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SPECTRAL THEORY OF THE LINEARIZED
VLASOV-POISSON EQUATION
BY

PIERRE DEGOND
ABSTRACT. We study the spectral theory of the linearized Vlasov-Poisson equation,
in order to prove that its solution behaves, for large times, like a sum of plane waves.
To obtain such an expansion involving damped wavess we must find an analytical
extension of the resolvent of the equation. Then, the poles of this extension are no
longer eigenvalues and must be interpreted as eigenmodes, associated to isgeneralized eigenfunctions" which actually are linear functionals on a Banach space of
analytic functions.

ACKNOWLEDGEMENTS. I am very grateful to Professor C. Bardos who helped me
all along this work, and to Professor A. Majda, who advised me on the subject of the
velocity Fourier transform.

Introduction. This paper is concerned with the linearized Vlasov-Poisson equation

(1) aat+V aat+8affo(V)=0; 8+=lt(v,v,t)dv; flt=o=g.
This equation describes the behaviour of the electron distribution function in a
plasma: given a uniform steady distnbution go(v) and an initial perturbation
g(x, v), the equation describes the evolution of this perturbation f(x, v, t) under the
action of the electrostatic potential f (x, t), generated by the charges of the electrons.
This work (cf. [3]) is an attempt at a mathematical explanation of Landau
damping in terms of eigenmodes and scattering theory. Landau damping arose when
physicists solved equation (1) by means of a Fourier-Laplace transform (cf. [1,
Chapter 8]) and wondered whether the potential + behaved like plane waves when t
is large. They found that there is no way to exhibit damped plane waves except by
providing an analytical extension of the Laplace transform of f, which is only
possible by assuming that fo and g are analytic with respect to v. Although very
strong, these hypotheses are verified in numerous physical situations for instance in
the case of a Maxwellian distribution: go(v) = exp(-v2).

In this paper we show that the potential f(x, t) actually admits the expansion
s

(2) f(x, t) = E c eAst+lnSX + Ce(ert) r < Min (ReXs)
s=l

lAs<S
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in which r can be negative, and we proceed as follows:

Equation (1), which, for convenience, we write as
(3)

f

=

T

f;

f(O)

=

g

is solved by semigroup theory: f(t)= exp(tT) g. The Dunford formula [4] then

relates it to the resolvent RA = ()V-T)-1. A deformation of the path of integration
in the Dunford formula allows us to give an asymptotic expansion for t:
s

(4) t(x,v,t) = E (t (v)eA5t+ln5X + b(ert) r < Min (ReXs)
s=l

lAsAS

where r is positive, A5 are eigenvalues of T, and a5(v) are well-defined functions of
v.

However, the continuous spectrum of T forbids us to use cigenvalues A5 such that

Re X 5, < O, and formula (4) only involves unstable modes. In order to get rid of this
restriction, we construct an analytical extension RA of the resolvent across the
continuous spectrum; but we must then choose the initial data g in a Banach space

r of analytic functions and consider RAg as a linear functional on r. Therefore, we
can obtain an expansion (4) involving damped waves (i.e. r may be negative) having
the remarkable properties that the A5 for Re A5 < O are no longer eigenvalues of T,

and that the corresponding a5(v) are linear functionals on r. These A5 may be
interpreted as eigenmodes, thanks to a suitable generalization of T to rt, the dual of

r.
We try then to explain the appearance of such elements of rt by means of a

partial Fourier transform with respect to v. Indeed, the transform of some elements
g of rt can be defined as a genuine function (p(() growing exponentially fast at

infinity.1 Thus, from formula (4), we obtain
s

(S) f (x, ( t) = L a (t)eA5t+insx + (ert
s=l
Because of the exponential growth of a5(t) for Re A5 < O, expansion (S) is valid
uniformly for ( in an arbitrary compact subset of R.

This behaviour may be compared to that of the wave equation outside an obstacle
with no trapped rays. In [2], Lax and Phillips obtain for the solution of such an
equation, the expansion, uniform for IYI < R, with arbitrary R,
s

(6) u(Y,t) = E eAstW(y) + b(ert) r < Min (ReXs)
s=l

lAs<S

where Ws(y) are exponentially growing functions. This analogy will be developed in

the conclusion.
Landau damping is examined in [1, Chapter 8]. But beside this approach, another

successful theory has been developed by Van Kampen [8] and Case [9], using a
"normal mode expansion". The link between the two theories has been established

by Trocheris [10] in an interesting paper, where he uses linear functionals on spaces
of analytic functions. In [3] we try to relate the normal mode expansion to the
Dunford formula.
t The rsotation ip will be used for the partial Fourier transform, with respect to the space variable.
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1. Solution and spectral theory of Vlasov-Poisson equations in a 1-dimensional
periodic domain.

