r = Cof 6z — 6 Cof 42 + 15 8oj 22 — 10
b Ein'a =CinTs— T8indxr +21Sin3z—36&inzx
128 &in®x = Qof 82 — 8 Gof 62 + 28 Qof 420 — 56 o[ 22 + 35

2 Gof® z = 8oj 22 + 1 \
4 Gof* z = Gof 3z + 3 Eof» KoY
8 Gof = Eof 42 + 4 Gof 22 + 3 O

16 Gof® # = Gof 5z + b Cof 3z + 10 Cof N

82 Eof® z = Cof 6z + 6 Gof 42 + 15 €of 2m+10\
64 Qof7 x = Gof T + 7 Cof bz + 21 Cof 3z ab.8of »
128 §n§® z == Cof 8z + 8 Cof 6z + 28 Cof :43\\#’56 Goj 2z + 35
s=Fgr+ L TP+ X w+ %igﬁx’f—',\ i
8. Bezieahungen zu den Exponep’tﬁiﬁlzfunktionen und Logarithmen.

8 Relations fo the axponeftg"si'al functions and logarithma.

-2z

x_ L,k N\ e:r_;_e-—vz _ e " _ 1-#
Sing =2 ; ) \G@j.x—‘- T | e T
-z ) _ ¢
%gz:l——é%;;’ Gtgz=1+gnz
x«\’..f

&X
Gof 2+ ging 14T8g

= x—{—@mx———— == =

b‘oi Goif-Ging 1-Tog

'..", z

N\ D Eof %—-—Giug 1-%§ 5

J . — R
\e-_‘=@nf:c-—@mz= i

Gof 5 + Sin 5 14%55
Ar Sin 2z — In (& + Va2 + 1}, ?Itﬁvx=ln(x+]/z’ -1)

= (Y +1—13), =—ln(z—Va'—1)
1 z+1
Ur Tgw -3 lo g ﬂr%a;=%ln;:1

x*—1
Inz — % Gin S = Ur T U e



58 IX. Die Hyperbelfonktionen,
IX. The hyperbolio functions.

% Differentialformeln.
9. Derivatives.

dGinz = Cofzdr, 4G0fz—Gmzdz, dtgx—cdi,
dln@inz-;:zs d]n@ofz—igx_dz, dlnﬂ:gx—s%f——;
InTg g  dg -Gt Q
d!r@inx-,ﬁq__: dﬁtﬁoix—y_;__l ;I\Q\:.\

dﬁrigs——-—; 1<z <), dﬂ!:citg=-_—‘l u>l.=<-——n
d@m’x—dﬁof‘x—26mx@ufzdz-€in2z3z.

de
d%mpz-dgdx:—;- oV
R

10. Integrnifc{,rin eln.
10. Intagrals.

fSin 2dz = Cpf z, f@aizd;-'- Gin z, f%gxds = ln @of 2
4z d —1
‘ {ﬁﬁ‘%‘”% S~ Tgs

d
2 -3y z, N %—m@mz, f&i—;’;=ucsinigz=ﬁmpx

dz
Sin 2

dz dx dr
VE*T \2!'@111.1 f;;_=’=a: Gof 2, fi—__?-ﬁrﬁtgz (z<1)

S da
f Ur Clgr(z > 1), FET
8 o _m@nl, [  _ _ 1
fzyn—z:“‘ e Jorma= Wi

‘L A b+2cx
stbzfes Vb' dac g]/b' uc :
b42cx

xdz
fa+bx+cx’ Ze [ln (a +bz+ cx’) + = b’ Hr Iﬂ VP —tae
dx ! b4 Bex
fz(a+bx+c:c') 2a [ln atbxtoex? + Vm Ar Ty m-_]




IX, Die Hyperbelfuaktionen,

IX. The hyperbolie funetions. 51
e T
Vaftateat =[re+ bm* - # % Gin V°+ ==
[ e - e
f@in"xd:c = Gi“u_if_.@’f_m —“n;lf@in""’xdx N\
j Sofr o d — SO 2 nd f Gofr—* zdz RS
r—%pdy ) "“ \

Jf‘d - Cofz _ _2-3 4z
Gin" x (m—1)Gin* lz 8"z, \\‘
fdx _ . Ginz +n__2j da \

Eof"z (ﬂ——l)ﬁ,ni"_ (Sni" D

’dz - dz N

Iz (n-—-l)Ig iy fiﬁ
f&[r@inxdm=zﬁt@inx-—,y:c’~+1
fﬂ[t@oixdm = QIr@{ka:l Yzt —1
fﬁ[r%gxd:c m::?l{ﬁfgz-t-iln(l—s').

