DISSIPATIVE OPERATORS AND HYPERBOLIC SYSTEMS
OF PARTIAL DIFFERENTIAL EQUATIONS

BY
R. S. PHILLIPS()

1. Introduction. The original purpose of this research was to employ the
theory of semi-groups of operators to obtain a solution of the Cauchy prob-
lem for dissipative hyperbolic systems of partial differential equations with
time invariant coefficients and boundary conditions. Here the term “dis-
sipative” is used to emphasize the basic assumption imposed on the system,
namely, that the energy is nonincreasing in time. As the work progressed, it
became clear that the argument could be given an abstract formulation and
that the results on hyperbolic systems should be treated as an application of
the general theory of dissipative operators(?).

DEFINITION 1.1. Let Hy be a hilbert space with inner product (y°, 2°). A linear
operator L with domain D(L) is said to be dissipative if

(1.1) (Ly° ) + (¥, Ly®) £ 0, ¥ € D(L)

and to be maximal dissipative if it is not the proper restriction of any other dis-
sipative operator.

The connection between dissipative operators and dissipative hyperbolic
systems is almost immediately evident. In fact, the dissipative assumption
on the hyperbolic system suggests that a natural setting of the problem would
be a hilbert space Hy where ||3°]|2=(y°, y°) is a measure of the energy of the
system at a given time. A semi-group solution to the Cauchy problem (see,
for instance, E. Hille and R. S. Phillips [7]) would then consist of a one-
parameter family of linear bounded operators [S(¢); £=0] such that

(i) S(ti+t2) =S(t)S(¢), b, 82>0, S(0)=1;

(i) S(z) is strongly continuous for ¢=0;

(iii) ||S()yY| is nonincreasing in # for each y°& H.

Condition (i) is a consequence of the initial-value problem being well set,
(ii) results from the requirement lim;.o+ S(¢)¥°=1%9, and (iii) is a restatement
of the dissipative assumption. Condition (iii) can also be expressed by saying
that the S(¢) are contraction operators, that is, operators of norm =1. If L
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() Dissipative operators are playing an increasingly important role as research on nonself-
adjoint operators proceeds. Already, M. S. Livic [9] and B. R. Mukminov [10] have obtained

a remarkable expansion theorem for bounded dissipative operators having real parts of finite
trace.
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is the infinitesimal generator, the differential system will be satisfied in the
sense that

d
7 S(1)y® = L[S(1)y°], for all ¥ € D(L) and ¢ > 0,

the derivative being taken in the norm topology of H,. It turns out that an
operator L 1is the infinitesimal generator of a strongly continuous semi-group of
contraction operators on Hy if and only if L is a maximal dissipative operator
with dense domain.

In searching for a maximal dissipative generator for our problem, one
can start out with either a minimal operator L, or a maximal operator L;,
each representing the spatial part of the hyperbolic operator, and then deter-
mine the maximal dissipative extensions of L, and restrictions of L;. These
two procedures are duals of one another; the first can lead to operators which
are no longer merely differential operators, whereas the second can result in
differential operators whose domains need not be restricted by simple bound-
ary conditions, but rather by “global” lateral conditions reminiscent of the
lateral conditions found by W. Feller [5] in his treatise on parabolic partial
differential equations. The maximal dissipative operators which are differ-
ential operators and whose domains are delimited by the usual type of bound-
ary conditions are precisely those which are at the same time extensions of
L, and restrictions of L;. Chapter I is primarily concerned with giving an
abstract characterization of all maximal dissipative operators L such that
LyCLCL,. In order to motivate our operator-theoretic development we
shall now describe the hyperbolic system to which this theory will be applied
in Chapter II.

Let A be a domain in the m-dimensional real euclidean space with points
x=(x!, x% - - -, x™ and let y°(x, t) be a function of (x, ¢) with values in a
k-dimensional complex euclidean space. We consider the initial value problem

1] 0 —1 7 0 0,
yt:Lly =E [(Ay)1+By)]7 XEA,5>0,
y°(x, 0) = f°00);
here we use the tensor notation for summation, the subscript ¢ denoting
differentiation with respect to x: The symbols E, A%, and B represent & Xk

matrix-valued functions of x alone, E being positive definite, and A? being
hermitian, and the 4% and B together satisfying the “dissipative” condition

(1.2)

(1.3) B+ B*+ 4; <0, x € A,
where B* is the adjoint of B relative to the inner product
(1.4) (% 2% = 7¢e.

We further assume that in each compact subset of A the elements of E are
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continuous, the elements of 4¢ are absolutely continuous with respect to x?,
and the elements of 4!, and B are square integrable; no restriction is placed
on the growth properties of these functions near the boundary of A. It will be
convenient to set

D=E '[B+ B*+ 4l

If y°(x, t) is a solution of the system (1.2), then at a given time the energy
of the associated physical model is given by

1
(1.5) Ewy=7fwﬂwn
A

Using the energy as a measure we are thus lead to the hilbert space H,
=Ly(A; E) with inner product

(1.6) <ﬂw=ﬁwﬂwm

After an integration by parts we obtain, at least formally, the following rela-
tion for the rate of change of energy from (1.2):

<y0’ y0>t = (Llyoy y0> + <y0: L1y0>

=f(EDy°, y")dx—l-f(A*’y", Y\ nide,
A T

1.7

where n=(n!, n?, - - -, n™) is the outward normal to the boundary T of A
(supposing, for the moment, that » exists). The volume integral on the right
is the rate at which energy enters the system from interior sources, whereas
the surface integral is the rate at which energy enters the system through the
boundary. Since we shall require (y° %°);<0, in particular, for all smooth
initial functions vanishing outside of compact subsets of A, the condition
(1.3) follows and has the physical significance of requiring that there be no
internal energy sources.
Solutions to (1.2) whose boundary values satisfy the condition

(1.8) f (40, ) nide < 0
T

will clearly be dissipative. These are the solutions which are commonly asso-
ciated with (1.2) and they are characterized by the fact that the correspond-
ing generators lie between the previously defined minimal operator L, and
maximal operator L;; we shall call such solutions properly dissipative. On the
other hand there are dissipative solutions of (1.2) which do not satisfy (1.8).
For such solutions the energy entering through the boundary is offset by the
energy losses due to internal sinks, and the domain of the corresponding gen-
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erator is delimited by global lateral conditions, as previously mentioned(?).
Solutions of this kind are treated in the appendix to Chapter II.

In general, of course, the above boundary integral is not well defined.
However, in situations where it is well defined, one sees that

(1.9) f (4390, y)mida = (Liy®, 3) + (5°, Liy®) — f (EDy", %)dx.
r A

The relation (1.9) provides us with a method for defining the boundary inte-
gral whenever the terms on the right are meaningful and accordingly we take
(1.9) as the definition of the boundary integral for an arbitrary domain A. That
the so-defined relation is actually a boundary functional can be seen from
the fact that it vanishes for all continuously differentiable functions y%(x)
with compact carriers in A(%).

The presence of the term [4(EDy°, y°)dx in (1.9) gives rise to some diffi-
culty since this integral will in general not exist for all of the members of
D (L) when this operator is suitably extended to be closed. We may avoid
this difficulty by treating L, as a transformation on Hy=Ly(A; EF) to H,
=Ly(A; EF'), where F(x) is the matrix-valued function

(®) A simple example will serve to illustrate the kind of nonproperly dissipative extensions
of L, which we have in mind. Let y° be a complex-valued function of x, 0<Xx<1, and set
Ly =y —% D(L1) = [y°; y° absolutely continuous with y° and y,°< in L2(0, 1)]. We further de-
fine LoC L by D(Lo) = [y°; y*ED(L1) and y°(0) =0=19°(1) ]. It is clear that L, is dissipative, in
fact, (L1y° %)+ (3% Liy®)= —2(y°, 9%)+ [|y°(1)[2— |y°(0)|2], which is obviously nonpositive
for y*&D(Lo). The second term in the right member represents the boundary integral (1.8)
and one sees from this that a generator of properly dissipative solutions, say Lo, must be a
restriction of Z; with domain D (La) = [y°; y*SD(LY) and y°(1) =ay°(0) ] for fixed & of absolute
value =1.

On the other hand, for arbitrary A°&L,(0, 1) with (h° h°)<2 the operator Ly®=L;y°
+3°(0) 2%, D(L) = [3°; YED(L,) and y°(1) =0] is a maximal dissipative extension of L, (but
not a restriction of L). In fact, it is clearly dissipative since (Ly% 3°)+ (y°, Ly%)= — ! °(0)
— {3, BO)|2—[2(y0, y0)— | {5, h°)] 2] 0. In order to show that L (or L,) is maximal dissipative
it suffices to show, by the corollary to Theorem 1.1.1, that the range of I—L (or of I—L,) is
L»(0, 1); and this can be accomplished by the usual green’s function solution of (I —L)y®=f°,
The system corresponding to L requires a mechanism for feeding energy back into the interior
with density y9(0)A°.

Since L) Lo, the adjoint of L, namely M, is a restriction of the adjoint of Lo which we
denote by M,. It is readily seen that M,2%= —z;—-z°, D (M) = [2°; 20 absolutely continuous with
2% and 2% in L»(0, 1)]. Moreover (Ly®, 2°)— (39, M%) = —3°(0) [5°(0) ]-+3°(0) (A°, 2°) and this
vanishes for all y9&®(L) (and hence for all 4°(0)) if and only if 2°(0) = (2°, #°). This condition
determines the domain of MC M, and it follows from Theorem 1.1.2 that M is a maximal dis-
sipative restriction of M;. M is thus an example of a maximal dissipative restriction of a maxi-
mal operator M, with a domain delimited by global lateral conditions.

(*) If y(x) vanishes outside of a compact subset of A, one can replace A in the right member
of (1.9) by a large cube Ao containing A. If one then applies the Gauss theorem (see, for in-
stance, H. Federer [4, pp. 313-315]), the right side of (1.9) becomes equal to the left side with
I’ now replaced by the boundary T's of Ao, and it is clear that the integrand vanishes on T.
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(1.10) F=I-Dz1, x € A.

In this case all of the volume integrals appearing in the right member of
(1.9) exist even for the closure of the so-defined L;.

With this in mind, we start with the transformation LY on H; to H; defined
as

00 1 —1 71 1
Ly = E'[(4'y): + By,
(1.11) 21y [(4y) y ]

@(ng) = [yl; y1 continuously differentiable with compact carrier],

and denote its strong closure by L}, and its weak closure(®) by Lj},. The previ-
ously mentioned operators L, and L, are the maximal restrictions of these
respective transformations which have their ranges in Hy,. We note that the
so-defined L, is the operator of largest domain and of type (1.2) for which the
boundary integral is meaningful in our extended sense. Consequently, any
generator of properly dissipative solutions of (1.2) is necessarily a restriction
of L;. On the other hand L, is the largest restriction of L; whose domain con-
sists only of functions which are essentially zero on the boundary. Thus the
domain of an operator L such that LyCLCL, will be determined entirely
by the boundary values assumed by its member functions. It turns out that
each maximal dissipative operator of this type generates only properly dis-
sipative solutions of (1.2) and, conversely, any generator of properly dissipa-
tive solutions of (1.2) is maximal dissipative and of this type.

Our problem, then, is to characterize all maximal dissipative operators L
such that LyCLCL; and to this end we introduce the following.

DEerINITION 1.2. Let Hio=H,XHy denote the product space of elements
y=[y!, y2] where y'EH, and y*EH, and set

(1.12) 06, %) = % ) + (o2, 51) — [ (B, hix.

A linear subspace N C Hys [or PC Hy,] is said to be negative [positive] if
Qly,y) = 0forallyE N [0(z, 2) = 0 for all s € P];

it is called maximal negative [maximal positive] if it is not the proper subspace
of a negative [positive| subspace of Hya. The Q-orthogonal complement of a set S
s defined as

[2; 0y, 2) = O for all y E S].
Following J. W. Calkin [1] (cf. M. I. Viik [13] and Lars Hérmander

(®) More precisely, the operator L, is defined as follows. Set Mgfz‘ =E[—(42Y);
+(B*+47)2t] with D(M3) =D(Ly,) and let (Mp)* denote its adjoint (on Hz to H,). Then
L:,=F‘l ( Mgg)*F, where F is the multiplicative operator taking z'& H, into F(-)z*(:)E Ha.

License or copyright restrictions may apply to redistribution; see https:/iwww.ams.org/journal-terms-of-use



198 R. S. PHILLIPS [February

[8]), we represent the boundary data assumed by functions in D(L},) by the
cosets of the quotient space

(1.13) H = G(Ln)/® (L),

where ®(L3,) denotes the graph of L}, =0, 1. As we shall see, the bilinear
form Q(y, 2) depends only on the cosets to which y and z belong and hence
can be used to define the form Q(y? z°) where y9 z°€ H are the images of
y and gz, respectively, under the natural homomorphism. Finally, there is a
one-to-one correspondence between the maximal negative subspaces N of H
(relative to @) and the maximal dissipative operators L such that Lo CLCLy;
this correspondence is given by

(1.14) (L) = [y [y°, L] — N].

This, then, is the sense in which we have been able to characterize all prop-
erly dissipative solutions of (1.2).
We note that the formal adjoint of L; is of the form

(1.15) M = E [—(42): + (B* + 495],
and it is readily verified that

(1.16) 2= Mz

is again a dissipative hyperbolic system. If we denote the adjoint of L by
M, then we find that M is again maximal dissipative, M C M C M;, and
that M generates properly disipative solutions of (1.16). Moreover, the do-
main of M is determined by the @-orthogonal complement of N in H.