1.1. The equations and the associated semigroup. Let x E X = [O, 2sr] be the spatial
coordinate, v E R the velocity, and t > O, the time. Let go(v) be the steady state of
the plasma, and let Fo(v) = go(v) be its derivative which is a continuous, real-valued
function, verifying the following hypotheses:
H1:

Fo

E

L1(R)

r)

L2(R);

H2: Fo is Holder continuous in the neighbourhood of every point of R.

We seek a pair of functions f(x, v, t) and ¢(x, t) solutions of the Cauchy
boundary value problem:
(7)

aotf+vaaf + aa+Fo(v)=O a +2=1+ f(x,v,t)dv, f(x,v,O)=g(x,v).

(8) f(O,v,t)=f(27r,v,t), f(O,t)=f(27r,t)=O, aaf(O,t)=aaf(2r,t).
The periodic boundary conditions (8) imply the conservation of charge
xxRf(X,u,t)dxdv

=

O,Xlt

>

O.

Now, denote by a? the Banach space a?= { (p E L1(x x R) | Il(p(x, v) dx dv = O}
equipped with the L1 norm.

A is the unbounded operator such that A(p = -v(8(p/8x) with domain
D(A) = {(p E a? 1 v(a/ax) E , (o v) = 9(2T, v)a.e.} .
K is the compact bounded operator of a?, defined by
Kg = -d f /dx Fo 0
where + is given by

d +2 = S g (X, V) dv, f (O) = f (27 ) = °' dx (°) = dx (27 )

Finally T= A + K is the unbounded operator associated with equation (7). The
following property results from a classical perturbation theorem [5, p. 497] and
allows us to solve equations (7) and (8).

PROPOSITION 1.1. (a) A generates a strongly continuous group of isometries of a?
given by

exp(tA) (p(x, v) = (p*(x - vt, v), Rl(p E a?,
where sp* denotes the periodic extension of (p to R:
sp*(x, v) = sp(x - 2kfr, v), if x E ]2kfr, 2(k + 1)r[.
(b) T generates a strongly continuous group on S.

REMARK 1.1. There are two kinds of physically reasonable boundary conditions
for the Vlasov-Poisson equations. The first one consists of choosing x E R and
imposing some decay at infinity. The second one is the periodic condition (8). Both
allow the use of Fourier analysis in order to simplify the computations, but the latter
gives a better framework to study the existence of solutions, and the spectral theory,
essentially because T is a compact perturbation of the transport operator A. []
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1.2. Spectrum and resolvent of T. The plasma dispersion function D(n, A) appears
naturally in the Fourier analysis of our equation. It will be defined as followvs:
DEFINITION 1.1. For A E C \ iR and n E Z*, then
(

)

(

)

I

l+°o

Fo(U)

ds

Formula (9) still has a meaning for pairs (i71, n) in iR x Z* such that FO(-71/n) = 0
and defines D(n, ir).
The following lemma is straightforward.
LEMMA 1.1. (a) limlnl+OOD(n,)= 1 uniformlyfor A in Sa = {A G CIIReAl >
og }, where a is arbitrary positive.

(c) Let Ao in C \ iR be given such that there is no integer n verifying D(n, Ao) = O.
Then, for A in a small enough neighbourhood of AoS onehas

(10) |D(n, A) | > Do > O, tn E Z*.
Formula (10) is also validfor A in a neighbourhood of x in SO,.

As T generates a group, its spectrum o(T) is contained in a strip { A E C l lRe Al
< 0 } . We denote, respectively, by op(T), oR(T), ac(T), the point, residual, and
continous spectra of T.

THEOREM 1.1. For g in 5{, let
A

(

)

(2

)-ll

-Inx

(

)

d

be its nth Fourier coefficient.
(a) For A not in the spectrum of T, the resolvent RA= (A-T)-1 satisfies

(RAg)09= go/A and

n A + inv + nD(n A) A °+( .) j ° gn(w) dW
(b) The spectrum of T is given by

o(1') = iR U {A E C|]n E Z*; D(n, A) = O} .
It is symmetric with respect to the real and imaginary axes, and its intersection with
any Sa is a finite set.