A

'\Qﬂ. Nahorungswerte bei kleinen Sektoren.
4% 1. Approximate values for amall gectors.

Binz ) x? —_— x* Tygr z=! t
- ® = oM s =
L4+ 5 YCofz, Cofz=1+73 - 57 Vaere

x

. . Sinz sio x4y

Cofz + cosy =2, Gtz +siny=2x+Y, —z—*_!}—y--'gl
1

a:n_:yl, @ma:—smx”%°

Cofz —cosy =

arc:inz_l e WrIgT _ 1+——. %:Goiz:]/?(z—l)

= e z

3 5 l
WCof (1+2)= V—_-"—'Vg—i-sa;V; 4::3



58 * IX. Die Hyperbalfonktionen.
IX. The hyperbolic functions.

12, Nihoerungswerte bei groBen Bektoren.
12, Approximate values for large sectors.

Sin z = Cof 2 = 1 &2, Tgr=1 —2e ¥
log (2 &in z) =~ log (2 @Joi z)—xzloge =Mz, M= 04342945.

ﬂr@m:c—ln(2x)+ o %t Gofz =In (22) —

e Tg(1—2)=In (;) -

(933"

13. Hyperbelamplitude. \ U

Ny
.‘.

18. Tho gudermannian. <

y*— E‘:‘-;—;;?arctge'———!{mpx—g}z

7
:c==-f -lntg( +—-)=2302610g\tg( + 459
]

cos @

Cinz =tg y, @Dix——l—; ﬁig:c=smy

couy
14+l , o8
= tgo = Tgg
l—tg%

% ==

1
—¥= Gofa:'*'s@of’
ig——~—~€§g‘”+ ‘Igh
= gf,gxr«g”ﬁs“—ﬂ-—tg‘-"!““

RN 25 81x'
e ) y=2—% + a0 T

0|y mj-«a w|a

) I o 81y
\ =¥+ +§+m+“°
enn iat, 5o ist | .
¥ r=mpa 0. $5=Ympiy.
Setzt man dann | Putting
Y=y +ipn =2 + 12,
80 wird _ | we obtain

tg p, = Ginz, Tgz, = sin g,

cos Xy @gi ¥z
n_n Ty

TWn= @z, tg 2, = Sinn .

con ¥,
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IX. Die Hyperbelfunktionen.
IX. The hyperbolic funetions.
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IX. Die Hyperbelfunktionen,

60 IX. The hyperbolic functions.

L‘ = "'1-; ” T x ;—

[ 2 1 —— - _ — —_— il
= e e St_ugz 60124: .31323 Gfa2ﬂ= ‘Hmp2a:
0.0 | 1,0000 | 1,0000 | 0,00000 | 1,0000 | 000000 | oo 0,00000
01 | 11701 | 0,548 | 015773 | 10124 | 0,15680 | 5418 0,00059"
0.2 | 13601 | 07304 | 0.3194 | 1,0498 | 0.3042 | 3.287 18679
03 | 1,6020 | 06242 | 0,4889 | 1,113) | 04382 | 2.2769 2895
04 | 18745 | 05335 | 0,6705 | 12040 | 05569 | 1,7957 3760
05 | 21933 | 04560 | 0,8687 | 1.3246 | 06558 | 1.5249 4
0.6 | 25663 | 0,3897 | 1,0883 | 14780 | 07384 | 1,3580 | ‘82
07 | 3003 | 03330 | 1,3349 | 1.6679 | 08003 | 1.2495 | )a807
08 | 3514 | 02846 | 1.6145 | 1,8991 501 | 11763 “8470
09 | 4111 4324 | 1,930 | 2177 883 | 11258\ 5898
L0 | 4811 0788 | 2,3013 | 25092 | 09172 | 1,0908 7396
L1 | 5628 | 0,17786 | 2,726 2,903 388 |'(852 7761
12 | 65836 5184 | 3.217 3,369 s hS  472 | 0,8081
13 | 7.708 2976 | 3,788 3,918 689 343 357
14 | 9017 1090 | 4,453 4,564 767 249 584
1,5 | 10.551 | 0,09478 | 5228 | 5393 |.'0B22 181 707
16 | 12.345 8100 | 6,132 8213\ 870 132 971
L7 | 14,445 6923 | 7.188 7,257 805 | 1,0098 | 0.9120
1,8 | 16,902 5916 | 8421 8481~ 930 70 248
L9 | 18777 5066 | 9,863 . | 9814 949 51 357
2,0 | 23141 4301 {21,549 31,692 963 37 450

K
PR 9 3

X. Kreis- und H\y;kébelrunktionen einer komplexen Verdnderlicken.
X, Circular‘and hyperbolic functions of a complex variable.

