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Classroom

In this section of Resonance, we invite readers to pose questions likely to be raised in a
classroom situation. We may suggest strategies for dealing with them, or invite responses,
or both. “Classroom” is equally a forum for raising broader issues and sharing personal
experiences and viewpoints on matters related to teaching and learning science.
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The Riemann zeta
function plays an
important role in
the theory of
numbers.

In this article, we evaluate the integral
R 1
0

n
1
xn

o
dx as a function of n, where f:g is the fractional
part function. We also show the relationship be-
tween this integral and the Riemann zeta func-
tion, ³(s).

1. Introduction

The Riemann zeta function which is a very important
special function in the theory of numbers is de¯ned as
follows.

³(s) =
1X
n=1

1

ns
:

For real values of s, ³(s) converges for s > 1 and di-
verges for s 1. Riemann in [1] analytically continued
this function to all complex values of s 6= 1 within the
half-plane of convergence, and the above series converges
when the real part of s exceeds 1.

Since Euler's time to the present day, this function has
been extensively studied and the famous Riemann hy-
pothesis concerning this function still remains unsolved.

In this article, we compute the value of the following

�

On a Definite Integral of the Fractional Part Function
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The famous
Riemann
hypothesis

concerning the
zeta function

remains unsolved.

The zeta function
satisfies many

important
identities.

integral for real values of n:Z 1

0

½
1

xn

¾
dx ;

where f:g is the fractional part function. From this, we
arrive at the following relation:

³
μ
1

s

¶
<

1

1¡ s ; for 0 < s < 1: (1)

It should be noted however that the zeta function satis-
¯es the following identity which is only one among many
others from which the above inequality is apparent.

³(s) =
s

s¡ 1 ¡
1X
n=1

(³(s+ n)¡ 1)s(s+ 1):::(s+ n ¡ 1)
(n+ 1)!

;

for 1 < s <1: (2)

We give another proof of the same fact by evaluating
the above integral. The integral has been evaluated for
n = 1 (see [2]). For an evaluation of another similar
integral and a discussion of related concepts, see [3].

2. Evaluation of the Integral

Theorem 1.

Z 1

0

½
1

xn

¾
dx =

8>>>><
>>>>:

1
1¡n n 0;

1
1¡n ¡ ³( 1n) 0 < n < 1;

1¡ ° n = 1;

where ° is the Euler{Mascheroni constant.

Proof.

Case 1: n < 0

This means that 0 < x¡n < 1; hence
n
1
xn

o
= 1

xn
. So:

Z 1

0

½
1

xn

¾
dx =

"
x1¡n

1¡ n
#1
0

=
1

1¡ n:

�
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Case 2: 0 < n < 1

We observe that,

I =
Z 1

0

½
1

xn

¾
dx = ¡ lim

p!1

pX
k=1

Z ( 1
k+1

)1=n

( 1
k
)1=n

½
1

xn

¾
dx:

Now, if μ
1

k + 1

¶1=n
< x <

μ
1

k

¶1=n
;

then ½
1

xn

¾
=
1

xn
¡ k:

So,

Z ( 1
k+1

)1=n

( 1
k
)1=n

½
1

xn

¾
dx =

"
x1¡n

1¡ n ¡ kx
#( 1

k+1
)1=n

( 1
k
)1=n

:

Summing the above over k from 1 to 1 we get:

¡I = 1

1¡ n
μ
³
μ
1

n
¡ 1

¶
¡ 1¡ ³

μ
1

n
¡ 1

¶¶

¡
1X
k=1

k + 1¡ 1
(k + 1)1=n

+ ³(
1

n
¡ 1): (3)

Now,

¡
1X
k=1

k + 1¡ 1
(k + 1)1=n

= 1¡ ³
μ
1

n
¡ 1

¶
¡ 1 + ³

μ
1

n

¶
: (4)

Plugging (4) into (3) gives us the following.

¡I = ¡1
1¡ n + ³

μ
1

n

¶
:

Hence,

I =
1

1¡ n ¡ ³
μ
1

n

¶
: (5)

Case 3: n = 1

I =
Z 1

0

½
1

x

¾
dx = ¡ lim

p!1

pX
k=1

Z ( 1
k+1

)

( 1
k
)

½
1

x

¾
dx:
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The Euler–
Mascheroni constant
is defined to be the
limiting difference

between the
harmonic series and
the natural logarithm.
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If 1
k+1

< x < 1
k
we have:

n
1
x

o
= 1

x
¡ k, so,

Z ( 1
k+1

)

( 1
k
)

½
1

x

¾
dx = [log x¡ kx](

1
k+1

)

( 1
k
)
= log k

¡ log(k + 1) +
1

k + 1
:

Summing the above over k from 1 to 1 we get:

¡I = lim
p!1

Ã
¡ log(p + 1) +

pX
k=1

1

k + 1

!
:

Now, the Euler{Mascheroni constant is de¯ned to be the
limiting di®erence between the harmonic series and the
natural logarithm. That is,

° = lim
n!1

Ã
nX
k=1

1

k
¡ ln(n)

!
:

Hence: I = ¡(¡1 + °) = 1¡ °.
Proof of an Inequality.

Now, from (5), we get a proof of (1) since I > 0:

³
μ
1

n

¶
<

1

1¡ n for all 0 < n < 1:
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Editors Note: One of the most important unsolved
problem in mathematics today is the location of the non-
trivial zeros of the Riemann zeta function in the com-
plex plane. See the book Dr. Riemanns zeros by Karl
Sabbagh for a very readable introduction to this topic.
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