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1. Introduction

Let F be any measurable map of the positively oriented unit circle S' into itself.
We will work with the periodic unimodular defining function, F(e®) = f(t). It
gives the Fourier series associated with the map

, > , 1 [ .
F(e") = f(t) ~ ne e = clf] = — t)e "dt. 1.1
(€)= f(t) _EOOCG » e =cnlfl= oo ; ft)e (1.1)
The condition |f(¢)] = 1 has an equivalent formulation in terms of the Fourier
coefficients
oo 2 .
1 o 0 ifk#0
> Cnlnk = o ) f(t)e”*tdt = " 1.2
ot = g J, T {1 if k= 0. (12)

n=—oo

Following a question of Gelfand [5], H. Brézis and L. Nirenberg discovered that
for circle maps F of class C!, the degree, index or winding number can be expressed
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in terms of the Fourier coefficients as follows, cf. [4]:

1
deg F = %Alogﬂsl (1.3)

1 1 1 —

=— [ —dF=-— [ FdF 1.4
211 S1 Fd 211 S1 d ( )

2 00
— N £/ _ 2
= f)f (t)dt_§n|cn| : (1.5)

A degree can also be defined for more general maps F : S' — S'. The con-
tinuous case is classical, cf. (1.3). Recent extensions have been motivated by the
Ginzburg-Landau equations, see L. Boutet de Monvel and O. Gabber in [1, Ap-
pendix] and H. Brézis and L. Nirenberg [2], [3]. For the case of S!, these authors
considered maps in the Sobolev class H %, using duality in (1.4), and in the larger
class VMO, using approximation by continuous functions. In their papers, Brézis
and Nirenberg made a thorough study of much more general maps of class VMO,
also for higher dimensions, cf. the surveys in Brézis [4] and Nirenberg [9].

For circle maps F', Brézis and Nirenberg [2], [4] have asked if one could give a
meaning to the formula

degF:Zn|Cn|2 (1.6)
—00

in all cases where deg F' is well-defined. Their answer was yes if F' is in H 3 (St Sh,
a condition which is equivalent to the absolute convergence of the series in (1.6).
Since such an F' can be written as H2-limit of functions in C'* (S, §1) it follows that
deg F' as defined by duality in (1.4) is an integer (also observed in [1, Appendix])
and that (1.6) is satisfied. Thus Brézis and Nirenberg obtained the surprising result
that the orthogonality relations (1.2) for a sequence {c,,} in [?, together with the
absolute convergence of the series " n|c, |2, imply that the sum of the series is an
integer! It would be interesting to have a direct proof of this fact.

Remarks 1.1. Without the absolute convergence of (1.6), the relations (1.2) do
not imply that the symmetric sum S = limy_, o ZJ_VN nlcn|? is an integer whenever
it exists. In fact, as observed by Jan Wiegerinck [10], for the discontinuous circle
map defined by g(t) = 2% on [0,27), one has 2mic,[g] = 4/(2n — 1), so that

4 n 1
= — —_— = = —1
5= 2 (2n—1)2 2

For the more general map defined by g(t) = (/2™ on [0, 27), one finds that

g5 “/22( " - Lia—sina) (1.7)

w2 n—a/2T)2 27
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This result has an interesting geometric meaning, cf. Remark 4.1 below.
We do not use degrees or indices for discontinuous maps, as one does for example
in the theory of integral equations, cf. the books by I.C. Gohberg and coauthors

(6], [71, [8]-

The author wishes to thank Jan Wiegerinck for valuable suggestions.

2. The case of continuous maps

In this note we address the following question.

Question 2.1 (cf. Brézis [4]). Let F : S' — S* be continuous, F(e*) = f(t) and
define

N 00
ANy = AN[f] = Zn|cn|2a A = Ar[f] = ancnl%a‘nla (2'1)
_N —o0

where ¢, = ¢,[f] and 0 < r < 1. Can one then compute deg F as

def

S=5[f]% lim Ay oras A=A[f]<1 im 4,7 (2.2)

N—oc0

If the sum S[f] exists, then so will the Abel sum A[f], and the two will be the
same. We can therefore use the notation A[f] also for S[f].