£

u =sinz Cofy, v=coszSiny,
s = sin®z 4 €inly,

O

N

\ s

1. Sinus, Cosinus.

g=2x+ iy = re'e,

= Eof 2y — cos 8z,
tgg = ctg gy,
Fir r << 1 hat man

uy == cosx Eojy, v

s‘i'pue“;.ﬁse‘”=u+iv, CO8E = Ce'Y == gy + 1oy = sm( iz);

1= sin z&in ¥,

¢ = cosz + Sin'y,
2= G0 2y + cos 2,
tgy=—1tgrIgy

|  For r <« 1 we have

s—r—’.'s_cos2p+l44( + = cos4p)

d=p—r—6.sin2p—*£‘—)

sindg—---,



X, Krais' und Hyperbelfunktionen siner kemplexzen Verinderlichen.
X. Circular and hyperbolic fonctions of a complex variable. 61

: |
o= 1—Yoonze+ 1 (1= Loostg)

M. .
y=0—§sln2g- g timde—-
und fir y >> 1 | and for y >>1
§= %ef—%e Yeosdx + 5 e"sl(l—-coa‘ix)
_6—g-—x—e—“l’sin2x——%e“'cin‘ix-—---, ~
c==lel'+ c"'cosﬂz+ e‘"(l—cos4:.r:)+
P = 0——x+r“lsm2:c—%e“‘ram4x+ . l:\
Zwischen 8, 6, ¢, ¥ bestohen die Be- The following relut:ons hold between
ziehungen 80,09 &
stcos2a + cleon By =1, ’
9 1 N\ 1
etg 2o + oig(—27) = a'nnSc \e’nn(—h}
2 Arcus ’ﬂ:il;ltls.
2, Inver#e sine.
cosdz = A — ot o Gof2y =S+ 8,

2cos*x = A+ {1 + 5)(1 —is), | 2Gind y=a+(s+1)(s—1}

e\) | where

wo
AN [
&= ]/1—23' 19206 + £, #=y1—2ccos2y+ ¢,
= V@A + (2ssino), =Y (E—1F + (Zesinp)

Wenn 8 << 1 \st, hat man | Tfs<<1, we have
§scow 4 -—eouaa + %%‘cosﬁd + 112"0"7‘ +

%

a3

"\':’y—ssln ¢+ —-sm36 + ———sm56+ i_ﬁ 511'176 + -

un\wenn g > 1 ist, | and if s >> 1,

aind¢a 8 sinds 10 sinsc_s_b sin8¢

= e — e o T -—
T=g O gE 2 @ 8 @ 4 @)
3 conds 10 coabg 3D coaBs

cos2g 3 cords 10 coabes o o083
Y= In 2 S - —{'—'28}; a {2,)4 3 (3a) 4 (22
When |s— 1| << 1 and ¢ << 03,

Wenn |s— 1] <<’ 1 und ¢ << 05
we first compute

iat, go perechnet man zunichst

§=V '—%'—1 (s—1Y+ (ssined = V(s —1)' + sin*¢




X. Kreis- und Hyperbelfunktionen einer komplexen Veriinderlichen.
62 X. Cireular and hyperbolic functions of a eomplex variable.

und damit | and therefrom

coax = ]/c.-i-“"(l s)"]/z-i—l—-s,
G.
@iny=V§+s;1(snl)=V§+s—l.

8. Tangens.

™\
o ter=U+i%,  cgr=leo=ig(F~g),
=2z + iy =re'e, O

_ gin ¢z . v NGy ,
" cos 22 + Gof2y’ €os 8z + €of 2y

_sinfz+ Ginly €of2y—coslx tgt .
T coslz + Sinty G&ﬂ2y-{-coa2x’ 3 sm2.a

Fiir . ist i=1, v =;3§411!,) 2y,

— AE0
For 2 =45° get

30129‘
Wenn r << 1 ist, hat man I If » << 1, we have

i=r+ 2 cos2p+ (l+ 00349)
}_=__-qcos2p+%(l—-—cos49)-—---:'