Boundary conditions of the elastic type are not included in the above
development. In order to treat such boundary conditions we have coupled
the system (1.2) at the boundary to a relatively simple “dissipative” system.
As we shall see, the general theory developed in Chapter I applies as well to
the coupled system.

The present work is an outgrowth of an earlier paper by the author [12]
which treated the Cauchy problem (1.2) for the case of one spatial variable,
in essence, by a green’s function method. Much of the motivation for the
ideas and concepts introduced here is to be found in [12]. However, the
operator-theoretic approach is new and we feel that it has enabled us to treat
(1.2) in the general case (m=1) with much less work than was required by
the previous method for the case m =1. On the other hand, we have not been
able to obtain the wealth of detail which is to be found in [12]. K. Yosida
[14] has also written a paper treating the wave equation from the semi-group
point of view in which he establishes the existence of a single solution, as-
suming A to be the entire euclidean space; moreover Yosida has imposed
rather severe regularity conditions on the coefficients of the wave equation.
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CHAPTER I. THEORY OF DISSIPATIVE OPERATORS

1.1. Basic properties of dissipative operators. The central problem treated
in this chapter is the extension of dissipative operators to maximal dissipa-
tive operators. The existence of such a maximal dissipative extension is a
simple consequence of the maximal principle; however, mere existence is by
no means sufficient for our purposes. The present section treats of certain
basic properties of dissipative operators obtained, for the most part, by
means of a variant of the von Neumann-Cayley transform theory (see, for
instance, [11; §VI.3]). This transform theory furnishes some insight into the
extension problem by providing a construction for all possible maximal dis-
sipative extensions of a given dissipative operator with dense domain in
terms of corresponding extensions of an associated contraction operator.

DEeFINITION 1.1.1. If L is a transformation on H, to itself, we denote the
range of L by R(L) and the graph by &(L);

&) = [[r°, Ly’]; »° € D(D)] C Ho X Ho.

LemmA 1.1.1. Let L be a dissipative operator and suppose N>0. Then for
fO=N—Ly°, y°&SD(L), we have
1.1.1) Nl = {7
Further, the map [y°, Ly°]—f° of ®(L) onto RONI —L) is one-to-one and bi-
continuous.

Proof. It is clear that

My®, %) = 20(3%, %) — [(Ly%, 9°) + (3°, Ly*)]
= (%9 + (%10 = 2|yl

from which (1.1.1) follows directly. Further, setting ¢’(A\) =max (1, \), we
have

7l = ¢yl + 1252011 = e U0l + Nl + (17l
= dW[2 + x|,
and this proves the last assertion of the lemma.
We note that (1.1.1) implies that NI —L is one-to-one when A>0 so that
if RONI—L)=H,, then L is necessarily maximal dissipative. It also follows

from the lemma that L is closed if and only if ®(N\I—L) is closed.
We now define the operator

(1.1.2) J=UT+ L)I - L)' with DJ) = RUJ — L).
It is easy to see that J is a contraction operator. For, setting
(1.1.3) u® =90 — Ly® and Ju® = y° + Ly°, ¥ € D(L),

we obtain

License or copyright restrictions may apply to redistribution; see https:/iwww.ams.org/journal-terms-of-use



200 R. S. PHILLIPS [February

[[7cl[2 = {ly"ll® + 270l + KL%, 57 + (5%, Ly®)]
= [yl + 1Zall2 = [(Ly®, 5% + (0% Ly%)] = [l

here we have made use of the fact that L is dissipative. Further solving the
Equations (1.1.3) for y° and Ly°® we get

1 1
(1.1.4) Y0 = Py [Ju® + u°] and Ly® = 53 [Ju® — uo], u & D),

from which it follows that I +.J is one-to-one and that R(I+J) =D(L). Since
J is bounded, it will be closed if and only if D(J)=R({I —L) is closed and
hence if and only if L is closed.

Conversely, suppose J is a given contraction operator such that I4+J is
one-to-one. Then the operator L defined by means of (1.1.4) is linear (and
hence single-valued) with ©(L) =R(I+J). Moreover, for y°&D(L) we have

1
(Lyoy y0> + ()’0, Ly0> = Z [((Juo - uo)’ (Juo + u0)> + ((Juo + MO)’ (Juo - u0)>]

1
= e~ ] 5 o,

so that L is a dissipative operator.

Finally we show that I+.J will be one-to-one if R(/+J) is dense in H,.
To this end, suppose that Ju®4+u%=6, let v° be any element of D(J), and
set g°=9°+4Jv° Then

17G° = a2 = [|o® — and?

which reduces to
a(u®, g°) + ag®, w°) < o2 — [ 702

Since « is arbitrary, it follows that («° g° =0 and by assumption this must
hold for a dense set of g° Consequently #°=6 and this proves that I+J is
one-to-one.

We note that the Banach-Steinhaus theorem provides any contraction
operator J with a unique extension of the same kind having the closure of
D(J) as its domain. On the other hand, a contraction operator J with a closed
domain can always be extended in a trivial fashion to a contraction operator
J1on Hy by setting Jyy° =80 for all y!€D(J)+. We summarize these results in

THEOREM 1.1.1. If L, is a dissipative operator with dense domain, then the
operator Jo defined as in (1.1.3) is a contraction operator; Lo and Jo are closed
together. Conversely, if Jo is a contraction operator with R(I4Jo) dense in H,,
then Lo defined as in (1.1.4) is a dissipative operator with dense domain and
Jo is again given by (1.1.3). The relations (1.1.3) and (1.1.4) establish a one-to-
one inclusion preserving correspondence between all dissipative extensions L of
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Lq and all contraction extensions J of Jo. In particular, the maximal dissipative
extensions of Lo correspond to the (closed) contraction extensions of Jo with do-
mains equal to H,.

COROLLARY. Let N> 0 and suppose that L is a dissipative operator with dense
domain. Then L is maximal dissipative if and only if RN — L) = H,.

Proof. It is clear that L and A'L are dissipative and maximal dissipative
together. It follows from the previous theorem that A—'L is maximal dissipa-
tive if and only if R(I —N"1L) =RNI—L) fills out H,.

The nontrivial contraction extensions of Jo are governed by the following.

LEMMA 1.1.2. Let J be a linear operator defined on the two-dimensional sub-
space generated by y° and 2° where (y°, 2°)=0. A necessary and sufficient condi-
tion that J be a contraction operator is that

(1.1.5) | (Jy°, J20%) |2 < 8y%30,
where du®=||u?|2—|| Ju9|2.
Proof. The operator J will be a contraction operator if and only if
17y + 72| = [lay® + vacl[2 = [ alf]yel]2 + [ v[7ll=]]2
for all «, . This is equivalent with
| o |28y + | v |%2° — a7 (Ty0, J3%) — ay({Jz°, Ty%) = 0.

For fixed |a| and |y| the minimum of the left member is attained when
arg (ay) =arg ({Jz°% Jv°)) in which case

laloy 4+ 7[00 = 2] al 4] 039, 7| 2 0

and this is easily seen to be true for all Ial , |'y| if and only if (1.1.5) is satis-
fied.

It follows from Theorem 1.1.1 that a maximal dissipative operator with
dense domain is necessarily closed(?). We next prove a converse to this state-
ment.

Lemma 1.1.3. If L is maximal dissipative and closed, then it has a dense
domain.

(®) The following is an example of a maximal dissipative operator L which is not closed.
In view of the above correspondence theory, it is clear that for the construction of such an
L it suffices to define a contraction operator J with I4-J one-to-one which has no proper ex-
tension with these same properties, and yet such that D(J) is not closed. To this end suppose
that {¢,,} is a complete orthonormal system for Hy and define J, with domam H, so that
-71¢1— —-qSl and J1¢,, ¢,‘ for all n>1. Then (I+J1)y°=0 if and only if y°=a¢, Thus the above
requirements for J will be satisfied by any restriction of J; for which D(J) i is dense in Hy and
for which D(J) is max1mal w1th respect to the property of not including 4. Now Do=linear
extension of [Z,‘_l 2 ¢,,, ¢,, ¢,, -+ ] is dense in Ho and does not include ¢>, Applying the
maximal principle to the subspaces of Hj containing Do yet not containing ¢l, yields a domain
with the desired properties.
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Proof. We first show that R(/—L) =1, To this end we define J as in
(1.1.3). Then J is a contraction operator with ©(J)=R(I—L). Since L is a
closed operator, Lemma 1.1.1 implies that R(/—L) is a closed subspace.
Consequently if R(I—L) is a proper subspace of I, there exists a nonzero
vector u*ED(J)L. We can therefore extend J to a contraction operator J; by
setting J1(y°+au’) =Jy° for all y°€D(J). Now I+J; is one-to-one. For
suppose Ji(¥°+au’) = — (y°+ou’). Since I +J is one-to-one we see that a0
and hence that

o+ awt] = 726 + an)] = 7l 5 [y <10 + e,

which is impossible. It follows that I+J; is one-to-one and hence that J;
defines a proper dissipative extension of L as in (1.1.4). Since L was assumed
to be maximal dissipative, we conclude that (I — L) = £(J) = Ho. Next, sup-
pose that (L) =R(I+J) is not dense in Ho. Then the adjoint of I4J takes
a nonzero vector, say 2% into zero; that is, J*v°= —2° Now J* is obviously
a contraction operator along with J. Applying Lemma 1.1.2 to J* (with
89°=0), we see that (J*y% 2°) = — (J*y%, J*»°)=0 whenever y° is orthogonal
to 2°. It follows from this that Jv?= —9°, contrary to I+J being one-to-one.
We therefore conclude that D(L) =R(I+J) is dense in I,

TueorREM 1.1.2. If L is a maximal dissipative operator with dense domain,
then so is L*, and if L corresponds as in Theorem 1.1.1 to the contraction oper-
ator J, then L* corresponds to the contraction operator J*.

Proof. Since L is maximal dissipative with dense domain, the correspond-
ing contraction operator J will have H, for its domain and R(I+J) will be
dense. Hence J* is well-defined and it is obviously a contraction operator.
Moreover, R(I+J*) is also dense in H,. If this were not so, then its adjoint,
I+J, would take a nonzero vector into 8. However, as we have seen in the
proof of Theorem 1.1.1, this is contrary to %(I 4+ J) being dense. Consequently
R(I+J*) is dense and J* corresponds as in Theorem 1.1.1 to a maximal dis-
sipative operator, say M, with dense domain. Further (Ju®, v°) = (u° J*1°)
implies

Ju® — ud J*20 4 %) = (Ju® + u°, J*1° — %)
and hence (Ly°, 2°) =(y°, Mz°) for all y°&D(L), 2°€D(M). As a consequence
MCL*. We further note that R(J— M) =D(J*)=H,. Thus if L* were a

proper extension of M, then I —L* would take a nonzero vector into § and
this is impossible when the range of its adjoint, I — L, equals H,.

COROLLARY. Let Lo be a dissipative operator with dense domain and set
My=L¢. Then there exist maximal dissipative operators L and M, adjoints of
each other and both having dense domains, such that

L‘D Lo and M C M1.

License or copyright restrictions may apply to redistribution; see https:/iwww.ams.org/journal-terms-of-use



1959] SYSTEMS OF PARTIAL DIFFERENTIAL EQUATIONS 203

Proof. Let L be any maximal dissipative operator extending Ly and set
M =L*. According to the above theorem M is again maximal dissipative with
dense domain. Finally, since Lo L, it follows that M =L*CLg§= M,.

The next theorem exhibits the importance of maximal dissipative oper-
ators in the theory of semi-groups.

THEOREM 1.1.3. A necessary and sufficient condition for an operator L to
generate a strongly comtinuous semi-group of comtraction operators on H, to
itself is that L be a maximal dissipative operator with dense domain.

Proof. If L is the infinitesimal generator of a strongly continuous semi-
group of contraction operators, say [S(t); t=0], then ||S(t)y°[| é“y"“ and for
y»eDL)

d
0% Ly°) +(Ly", »°) = m (S0y°, SOy . =0.
=l

It follows that L is dissipative. According to the general theory of semigroups
(see, for instance, Hille and Phillips [7]), D(L) is dense in H, and the re-
solvent set of L contains all real A>0. This implies, in particular, that
ROWI—L)=H, for \>0 so that L is maximal dissipative by the corollary to
Theorem 1.1.1. Conversely, if L is maximal dissipative with dense domain
and A >0, then the same corollary implies that 8(N\] — L) = H,. This together
with the inequality (1.1.1) shows that the resolvent of L, namely R(\; L)
=(N[—L)~, exists and satisfies the inequality |ARM; L)|[o=<1, A>0. Thus
the hypothesis of the Hille-Yosida theorem (see [7]) is satisfied, and it follows
that L generates a strongly continuous semi-group of contraction operators.

Semi-groups of isometries form a particularly interesting subclass of the
semi-groups of contraction operators since they correspond to energy con-
serving solutions of the Cauchy problem. They were first studied by J. L. B.
Cooper [2; 3] who gave a penetrating characterization of them. As we shall
see, the generators of such semi-groups satisfy the following property.