Observation 2.2. There is one simple case where the answer to Question 2.1
is yes. If f is (continuous and) of bounded variation, the Fourier series (1.1) is
uniformly convergent to f while df is a complex measure; hence by (1.3), (1.4),
integration by parts shows that

1 2r 2 Cint
degF:% ; f@®df) = hm —/ Zc e~ df (t)

N
= lim Zn|cn|2.
N —oc0
-N

(2.3)

However, in general the answer to Question 2.1 is no.

Theorem 2.3. For continuous maps F : S' — S of degree zero (or any other
degree), the limits (2.2) for f(t) = F(e') may fail to exist, or they may have any
value different from the degree, including +oo.

We know that for discontinuous maps the limit S can have any nonintegral

value, cf. (1.7). The proof of the theorem uses the fact that for our problem,
certain continuous maps can be made to behave like discontinuous ones.
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In the following, it is best to think of S or A, A, and Ay as areas. It is well-
known that for smooth F on the positively oriented unit circle S!, the signed area
enclosed by the image curve I' = F(S!) in the complex plane is equal to

1 1 — =
— [ Zdz=o | FdF ==Y nlc.|”. (2.4)
21 T 21 St =

For integrable F(e') = f(t), let f., with 0 <r < 1, be the Poisson transform

2 177,2

Fr(t) = o F)r(t = s)ds, - Pr(2) = 2m(1 — 2rcosx +12)’

(2.5a)

Similarly, the symmetric partial sum fy = sy f of the Fourier series for f is given
by its Dirichlet transform

fn(t) = ! (s)Dn (t — s)ds, DN(x):w

1
0 2msin 5

(2.5b)

In the following, the transforms of f will be treated together under the name
fp, where p =r or N. The corresponding kernels will both be denoted by @,. The
proof of the theorem will show that one can also use other transforms.

If F is continuous, wA,[f] is equal to the signed area enclosed by the curve
given by f s, so that we get the following useful representation for A, of (2.1):

o0 1 2r 1 2r
= 2 |n‘ = — / = — !
A= melte = o [Tt =g [ T8 e
The analog for An[f] is
1 2
AN = Alfw) = o= [ Ffae where fy=sxf.  (260)
0

We will use these formulas to define A, with p = r or N also for discontinuous
maps.

3. A basic proposition
In this section we carefully discuss f, and A, for a special kind of defining func-

tion f. The proof of Theorem 2.3 will be based on infinite products of closely
related functions.
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For given a € (0, 7] and positive numbers a and b such that a + b < 27, set

« « 1
- = — = PR — g = . 1
R (o —sina) = (3.1)
We now define _
f=e® (3.2)
with continuous real periodic ¢ given by
vt for0<t<a,
p(t) =< —w(t—a—>b) fora<t<a+b, (3.3)
0 fora+b<t<2m.

Applying integration by parts in (2.6) and using the periodicity of f f», one obtains
the formula

27‘(_/ a ) a-+b ]
2nAplfl=i | ffo= / ve " f,(t)dt — / we Y £ (dt. (3.4)
0 0 a

Since f, converges uniformly to f as p=7—1or p= N — oo, it follows that

a a+b
277Ap[f]—>/0 v?f—/ ’ wff=av—bw=0; 21A[f]=0. (3.5)

At this stage, it is crucial to remark that for b <« a (meaning that b/a is very
small), the final integral in (3.4) will approach its limit & much more slowly than
the integral over (0, a). Indeed, as will be shown below, for

bp=1l—-r<a, or v<p=N <K w, (3.6)

the integral over (0, a) is close to a, whereas the integral over (a,a + b) is close to
sin . For our p’s, the transforms f, do not “see” that f changes continuously on
the short arc corresponding to a <t < a + b. The transforms behave as if f has a
jump discontinuity at a, changing abruptly from the value f(a) = e to the value
fla+b)=1.

The discontinuous function obtained from f by letting b — 0 will be called g.
Normalizing it, we have

wt for 0 <t < a,
for a <t < 2m, (3.7)
(e’ +1) fort=a.

9]

g(t) =

= =
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Proposition 3.1. Let f, g and 8 be as in (3.1)~(3.3) and (3.7).