(c) A belongs to op(T) if and only if A = O or there exists n in Z* such that
D f n, X ) = O. Moreover, if Re A + O, the set of solutions n of the equation D( n, A ) = O
is finite and denoted by {nl, . . ., np}. Then a basis of the eigenspace EA(T) is given by
{exp(in jX)J(v), j= l,...,p}, whereZy(U)= Fo(U)/(X+ inyv)
(d) dR(T) = op(T)\ iR*; ac(T) = iR*.
REMARK 1.2. Figure 1 shows a possible configuration of o(T). Of course, it
depends on tO and for instance in [1, p. 445], it is proved that for a Maxwellian

fo(v) = exp(-v2), onehas op(T) = aR(T) = {O}, sc(T) = iR* O
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PROOF OF THEOREM 1.1. (a) Let X be such that Re X + O and that D(n, A) + O for
every integer n in Z*, and let g be in S. We look for a unique solution g of the
spectral equations

(12) F,+v aX + dx *Fo=g
d + = J (x, v) dv, +(0) = +(2sr) = ° dx (°) = dx (7<;r)
Taking Fourier coefficients of (12) we get

(13) (A + inv)(pn + in f"Fo = gn and -n2fn = | F)"(v) dv

So, we obtain 0 = g0/A and, for n + O, we divide by (A + inv) and integrat
with respect to v. Therefore

D(nX)J )"(U) dv = S g; ( ) dv

As D(n, A) + O, we can then obtain f" and replacing it in (13), we get e
(11 ) for t1

Conversely we must now show that formula (11) defines a function of
verifying equations (12). But g"(v)/(;K + inv) are the Fourier coefficients
generates a group of isometries. The other term,

(tAg)n(U) = nDf ^.) A + inv j A(+ ) ' n + O,
defines an absolutely convergent Fourier series in X, as the expression

JJ l(,:g) ei"X | dx dv < nD (A ) 11 Fo IIL2 ( n Re A ) 11 g 1 27T Re
is of order n-3/2 (use Lemma 1.1). This completes the proof of point (a).

(b) Formula (11) shows that (RAg)" is no longer defined when D(n, A

this provides point spectrum (cf. (c)). On the other hand, when iA is r

not an integrable function of v, and this gives continuous spectrum (cf. (d))
has

o(T)-iR U {)t E C|in E Z*; D(n, )t) = O}.
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Separating real and imaginary parts, the equation D(n? A) = 0 becomes, for
X = ( + in,
S Fo(v)dv 0 d S VFo(U) dv = l

42 +(71 + nv) 42 +(71 + nv)
These equations are invariant under the transformations ( > -t and (71, n) >
(-, -n), so that o(T) is symmetric with respect to the real and the imaginary axes.
On the other hand, a(T) n S<,: is finite, thanks to Lemma l.l and to the
analyticity of D with respect to A.

(c) Take an eigenvalue A, such that Re X + 0, with corresponding eigenvector (p.
The same computations as above lead to (p0 = O and (A + inv)" + inf"F0 = 0;
D(n,A)+,I=O,ifn+O.

As g is not zero, not every Gn can be zero either, which implies that D(n, A) = O
for some n. By virtue of Lemma l.l(b), this equation only admits a finite number of
solutions, nl, . . ., np, so that z reads, with arbitrary CJUS
P CJeXp(inix)Fo(U)

p(x,v)= L A+inv
J=T

y

0 is an eigenvalue, because every odd integrable function of v is in the null space
of T.
If A = i71, 71 E R*, the integrability of g with respect to v implies that FO(-rl/n)
- O for any n such that ([)n + °. This implies that D(n, i71) is well defined and
-

allows the same computations as in the case Re A + 0.
(d) The elements of aR(T) are the eigenvalues of the adjoint T* of T, which is
defined on a?* = L°°(X X R)/R (space of bounded functions defined up to an
additive constant) by

T*S = v a - X a ( x ),
where
.x-

+

X

xa(x)
o

-t

=

-t

|

Fo(W

+-|| Fo(w)8(y, w) dydw.
27T XXR
Then computations similar to those of part (c) yield the result.
From what precedes, in order to get ac(T)= iR*, it suffices to prove that

iR* c o(T). Now it is easily shown that the equation
(i71 - T)<p = exp(ix - s2)/(71 + v) /
has no solution (p E X, proving that i71 E o(T).
1.3. Asymptotic behaviour of exp(tT).

Simplifying hypotheses l.l. We assume that for each ngZ*, the zeroes of the
analytic function A > D(n, A) (Re A + 0) are simple. This implies that the Laurent
development of RA around an eigenvalue Ao is (with the notations of Theorem l.l(a))

(14) A - Ao 4 1 <C,, gVexp( inyx) q), ( U)) + O(1)
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where

(15)

(

ff

g)

n(

8;\.)

(ni'\0)

S

A'+

in

In the general case (detailed in [3]), one can link the multiplicity of a zero of
D(n, ) to the algebraic multiplicity of the corresponding eigenvalue.
PROPOSITION 1.2. Let r be a real number such that O < r < S0, and that no

eigenvalue of T lies on the line Re X = r. Let AS (s = 1, . . ., S) be the eigenvalues of T
such that r < Re As < 0, which are in finite number by virtue of Theorem l.l(d).