DEerFINITION 1.1.2. An operator L is called conservative if

(1.1.6) (Ly® %) + (y°, Ly°) = 0, ¥ € D(L).

LeMMA 1.1.4. The operator L is conservative if and only if 1L is symmetric.
If L is conservative and maximal dissipative with dense domain, then iL is
maximal symmetric. Conversely, if iL is maximal symmetric with dense domain,
then either L or — L is conservative and maximal dissipative. Finally, L and L*
are conservative with dense domains if and only if 1L is self-adjoint.

Proof. If L is conservative, then replacing y°in (1.1.6) by #°+e°, e= +1,
+4, in turn and combining the resulting relations in the usual way, one ob-
tains

1.1.7) (Lu®, 2°) + (u®, Lv°) = 0, u% 20 € D(L).
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It follows that <L is symmetric whenever L is conservative; the converse
assertion is obvious. On the other hand if L is conservative and maximal dis-
sipative with dense domain, then R(ZI —:L) =R(I — L) = H, by the corollary
to Theorem 1.1.1. This shows that one of the deficiency indices of 7L is zero
and hence that 7L is maximal symmetric. Conversely if 1L is maximal sym-
metric with dense domain then R(I+L)=R(I+iL)=H, for one of the
indicated signs and since L and — L are conservative together it follows from
the above cited corollary that one of these operators is maximal dissipative.
Finally if L and L* are conservative with dense domains, then L and (+L)*
= —¢L* are symmetric and hence ¢L is self-adjoint; again the converse is
obvious.

LEMMA 1.1.5. Suppose Lois a closed conservative operator with dense domain
and set Ly= — L. Then each maximal dissipative extension of Lo is a restriction
Of Ll.

Proof. Since 1L, is symmetric, it is clear that LyCL,. Suppose L is a
maximal dissipative extension of Lo and let J; and J be the contraction oper-
ators corresponding to Lo and L, respectively, as in Theorem 1.1.1. Then J is
an extension of Jo with D(J) =H,, and it is readily seen that J, is an isom-
etry with closed domain. Hence by Lemma 1.1.2, v° = Ju* S R(J,)* whenever
wED(Jo)*. In other words, if

(° = Loy’, u°) = 0, y° € D(Lo),
then
(9° + Loy o) = 0, y* € D(Lo).
In this case Lin®= —Lgu®= —u% and L= — L§v°=1° so that by (1.1.4)
L(v® 4+ 4% = 2° — % = Li(+° 4+ «9).

Since D(L) is the linear extension of D(L,) and vectors of the kind (v°+u?),

it follows that LCL,.
The next theorem is due to Cooper [3], however the argument is new.

THEOREM 1.1.4. A necessary and sufficient condition for an operator L to
generate a strongly continuous semi-group of isometries is that L be conservative
and maximal dissipative with dense domain.

Proof. If [S(£)] is a semi-group of isometries, then ||S(®)y?| =||3°|| for all
t=0. Thus for y°€D(L)

d
(Ly%, y°) + (3% Ly°) = ” S®y°, Sy =0

t=0

and we see that L is conservative. In addition, it follows from Theorem 1.1.3
that L is also maximal dissipative with dense domain. Conversely, suppose

License or copyright restrictions may apply to redistribution; see https:/iwww.ams.org/journal-terms-of-use



1959] SYSTEMS OF PARTIAL DIFFERENTIAL EQUATIONS 205

L is known to be conservative and maximal dissipative with dense domain.
Then Theorem 1.1.3 also asserts that L generates a strongly continuous semi-
group of contraction operators, say [S(f)]. For y°€D(L), S(£)y° lies in D(L)
for all £>0 and, making use of the fact that L is conservative, we get

d
= 5@y SWy7) = (L5@)y", S(?)y") + (S(1)y", LS@)y*) = 0.

Consequently || S®)y?|| =||»%||, £>0, for each y°ED(L) and since D(L) is dense
in H,, this relation holds for all y°& H,; thus S(¢) is an isometry. This com-
pletes the proof.

THEOREM 1.1.5. A mnecessary and sufficient condition for a conservative
maximal dissipative operator with dense domain to generate a strongly continuous
group is that <L be self-adjoint. In this case the group consists of unitary oper-
ators.

The argument can be taken verbatim from [12, Theorem 8.2].

1.2. Dual hilbert spaces. The theory which we are about to present re-
quires two auxiliary dual hilbert spaces in addition to the basic hilbert space
H,. These are defined by means of a positive definite self-adjoint operator F
with (dense) domain D(F) satisfying the condition

(1.2.1) (Fy% %) = (" 5, Y € D(F).

It is clear that F! exists and is a positive definite operator with domain H,
and norm =1.
We now define two new inner products

(1.2.2) (9% 2% = (Fy°, 29, y°, 2° € D(F),
and
(1.2.3) (5% 2%)2 = (F~1y°, %), 3% 2° € H,.

Finally H; and H; are the respective completions of the two pre-hilbert spaces
defined by these inner products. A Cauchy sequence consisting of repetitions
of a fixed element y° of D(F) will, of course, define an element, say y!, of H;
and for the sake of clarity we will write y°=I'yy'. Likewise a Cauchy sequence
consisting of a single element y° of H, will define an element y? in H, and we
shall write y%=1I,,y°. Both of these maps are one-to-one.

LeMMA 1.2.1. The map I can be uniquely extended to be one-to-one on H,
wnto Ho and of norm =1. Similarly the map Iy is one-to-one and of norm =1.

Proof. The elements of H; are defined in the usual manner as classes of
Cauchy sequences in D(F). Suppose that {yﬁ} is such a sequence defining an
element y! of H;. Then
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lyn = yull = llyn = wolls—0

as n, m— . Thus {y?,} is also a Cauchy sequence in H, and converges to
some element, say y°EH,. We define Ioy'=y° It is clear that this extends
our previously defined Iy and that the so-defined Iy is linear and of norm
=1. To show that the extended Iy is one-to-one, we suppose that the above
y9=80. Then for arbitrary z2°€D(F) with z! = I;;'2°, we have

11 . 0 0 . 0 0 0 0
<3’yz>1=11m<F3’m2>=llm()’mFZ>=<3’,FZ>=0~

n— o n—w

Thus (y!, 2')=0 for a set of z' dense in H; and it follows that y'=6. The
uniqueness of this extension is a consequence of the fact that I;'[D(F)] is
dense in H;. The assertions about I follow directly from the properties of
F-L.

LeMMA 1.2.2. There is a unitary map of H, onto Hy which takes the Cauchy
sequence { y?,} CD(F), defining an element of Hy, into the Cauchy sequence
{ Fyﬁ} , defining an element of Hy. This map can be thought of as an extension of
F and we shall denote it by Fu, with Fi;= F3'. For y'€ H, and 22 H, we define

(124) (3’1, Z2> = <3’17 F1222>1 = <F21y1) Z2>2-
For Cauchy sequences {yﬁ}Ci@(F) defining y'€H, and {z‘k’} CH, defining
22 H, we have

(1.2.5) (yl, z2) = lim (y,,, zk>

n L —> 0
In particular if y'=I5'y" and 3% = I3°, then (y', 22) = (y°, 20).

Proof. The unitary character of Fi, follows immediately from two relations

0 0 —1 0 0 0 0 0 0
(Eyn, Fyn)y = (F (Fyn), Fyn) = (Fyn, yn) = (Y, Ya)1
and
(3my 20)a = (F 'zu, 20) = (F(F '20), F zme) = (F 'z, F1 2u)1.
Further, since { F-'2}} defines the element Fi,2? in H,, we have
&5 = Fus = lim (Fy, F ) = lim (3, ).
n,k—w n,k—w

By choosing 2§ =2° for all &, we see that 22 =I5z and y° =lim, y3=Iny!, which
proves the last assertion of the lemma.
One sees from the unitary nature of Fy, that

[on | = [ 0% Fuest| = [y lFuells = [yl
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DEFINITION 1.2.1. Let Co be a bounded linear transformation on Hy to H,.
Then Cy will be called symmetric if (Cuyl, 2') = (3!, Cuz') for all y!, 2' € Hy, and
it will be called positive if (Cauy?, ¥y') =0 for all y'E H,, in symbols, Cy = O.

LeEMMA 1.2.3. Let C be a linear operator on Hy with D(C) =D(F) and such
that
(1.2.6) (F7ICy°, Cy°) = K(FY, y°), » € D(F).

Then C takes each Cauchy sequence | y?,} CD(F), defining an element of Hj,
into a Cauchy sequence { Cy3}, defining an element of Hy, and in this way defines
a bounded linear transformation Co on H, to H, of norm kY2 If C is sym-
metric (or positive), then Cy will likewise be symmetric (or positive).

Proof. The condition (1.2.6) implies that {Cyﬁ} is a Cauchy sequence
defining an element of H, and hence that

(Cary'y Caxy )z = lim (F 'Cyn, Cyo) < Elim (Fyn, yo) < E(y, 3 )1.

n—© n—r o

It follows from this that Cy is a linear transformation on H; to H, of bound
<kY2. Let y' and z! be defined by the Cauchy sequences {33} and {3}
CD(F), respectively. Then if C is symmetric

(Cary'y ') = lim (Cyn, 22) = lim (3, Czo) = (3, Carz),

n— o n— o

whereas if C is positive
1 1 . 0 0
(Cory , y) = lim (Cyu, y2) Z 0.

CoROLLARY. The operators I, D=I—F, and FQA)=N—D, A\>0, each
with domain D(F), have bounded linear extensions on Hy to H,. If we denote
these extensions by Isn, Dan and F(N)u, respectively, then Iy =1IyIg, Do =In
—Fan, and F(\)au =Ny —Dy. Further I, —Dy and F(\)a are positive sym-
metric.

Proof. Let C denote I, —D, and F(\) in turn. In each case C is positive
symmetric and there exists a k such that

0 = (Cy°, y°) = RYXFY’, »°), y* € D(F).

Applying the Schwarz inequality with respect to the inner product (Cz°, 2°),
we obtain

[(F~1(Cy"), Cy*)]* < (Cy°, ¥°)(CF~1Cy", F-'Cy")
S k(Fy°, y°)(FF~1Cy° F~1Cy°),
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and this implies (1.2.6). Thus the operators have bounded linear extensions
on H; to H, and the asserted relations follow if we merely consider the Cauchy
sequences used in defining these extensions. We note, incidently, for both
Iy and — Dy that 2Z1.

1.3. Negative subspaces. Next let Hy, = H; X H; denote the product space
of elements y = [y!, y2], y'€H,; and y*E€ H, with inner product

(131) <yy Z> = (yl, zl>1 + <y2: Z2>2-

When F =1 we note that H;=H,=H, and Hy; becomes HyX H,.
DeriNiTION 1.3.1. If Loy is a transformation on H, to H, with domain
D(La1), then its graph is a subspace of Hyy defined as

O(Lar) = [[yY, Lay']; 9 € D(Lan)].

As we shall see, the graphs of the dissipative operators in which we are
interested correspond to negative subspaces of Hi, relative to the hermitian
symmetric bilinear form

(1.3.2) 00, 2) = (¥, ) + (¥ 2") — (Dary’, 2Y).

Itis at any rate clear in the case F=1I (and hence Dy = 0) that the graph of a
dissipative operator is negative.
It is easy to see that Q is a continuous form; in fact

(1.3.3) [, )| = [yl + [lyellall 2l + llylllltl = 2l

The continuity of Q shows that the closure of a negative (or positive) subspace
is again negative (or positive). It follows from the maximal principle that each
negative (positive) subspace is contained in a maximal negative (maximal
positive) subspace, which is necessarily closed since otherwise its closure
would again be negative (positive). Moreover the continuity of Q also requires
that the Q-orthogonal complement of a set be a closed linear subspace.

It is convenient at this point to introduce the following operators on Hy, to
itself:

Uly', 5?1 = [y', —5* + Day'l,
(1.3.49) V[yY, 32] = [Fry?, —Fayl],
Wy, y2] = UVI[y!, y?] = [F12y? Fay' + DuF1oy?].

The corollary to Lemma 1.2.3 shows that U, V, and W are all linear bounded
operators. Moreover

(1.3.5) U?=1 and V2= —1I,

so that the inverses of these operators are likewise bounded operators on Hj,.
A simple calculation gives
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Q(Uy7 UZ) = - Q(y) Z),
(1'36) Q(yy UZ) = _<3’1, 22> + <)’2, Zl>,
Q(Wy’ Z) = Q()’, WZ) = (F21y1) zl> + <F13y2,2:2> = (J’» Z).

The first of the identities (1.3.6) shows that the mapping y— Uy of Hi,
on itself defines a one-to-one correspondence between the negative subspaces
and the positive subspaces and it is clear that this correspondence preserves
inclusion and Q-orthogonality. As a consequence, a statement about negative
subspaces will, in general, imply a dual statement about positive subspaces.

DEerFINITION 1.3.2. Given a subset SC His, we define its domain D(S) and
range R(S) by

D) = [y by ¥l € 5],
RES) = b3 b1l € sl
We further set
M) = My — 3% [y, 92] € S].

A linear subspace S of Hj, is the graph of a linear transformation on
H, to H, if and only if S contains no element y= [y}, y2] of the form y!=8,
y2#0. It follows from this that S is a graph if and only if U[S] is a graph.
We note that D(S) =D(U[S]). The graph of a closed linear transformation
is by definition a closed subspace. It should be observed that the graph of a
linear transformation on H; to H, may be negative and the transformation
may even be maximal in this respect, yet the graph itself may be the proper
subset of some other negative subspace. As the following lemma shows, this
situation will not occur if the domain of the transformation is dense in H,.