(1) Forb<1—r or N < w, the transform f, with p =1 or N s close to g,
everywhere.

(2) Forl—r < aorv< N, the function f, is close to f outside the subinterval
J=la—K(1-r),a+b+K(1—r)] orla—K/N,a+b+ K/N] of [0,2n] for
every constant K such that 1 < K < {a/(1 —r)}z or 1 < K < (N/v)z.

(3) Suppose now that b < a and b < 1 —r < a or v < N < w. Then for
a <t <a+b, the values of f,(t) and g,(t) are close to g(a). Furthermore,

A,[f] is close to Alg] = . (3.8)

(4) For max(a,b) < 1 —7r or N <« min (v,w), and for 1 —r < min (a,b) or
max (v,w) <€ N, the transforms f, are everywhere close to 1, and close
to f, respectively. In both cases, A,[f] is close to 0.

All these uniform approximations can be made arbitrarily good by making the
ratios p/q in the inequalities p < q sufficiently small.

There are corresponding results with a and b interchanged (or v and w). In (3)
one then has to use the comparison function h obtained from f by letting a — 0;
Alh] = —p.

If 0 < a < /2, then |A,[f]| < o? for every p.

4. Proof of Proposition 3.1

As far as possible, the Poisson and Dirichlet transform of f will be treated together
as f.

(i) Comparison of f, and g,. The values of f and g belong to the circular arc
To:{z=¢"% 0<0<a},sothat |f — g| < a. Hence
27 a+b
50 = 9,01 = | [0 - sn@ute - syas| =| [
a

<ba/(1—r), or <baN, respectively.

(4.1)

These bounds are very small provided 1 —r > b, or N < w.

One can also obtain bounds which are valid for arbitrary p = r or N. Since
P, > 0, the values of f,. and g, belong to the convex hull of 'y, that is, the closed
segment A, of the unit disc A bounded by the arc and its chord. (For example,
since 7 < arg(f —1) < 2(m+a) or Re f < 1 and Ime~2{™+)(f — 1) <0, the
same inequalities hold for f,, etc.) In particular |f, — ¢,| < a.

In the case of the Dirichlet transform, one has to reckon with the Gibbs phe-
nomenon: f — g jumps from 0 to e’ — 1 at a. Separately considering the real and
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imaginary part of fx — gy, one finds that |fy — gy — %(eia —1)| < 0.6cr, hence

|fn — gn| < 1.1a for all N. Likewise [gn — 3(e'* +1)| < 0.6cv.

(ii) Estimates for f — f, and f,. It follows from part (i) that |f — f,| < « and
|fn — €| < 1.2a, hence

[f(t) = fo(t)| < 2.2a for every p and t. (4.2a)

For part (iv) and for later, we need rather precise estimates under the assump-
tion that 1 —r < a or N > v. We treat the Poisson transform in detail; working
modulo 27, we take t outside an interval of the form J = [a — K(1 —r),a + b+
K (1 —7r)]. One has

s

F(8) — fr(8)] < / F(8) = f(t+2)|Pr(@)dz = I + I,

—T

where in I; we integrate over |z| < K(1 —r) and in Iy over |z| > K(1 —r). In
I, we use the inequality P(z) < 1/(1 — r) and in I, taking r close to 1, we use
P.(z) < (1 —r)/x?. Observe that in I, the points ¢t and ¢ + x lie on the same side
of [a,a +b], so that |f(t) — f(t + x)| < v|z| = (a/a)|z|. Thus

1

56 = fu0) < D] + 1Bl < aK? " 420, t¢ ) (42D)

This bound is small whenever 1 < K < {a/(1—1)}=.

Another calculation shows that | f(¢) — fn(¢)| is small for ¢ outside any interval
[a—K/N,a+b+K/N]with 1 < K < (N/v)2. Here one has to integrate by parts
in an integral I where |z| > K/N.