Denote by the superscript s the quantities p, nJv Cj associated with As in formulae (14)
and (15). Then, the following expansion is valid, in the L1 norm, for g E D(A), when

t goes to oo (cf . Figure 2):
(16) etTg = E E eASt+'" xcJsSg) °(i)s + °(ert)*
s=l

J=1

s

y

PROOF. BY the theorem of separation of the spectrum (cf. [5, p. 178]), one can split

T into its bounded projection T1 associated with the compact subset of a(T):
E = {AS,s = 1,...,S}, and an unbounded remainder T2. Then, the Dunford formula applied to T1 gives
s

etTg = , ReS(eAtRAg, As) + e g
s=l

By a classical estimate, we get exp(tT)g = O(ert) in , and then expansion (14)
leads to the result. O
REMARK 1.3. The expansion (16) only involves unstable waves because Re As > °

Moreover, in the case of the Maxwellian gO, Corollary 1.1 does not give any
indication by virtue of Remark 1.2.
In fact, the continuous spectrum appears as a barrier which prevents us from

picking up the contributions of the eigenvalues A such that Re X < O. In order to
overcome this difficulty, one must extend the resolvent RA across the imaginary axis.

P Im X

o

r

1@°

8

(e i
Y

v

@

FIGURE 2. Eigenvalues used in expansion (15) are encircled.
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To this purpose, we refer to formula (11), with n = 1, for simplicity, and we try to
extend the term gl(v)/(A + is) or for instance G)i(U)= 1/(A + iv) (ReA > O).
Then, if we define

n Z ( V + n )

We have the limit in the sense of distributions

(P.V. denoting the Cauchy principal value). Moreover, if h is a regular function,
then

< A, ) | A+zv (ReA>O)

is the Hilbert transform of h. It is well known [6] that this function may be extended
into an analytic function on the half-plane ReR > -cx ((x > O), if one assumes that
h ( v ) is analytic in a strip -a < Im v < O.
SO GA and consequently RAg, must now be understood as linear functionals on a
space of analytic functions. This is shown in detail in the next chapter. O
2. Analytical extension of the resolvent.

2.1. The spaces G and r. Let Qa = {z E CllImzl < a}, Ila = {z E CIRez >
-o} where a > O is fixed. The restriction of a function defined on Qa to the line
Im z = n ( E [-cY, cv]), will be denoted by &.

(resp. L2(X)) such that
|| t IIG (resp.r) = Sup 1l tn llL2(R) (resp.L2(XxR)) + %*
T1E[-a.+a]

These well-known Hardy type spaces are studied in [7, Chapter 5]. In particular G
is a closed subspace of the Banach space C°([-a, +a], L2(R)), which answers the
question of the definition of the boundary values ta and f a. From [7], we also
g + I m z ////g////-;/////ffiX/m%/t////X///////

X

</

S-

a

X

n

O

-

ia
jn

Re

i

z

a

n

O

Re

Qa

z

g ////////////V///////111111
FIGURE 3 . TI < f and Q<y
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deduce the

PROPOSITION 2.1. Let f E G. Then the Hilbert transforms H+f(z) and H-f(z)
defined respectively for Imz > O and Imz < O by the formula J f(v)/(v - z)dv
may be analytically extended respectively to Imz > -(x and Imz < (x, thanks to

formulas

H+f(z) = | °° f (t)dt and H-f(z) = |la+°° t(t)dt
-z

and

we

(17)

a-

oo

Z

a-

oo

have

vZ

E

Qa

t(Z)

=

2i

(H

The dual spaces will play a fun
Parseval formula, we define th

<g, h) = || g(x, v)h(-x, v) dxdv.
XXR

Then

PROPOSITION 2.2. (a) The restriction, to the real axis, of a function f of G or r

<Jg, h) = | g(x, v)h(-x, v) dxdv, adg E L2(X x R), adh E r, XXR

PROOF. (a) Fol ows from the analytical extension principle.

(b) Let g E L2(X X R) be such that Jg = O. Take h(x, z) = sp(-x)/(z - zO),

with (p E L2( X) and I m zol > (x.

Then, < Jg, h ) = O means that

| (v-z)
1 | sp(x)g(x,v)dx dv=O, Rlzsuchthat|Imzl>(x
R X
and
that

so

by

the

the

that

x

|

analytical

Hilbert

[6]

(p

exten

transform

(x)g(x,

v)

dx

Hence g = O. C1

We do not try to characterize the elements of rt, because we shall only use the
most regular ones, namely those g* which can be written

(1 8) > E1 llxx R gJ ( x, u ) h rlJ (-x, u ) dx du , th E r
where m E N, gJ E L2(Xx R),and nj E [-<x, +(x]for j = 1,...,m.
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We call rl the subset of all functionals of type (18) and G1, the analogous with

respect to G'. For instance, formula (17) shows that the Dirac mass Az defined f
z E Qa by (8z, J> = f(z) belongs to G1.
Finally, we notice the following obvious facts, relative to the Fourier analysis of r
and r.
-

LEMMA
(

fsl

),

2.1.

which

However,

If

we

the

f

E

denot

Fourie

DEFINITION
2.2.
F
<exp(inx)g*,
h)
=
2
This
definition
co
(namely

2.2.