Lemma 1.3.1. 4 negative (or positive) subspace with dense domain is the
graph of a linear transformation on Hy to Ho,.

Proof. From the above remarks, it is clear that it suffices to consider only
the case of a negative subspace N with dense domain. Suppose there were a
u=1[0, u?]EN, u?>0; we note that Q(u, u) =0. Since D(N) is dense in Hj,
there is a y = [y!, 2] EN such that (y!, u?)=(y!, Fiu?)#0. Now y+auEN
and hence

Q(y + au, y + au) = Q(y, y) + aQ(u, y) + aQ(y, u) = 0.

As this holds for all @, we conclude that Q(y, «) =(y!, %) must equal zero,
contrary to our choice of y.

COROLLARY. If the negative (positive) subspace N is the graph of a linear
transformation on H, to H, with dense domain, then the same is true of each
maximal negative (maximal positive) subspace containing N.

Next we obtain some properties of negative subspaces.
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Lemma 1.3.2. Let N be a negative subspace and suppose N\>0. Then for
fr=Nauy'—92, [y, ¥2]EN, we have

(1.3.7) el = Ml
where ¢(\) =min (1/2, \).

Proof. We obtain directly from the definition of f? that N(lay!, y')
— (v, y1Yy=(f?, ¥') and adding this to its complex conjugate we get

(1.3.8) 2\(Lay', 3) — (Day', 31) — Q(3,9) = (3, 1) + (1% »") = 2|yl
According to the corollary to Lemma 1.2.3 both Iy and — Dy are positive
symmetric and Fy = Iy — Dy ; this together with the fact that Q(y, y) £0 for
yEN implies
1,2 1 1 1 2
eyl = e (Fary, v ) = [y 114l
so that (1.3.7) follows.

LeEmya 1.3.3. Let N> 0 and suppose N is a negative subspace. Then the map-
ping
y = [y% 9°] = 2 = Nay' — 5
of N onto R\(N) is one-to-one and bicontinuous.
Proof. Making use of the inequality (1.3.7) we have
5l = e =7l
ol < 174l + M Zoaylle < 17 + Nyl = [0+ 2/e@]l7lls
and
170 = NlZayl + ly2lle = Myl + 7z = ¢l + [ly2lle],
where ¢/(\) =max (1, N\). The result now follows directly.

COROLLARY. Let A\>0. Then a negative subspace N is closed if and only if
RA(N) is a closed subspace of Ho.

LeEMMA 1.3.4. Let A\>0 and suppose N is a negative subspace. Then N is
maximal negative if and only if Fn(N) = H,.

Proof. Suppose first that N is maximal negative but that (V) is a
proper subspace of H,. Since N is closed, we see from the previous lemma
that R\(NV) is also closed. Thus there is a #2760 such that (Fyu?, f2) =0 for all
FPER(N). Now we set

gl = Fiau?, 22 = — F(\)2iF 1202, z = [z, 22],

where F(\)oy =NIo1—Da as in Lemma 1.2.3. Clearly z& H,. For any y& Hy,
we have
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Q@y, 2) = — (¥, FN)21F12u?) + (y%, Fiau®) — (Da1y', F1ou?)

= — <)\121y1 - y2, F12u2>.
Hence if yE N, then Q(y, z) =0. On the other hand

Q(Z, z) = - 2>\<I21F12u2, F12u2> + (D21F12u2, F12u2>
= — 2c(\)(From?, u?) < 0.

Thus z& N and consequently N;= [y+az; y& N| contains N properly. More-
over

Oy + ez, y + az) = Q(9,9) + | |20(z, 2) =0,

and this shows that N; is a negative subspace, contrary to N being maximal
negative.

Conversely, suppose N is a negative subspace with R\ (N)=H,. Lemma
1.3.3 asserts that the mapping y—f? of N onto R)\(NV) is one-to-one and that
this remains true for any negative subspace containing N. Since N already
maps onto H,, it follows that N is maximal negative.

Specializing the above result to the case F=1I and dissipative operators
we readily obtain another proof of the corollary to Theorem 1.1.1. In fact,
we have only to note that if L is dissipative then its graph is negative, and if
D(L) is dense then any negative subspace containing ®(L) is the graph of a
dissipative extension of L.

The foregoing lemmas can be used to connect maximal negative subspaces
of Hy; with maximal dissipative operators on H,. To this end we introduce the
following

DErINITION 1.3.3. A transformation Ly on Hy to H, will be said to engender
the operator L on Hy to itself if

D) = [1013’1; Yyl e Q(Lzl) and Lzlyl c Izo[Ho]],

1.3.9 _ _
( ) Ly° = 12011:211011)'0-

THEOREM 1.3.1. Let Ly be a linear transformation on H, to Hy; whose graph
is @ maximal negative subspace of Hy, and let L denote the operator on Hy en-
gendered by Ly. Then L is a closed maximal dissipative operator with dense
domain, and the graph of IwLIo is dense in the graph of L.

Proof. According to Lemma 1.3.4, the set [Nuy'— Lauy!; y1ED(Ly) ] fills
out Hs. Further one sees from Definition 1.3.3 that Nuy' — Luy' € I [H,] if
and only if Igy'&ED(L). Consequently,

RN - L) = I;ol{>\121 - 121}1311[59(14)] = Ho.
On the other hand, setting y = [y!, Lyy'] and y°=Ipy!, y°ED(L), we see that
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(9% Ly°) + (Ly°, y°) = (3!, Lay') + (Lay?, 3%
= Q(}’, }’) + <D21y17 y1> é 07

so that L is a dissipative operator. Lemma 1.1.1 now implies that L is closed
and maximal dissipative and Lemma 1.1.3 asserts that ©(L) is dense in H,.
Next suppose that y=[y!, ¥*]E®(Ly), in which case y?=Lyuy!. Then f
=Ayy'—y*E H, is determined by a Cauchy sequence {ﬂf} CH, such that
fi=Ifo—f2 Since RN — L) = H,, there exists a sequence {ui} ED(L) such
that f0=Aul— Lud for all n. Setting u,=1I5'ul, we see that f2=N\Ipul— Loul;
hence the relation (1.3.7) implies that the sequence {u,‘,} converges in H; to
say ul. Thus [u}, Loul=NInul—f2] converges in ITj; to [u!, N[nu'—f2] and
since Ly is closed it follows that «'&D(Ly) and Lyul =AIyu'—f2. Conse-
quently w!=u'—y!is a solution of AMyw! — Lyw! =0 and (1.3.7) requires that
w!=0. In other words [u}, Laus]—[y!, Luy'] in Hy, and since

{n) C I [D(D)]

and Loyu)l = ILInu), the last assertion of the theorem has now been verified.

1.4. Duality theory. The present section contains a duality theory for
maximal negative and maximal positive subspaces of Hi,. As we shall see,
this theory is intimately related to an adjoint theory for maximal dissipative
operators. Our central result is

THEOREM 1.4.1. Let N be a maximal negative subspace and let P denote its
Q-orthogonal complement. Then P is maximal positive and N is the Q-orthogonal
complement of P.

We shall prove this theorem with the help of the following two lemmas.

LeEMMA 1.4.1. Let N be a closed subspace and let P denote its Q-orthogonal
complement. Then N is again the Q-orthogonal complement of P.

Proof. The relation (1.3.6) shows that
(1.4.1) 0@y, 2) = (W, z).

Consequently P is the ordinary orthogonal complement of W-![N]. Since W
is a continuous operator W-1[N] is a closed subspace and hence W-1[N] is
again the orthogonal complement of P. This being so, the relation (1.4.1)
now implies that NV is the Q-orthogonal complement of P.

LEMMA 1.4.2. If N is a negative and P a positive subspace of Hye, and iof N
and P are Q-orthogonal complements of one another, then both are maximal.

Proof. It is clear that N and P are both closed linear subspaces of His.
Moreover, because of the U isomorphism between positive and negative sub-
spaces, it suffices to show that N is maximal negative. If this were not so,
there would be a closed negative subspace, say N;, which properly contains
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N. Choose #& NyN\N*, us£6. Then Q(u, ) =0 and (y, u)=0 for all yEN.
According to (1.3.6), (y, #)=Q(y, Wu) so that Wu&P and therefore
Q(Wu, Wu)20. We now have

(ut, u?) + (u*, w') — (D', w') = Qu, u) =0,

1.4.2
( ) (ul, u2) + <u2, u‘) + <D21F12u2, F12u2) = Q(Wu, Wu) g 0.

As a consequence
—{(Dau!, u') — (Dg1F1u? Fiou?) < 0
and since Dq; £ 0, we obtain
(Daul, u') = 0 = (Dy1F19u?, Frou?).
Combining this with the inequalities (1.4.2) yields
Qu, u) = 0 = Q(Wu, Wu).

Now Q is a nonpositive quadratic form on N; and hence the Schwarz inequal-
ity (relative to —Q on N;) implies that Q(y, %) =0 for all y&E N,. It follows
that # belongs to the Q-orthogonal complement of N, namely P. Similarly,
P positive, Wu &P, and Q(Wu, Wu) =0 imply that Q(Wu, 2) =0 for all zEP;
thus Wu&N. Consequently # and Wu are Q-orthogonal so that we obtain
from (1.3.6) the result (#, ) =Q(Wu, u) =0. This being contrary to our choice
of u, we conclude that N is maximal negative.

Proof of Theorem 1.4.1. We are given that N is maximal negative and
that P is its Q-orthogonal complement. We first show that P is a positive
subspace. If this were not so, there would exist a &P such that Q(z, 2) <0.
Since Q(y, 2) =0 for all yE N, we see that z does not belong to N and further
that

Oy + az, y + az) = Q(y, 9) + | a|?0(z, 2) = 0, y EN.

It follows that Ny= [y+az; yEN] is a negative subspace which contains N
properly. This being impossible, we conclude that P is indeed positive. By
Lemma 1.4.1, N and P are Q-orthogonal complements of one another so that
it follows from Lemma 1.4.2 that P is a maximal positive subspace.

LeMMA 1.4.3. If N has a dense domain then its Q-orthogonal complement is
a graph and, conversely, if N is closed graph then its Q-orthogonal complement
has a dense domain.

Proof. Let P denote the Q-orthogonal complement of N. If P has an ele-
ment of the form z=[6, 22], then Q(y, 2) = (3, 22) =0 for all yEN and, assum-
ing D(N) to be dense, this implies 22 =40. It follows that P is a graph if D(N)
is dense. Suppose next that IV is a closed graph but that D(P) is not dense in
H,. Then there is a #2€ H,, u?#0, such that (#2, 2!)=0 for all 2'ED(P). We
see as above that u = [, u?] is Q-orthogonal to P and hence by Lemma 1.4.1
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that # €N, contrary to N being a graph. This establishes the second half of
the lemma.

A somewhat deeper result in this direction is given by

LemMmA 1.4.4. Suppose N is both a maximal negative (maximal positive)
subspace and a graph. Then D(N) is dense in Hy, and the Q-orthogonal comple-
ment of N is also a graph with dense domain.

Proof. Let P denote the Q-orthogonal complement of N. Since N is
maximal negative, P will be positive by Theorem 1.4.1 and since N is a
closed graph, ©(P) will be dense by the previous lemma. As a consequence,
Lemma 1.3.1 asserts that P is also a graph. Applying Lemma 1.4.3 once more
we see that D(NV) is dense.

Incidental to the above development is a new proof of Theorem 1.1.2.

TuEOREM 1.4.2. If L is a maximal dissipative operator with dense domain,
then so is its adjoint operator.

Proof. In this case we suppose F=1I so that H,=H,= H,. The graph of L,
say N, is by hypothesis negative with dense domain and since L is maximal
dissipative, it follows from Lemma 1.3.1 that N is maximal negative. Denot-
ing the Q-orthogonal complement of N in H¢XH, by P, we see that P is a
maximal positive subspace by Theorem 1.4.1. and a graph with dense domain
by Lemma 1.4.3. Consequently U[P] is a maximal negative subspace and a
graph with dense domain. Now z& U[P] if and only if

0=20@, Uz =— 0L+ (%), =Ly,
for all y!ED(L), that is, if and only if 22=L*z!. Thus U[P]=®(L*) and L*
is a maximal dissipative operator with dense domain.
Most essential for our purposes is the following

THEOREM 1.4.3. Let Ly, be a linear transformation on Hy to Hp whose graph
N is a maximal negative subspace of Hy, and let P be the Q-orthogonal comple-
ment of N. In this case U[P] is also the graph of a linear transformation, say
Mo,. Next let L and M denote the operators on Hy engendered by Ly and Ma,
respectively. Then L and M are maximal dissipative operators, with dense do-
mains, and adjoints of each other.

Proof. Since N is maximal negative and a graph, it follows from Theorem
1.4.1 and Lemma 1.4.4 that P is maximal positive and a graph. Consequently
U[P] is maximal negative and a graph. Theorem 1.3.1 therefore implies that
L and M are both closed maximal dissipative operators with dense domains.
Employing the previous theorem we see that L* is maximal dissipative with
dense domain. Now for y*ED(L), 22ED(M), y'=I5"y° and z'=1g'2’, it is
clear that y=[y!, Luy!]EN and z= [3!, Muz']|€ U[P]. Thus Uz&EP and

(0, Mz%) — (Ly®, 2°) = (3, Muz') — (Lawy', 2') = — Q(y, Uz) = 0.
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Consequently M CL* and since M is itself maximal dissipative, it follows
that M=L*.