In this paragraph one assumes b < a. That f, is then close to 1 for 1 —r > a

or N < v follows immediately from the integral formulas (2.5) applied to f — 1.
For 1 —r < b or N > w one may use the coefficient estimates

/OQW e—i"tdf(t)' _ /Oa+/aa+b

2
2mn?|c,| < / ldf'| = (2 + @) (v + w) < 4drw.
0

27 |ney,| = < av+bw = 2a,

They imply that f, is close to f everywhere:

If = fn1 <Y lenl <4w/N, |f = frl <120/(1=7)/b. (4.3)

[n|>N
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(i) PEstimates for g,. There are inequalities (4.2) also for g — g,. Let us now
assume bK< 1 —r < aorv K< N < w. Taking a <t < a+ b, we show that both
gp(t) and f,(t) are close to

g(a) = {g(a—) + g(at+)}/2 = (" +1)/2.

Because of (4.1), it is enough to consider g,(t) and we may actually limit ourselves
to t = a. Indeed, g(t+x) —g(a+x) # 0 only on the interval (—t, —t +a) of length
a where one has a bound < v(f — a) < vb and on the interval [—¢ + a, 0] of length
t —a < b where one has bound a. The usual inequalities for the kernels (), then
show that the integrals for g,(t) — g,(a) are uniformly small for our p’s.

Finally, by the symmetry of @), assuming that a < 7 in order to obtain a simple
formula, one has

() - (0) = | (glat o) +gla— 1) 29(a)}Q,(x)dz
:Aaeiua( —ivx _ )Qp( )dm+/w(1—ei““)Qp(x)dx.

One may split the integral over (0,a) at x = 1—r or 1/N to show that g,(a) — g(a)
is small for 1 — r < a or N > v, whichever applies.

(iv) The values of A,[f]. We will compare the integrals in (3.4) and (3.5),

assuming initially that b < 1 —r < a or v < N < w. It will be enough to act as
if p = r. Splitting the integral over (0,a) and using (4.2), one obtains
(0 a)\J

[ g
1

<av<aK2 - " +2a E)—i—{ZK(l—T)—l—b}voz.

(0,a)NJ (44)

Taking K as before one concludes that [’ ve™™!f, is close to [ vff = av = a.
We next consider the integral over (a,a + b) in (3.4). By part (iii) above,

a+b 1 . a+b ]
/ weiw(t—a—b)fp ~ _(ewz + 1)/ wezw(t—a—b)dt
a ? Ja (4.5)
= 2( el 4 1) (1 —e ™) =sino.
Hence by (3.4), for our present values of p,
1 .
Alf] = —(a—sina) = f. (4.6)

27
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Forl—r>»a>bor N < v <w, f,is close to 1, cf. part (ii), so that A,[f]
is close to 0. For 1 —r < b <a or N > w > v it follows from (4.4) that A,[f] is
again close to 0.

We also have to know what happens for other values of r or IV, where we may
assume for later that 0 < a < 7/2. Since the values of f, belong to the disc
segment A, the real parts of the last two integrals in (3.4) with p = r lie between
sinacosa and sina (2 — cos ). It follows that for every r,

21| A [f]] < 2sina (1 — cosa) < a®. (4.7a)

In the case of fy the inequality |fy — €!®| < 1.2a0 of part (ii) implies that for
every N,
21| An[f]| < Ba?. (4.7b)

(v)  The value of Alg]. In the case of g, we treat the integral (2.6) for A, as a
Stieltjes integral, integrate by parts and finally let r — 1 or N — oo. Since g is a
normalized function of bounded variation, g, — g pointwise and boundedly. One
thus finds that lim A,[g] = A[g] exists, cf. also part (iii):

1 27 27
QWAP[Q] = ;/0 gdgp :i/o gpdg

a— a-+ a
— / 9,7 dt+i / 4,7 = / gyugdt + ig,(a){F(a+) — la—))
0 a— 0

-~ ot + ig(a){3(at) ~ Fla-)} = av b (e +1)(1 - )
=a—sina = 274[g]. (4.8)

One may derive from part (iii) that the difference between A[g] and A,[g] is small
when 1 —r <aor N> v.
This concludes the proof of the proposition.