The

when

g*

is

i

analytical

difficulties,
coefficients

we

e
beg

are

(pAg"(v) = g"(v)/(A + inv) forg .

Let £,l = sgn(n), for n + O, and Eo = °, and denote by B(X, Y) the space of li
bounded operators from X to Y.

THEOREM 2.1. For A + O, Re A > -a, one defines PA E B(rS r) by the formula

(19) <PAg, > ,EZ l-iE a X A + inD ; g'
and residue a such that ag = gO.
contrary, this is false for Re X < O.

PROOF. (a) The map ing PA belongs to B(r, r') because, thanks to the CauchySchwarz inequality, and Parseval's formula, one gets
I (PAg' > I < Re A + a (l g-a l L2l h-a l L2 + 1 ga | L2| ha | L2 ) +-| g | L2| h | L2
< C( A ) 1 g l ril h l r-

Then expanding 1/(A + ing) in powers of (A - Ao) (for any Ao E Ha) gives

PA A + E PAO (A Ao)
pro

where P(APO) E B(rS r) iS such that
( ) p r-iena+ ° gn(g)hn(t)
t1sZ* -len°t-°° ( Ao + int)

This proves the analyticity.
2This means "meromorphic in the uniform topology of the operators of B(r, r')".

This content downloaded from 93.230.50.223 on Mon, 12 Dec 2016 19:29:55 UTC
All use subject to http://about.jstor.org/terms

SPECTRAL THEORY OF THE VLASOV-POISSON EQUATION

445

(b) Proposition 2.1 applies, but it is worthwhile going into details. For Re X > 0
the function g"(g)hn(D)/(*A + int) has a unique pole at iA/n. Then the Cauchy
formula allows us to deform the integration path according to Figure 4. Thus
(20) (PAg,h) = 2sT E E gn(v)h (u) dv

=11 PAg(X,V)h(-xUv)dxdv

proving that PAg = JPAg

REMARK 2.1. For Re A < O, the pole iA/n lies on the other side of the real axis, so
that a residue appears in formula (20). Actually (PAg)" is the sum of an L2 function
.

,

s

.

ana a complex terac mass:
(P;vg) n (P,ig) n + Inl gn ( n ) biA/n * °

Since the operator PA is an extension of PA= (A + va/ax)-l its inverse will
provide us an extension of (S + v8/ax) to r.

PROPOSITION 2.3. (a) PA is injective. Its inverse is an unbounded operator from rt to
rt denoted by (A + D * a/ax) whose domain i\A is the range of p*

(b) Let 1\ = {g E rlD * ag/ax E r g(O,) = g(2s7,¢) 81t E Qf}. Then J(A) c
AA, and for such functions, the operator (S + Da/ax) defined above, coincides with
the usual Ag + tag/ax.

PROOF. The proof of (a) is similar to that of Proposition 2.2, and the proof of (b),
to that of Theorem 2.1(b). [1

We notice that the domain A; of the operator (S + Da/ax) depends on A, and
that this operator is not defined for X = 0, because zero is a pole of PA. SO there is
no natural way to give a sense to the operator ta/ax.
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Now we perform the extension of D(n, A) under

HYPOTHESIS H3. F0 extends to Qa and is an element of G.
PROPOSITION 2.4. There exists an analyticalextension of D(n, ) defined on tIa,
which reads

( 21 ) D ( n, X ) = 1--| " A° (+ )ng
Then D has the same properties as D, namely
(a) If 9k) = {S E fIa l3n E Z*, D(n, A) = O}, then 9k) n H is a finite set, t/3 < o.
(b) The inequality ID(n, A)1 > Do > O, tn E Z* is valid in the neighbourhood of
any X 0 E rI a \ g22, and also in the neighbourhood of x in H, t/3 < o.

We can now go to the extension of the resolvent. The proof of Theorem 2.2 is
similar to that of Theorem 2.1 and is omitted.