1.5. The boundary space. As we have already mentioned in the introduc-
tion, the boundary data assumed by functions in the domain of our differen-
tial operator will be represented by a certain space of cosets which we will
call the boundary space. We now give an abstract formulation of such a space.

DEFINITION 1.5.1. 4 closed subspace Ny of Hye will be called a null space if

(1.5.1) Oy, w) =0 for all y, u € N,.

Suppose Ny is a null space and let Ny denote its Q-orthogonal complement;
clearly NoC Ni. The quotient space

(1.5.2) H = Ni/N,

will be called a boundary space.

It is easy to see that the boundary space H can be made into a hilbert
space. In fact, if 8 denotes the projection operator Ny— NN\ N, then By =8u
if and only if y —u & N,. Thus H is algebraically isomorphic with Ny N and
the inner product defined on Ny Ng can be used to implement an inner prod-
uct in H. We shall denote the points of H by y, z, - - -, and we shall indicate
that y &€ N; belongs to the coset y € H by writing 8y =y. It will be clear from
the context whether By is to be thought of as an element of H or as an ele-
ment of NyN\Ng.

The following lemma gives a simple characterization of Ny\N¢.

LemMA 1.5.1. Let Ny be a null space and let Ny denote its Q-orthogonal com-
plement. Then y& N1\ Ny if and only if both y and Wy belong to Ni.

Proof. By definition a necessary and sufficient condition for y& NN\ Ny
is that y belong to N; and be orthogonal to N, By (1.3.6) the last half of
this condition is equivalent with Wy being Q-orthogonal to Ny, in other words,
it is equivalent with Wy belonging to V.

LeEmMMA 1.5.2. Let Ny be a null space and let N, denote its Q-orthogonal com-
plement. If y, u& Ny, then

(1.5.3) Qly, #) = Q(By, Bu),
(1.5.4) | 0@y, 8w | =< 2[ls]lll6ad],
and if Q(By, Bu) =0 for all BuE N1\ Ny, then By =0.

Proof. It follows from the definition of N; that Q(y, ) =0 for all y&E N,
and # & N,. Since y —By and % —Bu both belong to N,, we have

0@, w) = {8y + [y — By1}, {Bu + [u — pul}) = Q(8y, Bu).
The relation (1.5.4) is an immediate consequence of (1.3.3). Finally if
Q(By, Bu) =0 for all Bu, then by (1.5.3), Q(By, #) =0 for all & N;. This means
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that By belongs to the Q-orthogonal complement of N; and hence, by Lemma
1.4.1, that By belongs to No. Thus By is orthogonal to itself and therefore
By =0.

It follows that the value of Q(y, #) depends only on the cosets to which y
and u belong. This suggests that we introduce the

DEFINITION 1.5.2. We define the form Q on H as

Q(By, Bu) = Q(By, Bu).

It is clear that @ is a continuous bilinear form and it follows from the
preceding lemma that it is nonsingular in the sense that Q(y, u) =0 for all
u&EH implies that y =0.

LEMmMA 1.5.3. Let Ny be a null space and let N1 denote its Q-orthogonal com-
plement. The mapping N=FN defines a one-to-one correspondence between sub-
spaces of Ny which contain No and subspaces of H. This correspondence pre-
serves megativity, positivity, inclusion, and Q-orthogonal subspaces correspond to
Q-orthogonal subspaces. In particular, subspaces of Ny which are maximal nega-
tive (maximal positive) relative to the subspaces of N1 contain N and correspond
to maximal negative (maximal positive) subspaces of H.

Proof. All the assertions of the lemma save the last, follow directly from
properties of the homomorphism 3 established in Lemma 1.5.2. Actually even
the last assertion is evident, once it has been shown that a subspace N which
is maximal negative, say, relative to the subspaces of N; necessarily contains
N,. However, if N is negative, so is N=83N and 8~!N. Since 371N is a negative
subspace of N; containing N and NV, it follows from the maximal property
that N contains N,.

LEMMA 1.5.4. Suppose Ny is a null space and let Ny denote its Q-orthogonal
complement. Then any negative (positive) subspace N of Ny which is maximal
negative (maximal positive) relative to the subspaces of N is also maximal nega-
tive (maximal positive) relative to the subspaces of Hys. Further if P is the Q-
orthogonal complement relative to Ny of such an N, then P is also Q-orthogonal to
N relative to Hys and maximal positive (maximal negative) relative to the sub-
spaces of Hiz (and a fortiori maximal relative to the subspaces of Ny).

Proof. Suppose first that NC N, is a maximal negative subspace relative
to the subspaces of Ni. It follows from the previous lemma that N consists
of cosets of Ny and, in particular that N contains N,y On the other hand if
N’ is any negative subspace of Hi, containing N,, then since Q is negative
on N’ we obtain as a simple consequence of the Schwarz inequality that
each element of N, is Q-orthogonal to every element in N’; in other words
N’ is contained in the Q-orthogonal complement of Ny, namely N;. It follows
that any negative extension in Hj, of the given N necessarily lies in IV} so
that NV is also maximal negative relative to the subspaces of Hj,. Likewise we
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note that the Q-orthogonal complement of N relative to Hj, is necessarily a
subspace of N, since N; is the Q-orthogonal complement of a subspace of N,
namely No. Thus P is the Q-orthogonal complement of a maximal negative
subspace and therefore is itself maximal positive by Theorem 1.4.1. Finally,
if N had been maximal positive (instead of maximal negative) relative to the
subspaces of Ny, then U[N] would be maximal negative relative to the sub-
spaces of U[N:]. Since U[N:] is the Q-orthogonal complement of the null
space U[N,], the above argument applies and we see that U[N] is maximal
negative in Hi, and hence that N is maximal positive in His. It then follows
as above that P is maximal negative in Hi,.

REMARK. If in the above lemma, the null space N, had possessed a dense
domain, then the relations

NeCN,PCN;

imply that D(NV), D(P), and D(N;) are also dense, and hence by Lemmas
1.3.1 and 1.4.3 that N, P, and N; are graphs.

LemMmA 1.5.5. Let N be a maximal negative (maximal positive) subspace of
H and let P be its @Q-orthogonal complement. Then P is maximal positive (max-
imal negative) and N is the Q-orthogonal complement of P. In addition, N=03"1N
and P =f71P are subspaces of N1, maximal with respect to Hyz, and Q-orthogonal
complements.

Proof. Suppose N is, say, maximal negative in H. Then according to
Lemma 1.5.3, N=8"'N will be maximal negative relative to the subspaces
of N; and hence, by Lemma 1.5.4, maximal negative relative to the sub-
spaces of Hy. Lemma 1.5.4 also asserts that the Q-orthogonal complement
of N, say P, is maximal positive and a subset of N;. It now follows from
Lemma 1.5.3 that P =8P is maximal positive as well as the @-orthogonal com-
plement of N. Likewise, since N is the Q-orthogonal complement of P by
Theorem 1.4.1, we see that N will be the Q-orthogonal complement of P.

We now state one of our principal results.

THEOREM 1.5.1. Let Ng be a null space with dense domain, let Ny be its Q-
orthogonal complement, let H= N,/ N,. In this case No and N, will be graphs of
linear transformations, say, Ly and L}, respectively, which engender the oper-
ators Lo and Ly, respectively. Suppose, in addition, that D(IzLoln) is dense in
H,. Then there is a one-to-one correspondence between the maximal negative sub-
spaces [N] of H, taken with respect to the form @, and the maximal dissipative
operators (L] such that LoC LC Ly, this correspondence being defined by

(1.5.6) D) = [y"; B[Iory , InLy'] € N,

which is dense in H,.
The adjoint operator M = L* is again maximal dissipative with dense domain
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and can be described as follows: U[N,] and U[N1] are graphs of linear trans-
formations, say, My and My, respectively, which engender the operators My and
M., respectively. Let P be the @-orthogonal complement of N. Then P is maximal
positive, MoC M C M, and

(1.5.7) DM) = |2 8U[Iorz, InM1z'] € PJ.

Proof. According to Lemma 1.5.3 there is a one-to-one correspondence be-
tween the maximal negative subspaces [N] of H and the subspaces of N,
which are maximal negative relative to the subspaces of Ny, this correspond-
ence being given by N=8-1N. By Lemma 1.5.4 each such N is maximal nega-
tive in Hy» and a graph, say of Ly. Theorem 1.3.1 now asserts that Ly
engenders a maximal dissipative operator L with dense domain and that the
graph of I»LIy is dense in N. It follows that each L obtained in this way
can correspond to only one maximal negative subspace in N, and hence to
only one maximal negative subspace of H. Since L} C Ly CLj,, it is further
clear that LoC L CL,. Finally, L is a restriction of L, and hence is completely
determined once its domain is given. By Definition 1.3.3

DL) = [y's [Toy", TnoLry'] € N,

or, equivalently, ©®(L) can be given by (1.5.6).

The adjoint of L is described in Theorem 1.4.3. If P is the Q-orthogonal
complement of N and if My is the transformation whose graph is U[P],
then M =L* is engendered by My;. It also follows from Theorem 1.4.3 that
M is maximal dissipative and has a dense domain. According to Lemma 1.5.4,
NyCPCN,; so that My, C My C M}, and hence MyC M C M,. In particular,
then M is a restriction of M; with domain

DM) = [¢°; UlInz', IndM2'] € P.

With P denoting the @-orthogonal complement of N, we see by Lemma 1.5.5
that P is maximal positive and that P =8"'P. Consequently, ©(M) may also
be described as in (1.5.7).

It remains to show that any maximal dissipative operator L’, such that
LyCL'CL,, corresponds as above to some maximal negative subspace N of
H. Suppose, therefore, that L’ is such an operator and set Ly = I5L’'Iq and
N'=0®(L},). By assumption L}, D IoLolo. We now show that N’ is a negative
subspace of Hi.. In the first place, since L’ is dissipative,

(LY, y1) + (Y, Layy = (L'Towy?, Tay') + Lay!, L'Tay') £ 0

for all y1ED(L4,). Suppose then that Q(y, ¥) >0 for some y& N’. Choosing
a sequence {u,‘,} in ©(I0Loln) with the property that u;—y! and setting
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wn=[u}, Lyul], we see that u,&E N, and hence that
0<Q@,9)

Q(y = Uny Yy — un)
= (" = W), Lin(y' — wn)) + (Lat(y' — ), (' — un))
— (Du(y — ), (5 — wn)) S — (Daaly — ua), (v — ua))

= (le(yl - “rlz), ()’1 - ”71»)> = ”3’1 - “'ILHf

However, this is impossible since the last term tends to zero as n— . It fol-
lows that N’ is a negative subspace, obviously contained in N;. There there-
fore exists a subspace NCN,, maximal negative with respect to all subspaces
of N; which contains N’. Now N is the graph of a transformation Ly and as
in the first part of the proof, Ly engenders a maximal dissipative operator
LCL, which corresponds to the maximal negative subspace N=8N as in
(1.5.6). It is clear from the construction that L’CL and since L’ is maximal
dissipative we conclude that L’=L. In other words, L’ corresponds as above
to the maximal negative subspace N.

COROLLARY. Theorem 1.5.1 characterizes all maximal and properly dissipa-
tive restrictions of Ly, that is, all maximal restrictions such that Q(y, y) S0 for
each y=[I5*y°, IoLy°] with y°ED(L).

Proof. It is clear that if L is characterized as in (1.5.6), then Q(y, y) <0
for all y=[I5"y°, IsLy°] with y*€D(L). Conversely, suppose that L is a
maximal and properly dissipative restriction of L;. Then B[G(I5LIy")] is a
negative subspace of H and hence contained in some maximal negative sub-
space, say N’. Let L' CL, be defined by (1.5.6) with N replaced by N’. Then
clearly LC L' and since both L and L’ are maximal dissipative it follows that
L=L', which was to be proved.

The following remarks are of interest in connection with the boundary
space for L;. According to Lemma 1.5.1, the elements of Ny\Nj are just the
elements y of ®(Ly,) for which Wy&® (L)), in other words, the [y!, Liy!]
such that Fi,L};y! as well as y! belong to D(L},) and for which

1 101
Lzl[F12L21y ] = leyl + D21F12L;1y1-

Since D(M},) =D(L},) and My, = — L) +Ds, the above relation can be re-
written as

(1.5.8) M;1F12L;1y1 = — leyl.

Thus we can represent H as the subspace of &(L},) which corresponds to the
solution space of (1.5.8). We shall not pursue this matter any further; never-
the-less it should be remarked that this is clearly a starting point for an in-
vestigation of the boundary space of L;.
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The next two lemmas deal with properties of Ly and L;. For one spatial
variable it was shown in [12] that both L, and L, are closed; in the many
variable case Ly is closed, but it seems doubtful that L, is closed. Our best
result in this direction is the following.

LemMA 1.5.6. Let Ly be a closed transformation on Hi to Hy whose graph is
negative and let L denote the operator engendered by La. Then L is closed.