Remark 4.1. Observe that TA[g] = (o — sina) is the area of the disc segment
A, bounded by the arc T', and its chord, cf. part (i). Thinking of 7A[g] as the area
bounded by a “closed curve” g([0,2n]), one has to make the “vertical” transition
of g from the value €’ to the value 1 at t = a correspond to the chord! However,
this is perfectly reasonable if one considers the curve g,.([0,27]). Taking o = 7 as
in (1.7), one can compute g, exactly and it is then seen that the curve g,(]0, 27])

approximates the boundary of A,.

5. Towards the proof of Theorem 2.3

Our defining functions f are given by infinite products
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f=fifofs o, fu=e€"*, (5.1)

where the ¢y’s are continuous real periodic functions like ¢ in formula (3.3), but
with constants indexed by k, and with shifts so that the peaks of different ¢y’s do
not overlap. The constants «y, € (0, 7] are taken such that ay | 0, but

Zﬁk =00, where [ def (o —sinayg)/2m. (5.2)
k=1

The positive sequences {ax} and {bx} must be nonincreasing and satisfy the con-
dition Y72 (ar + by) < 27; we define

V = ak/ak, wg = Oék/bk, Z(aj + bj) = Yk, Z(ak =+ bk) = 5p. (5.3)

i<k k>p

Other conditions on the constants will be imposed later.
The peak of ¢y (t) on [0,27] is to start at t = y,—1 (with v9 = 0); it has width
ar + b and height ay. Thus

elvkt for yp—1 <t < yp_1 + ag,
Sr(t) = ¢ el for qp — by <t <y, (5.4)
on [0, 27] outside (yx—1,Vk)-
We also need the functions gi and hi obtained from fj by letting by or ax go to 0;
at the points of discontinuity we use the average of the left-hand and right-hand
limit.
Since ai — 0, our functions f will define continuous maps F' of degree 0.

For the subsequent computations we observe that the results of Proposition 3.1
apply mutatis mutandis to the shifted functions fi. We now derive some auxiliary
results. One may expect that for our product maps, the “areas” A and A, are in
some sense equal to the sum of the areas of the factors. Let us set

Fp:fl"'fp; Tp:fp+1"'7 Gp:gl"'g;n Hp:hl"'hp~ (55)
For given r, the value of A,[F,] will depend on how much of the curve F,([0, 27])
is “visible” from the circle S1(0,7) of radius r.

Proposition 5.1.
(1) With By as in (5.2),

Algr--gpl =Y Algr] = _ B (5.6)

P P
k=

1 k=1
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(2) Forl—r < ap orvy, < N,

Ap[Fp] :Ap[fl"'fp]%ZAp[fk]- (5-7)
k=1

(3) Suppose for the time being that by < a,. Then for by < 1 —1r < a, or
vp K N < wy, Aylf1--- fp] is close to A[gr---gp|. If moreover by < by,
then for bo < 1 —r < by or wy <K N < wa, Ap[fi--- fp] is close to
Alg2 - - - gp]. During the transition from 1 —1 > by to 1 —r < by (or from
N < wi to N > wi), 2wA,[f1] goes from about a; — sinay to about 0.
While this takes place, |A,[f1]| never exceeds of (assuming that oy < 7/2).

The role of a’s and b’s may be interchanged. If a1 < by, Ay[Fy] is close to

AlH,) ==Y By foras <1 —r < b, orw, < N < v1.

One can make “close” as close as one wishes by appropriate choice of the relative

gaps indicated by the symbol <.

Proof. For definiteness we take p = . Since g1---gp = Y 4., 9 — (p — 1), one has
(g1 gp)r = g1r + -+ gpr — (p — 1) and similarly for products of fi’s. Formula
(5.6) for Algy - - - gp] then follows by a computation similar to (4.8).