THEOREM 2.2. For X E rILa \ (922 u {0}) define RA E s(r r) by
(22) (Rxg, h) = (pAg, h) + 27r E Df A) S °A + inD dD

J-lena+°° gn(D)dt

-lena-00 X + int'
Then RA is uniformly meromorphic on Ila with poles in 92 U {O} and is an extension
of R A in the same manner as PARAg = J(RAg) tS, ReR > O, Vg SC) r.
More indications about the poles are provided by a
SYMPLIFYING HYPOTHESIS 2.1. We assume that for any n E Z*, the zeroes of
D(n,)aresimple.
So, let S 0 E 9k>, and denote by {nJ, j = 1,..., p}, the finite set of solutions of the
equation D ( n, X 0 ) = O. Then, the Laurent development of R A near X 0 is written

(23) Ag A-A0 ( L1 <CJ7 gVeXP(in,X)9y) + 0(1)

where sp} E G' and CJ E rt are defined according to
(24) <9X h) = J-(e"al+_ F0X) (D) t v th E G

and

(25) <C g) = z ( aaA ) (n}S A°) * I _X A0 + in}D

REMARK 2.2. The poles A0, such that ReRO > O are eigenvalues of T, and the
corresponding (pj's coincide with the eigenvalue (p>, up to the injection J, because we
can perform a deformation of the integration paths in formula (24), as shown on
Figure 4.
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On the other hand, when Re A0 < O, A0 is no more an eigenvalue of T
, a genuine function of v. As pointed out in Remark 2.1, gJ iS the su
L2-function and of a complex Dirac mass. Thus, the concepts of eigen

eigenfunction may no longer be used.

However, we shall generalize (X- T); so that it operates in rt, in
formalize the idea that gJ iS "almost" an eigenfunction. This is the aim
paragraph. O

g*2.3.
E r.The generalized spectral equation. We begin to give a sense to Ig*dv for
DEFINITION 2.3. If g* E rt is defined according to (18) and furthermore, if

g, E L1( X x R), ( j = 1, . . ., p), then

(26) | g*du = , E g (x, u) du E L1(X).
LEMMA 2.3. Let g E ?n r. Then IpAgdA is well defined by (26) and is an element

of L ( X).

PROOF. Formula (19) gives, for g E Sn r and h E r,
<pAg h> = j gohods + JJ
XxR (+-(x, v)h O(-x, v) + ++(x, v)ho(-x, v)) dxdv
where {- and {+ are defined by their Fourier coefficients

An (V) g-ot,n(U) if n > O,
+|n|x+ inv

An (V) got,n(V) if n < O,
A+|n|x+inv

the other coefficients of {+ and {- being zero. It is easy to see tha
in L2(R) such that

|X+|n|x+inv|

< X(U) ln E Z*.

Thus

J (-x
E 1A,1 (U)7>o
I ) dv < fi X(U)lig-a(U)
||L2(xedv < ligilrilXllL2
-x
Therefore

the
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existence
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+
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where ( X + ga/ax ) is defined in Proposition 2.3. Furthermore, exp(inJx)(p} defined at

formula (24) is solution of equation (27) where X = A0 and g = 0.
PROOF. Formula (22) shows that (P = p*,(g + {Fo) where {(x) is an L2(X)

function defined by
+0 = O and An = nDt A.) J A(+ )n! for n t 0.

Then g + {Fo E , so that Lemma 2.3 applies, and one checks that + = -d¢/dx.
Then, thanks to the definition of (A + taXax), one gets (27). O
Theorem 2.3 shows that the extension RA is still, in a generalized sense, a

resolvent of T, and that its poles A0 with Re A0 < O are generalized eigenvalues that
we may call eigenmodes.
In the next section we use this extension RA to give an expansion of type (16)

involving both unstable and stable waves. However, semigroup techniques fail in this
context, and we must prove some estimates about R A.
2.4 Generalized asymptotic behaviour of exp(tT).

lim 11 RAg llr = °
A +oo
ReA>r

PROOF. tJsing the convergence of the series and of the integrals, we may reduce
formulae (19) and (22) to finite sums with respect to n, and integrals upon bounded
domains with respect to ;. Then the Lebesgue theorem allows us to take the limit
when X goes to infinity, which is obviously zero. Details are left to the reader. C1
LEMMA 2.5 (estimate of the remainder). Let g E r and r (-ot < r < 0) be such that
no element of 9 lies on the line Re X = r. Then
(28) 2i t eA'R,2gdX < C(tO)ertilgilr t1 > to > °

PROOF.

Let

(29) ( ) 1 |r+l°° eXtRXgdA = 2 e (t).