Proof. Suppose [13, Ly3]—[y° g°] in HoXH, and set y.=I5"% and
fa=TIuyy—Lay;. Then Ioiyn=Iooya—T20y°, Loxyn=InoLyn—T20g% and fr—TIsy°
— I5g° Consequently Lemma 1.3.2 applies and we see that {y,l,} is a Cauchy
sequence in H; converging to some element, say y!. Since I is continuous it
follows that Ipy'=9° Thus [y5, Lays]— [y, Iag®] in Hy, and, Ly being
closed, we see that y!&D(Ly) and that Leyy! = I50g° According to Definition
1.3.3, y°=Iuy'€D(L) and Ly°=Ix'Lyy'=g° the operator L is therefore
closed.

LemMmA 1.5.7. In the notation of Theorem 1.5.1, D(Lo) s dense in Hy and
M\ CLg.

Proof. According to Lemma 1.2.1, I is a continuous map of H; into H,
and it is clear from this construction that R(In) contains D(F). Since
D(IzoLoln) is dense in Hy, it follows that D(Lo) =T [D(L20Lolo1) ] is dense in
D(F)~=H,. On the other hand for y°€D(L,), 2°€ED(M1), y'=1I4"y° and

z1=I5'2°, we have
(U 0 0 0 1 1 1 11
(Loy,z>—(y,sz>= (Ln}’,Z)— (y,an>
1 V] 1 1 1 1
=Q(y, Ly ], [z, Luz ]) = 0
so that M;CLg.

LEMMA 1.5.8. Let No be a null space and the graph of a linear transformation,
say LY, which engenders the operator L. Suppose, in addition, that D(IsLolo)
is a dense in Hy. Then Lq ts conservative if and only if I =F.

Proof. For y°€D(Lo) and y'=I5'y® we have
(1.5.9) (Loy®, y°) + (3% Loy®) = (Duy", y").

If Lo is conservative, then (Dxy!, y1)=0 for all y1ED(I20Loln), which is as-
sumed to be dense in H;. Thus this relation holds for all y'& H;j; replacing
y! by u'+ev?, e=1, 4, in turn and adding, we obtain (Dyu?!, ')=0 for all
u!, v!E H;, from which it follows that Dy = 0. Now for y°ED(F), it is readily
seen that

0 -1 -10
(I— F)y = 120021101}' =0
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so that F=1. Conversely, if F=1 then the relation (1.5.9) shows that L, is
conservative.

Now if F=1I we have H;=H,=H, and there is no longer any distinction
between an operator Ly and the operator L which it engenders. Thus, in this
case, the operators Ly and L; of Theorem 1.5.1 are closed and it follows from
Q(y, 2) ={y", 22)+(y? 2') that L= —Lg. If L is a conservative extension of
Ly, then

Li=—-L¢&D—-L*D L
whereas if 7L is a self-adjoint restriction of 7L;, then
Lo= —L¥f¥C — L* = L.

In either case LoC LCL,. Conditions that LD L, be a conservative maximal
dissipative operator have been given by J. W. Calkin [1, Theorems 2.9 and
4.1]. For the sake of completeness we now give another version of this result
which is slightly more general in that it includes all maximal dissipative ex-
tensions of Lo. In view of Lemma 1.5.8, we may, without loss of generality,
assume that F=1.

THEOREM 1.5.2. Suppose F=1I and let L, be a closed conservative operator
with dense domain. Set L= — Ly and H=®(Lo)/®&(L1). Then there is a one-to-
ome correspondence between the maximal negative subspaces [N of H, taken with
respect to the form Q, and the maximal dissipative operators [L] such that LoCL,
this correspondence being defined by the fact that L is necessarily a restriction of
L, and

D) = [y B[y, Liy’] € N].

Moreover, L will be conservative if and only if N is a null subspace of H, whereas
1L will be self-adjoint if and only if N=P, where P is the @-orthogonal comple-
ment of the maximal negative subspace N.

Proof. Since F=1 it is easy to see that No=®(L,) is a null space with
dense domain and that Ny=®(L,) is its Q-orthogonal complement. Accord-
ing to Lemma 1.1.5 each maximal dissipative extension of Ly is also a restric-
tion of L;. Consequently the first assertion of the theorem is a special case of
Theorem 1.5.1. For y= [y°, L;y°]

(1.5.10) (L1y® 3°) + (3% L1iy®) = Q(», y) = Q(By, BY).

Therefore, if L is conservative, then @Q(y, y) =0 for all y&N. Replacing
vy by u+ev, e=1, 7, in turn, and adding, we obtain @(u, v) =0 for all u, vEN;
hence N is a null space. Conversely, if N is a null space, then (1.5.10) shows
that L is conservative. On the other hand, Lemma 1.1.4 asserts that <L is
self-adjoint if and only if L and M = L* are conservative. The above argument
shows that if L is conservative that N is a null space. Further, if P denotes the
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Q-orthogonally complement of G(L), then &(M) = U[P], as in the proof of
Theorem 1.5.1. For z= [3°, M2°]€ U[P] we have

(1.5.11) (M3 2%) + (3% Mz%) = Q(Usz, Uz) = Q(BUz, BUz).

Since U maps U[P] in a one-to-one fashion on P, we see as above that M
being conservative is equivalent with P and hence P =8P being null. Finally
if N and P are null, then each is contained in its @-orthogonal complement,
namely P and N, respectively; consequently N=P. Conversely, if N=P then
this subspace is both positive and negative, and hence it is a null space. The
relations (1.5.10) and (1.5.11) then imply that L and M are conservative,
and thus that <L is self-adjoint.

It will be observed that there is a lack of symmetry between the expres-
sion (1.5.6) for D(L) and (1.5.7) for D(M). This is a consequence of the fact
that both domains are delimited by means of the boundary space for L,
whereas symmetry requires that D(M) be delimited in terms of the boundary
space for M. The purpose of the next section is to rectify this situation.

1.6. The dual boundary space. Throughout this section N, will be a fixed
null space with Q-orthogonal complement N; and H= N,;/N, will denote the
associated boundary space. It is clear that N{ = U[N,] is also a null space
and the relation Q(Uy, Uz) = —Q(y, 2z) shows that N/ =U[MN,] is the Q-
orthogonal complement of N¢. Thus

(1.6.1) H' = Ni/N;

is again a boundary space, and we refer to this space as the dual boundary
space. We proceed to study the relation between these two boundary spaces.

As before H’ is isomorphic with NY N Ngt and we shall denote the Q-
induced bilinear form on H’ by @’. Likewise, we shall let 8’ denote both the
natural homomorphism of NY onto H’ and the projection operator of N{
onto N{ MN{*. Given an operator T on H;; we shall symbolize its restriction
on NiN\N§ by T and its restriction on NY NNt by T .

In view of the way in which H’ has been defined, one should expect the
operator U to provide the principal link between H and H’. The following
lemma shows that this is the case.

LemMMA 1.6.1. The transformation 8’ U, is one-to-one and bicontinuous on
NiN\Ng to NY N\Ng- with inverse BUJ . Moreover

(1.6.2) 0B Uy, BUw) = — Q(y, 2), y,5E€ N1\ Ny .

Proof. Given 2& N{ NNyt C U[N,], there exists a y& Ny\Ng and a u & N
such that 3= Uy~ Uu. Since Uu&EN{, we see that z=0'z=0'Uy; this shows
that 8’ U, is onto NY MN}t. On the other hand, given y & Ny\ Ny, set z2=8" Uy
and v=z— Uy. Then B'v=z—2z=0 from which it follows that v& N{J. Conse-
quently Uv=U{z—yEN, and y=8y=8U{z; in other words (8Us)(8 U)
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= I,. Since ' U, was onto, we infer that BUJ = (8’ Uy)™! and hence that 8’ U,
is one-to-one and bicontinuous. Finally the relation (1.6.2) follows from
(1.3.6) and (1.5.3).

LEMMA 1.6.2. Vy is @ unitary map on NyN\Ng to N{ NNt with Vit=—V{.

Proof. It is clear from (1.3.4) that V is a unitary map on Hj; to itself
with V='= —V. It therefore suffices to show that V, maps N;\Nj onto
N{NNgt. To this end let y& Ny Ny and suppose « is an arbitrary element of
Ny. Then by (1.3.6)

0= (y’ u> = Q(UV}’, u) = - Q(Vy) Uu))
since NJ = U[N,] it follows that Vyy belongs to the Q-orthogonal complement
of N{, that is to N{. Further
(Vy, Uu) = Q(WVy, Uu) = QUUVVy, Uu) = — Q(VVy, u) = Q(y, u) = 0
so that Vyy is orthogonal to NJ. Together these results imply that Vgy
EN{NNg*. Similarly, it can be shown that V{ maps N{ N\N}* into Ny\N¢E.

On the other hand V2= —T implies V,V{ = —1I{, and this shows that the
map is onto.

LeEMMA 1.6.3. BW, is symmetric, one-to-one, and bicontinuous on NyN\Ng
to atself with (BWo) t=—V{B Us=L(W)o. Similarly B'W{ is symmetric,
one-to-one, bicontinuous on N{ NN to itself with ('W{)'=—VBU{
=B/ (W)J. Here 31 and B{ are projections on Hys to Ny\Ng and N{ N\N§*,
respectively.

Proof. Since W= UV, it is an immediate consequence of Lemmas 1.6.1
and 1.6.2 that W= (B8U{ )V, is one-to-one and bicontinuous on Ny\N§ to
itself. Further BWo(V{B Us)=BUJ VoV{B Us=—1I, so that (BW,y)~!
= —V¢B' Us. Now for yeNiNNg, (I—B)UsyEN{ and since V is unitary
and maps N/ NNg- onto NiMNg, we see that V(I—8") Uy & (NiNNF)-L.
Hence 61 V(I—",B') on =0 and —61(W_1)0=61 VUo=ﬁ1 Vﬁ’ Uo= Vo,ﬂ’ Uo. Fi-
nally we see from (1.3.6) that for y, & Ny N we have

BWoy, 2) = (Wy, z) = QW?y, z) = Qy, W) = (y, Waz) = (y, BWz)
and hence BW, is symmetric. The results for 8 W{ follow in a similar fashion.

COROLLARY. For y, 2& NN N§ we have
(1.6.3) (BWo)™y, z) = Q(y, 2) = (y, (BWo)'2).

Proof. It suffices to note that for y, 2& Ny Ni

0@, 2) = (Wly, 2) = B:(W )y, 2) = ((BWo)™ 1y, 2).

It is clear that the transformations 8’ U,, BU{, BW,, and 8 W{ induce
corresponding transformations on H and H’ which we denote by U, U’, W,
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and W', respectively. These transformations are all one-to-one and bicon-
tinuous, U'=U"!, @' (Uy, Uz)=—Q(y, z), and W and W’ are symmetric
with

Q(Wy, z) = (y, z) = Q(y, Wz),
QWy, ) =, ) = 9, W'z).

It readily follows that negative (maximal negative, positive, maximal posi-
tive) subspaces of H correspond under the U mapping to positive (maximal
positive, negative, maximal negative) subspaces of H'.

Returning to Theorem 1.5.1, we can now define ®(M) in a manner com-
pletely analogous with D(L).

(1.6.4)

THEOREM 1.6.1. In the notation of Theorem 1.5.1., we have

(1.6.5) DM) = [¢; 8Lz, InMis'| € U[P]],
and U[P] is a maximal negative subspace of H'.

Proof. As was noted above, P being maximal positive in H implies that
U[P] is maximal negative in H'. Further, each & N{ has the representation
z2=0'2+v where v&EN{J. Thus Uz= Uy B'z+ Uv and since UvE Ny, we have
BUz=BU¢ B'z. Consequently BUzEP if and only if BUJ ’2&E P and hence by
Lemma 1.6.1, if and only if B'z2=8U.(B8U{B'z) belongs to B'U,[P]= U[P].
The relation (1.6.5) now follows directly from (1.5.7).

The previous result can also be used to characterize the negative and
maximal negative subspaces of H. In fact, W—! being symmetric, we see that
H splits into two orthogonal manifolds Ht and H-, H=H*t® H~; these are
respectively the positive and negative eigenspaces of W—!. If we define

<y’ Z>+ = <W—ly; Z> fory,z€H+,
(v, z)- = (Wly, 2) fory,z € H-,

then H* and H~ are again hilbert spaces. In view of the fact that W and its
inverse are bounded operators, the new topologies are equivalent with the
original H topologies for each subspace. Suppose next that N is a negative
subspace of Hand fory&Nsety =y*+y~, where ytr&EH* and y"&H~. Then

QW,y) = Wy, y) = [yHl% = [yl s 0.

As a consequence of this inequality Jy— =y* defines a contraction transforma-
tion on H- to H* with

N=[y +Jy vy €D

Conversely if J is a contraction transformation of this kind, then the set of
vectors [y~+Jy—; y~ED(J)] is a negative subspace of H. We have there-
fore defined an inclusion preserving correspondence between negative sub-
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spaces of H and contraction transformations on H~ to H*. It is clear that N
will be maximal negative if and only if the corresponding contraction trans-
formation is defined on all of H-.

CHAPTER [I. DISSIPATIVE HYPERBOLIC SYSTEMS

2.1. Properly dissipative generators of the basic system. We return now
to the dissipative hyperbolic system described in the introduction. By apply-
ing the foregoing theory we shall obtain a characterization of the properly
dissipative generators first of the system (1.2) and later of this system coupled
at the boundary to an auxiliary dissipative system. In the appendix to this
chapter we shall construct a class of maximal dissipative extensions of our
minimal operator and the dual class of maximal dissipative restrictions of our
maximal operator, neither class being generators of properly dissipative solu-
tions.