We turn to part (2). By (3.4), since f; = 1 outside Iy, = (yk—1,7k),

21 A, | = ZZ {(fir =D 4+ (fam1,r — 1) 58)
‘|‘ fkr (fk+1,r - 1) +oet (fpv" - 1)}
Suppose now that 1 —r < a,. To establish (5.7) we show that the integrals
Tolfr —=1) with g #k (5.9)
Iy,

are small. We know that 1 —r < ag4; hence if also 1 — r <« bg, then by Propo-
sition 3.1(4), fqr is close to f, everywhere. Thus f,, is close to 1 on I and the
smallness of (5.9) follows. We may therefore assume that b, < K (1 — r) for some
constant K. Proposition 3.1(2) then implies that fg, is close to f; outside any
interval J, = [y, — My(1 = r), 7, + My(1 — 7)) with 1 < M, < {a,/(1 —7r)}2. If
g > k, the exceptional interval starts to the right of Ij; hence fg, is close to f,
and thus again close to 1 on Ir. We finally take ¢ < k; it will suffice to consider
g =k — 1. Then Ji_; overlaps Ix, but one may take My_1 < {ar/(1 — T)}% and
then Jy_1 lies to the left of y4—1 + ag. One thus finds that the contribution to (5.9)
due to the overlap is bounded by

—
/ |fr(fr—1,r = 1)| £ Mp_1(1 — r)vpag—1
IxNJg—1
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and therefore small. The conclusion is that all the integrals (5.9) are small; hence
the expression in (5.8) is indeed close to Y1 _; Ay [fx].

Part (3). Suppose now that by < a,. Then for by < 1 —r < ap,

2w Ay [fi] = 21 Algi] = o — sin o (5.10)

for every k, cf. (3.8), so that A, [f1--- fp] = Algi- - gp)-

If by < b1 < ap, and one takes by < 1 — 1 < by, then the approximation (5.10)
remains valid for k£ > 2, but now A,[f1] is close to A[f1] = 0, cf. Proposition 3.1(4).
Thus A, [F}] is reduced by Alg1] = f1 from its earlier value. The transition result
for 1 — r around b, follows from (4.7).

The remaining statements in the proposition require no proof, cf. Proposi-
tion 3.1.

We finally need a comparison between A,[f] and A,[F,]. Can one neglect the
tail T}, in the product for f when p is in a certain range? When is the tail 7,,([0, 27])
“nearly invisible” from S1(0,7)? Here one has to impose a “tail condition” on the
numbers ag, bx with & > p.

Proposition 5.2. For given p and small € > 0, one can ensure that
|AL[f] — AplFp]l < € (5.11)
by requiring that the remainder 6, in (5.3) be small relative to (1 —r)/p or 1/pN.
Proof. Tt is efficient to use Fourier series here. Observe that by (5.5),
f=FT,=Fy+ (T, - 1). (5.12)
For convenience, set
nlFpl =dn, Iy —1]=e€n, culf]=dn+en=cn. (5.13)

The d,,’s may be estimated as follows:

2 27
aaludal = | [ Eye ] < [T (6144 164)

= Z(akvk + bkwk) = QZO% < 27p.

k<p k<p

For the e,’s one observes that |T},| = 1, while T,, = 1 on the part of [0, 27) outside
(Yp,¥p + 0p), so that

2mlen| = < 20p.

Yp+0p .
/ {T,(t) — 1}e~"at
.

P
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Hence by (5.13),

A L] = AR = | (leal® = nlda[2)r"

< (nllenl? + 2fndyen|)r

5 \° 5
P P 14
<<1r) +3p1—r<5’ (5.14)

provided pd, < 1 —r. For (5.11) with p = N one sums over |n| < N in (5.14)
(omitting r™!) and replaces 1/(1 — ) by N.

6. Completion of the proof of Theorem 2.3

The following two constructions and some concluding remarks will establish The-
orem 2.3. In both constructions f will have the form f;fo--- with factors fi as
in (5.4). To determine f; one need only specify oy and a;, b; with j < k and that
is what will be done below.

(i) Oscillation result for A,. For given A > 0 and p < 0, we obtain f and a
sequence 7, 1 1 such that A, [f] is alternately close to A and to p.

In the first step, choose p1 = ¢; and a1 = --- = ,, < 7 such that ¢15,, = A
Then choose a; = -+ = ap, as well as by = -+ = b,, < ap, in such a way that
q1(ap, +bp,) < 2w For by, < 1 —1 < ap,, Proposition 5.1 now shows that
Aplfi-- fpi] is close to Algr -+ gp,] = ¢18p, = A. This will also be true for A.[f],
provided the tail 7}, in the ultimate product for f can be neglected. For this we
will require that later a’s and b’s satisfy the tail condition 4p;16,, < b,,, cf. (5.14).