-:=§p + z8in 2¢ +~ﬁsm4p+

U=costmics V ="gi£:=ig2y, tgr = Cin2y¢

Wenn y >>> J\'}t, hat man | ¥ g >>1, we have
‘§ U=04 2¢28in25 —2¢-sindz + -+
AN V=1-—2e2cos22 + 2 *Ycosdz — -+
<\‘“ i=1—2¢%cos22+ e tr(l4cosdx) -
ctg v =2e~2sin22.(1 +-e~4v 4 ...),
ferner mit coala
further with ¥ = Zoj2y
t= i:p p+p‘ §+§P_‘_...
und mit #in 22

gnd with q= 6;]1 2 v et'g ¥

T= -;—‘ arc tg g —-2;— %‘-%‘4....
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X. Circular and hyperbolic fonclions of a cowplex variable.
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tg2x=

wo also
where & =108 43orafore

Setzt man

4. Arcus tangens.
4. Juverse tangent.

Zoosy _ BU _ cossc
1_ =it vsT T Bmne’
I
Es&v 2V sint
_&«r =3t
_:._+ . 1+ ¥ Gof
Intgz=48 +iv p
¢\
|  Putting N\

Nt = @in® & + cos's = Cof'd — sm':, (..'}‘
ON? = §0f20 + cos2r, :

so ist | we abtain ~‘“;.\\
Nsin8x=cosy, Ncoa2z =s8Bin9,
N@in2y = sin 7, NGoj zg =Gofe.
Fir wird \, N
For 1=} a.nd - 90° < ¥ < 90° we obta.m
x = 469 Ty = ig & 3"
Pir und ~I’j’
For v = 90° and N
t< 1 SN =1, t>1
wird <\ Deliehig,
we get =0, RN arbitrary, z =+ 90°,
y=%‘r$g£ y =00, y = ¥r {tgt.

Wenn £ << 1 1st\ka.t man

| If t << 1, we have

“y} 18
N\J z=1tcosr —geos3v+ —cosbr—— eey

'.\".

un\\;?va"nn £ 1 ist,

-
*=3
y= 04+ —

Wenn sich 1 dem Wert 1 und ¢ einem
rechten Winkel nithert, so setze man

—Eing = T-—-——-== i ,

3
. L t‘
y.—_tsmr—551n3=+gsm5=—----,
|andift>>1,
COoB T cons__r_cosbt
T Ea g8 T
smr sin3r gin b ¥
o LY S

1--4¢
e 1779

Tt 4 costr = N3

-1

1=t

When ¢ approaches unity asd z ap-
proaches & right angle, we put



X. Kreis- und Hyperbelfunktionen einer komplexen Veriinderlichen.

64 X. Cireular and hyperbolic functions of a complex variable,
Dann ist | Then we have
te 9z cosr_conr_w_l-—t CoORT
BeZ="7"=7117 2 g 11
1 -————
2
. sint 24+ I—conty

1 4
y=glng+

Fi—costy 3T+ Jeoxtr— 2 To0els

64 \B

N

2\, A

6. Ubergang von einer Funktion auf eine giaere.

6. Chruging from one function to agé’{;ﬁer.

7

>

W TS w
sing = coR Z = LEine = Cof 5=
= sin - 1“4 \'..‘\" i 1= g és
\ :x\ 3-—ir
= 008 +E—19 —x > Fifs—15) + 12
— —ir RS oL -
=i Gin f(‘:i:‘z'") ."’{?E"_ll-) i2-—z +z—11
=~ Gof tie—19N  is i1 ~
\""’.. _
ABh= otg 5 — $Tgz= i Gtgz=
—z+ 1" ir L
¥ —tz-4 1° —is
ie4-1-) £ £ 4i-
is 441" 7
m_—'_‘
s RIC COB 7 = . P
are sin 2 = i Aeof £ = A Binz=
F | Yi—a iz
= —
=5l Gof Vi # Vi4ts
=1 Ur Sin —1z —V#E—1 5