Then (28) is equivalent to ll(t)llro < C(to)llGlr
We integrate by parts and split (p(t) into two operators mlit) and (p2(t), which
read as follows for h E r, A = r + irl (the integrals with respect to g are performed

on the line Im D = -E"°()
(30) (9)1(l) h> = t | e njl E S gr(;) n(t) dv) dn, th E r,

(31) (m2(t), h>

t l oo dA ( nD(n x) | °(t+ i"(g) d;| gn(Dt) dgt) d
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Thanks to an inversion of summations, and to the estimate

(32) j d7l/lr + i(N + nt) | < r/(r + ot), one obtains
| (l(t), h) | < 7m11 g llril h |lr/t(r + ot) < C(to) ll g lrll h llr
Differentiating with respect to A in (31) we get a sum of three terms, the first one
of which is

27r S el71t; L ( A)2 J (A + * D )2
S gn(&;l) d&;l J F0(t+)i n( 2 dg2) d.
With the help of Proposition 2.4 its modulus is estimate by

J+°° (J F0(D3) dD } (J Ahn(D2) dD2

Applying now the Cauchy-Schwarz inequality to the integral with respect t
and using estimate (32) and Parseval's formula, one gets that (33) is less than
equal to

C(r,a,DOFo)llgllrllAlir/t < C(to)llgllrllhllr tt > to
A similar method can be applied so as to estimate the other tertns, and to prove
the final result. Cl

We are now able to prove the following

THEOREM. 2.4. As in Proposition 1.2, the superscipt
to the pole A 5 of R*,. We define

D(A) = (g a?n L2(Xx R) vag ess?n L2(Xx

Now, let g E D1(A) n r and r (-of < r < O) be suc

the line Re A = r. Denote by { A1, . . ., As } the finit
that r < Re A < 0.
Then, the following asymptotic expansion is valid in the strong topology of rt, when t

goes to inQnity:
s

Ps

(34) J(etTg) = g + E E est+lnyX(cJssg>y5(v) + 6(ert).
s=l y=l

PROOF. D1(A) is the domain of A and T, as operators
when g belongs to D1(A) n r, the following Dunford
strong topology of rt

J( e tTg A = 1 jP + ,X eXtR xg d X tt > O, Vp
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FIGURE 5. The path (C)
Now, apply the theorem of residues with the path (C) depicted in Figure 5. We
obtain, according to (23),
s

Ps

(35 ) 2i t eX'R xg dX = gO + E E eXs. + /n,xcs g> g5
Then, thanks to Lemma 2.4, the integrals along the segments of the horizontal
lines ImA= +A go to zero when A goes to infinity. Furthermore, Lemma 2.5
asserts that the integral along the infinite line ReA = r is of order ert. So, putting
A = zo in (35) gives (34). C1
REMARK 2.3. Theorem 2.4 answers the questions that arose at Remark 1.4. Indeed,
expansion (34) involves both stable and unstable waves. But we must point out the
fact that the magnitude of the stable waves depends on the velocity v through the
functionals (p.
Before looking for similar expansions of the potential, we shall interpret the
appearance of such functionals by means of a Fourier transform with respect to the
velocity. []

3. Fourier transform with respect to the velocity.
3.1. Fourier trclnsform in r clnd r. For g E L2(X x R), we denote by g(x, () its
Fourier transform with respect to v:

g(x, () = j g(x, v)exp(-iv () dv.
If g E r, then one gets a kind of Paley-Wiener property:
(36) g(x ()=exp(nt)(g71)(X,().
DEFINITION 3 .1. If the element g* of rl is given by (18) then
nl

+x

m

(37) g*(x,()= L L gJ(x,v)e-l(U+l71y)4dv= E g (x ()e71/t
J=1

-x

J=1

REMARK 3.1. This definition seems very natural, but the exponential growth of g*,

when ( goes to infinity, explains why g* cannot be considered as an ordinary
distribution. Analogous definitions can be stated for G, and for instance, one has
8 (()= exp(-iz().
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But a difficulty arises from the nonuniqueness of expression (18) for g*. However,
one has

PROPOSITION 3.1. Let g* in rl be given by formula (18). then g* is identically zero if
and only if its Fourier transform g* given by (37) is identically zero.

PROOF. It uses the same techniques as Proposition 2.2, and is omitted (cf. [3]). []
3.2. Fourier transform of the resolvent and of its extension. Theorem 3.1 clarifies the
meaning of the analytical extension of the resolvent. We denote by Ho(t) the
Fourier transform of Fo( v).

THEOREM 3.1. (a) Let Re X be positive and g belong to 52. Then one has for n + 0:
( ) (RAg) s1(() = Jt e-A(s-{)/ng ( ) ds

+ i lenX -A(s-t)/nM ( ) ds J8t°° -As/lv ( ) ds

(b) Let Re A > -R and g E 52X r. Then the Fourier transform of RAg, which is an
element of rl, is still given by formula (38).

REMARK 3.2. In statement (a), (RAg)" is a continuous function of t going to zero

at infinity, whereas (RAg)" (for a < ReX < O) grows exponentially, when f tends
to infinity. Furthermore in the latter case, the convergence of the integrals in (38) is
due to formula (36).

However, the same formula (38) gives the resolvent and its extension and they
both satisfy the spectral equation

A9"-n af - nq)n(°)* Ho=gn if n+O.