In the second step one takes ps = p1 + g2, choosing g2 and ap, 41 = -+ = ap, <
oy, such that —gofp, = p. One next takes ap, 41 = -+ = ap, L bp,41 =+ =
bp, < bp,, making sure that ga(ap, + bp,) is small enough. Then the following
approximations hold for 1 — r < b,, and for a,, < 1 — 1 < by,, respectively:

p2 P1 p2
Alfr foal D Adfil Y Alfel + Y Alhi] =,
k=1 1 p1+1

cf. Propositions 5.1 and 3.1. Thus A,[f] ~ p under a suitable tail condition on the
numbers ag, by with k& > ps.

Next, one takes p3 = p2 + q3, Qp,41 = -+ = qp, < p, such that gzFp, = A.
One now obtains a range for 7 given by ap,41 = =ap, K1 =17 L bpyp1 =+ =
bps < ap, in which A,[f] is again close to A. Etc. In all this one makes sure that
Q. — 0.

One thus obtains f and ranges in which to choose numbers 7 for which the
sequence {A,, [f]} exhibits the desired oscillatory behavior.
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(ii) Convergence result for Ax. We finally show how to construct a defining
function f for which An[f] converges to a prescribed real number A as N — oc.
For definiteness one supposes A > 0.

The plan for the construction is as follows. With A[g;] = 8; as in (5.2), (5.6),
one determines numbers p, > k + 1 and «y < 7/2 such that for k =1,2,...,

A[gkgpk] = Zﬂ] = >‘7 hence A[ngrl gpk] = Afﬂk (61)
j=k
One then seeks numbers a; and b; or v; and w; such that
Upy KWy L, Koo L py, KW LUy Kooy

so that for the corresponding functions f;, cf. Propositions 5.1 and 3.1,

e fp) = ZAN fil for N > v,
(6.2)
~ { A[gkmgpk] for vy, < N < wg,

A[ngrl o 'gpk] for wy, < N < Upgtr-

It turns out that it is convenient to choose pi, ai or B and vy such that

p1=q withg>2and \/q< (7w —2)/47, pr+1 =Dk + 2,

1
Br=-=0p =Na, PBp.=0p+1= Eﬁpk—u
vlz"':va vpk+1:vpk+1'

Then condition (6.1) is satisfied and 7/2 > ay — 0. Also, to deal with transition
values of NV around wy and vy, ,, below, one can use the following inequalities:

[AN[fell < 0y JAN[forsfounll 2 21 AN fpn]l < 205, - (6.3)

Starting with & = 1, one now successively chooses constants ar and by or vy and
wg, subject to appropriate conditions to ensure that

[An[fr- ford = Al < Bk,  |AN[f] — Al < 26k for v,, K N < wy,

[
[AN[f] = (A= Br)| <26k for wy < N < vp, s
[AN[f] = Al < 28 + of for N around wy,,
|AN[f] = (A= Br)| <26k + 203, for N around vy, ,,
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cf. (6.1)-(6.3) and Propositions 5.1, 5.2.

The step by step construction leads to a function f which defines a continuous
map F of degree zero such that Ayx[f] converges to the limit S[f] = A.

Obvious changes would produce a function f for which Ay — oco.

(i) Concluding remarks. By well-known results for infinite series, the sums
Apn must oscillate at least as much as the values A,.. Indeed,

(6.4)

oo
Ar = nllenl® = leoa?pr =
1
o0
1

(Ap = Ap )" =(1=71) ) A",
1

hence if limsup Ay < w as N — oo, then also limsup A, < w for r — 1. Thus in
part (i), Ay cannot remain well below A as N — oco. Similarly, it cannot remain
well above p.

For a function f as in part (ii), where Ay — A, also A, — A; convergence
implies Abel summability to the same sum.

To obtain continuous maps of prescribed degree m # 0 with properties as in
parts (i) and (ii), one may multiply the above functions f(t) by e*(™/2™* and then
use suitably adjusted values of A and p.
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