X, Kreis- und Hyperbelfunktionen einer komplexen Verinderlichen,

X. Circuiar and hyperbolic functions of & complex varible. 65
arctgz = arcctgs= | . WLgs= | ¢ - Aeltar=
X . i
= mtg F ] ";— ¥ }-
1 1 .
== nre clg r ) ir —iz
. . 1 1
=i-Ur g . —iz o F = I\
. i 1 e
=i % Gtg 7 iz + . .\g>
T
7 O
o\
A Q
P \
Z. N\,
Lég sin oFil ulte
1 5 289
>/ s | L\
.[?7’3‘ Q R con
o7 :':‘ J-fr (Z
Fw gire Fee N sin ?’n- fg . o
e £ ¢ i Ly
- %>< TR < “ %
8 J
\" Lo ><
sit if_gJa:/ el _57 Ptg . ".m
Ly e & sy .
> sin (Nt % iy ’ “ z fsm T
b <o R A Al i B OO i
"§“ X roy < £f >< S
¢ \ \ ;9 g :'] ‘g -7? 4
\'\ - Sy 1% ¥
g =
ﬁ}' PN /<9 h
o5 |
A SIS 7’-';'* s
g iy .fv(?
B3

Fig. 24, Vorzeichen des reellen und dea imaginiiren Teiis der Funkt_ionen von E.-|- in.
Fig. 24. Sign of the real aad of the imaginary part of the funclions of £ 497,
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X. Circnlar and hyperbolic functions of a complex variahble
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X. Kreis- und Hyperbelfonktionen einer komplexen Verknderiichen.
X. Circular and hyperbolio functions of a complex variable. ] 67

7
o P

AR ,
i

Fig. 26. Sinusrelief m{i:Héhenlinien wnd Fallinien.
Fig. 26. Sine relief with,_cotitours and lines of steepest gradient.

N

£ 3
L

" \\ - Ve tinfriy)
A L
g. 3 é’ ‘:. 3 I

Ko or Pyt

- _ B aa J{)¢

i ai <\

HHHHE = />..
K

F

=
&
P

Fig. 27. sin & = ¥ -+ iv. Korven u = konst. und v = koast. in der g-Ebene.
Fig. 27. sin £ == 4 + #v. Corves u = const and v = const in the z plane.



88 X. Kreis- und Hyperbelfunktionen einer komplexen Verfinderlichen.
X. Circular and hyperbolic functions of a complex variable,

sin (xtiy) = 38‘6-

a in Radianten. @ in radians,

s o =0 15° 30° 45° 60° 75° 80°

0.2 0,2014 | 01941 | 01732 | 01405 | 0,0987 | 00508 | 0.0000
0.4 04115 | 0.3541 ! 0.3457 | 0.2748 | 01901 | 0.0987 | 0.GO00
0.6 0.6435 | 0.6059 | 05136 | 0,3867 | 02673 | 0,1345 3190000
0.8 03273 | 08311 | 06856 | 04953 | 03286 | 0.1637 50000
1,0 15708 | 1,0371 | 0,7854 | 0.5719 | 0.3747 | 0.1857 | N0,0000

1.2 1,6708 | 11585 | (.8667 | 0.6261 | 0.4084 [ 0.2019<) 0©,0000
14 L6708 | 1.2149 | 09182 | 0.6840 | 0.4329 | 02139 | 0.0000
L6 15708 | 1.2439 | 08511 | 06306 | 0.4509 | 0.2228 | 0,0000
18 L5708 | 1.2608 | 09730 | 07097 | 04643 4 "0,2297 | 0.0000
2,0 1,5708 | .1.2717 | 09881 | 0,7237 | 0.4745/% 0.2343 | 0.0000

2.2 15708 | 1.2782 | 0.9991 | 0.7342 0,4’853 0,230 | G.0000

& in Graden. a in degrees.

s o=0° | 16 | 30° e\ o 75° 90°

0.2 154 | 1112 | 892 |\ 805 | 565 | 281
04 | 3358 | 2266 | 9ALYVISTE | 1089 | 54
8

36,87 34,71 29,485 | 22.87 15.31 770

63.13 47,62 3819 28.41 18,83 9.38
1,0 90,00 59,42 | 4500 | 32,76 21,47 10,64

12 90,00 | 66,37 £hN49.66 © 3587 | 2340 | 11.57
14 90,00 es,egg\ 5261 | 3805 | 2480 | 12.95
1.6 90.00 % 7| 5449 | 3957 | 2584 | 12,77
1.8 90.00 | 7224 | 5575 | 40,66 | 26.60 | 1316
2,0 90,00 |('v2.86 | 5662 | 4146 | 27,18 | 1346

CODPE FOOOm
g BBBER 222

22 9'0,0!0:\ /73,29 57.24 42,07 27,63 13,70 0,
o \u
{ ’\'s y
N ‘1 \ i) -] o .
5 W\ o=0 i5 Rl 45° 80° 75° a0°