Similar properties are true for the eigenfunctions mJ(U), and their generalization
ml(v). These considerations strengthen our feeling that RA is the right extension of
RA and that its poles are genuine "generalized eigenvalues" of operator T.

PROOF OF THEOREM 3.1. (a) The problem reduces to looking for the Fourier
transform of +l(v) = (v)/(A + inv) where (p E L1(R). Now lfn iS a solution of the
equation

( a( ) +" (p; An( °t) = A"( 'r X) = 0.
Thus
4/n(() = t e-A(s-()/nz ( ) ds

(b) NowS we prove that the Fourier transform of the functional ftl E Gl such that

(+" h) = S ( ) (g;) dt \/h E G
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(where (p E G n L1(R)) is still given by (39). According to Definition 3.1, one gets
v ( ( + X (p £ Xx ( v ) exp ( iv ( ) dv

-x ( X + | n lot) + inv
But, since Re(A + Inlhx) > O, the proof of (a) applies and gives
+ ( t ) = e - £,1at t tt e - ( A + | " 1a)(s-()/n g ( S ) ds

Formula (36) then leads to (39).
3.3. Asymptotic behcwiour of the fourier trclnsform of the distribution function clnd of

the potenticll.
THEOREM 3.2. Assume thclt the hypotheses of Theorem 2.4 clre scltisfied, clnd
furthermore, thclt g 0 clnd gOf E L1(X x R). Then the velocity Fourier trclnsform of
exp( tT ) g expclnds clecording to
(40) J(exp(tT)g)(x,() = , eASt+l"x<cs g>q9S(t) + g (() + (7( rt)
s , 1

in C°([-R, +R], L1(X)) for every clrbitrclry R > O. Then the following expclnsion
holds for the potenticll + in W2 1( X):
(41) *$,(x t) = , eA,+ln,t, ( J 'g> + 6(ert)
PROOF. The velocity Fourier transform of equation (34) gives (40). However, the

main problem is to estimate the Fourier transform of the integral remainder Sr(t)
(formula (29)) in the C°([-R, R], Ll(X))-norm. This is not a consequence of
Lemma 2.5, because the Fourier transform is not continuous on rt, and estimate

(40) is actually sharper. Keeping the notations of Lemma 2.5, we shall prove that
(42) ||<pl(t) ||C0([-R R] L1(X)) < C, lt > to > °
where C = C(to, g, r, R). A similar estimate can be proved for q)2, by means of the

same techniques, and is omitted (cf. [3]).
Indeed, one can invert the summations in (30) and compute the integral with
respect to 7B, by the residue theorem. Then one has
( ) h> (2 )2e_rt E j-len+X g (D)h"(t)e-l"ttdt
s1 E Z* -ien a-X

Thus
<g1(t), h> = 277e JJ (y-(x, v)h o(-x, v) + y+(x, v)ho(-x, v)) dxdv
XXR

where, one can easily check by the aid of Fourier coefficients that
e - I(x-y)-t
y (x, v) = Jx g+a(Y - vt, v) 1 - e _Z(x-y)-xt dy
This proves that (pl(t) is an element of rl, whose Fourier transform is
(pl(t x, () = 277exp(-rt)(y- (x, ()exp(-at) + y+ (x, ()exp(xt)) .
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Then
Il(Pl(t) ||C0([-R R] L1{X)) < C(to)e ( )e (llgallLI + llg-llLl)
and since r + a > 0, one gets (42)

As far as f is concerned7 put ( - 0 in (40) and integrate twice with respect to x.
Since D(nl, A5) - O, then one has (p,5(0) = -inJ, which leads to (41). O

Expansion (41) was the aim of this paper. However, expansion (40) presents
interesting analogies with Lax and Phillips scattering theory, which we detail in the
conclusion.

3.4. Comparison between Vlsov's equation and scattering theory. One of the aims
of the scattering theory [2] is to obtain an asymptotic behaviour for the wave
equation outside a bounded obstacle. Although the total energy of the solution
remains constant the dispersion towards infinity leads to a local decay of the L°°
norm of the solution. This decay is well expressed by expansion (6).

The same phenomena actually arises for Vlasov's equation. Indeed, for any fixed
x! expansion (40) is only valid locally in (, because of the exponential growth of the

,s((). Moreover, the velocity Fourier transform of Vlasov's equation is a perturbed
transport equation
aftZ -n aftn _ _tn(0)H0= 0

whose solution propagates towards infinity in the t-space. Thus, in a stable periodic
plasma, the energy disperses towards the high oscillatory modes in the velocity
space, which explains the appearance of ';analytic distributions". This phenomena is
known in physics as "phase mixing" and is sometimes considered as unphysical (cf.
[1. §8.7]).
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