As remarked in the introduction, energy considerations require that the
basic hilbert space be Ho=L:(A; E) and the desire to work with a finite
boundary integral motivates our use of the auxiliary hilbert spaces H; and
H,. We construct H, and H, as in §1.2 by means of the self-adjoint operator
F defined as

(2.1.1) Fy® = F(-)y°(+)
where F(x) =I—D(x) and D(x) £0 for all xEA;
(2.1.2) D(F) = [y% »°(-) and F(-)y(-) € Ly(4; E)].

It is readily verified that F is self-adjoint and satisfies the condition (1.2.1).
Since the functions in D(F) are dense in Ly(A; EF) and those in R(F)
=Ly(A; E) are dense in Ly(A; EF'), we see at once that H; and H, are
unitarily equivalent with Ly(A; EF) and Ls(A; EF-'), respectively. In what
follows we shall not distinguish between the abstractly defined H; and H,
and their realizations Ly(A; EF) and L:(A; EF'). Thus for y1&€Ly(A; EF)
and 22€E L(A; EF1) we have

(4, 2%) = f (Ey', 2%)dx;
A

and the bilinear form Q is defined equivalently by (1.3.2) and (1.12).

Next we define the transformation L)) as in (1.11). Then D(LY) is dense
in Hy and an integration by parts shows that Q(y, z) =0 for all y, s&&(LY).
Thus ®(LY)) is a negative subspace of Hj, with dense domain and hence, by
Lemma 1.3.1, its closure, which we denote by Ny, is also a graph, say of the
transformation L};. It follows from the continuity of Q that Ny is a null space
in the sense of Definition 1.5.1. In the present development, the operator L,
engendered (see Definition 1.3.3) by L3 will be called the minimal operator
of the spatial part of the hyperbolic operator (1.2). Lemma 1.5.6 shows that
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Ly is closed. Further, it is clear that L, is an extension of
Loy® = E-'[(4%%): + By'],

(2.1.3 .
) D(Loo) = [°; ¥° continuously differentiable with compact carrier in A],

as can be seen from the fact that Loo=I5'L¥I5". This latter relation also
shows that D([20Lolo) DD(LY) and hence that D(InLoly) is dense in Hi.
Incidently, we conjecture that L, is not the smallest closed extension of
Loo("). However, from our point of view this is all to the good since we want
L to be the largest operator on H, (and L, to be the largest transformation
on H; to Hy,) of the type E-'[(4iy");+Byi], =0 (and 1), for which the do-
main functions have “essentially” zero boundary data. Finally we note that
D(Loo) is dense in Hy and consequently so is D(Ly).

We also define the formal adjoints of these operators in an entirely anal-
ogous manner and it is clear that corresponding operators will possess the
same properties. For instance, we define
(2.1.4) Moz = E [—(43): + (B* + 4)5']
with D(MY) =D(LY). It is readily verified that G(MR)=U[G(LY)] and,
since U is bicontinuous, this relation continues to hold for the closures of
these graphs. Thus if Mj, denotes the smallest closed linear extension of Mgy,
then ®(M3) = U[®(L3,) ] and it follows that ®(MY,) is also a null space along
with ®(L3,). It is also evident from the definition of U that D(Mg) =D(LY,).
However, the domain of the operator M, engendered by My will in general
not coincide with the domain of Ly, engendered by L. We note that D (M)
is dense in Hy and that D(l20Moln) is dense in H;.

We now define N; to be the Q-orthogonal complement of N,. Since D(V,)
is dense in Iy, it follows from Lemma 1.4.3 that N is also a graph, say of the
transformation L3;. Further, N, being a null space, we conclude that Ny DN,
and hence, that LL,DLY,. For y=[y!, ¥2] and z=[2!, 3?] we see that yEN;
if and only if

0=0@2 =0, Lug)+ (3,z) — (Day, 2)
= — (&, Mag) + (&, ), 2 C D(Ma).

Thus L}, can be thought of as the “adjoint” of Mj relative to this mixed
inner product; in the usual notation for adjoint we have L}, = Fo(M%)*Fy

(2.1.5)

(") Assuming the above conjecture to be correct, our use of the term “minimal operator”
differs from the customary usage (cf. L. Hérmander [8]), which applies the term to the smallest
closure of Loo, say Le. On the other hand, L§ would be a more appropriate minimal operator
than our Lo if we wished to determine all maximal dissipative extensions of a minimal operator;
likewise, L{ = (Mg )* would be a more appropriate maximal operator than our L; if we wished to
determine all maximal dissipative restrictions of a maximal operator.
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since M3, is the smallest closed extension of My, it is clear that y will belong
to ®(L},) if and only if (2.1.5) merely holds for all 2!€D(MY). Now if
y & Ly(A; EF) is continuously differentiable on A and if

y? = E7'[(4%"Y): + By'] € La(4A; EF7Y),
then one sees by direct computation that (2.1.5) will be satisfied for all

S ED(MY); thus y = [y, y?] belongs to B(L},) and so does the closure of this
set of function pairs. A complete description of L3, is given in the following.

LemMA 2.1.1. Suppose that the elements of E, the A*, and B are continuously
differentiable in A. Then [y*, y?|E Hy, belongs to O(LY,) if and only if there is a
sequence {ys} CD(LY) such that

00 1

[yn, Latyal = [y, '] in La(A; EF) X La(A; EF )
for each compact ACA.

Proof. The sufficiency argument is trivial in view of the fact that (2.1.5)
need only be verified for 2! ED(M3)) and each such 2! has a compact support
in A. The necessity can be established by a method developed by K. O.
Friedrichs [6, pp. 365-373]. The reduction of the present problem to that
treated by Friedrichs is readily accomplished by means of the following
unitary transformations:

S: yl—oy = (EF)%y!, L,(A; EF) onto Ly(A; 1),
T: 22—z = (EF)"Y2Ez?,  Ly(A: EF') onto Li(A;I).

These are multiplicative transformations and since the factors are continu-
ously differentiable, it is clear that continuously differentiable functions map
onto functions of the same kind and likewise functions with compact support
map onto functions having the same support. Setting

e = TLus
£y = TLaS ™y = (@) + @y,
M’z = TMnS 'z = — (@2): + (®* + @)z,
where
@i = (EF)-24(EF)-' and
® = (EF)~\*B(EF)~'% — [(EF)~\2];4i(EF)~1/2,
it is clear that
D(IM) = D(£%) = [¥; Y continuously differentiable with compact support in A].
Moreover, [y,f |E®(LY) if and only if
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(2.1.6) fA(y, M) dy = fA (f,2)dx  for all z € D(M).

The main steps in Friedrichs’ argument are as follows. He begins with a
function j(x!) possessing derivatives of all orders and such that j(x!) =0,
i(x") =0 for |x!| =1, and f*,j(x})dx'=1. Setting

je) = e [T,
i=1
he defines the mollifier operator
57100 = [ 4:x = 0YGx.
A

It is easy to show that both g, and g approximate the identity in Ly(A; I)
as e—0+. For z€D(M") and e sufficiently small, g¥fz& (M) so that
(2.1.6) becomes

(2.1.7) (¥, m*géz) = {f, §&2) = (g, 2).

Now 9m°g¥ and £%4, are integral operators with kernels ki(x, %) and
K2(x, %), respectively. Setting

(2.1.8) [xy](x) = f [k, x)* — kilx, )]y (R)dx

and considering X, as a transformation on L:(A; I) to Ls(A; I), Friedrichs
shows that X.y—#0 as e—0 for each compact ACA. To complete the proof, we
choose a sequence of domains {A,.} such that A,CA,1CA and A=U, A,.
Suppose that A, is a distance greater than §,>0 from the complement of A
and suppose further that §,—0. For €, =0./4, we define

Yalx) = [(ﬂe"}’](x), X € Ay,
= 0, X GE Any,

and elsewhere y.(x) is defined so as to be continuously differentiable in A,
Then {yn} CD(£%) and y,—y in Lo(A; I) for each compact A CA. Moreover,
according to (2.1.7)

(Genf — £°Y2), 2) = (K.Y, 2)

for each z&D (M) with support contained in A,. It follows that £%y,
= J.,f — K.,y for all xEA, and hence that £°y,—fin Ly(A;I), again for each
compact ACA. It readily follows that the sequence {S~'y,} CD(LY) satisfies
the assertion of the lemma. ,

Returning to the main thread of our argument, M3, is defined in a manner
analogous to Lj; as the transformation whose graph is the Q-orthogonal
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complement of &(MY). It is clear from the properties of U that ®&(M},)
=U[®(L})] and it follows from this that the analogue of Lemma 2.1.1
holds for Mj;. Finally let L, and M; be the operators engendered by L}, and
M3, respectively. According to Lemma 1.5.7, LiC My and M;CL{ and we
suspect that in general these inclusions are proper. We shall call L; the
maximal operator of the spatial part of the hyperbolic operator (1.2). It
follows from the way in which L, was defined, that among the differential
operators of this type it possesses the largest domain to which the boundary
‘ntegral (1.9) can be meaningfully extended. Consequently, any generator of
properly dissipative solutions of (1.2) must necessarily be a restriction of L.
An analogous assertion holds for M.

Next we introduce the boundary spaces for L, and M;, namely the quo-
tient spaces

H = §(L)/®(Ls) and H' = G(Ma)/S(M),

respectively. These cosets- correspond to sets of functions in D(L},) and
D(M},), respectively, which exhibit the same boundary behavior. Now H
can be represented by &(L3)N®(LY)* and under this representation the
homomorphism is simply the projection 8 of ®&(L};) onto &(Li)NG(L))*.
Similarly H' has the representation &(M3) NG (M3)* and under this repre-
sentation the homomorphism takes the form of the projection 8’ of &(M;,)
onto &(Mp)NG(MH)* .

As shown in §1.5, the bilinear form Q induces the bilinear forms @ and
@' on H and H’, respectively. Finally we recall that the transformation U
(see §1.6) on H to H’ is one-to-one, bicontinuous, and takes maximal nega-
tive (maximal positive) subspaces of H into maximal positive (maximal nega-
tive) subspaces of H' in a one-to-one fashion. With all this in mind, we now
state our principal result.

THEOREM 2.1.1. There is a one-to-one correspondence between the maximal
negative subspaces [N of H, taken with respect to @, and the closed maximal
dissipative operators [L] on Ho such that LoC L C L, the correspondence being
defined by .

0 0 -1 0 0
(2.1.90 DL =1ly;y €ED(L) and BlIny, ILy | € N,

which is dense in Ho. The adjoint operator M = L* is again maximal dissipative
with dense domain, Mo C M C M, and

(2.1.10) DM) = [2'; 2 € D(M) and B'[Inz, IM 5] € UIP]],

where P is the @-orthogonal complement of N and U[P] is a maximal negative
subspace of H'.

This theorem merely paraphrases Theorems 1.5.1 and 1.6.1. It also char-
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acterizes all maximal and properly dissipative restrictions of L, as can be
seen from the corollary to Theorem 1.5.1.

According to Lemma 1.5.8 we can obtain a conservative extension of L,
only if F=1, thatis, only if D(x) =0 for all x EA. In this case L, is the small-
est closed extension of Lo and L;= —L{ Theorem 1.5.2 then gives a char-
acterization of the conservative maximal dissipative extensions of L, as
well as the self-adjoint extensions of 7L,.

2.2. Coupled systems. In order to treat dissipative hyperbolic systems
with boundary conditions of the “elastic” type by the above method, it is
necessary to take into account the interchange of energy between the main
system and the boundary system. Because of this energy interchange the
central system by itself is no longer dissipative. Nevertheless the coupled
system is dissipative and hence one is lead to treat the entire coupled system
as a unit. This is our starting point; the reader will find further motivation
for the material in this section in {12, §7].

Much work remains to be done before one can be sure that the problems
treated in this chapter and especially those treated in this section have been
correctly formulated. In view of this fact we have been content to study a
rather simple boundary system.

The uncoupled components of our system will consist of the central sys-
tem considered in the previous section, acting in the space Hy, and a boundary
system acting in a hilbert space H, and governed by the equation

0

(2.2.1) s = By, t>0,

where B is a bounded linear operator.

To the right member of (2.2.1) we now add a coupling term of the form
Cyiwhere Cis a closed linear operator acting on the boundary value assumed
at the time in the central system, namely

(2.2.2) v = BlInys InLy'].

Thus the coupled system acts in the space $o=HoX Ho with elements y°
= [y°, $°] and inner product

<t)01 30> = <y0, Z°> + <5’0’ zo>:

and it is governed by the equation

(2.2.3) n =2y, >0,
where
(2.2.4) fy° = [Liy®, By® + Cy]

and, roughly speaking, ©(£;) consists of those elements 1° for which y°&SD (L),
yiED(C), and °EH,. A precise description of D(2) will appear in the
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course of the subsequent development.

We shall impose the following conditions on C:

(i) There exists a subset S of D(CWC*) with [[y°, WC*3°]; y°ES] dense
in the graph of WC* such that WC*[S] CB[® Tz Liln)];

(ii) B+B*—CWC*=<0 on D(CWC*).