7S\

08 0.0000 | 00527 | 01013 | 01423 | 0.1732 | 0.1923 { 6.1987
0.4 0,0000 | 01119 | 02110 | 0.2898 | 0,3458 | 0,3790 { 03900
0.6 0.0000 |+ 01878 | 0,3380 { 04450 | 0.5156 | 0.5558 | 0.5688
0.8 0,0060 | 03026 | 0.4884 | 08055 | 0.6787 | 0.7135 | 0,7327
Lo G.0000 | 0.4896 | 08585 0,7643 | 0.8314 | 0.8692 | 90,8814

1.2 0.6224 | 07130 | 0.8287 | 09143 | 0.9719 | 1,0061 | 1,0160
1.4 0.8670 | 06,9093 | 09853 | 1,0520 | 1,1000 | 1.1285 | 1,1380
1.6 1.0462 | 10721 | 11248 | 1,1767 | L2165 | 1,2408 | 1,2490
1.8 1,1829 | 1,2099 | 1,2485 | 1,2896 | 1,3296 | 1,343 | 1.3504
2,0 1.3170 ( 1.3283 | 1.3588 ; 1,3920 | 1,4197 | 1.4375 | 1.4436

2,2 14254 | 14349 | 1.4583 | 1.4855 1.5030 | 1,5244 | 1,5297

Genauer als unseru Figuren entnimmiman | More accurate values can be obtaiued
die Werte den auf 8, 78 genanaten Tafeln | from the tables of Hawelka mentioned
von Hawelka. on p. 78




X. Krels- and Hyperbelfunktionen einer komplexen Veriinderlichen.

]

X. Cirenlar and hyperbolic functionn of a complex variable,

Rickgang auf die positiven spitzen Winkel 2, 6 und 2r, r,
Reduetion io the positive acute angles z, 6 and 2z, r.

{Stats erst einen N&herungswert in der

Fig. 30 oder Fig. 28 ablesen!)

a) Gegeben der komplexe Winkel;

gesucht die Funktion.
b} Gegeben die Funktion;
gesncht der komplexe Winkel,

(First of all read off an approrimate

valus from fig. 25 or from tig. 28!)

a) Given the eomplex angle;

to find the function.
h) Civen the function;
to find ke complex angle, A

a) :
se'? = sin Sin Eiu A
'+ iy ¥+ iz —y+ix’ ~
x’ P P P ) ;
8 (A1 iy) = we'd
— (180" — a}[— (180° — g} | — (00° + &) | — (90" — &} ' z R
-2 180 —6 [— (00" —a) | — (90" +apfpy> < <N
x ¢ 90" — ¢ M° + @ -y
180° — » -G 90" + o 90:"\\‘; 0z . < ™
se— P = &in Sin N :%ill
T'—1y yo-dx' [\ Fy—ir
) f— b) (5= .
Eei® = cos (2' 4 iy AR Gin
= Gof (— y +427) N\
= Ve ‘_(n_") ¥4ar
x i A se A2 —y+tix— 1
L
— 0"+ 2y | 1807 44N -
— (901)' —_ x) ﬁ_\ s.ﬂ- ;+ n) —y -+ I.T,'
90° — x S, yt+i{m—in)
90° + z f £I80° —q)
AW
3('_'."’\:%";.‘0?1 (=" —iy)
{N=Boj {y +iz')
ID]' \: J win coB Eof
G | i
. 9 2
. x4+ 1y : :
e i x v . (x _ x‘]
(x— x)— iy —(2-—3)-1-13; -y—il,
{"+:)—.'y y+i(y+e)
: 2
. —-—x+ty )
se! {m—a) . x N L f
—{w—z)— 1y -—(2--}-'!)1-19‘ —y-—l(g-«f—:)
Continged on p. 71wk 73,

Fortasetzung 8. 71 und 73.
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el /| MNE 2V
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Fig. 28, ig{x.} 17) =te'"

Hohenkarte des Tangensreliefs. Betrachs' Altitade chart of the tamgen} relief If
tet man die Karts von verschiedenen Seiten, | we consider the chart from different sides,
so erhilt man, je nach Wahl des Null- | we obtain the functions tanz, —cotz,
punktes, die Funktionen tg 2, —ctge, iTge, | itanhe, deothz, -+ cotz, according to the
iGtg e, 1 clgaz. \ choice of origin.

B0

Fig. 29. Tangenseetief mit Hohenlinien
und Faltinisy,

Fig. 29. -Tanggnt relief with contours

and lines of stespest gradient.



X. Kreis- und Hyperbelfunktionen einer komplexen Verinderlichen, 71
X. Circnlar and hyperbolic funetiona of a complex varialle,

)

L5

=l ,/ l \\
2 &/ \ X s
_ A L e A N
1,0 %'\\ ﬁ% J: \ < \
X1, v ARNIA ~
/ / V?é‘ oh AK ‘\\() N\
1/ | 1Y NS
A PANN 4 %
AV AN,
ARY/RY @ e
A7 ORI -
2 1! 5
- hﬁ‘]’"‘-‘ [_:\v_h -»\:\ _——
8 ENRIIEN R = 5
0 0, oS 10 T e =18 -
tgz ' 3 -eigz
Fig. 30.0tg r—u -t s v.
i—"e'r= 'sct}; Glg Gtg
\i(a—ty ¥ — —y —iar
1 e - -
T a'+iy y+iz —y+iz
z m P P P
900'{:?& -1 it
~ (80% ~ z) o — a0° ig(wtiy)=te
~"i§3&°-—: 180~ | =00 — ) | =90+ R
T -2 {1 0<y < oo
z <t
+1 o
—(180° — 2) . oo | wrpe || 0TS
90° — =z 1
—gr+ )|~
—n,—ip &t Gtg
bmrem? x itg;y 9+%" —y+iz FortastzungS.73.
—i Continned on
e = m-_tf,-y y_?“.-,- —yzi i p. 73,




70 X. Kreia- und Hyperbelfonktionen eiver komplexen Veriiaderticlen,

X. Uireular and hyperbolic functions of u eomplex variable.

tg (x+iy) = t’f'"-
|

o in Hadianten. @ in radians,
’_ ¢ = 15° 80° 45° 60° 75 50
0.2 0.1974 0.1913 0,1732 0.1433 0.1027 0.0537 G0000
0.4 0.3805 0.3719 0,3448 0.2963 0,2222 3.1208 0.6000
0.6 0.5404 0.5332 0.5094 0.4623 0.3766 0,225% &m
0.8 0.6747 06710 0.6583 0.6314 0.5740 0.4276 G,
1.0 0.7854 0,7854 0,7854 0,7854 0.7854 0,7854 A E
@ in traden. %10/ degrees,
¢ e=0° | 150 30° J 45° 80° | 78 f o0
02 [ 1L31 | 1086 | 992 | se1 | see~ 308 | g
0.4 21,80 2L 19,76 16,98 12,73 6.92 .00
0.6 30.56 30,55 | 28,19 26,49 158 12,94 XL
0.8 38,66 38,44 37.72 36,17 It W89 24,50 LEYE ]
1.0 45,00 45.00 45,00 45.00 < 45,00 45,00 z
14 .
4 T 0'-1 150 300 '.', :‘: R 450 80.3 750 ‘ %a
0.2 0.0000 | 0.0499 | 0,097 | 01395 | 01732 | 0.1951 , 0.2627
0.4 (3.0000 0,0902 01798 0.2665 0.3444 0,4019 0,4237
0.6 0.0000 0.1162 ¢ ’?&2383 0.3657 5030 ,6322 0.565831
0.8 0,0000 0,12 “(,2666 0.4239 0,6190 0.8794 1.0887
1.0 0,0000 0432 0.2747 0.4407 0,6585 1.0137 | 0
P\ tg Gr-biy) =te'?,
x in Radianten. /9™ 2 in radians. & in tiraden. a in degroes.
T8 85° 9° [ =76 B8O a5° 99
0.3286 |0,1848 0.0000 3,80 24,50 | 18,83} 10,58 | 0,00
0.3578 10,2057 |0,0000 0.82 26,171 20,50 | 11,79 | 0.08
0.3904 |0.2308 |0,0000 0.84 27,95 | 22,37 | 13.22 | 0.00
0,4268 |0,2612 {0.0000 0.86 29.84 ; 24.46 | 14.96 | 0.00
0.4675 ,0,2986 |0,6000 0.88 31.83| 26,78 | 17.11 ¢ .00
0.,5123(0.3451 |0.0000 || 0.90 [133.91 [ 29,35 | 19.77 0.00
0.5613 (0.4035 10,0000 0,92 36,06 | 32.16 | 23,12 | 0.00
0.8141 |0.4766 | 0.0000 0.94 38271 3519 | 27,30 | 0.0
0.6699 [0.5663 |0,0000 0,96 40,52 | 38,38 | 32.45 | 0.00
0,7275 |0.6715 |0,0000 0.98 42,77 | 41,68 | 38.47 | 0.00
0.7565 |0,7280 [0.0000 0.930 |143.89 | 43.34 | 41,71 | 0.00
U=78g5 0,7797 |(.0000 0,899 144,89 | 44,83 | 44,67 | 0.00
0.7854 |0.7854 |0.0000 1—-10-%(| 45,00 | 45.00 45,00 ¢ 0.00
0.7854 |0.7854 10,0000 1-10—*1 46,00 | 45.00 | 45.00 | 0.00
0.7854 10,7864 x 1.00 45,00 | 45.00 | 45.00!




X. Krein- und Hyperbelfunktionen einer kowplesen Verinderlichen. 73
X. Cireular and hyperbolic functions of a complex variable. .

t r=75° BY° 85° 90°

0.3409 10,9102
0,8991 10,8644
0,8584 10,8189
(0,8191 |0,7732
0,7814 |0.7269 A

0.7485 10,6792
0.7124 10.6293 O\
0,6831 10,5754 L™
0,6695 10,6139 O
0,6441 |0,4352 \

06401 (0,3778 ||
0,6387 |0,2631 f "L/
0,6387 |0.13784>
0.6387 |0,0034
0.6387 l{m
o\

P
AN

Fortsetsung von 3. 71~ Lnntmued from p. 71

b i N
]' N otg
f A
i \\ . X _x—i
! 1€ \\i z+ sy (i x) Y
tei(x—:r) —z+iy —(E—x)—ty
\e‘}/t (g—-:r.)—i-iy z— iy
\‘: t.\eg(x—r)/t —(-g—x)+iy —_—r—1y
" %g Gty
e (=) y+iz y=i(5 =)
FICS 1N (RIS i
e | vrif-e) | v
JE+ *Hf(%* ) —y-iz




14 X. Kreis- und Hyperbelfunktionen einer komplexen Veriinderlichen.
X. Cireular and byperbolie funetions of a complex variable.

sSinz cos z
08—y 882~ A 0
ey
A - - LT g O

z=Fx+i0481

‘:i::«/z'/,zqs

N N
W ]

/.
w
Z

) !
3\ | ot
-8 =
T A
]
Fig. 31a und b. Verhalten der Funktionen in den vier Unadranten oder Oktanten bei
korstantem y,

niimlich der Kreisfunktionen von 2"+ iy und der Hyperbelfunktionen
vYon ¥ 4 izt,



X. Kreis- nnd Hyperbelfunktionen einer komplexen Verinderlichen,
X. Circular and hyperbolic fuzeti i 75
yperbolic funelions of & complex variable.

Gin z’ &of 2
I
*15 As=r
i e 0552
22 o} ﬁ%@
BB g O\
- 1 &
-1 el 9.9
TS
>
G
o
L]
b
T
:
8
o
N |
N

v == const
Yo Al R 1 e be functions in the four quadrants or octunta for y = const,
i"ig. 41 R wod b. Behaviour of the [unchions in olic functions of y 4 17"

viz. of the circular functions of o 4-fy and of the hyperd
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Argument|| sin | Fg | Cig | ctg| tg | Gin

X. Kreis- uod Hyperbelfunktionen giner komplexen Verinderlichen.
X. Circular and hyperbolic funetions of a ecomplex variable.

€of | cor || Erlinterung Explanstion

il rprrr
4 4 dd 4l

w-el |§[tl7t
Sl I I Sl

r
J

d

.

Yorz.-Wechss! des imag. Teiln
Change of sign of the imag. purt
Vors. -Wechael des reellen Teils
Change of sign of the real part
Ubergang zzm Komph.-Winkel
Crowsing to the eomplem.angle
Ulergang zum Suppl.—Wink)gk

-
r

r
r

u

Croesing to the supplem.angle
|

Das Zeichen | bedeutet, daB der Betrag
der Funktion in aeinen resiproken Wert
fibergeht. Umkehr des waagrechten Schen-
kels des rechten Winkels | _ bedentet
Vorzeichenwechsel des reellen Teils; Um-
kehr des senkrechteu Behenkels bedeuatet
Vorzeichenwechsel des imngindren Teils.

s

y,

AN

The sign | denotes thuf“the absclute
value of the fumction ig.'gt?énlfarmed to
the reciproeal value. <Heversion of the
horizontal side of the'fight-angle|  signi-
fies change of«gigh of the real part;
reversion of the ‘wertical side signifies
change of ujg:uf the imaginary part,

AN
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