When F=1I Condition (i) is not very restrictive. For in this case
B[®(IxLiIoy) ] = Hand the condition simply requires that the set [[3°, wC*y0];
PED(CWC*) ] be dense in the graph of WC*. However if D(CWCH) is
merely dense in H,, then we can take a restriction G, of WC* with domain
D(CWC*) and redefine C as GyW-. It is readily verified that the so-defined
Cis a closed extension of the original C and satisfied (i) in its entirety.

Condition (ii) is a dissipative condition similar to (1.3). In fact, let us
imagine the central system as extending beyond the boundary of A. Then
at the boundary of A there will be a discontinuity in ° due to the back reac-
tion of the coupling. Thus to a given y° there is associated an interior boundary
value y* defined by (2.2.2) and an exterior boundary value y* given by

(2.2.5) ye=y'+ Gy°,
where G can be thought of as a back coupling operator describing the effect
of the boundary system on the central system.

Next we assume that C and G are so related that no energy is lost in the
coupling itself. In order to see what this means, let 1°(¢) be a solution of

(2.2.3). Then the rate of increase of energy in the system is readily computed
as

e, 1), = f (EDyS, y)dx + @, ) + (B + B*)30, 30)

+ (G, 3% + (3% Cyi).
Replacing Q(¥?, y%) by its equivalent,
Q(re, ¥) — 9(GY°, G3°) — Q(y, B3°) — @(Gy°, ¥),
we see that (y° y°), is expressible in terms of the rate of increase of energy
in the interior of the central and boundary systems plus the flow of energy

through the exterior boundary provided that the cross product terms nullify
each other. Thus our assumption amounts to setting

(2.2.7) 9, Gy°) + Q(G3°, yH) = (Cy', 5°) + (3% Cyi)
for all y*€D(C) and y°ED(G). We shall see below that this requires that
G=WC* and hence the rate of increase of energy due to sources interior to
the boundary system is

((B + B*3°, 3°) — Q(G", G3°) = ((B + B* — CWC*)3", §°).

Finally if we assume that the boundary system is dissipative, we arrive at
Condition (ii).

(2.2.6)
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LEMmMA 2.2.1. The assumption (2.2.7) is equivalent with

(2.2.8) C=G*W' and G = WC*.

Proof. Since (2.2.7) holds for both 3% y? and 7y°, yi, it is equivalent with
Q(yi, Gy°) =(Cy’ 5°) and hence by (1.6.4) with

(2.2.9) (W-lyi, Gy°) = (Cy?, 3%

for all y*&€T(C) and y°ED(G). However the relation (2.2.9) is valid if and
only if C=G*W~!, or, what amounts to the same thing, if and only if
G=WC*

After this digression, we return to the main line of argument. The oper-
ator

Dy = B + B* — CWC*

with domain D(CWC*) is clearly symmetric and by assumption negative.
We can therefore apply the Friedrichs' extension theorem to obtain a self-
adjoint extension D<@ (see, for instance, [11, §VI.2]). Then, proceeding
as in §1.2, we construct the dual hilbert spaces H; and H, from the positive
definite operator F =I — D and define the transformations Fuy, F, Day, To1, I20,
and Iy. It follows from the manner in which the Friedrichs’ extension is ob-
tained that D(CWC*) Cln[H,] and further that 7' [D(CWC*)] is dense in
H,. Moreover D(G) CIu[H:]. In fact according to Condition (i), for each
FPED(G) there exists a sequence {y2} ED(CWC*) such that [19, Gyt]
—[5°, Gy°]. Thus

5w = salli = (7 = B = BHGa — 50, Gn — )
— (WG — d), GG — 3m)) = O
so that {§2} defines an element of H; whose I image is just 3°.
Setting
(2.2.11) By = IyBloy and Bay = IoB Io,

(2.2.10)

it readily follows that By and Bj are bounded operators satis{ying the rela-
tion

(2.2.12) (Bugt, 1) = (31, Bug?), 31, 81 € Hy.

Further it is clear that By and B engender, respectively, restrictions of B
and B* with domain I',[H;]. We also note that the operator

(2.2.13) [CGlar = Fay — Iy + B + By

is bounded and symmetric on H, to H, and extends I;,,CWC*I5' whose do-
main, as we have already remarked, is dense in H;. Finally we set
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(2.2.14) D1 = Bay + Bor — [CGlm
and define the quadratic form Q on Hy,=H,;X H, as
(2.2.15) QW 2) = (9, #) + (9% 2") — (Day", 3.
We now define
(2.2.16) G, = GI.
Then G is engendered by G, (since D(G) Cln[H:]), D(G)) is dense in H; with
I [D(CWC*)], and G; is closed with G. Next we set
(2.2.17) Cy = FnGy WL

Then C; is also closed by virtue of the fagt that W-1is bounded, G} is closed,
and Fy, is unitary. It is clear that Gf DI%G*. On the other hand Fald =15
as can be seen from

. 0 1 0 = 1 «% 0 1 o <% 0 1
<1205’ ) A > = (y ) IOIZ > = (I()l)" ) b4 >1 = <F21I015’ ) % ))
and therefore C; O IC. Hereafter we shall denote the operator engendered

by Ci by the symbol C,. It follows that CoDC and also that CiG;D1:CG:
=ICGI . Finally we show that

(2.2.18) D(C1) D R(GY).

In fact, we conclude from Condition (i) that each element in the graph of
G: can be approximated by a sequence [§5, Gi9%] where {y,l,} CIit [D(C6)]
and since I3 CG; has the bounded extension [CGJu, we see that lim C,Giy}
also exists and hence that lim G5, ED(C;). It also follows that CiG1 C [CG .

With these preliminaries out of the way, we now proceed to apply the
theory set forth in Chapter I. The operator § on 9, is defined as

@21 5= (" °)

o ~\e F
where D(F) = D(F) X D(F). The dual spaces §, and $. are constructed as in
§1.2 and it is readily verified that ©,=H;X H, and $,=H,X H,. We denote

the elements of $; and $: by y'= [y, y!] and y2=[y2, §2], respectively. We
also obtain the transformations Fa1, Frz, Doty For, Je0, Sz, which are all of the

form
203 5)
Y \e 14/

Finally we define the quadratic form on $;= ;X 9. as
(2220) Q(U; 3) = (Dl, 32> + <U2, 31> - <©211711 31> = Q(}’, Z) + Q(}’, Z)

and the operator
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(2.2.21) Uy w2l = vy, =y + Daw'.

Next we define the transformation

(2.2.22) Loy = [Lay', Boy' + Ciy'|
where yi=8[y!, Lyy'] and

(2.2.23) @) = [, 3]y’ € D), 3" € DG, ¥ = - 6],

We set o= () and let & denote the transformation engendered by £J,.

It follows directly that

(2.2.24) 2y°® = [L1y°, By® + Coyi]

where y' is defined as in (2.2.2) and

(2.2.25) D) = [[%, 5°]; 5 € D(L), 3° € D(G), ¥* = — ©3° € D(Co)].
LeMMA 2.2.2. N is a closed null space.

Proof. Suppose {m} CD(}), »—y', and ¥mi—g?=[g? §2]. Then
yi—y! and L};yr—g? and since L} is a closed transformation it follows that
Y'ED(Ly), and Lyy' =% and y;,—y*. Thus y,—9' and Gijn= —ys——y, and
since G, is closed y'ED(G1) and Gy'= —y' Finally CyL=[%yL]2— Buyl
also converges and since Ci is closed the limit is Ciy% Consequently 5' & D (L))
and 3y! = g2 This proves that N, is closed.

In order to show that 9%, is a null space, let v, 3&N,. Then

(2.2.26) Q1,3 = Q(, 2) + (¥, Cuz®) + (Cw¥, &) + (3, [CClaz?).
Now

Q(y, 2) = Q¥4 %) = (G, W™'Giz!) = (3%, CiGii?) = (3%, [CGlauz?).
Further

(Y, Ciz¥) = — (3%, C:1Gi3") = — (3%, [CGlau3?),

(Cwi, 51) = — (CiGY, #1) = — ([CGlad, 5%) = — (34,[CGlass?).
Combining these relations with (2.2.26) we see that (Y, 3) =0, which was to
be proved.

LEMMA 2.2.3. D($20%030) and D(No) are dense in Hi.

Proof. Since D(F202030) CD(No), it suffices to show that D(F2LeSar) is
dense in ;. To this end let g' = [g!, ¢'] be an arbitrary element of $, and let
€>0 be given. As we have already noted, there is a #'ED(CG,) such that
||g‘—ull|1<e. According to Condition (i) there will exist a y'ED(CG,) with
Gy EB[OT20L1I0y) IND(C) such that || Inat —IuyY|| <eand ||Giat —Giy]| <e.
It therefore follows as in (2.2.10) that ||9! —a!||3 < (1 +2|| B||) e +|| W-'|| 2. For
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such a ! there is a ¥! ED(I30L1I 1) such that vi= —G19'. We now approximate
(gt —9') in H, by an element of D(L3,), say w'. Thus wi=0 and hence on set-
ting y!=v'4-w!, we see that yi= —Giy'E€D(Co) and that y! approximates gl
It follows that Y= [y!, '] ED(S20RS 1) and approximates gl

We now define 9, to be the Q-orthogonal complement of 9N, As before
we see by Lemma 1.4.3 that M, is a graph, say of the transformation ¢j,.
Obviously &, D¢, and somewhat less obviously we have

LEMMA 2.2.4. The transformation %, can be represented as

(2.2.27) L)' = [Lay', By’ + C']
where y'=B[y, Lyy'] and

(2.2.28) D) = [y, 7]; 5 € D), ¥ €D(C), 5" € Hil.

Proof. Suppose y&ENi. Then for each 2&N,

0=2(,3 = Q0,2 + 00, 2).

It is clear that Ny X0 CR, and hence that Q(y, 2) =0 for each z& N,. Conse-
quently yEN; =@ (L})), y¢ exists, and Q(y, 2) =Q(¥i, z) = — Q(y?, Gi3!). On
the other hand

0@, 2) = (3, &) + (9", Bus' — C1Gu#') — (Bu + B — [CGlu)y, 37)
and since

(3% C1Gt) = (3%, [CGuat?) = ([CGliy, 2,
we see that
0= — (Wi, Git') + (5 — Bug, #7)

for all 3'€D(Gy). It follows that W-ly'€D(GY), that is y'&D(C) and
(W-y,! Gi2')=(Cy?, 3'). Making use of the fact that D(G,) is dense in Hj,
we conclude that §2= Buy'+ Ciy’. Thus each y&RN, lies in the graph of &
as given by (2.2.27) and (2.2.28); the converse assertion is readily verified by
retracing the above steps.

As before we let & denote the operator engendered by &};. It is readily
seen that

(2.2.29) 2y = [L1y°, By® + Coy]
where

(2.2.30) DE) = [[¥°, 5°]; ° € DL, »* € D(C0), 3° € Tu[H]].

Having determined 9, and M; we next study the boundary space §
=MR1/No defined as in §1.5 with generic element ). We denote the natural
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mapping )ER—YE D by B and again we see that the quadratic form Q
induces a quadratic form on & with the property Q(y, 3) =0(8Y, 83).

The boundary spaces § and H are not unrelated and under certain con-
ditions they are equivalent. In order to study this relationship we first set

(2231) mo = [t), t) E 9?1,}”' E @(Cl); 5’1 E @(Gl)] and *‘:’a = g[%o]o

Since N, consists only of cosets of N, we see that N,=B~1[§,]. Further it is
easy to show that N, is dense in N, and it follows from this that &, is dense

in §.

LeEMMA 2.2.5. The mapping By—yc=y'+Gy' is a one-to-one linear map of
9, onto D(C\) CH, under which

(2.2.32) l8vll> = [lyll> + llcw
and
(2.2.33) £.(8y, 83) = Q(¥*, ¥°).

Proof. The first assertion follows directly from the fact that y—y* is a
linear map on N, with kernel N, and, by (2.2.18), with image set D(C,). For
a particular y*&D(C;) choose yEN, such that yi=y* and y'=0. Then

[189ll2 = [ol]2 = [[5l]> + l|Cayill=.

Minimizing this expression over all y& N; with y?=y® we obtain the inequal-
ity (2.2.32). Finally for y, &N, we have

Q@, 3) = QU 27) + (Cw?, &) + (3%, Ciz¥) + ([CGlio, 5Y)
and in view of the fact that
(Cw, 54 = (Wyh, Gig') = Q¥ Gig'),
([CGliayt, 21) = (C1GwY, 51) = (WG, Giz') = Q(Gw, GisY),
we see that Q(By, 83) =LQ(®, 3) =Q(y, 2.

CoROLLARY. If C is bounded, then M,=N1 and By—y° is a bicontinuous
isomorphism of & onto H under which (2.2.33) s valid.

Proof. If C is bounded, then F is bounded and H, and H, are equivalent
with Holunder the respective mappings oy and Is. As a consequence, C; and
G are bounded with D(C;) = H and D(G,) = H,. The above lemma therefore
implies that 3y—y* is one-to-one and linear on all of § to all of H. Further
the inequality (2.2.32) shows that the inverse map is continuous and this
together with the closed graph theorem yields bicontinuity. Finally the
lemma asserts that (2.2.33) is valid under this correspondence.

The full statement of our result contains a description of the adjoint
system and we therefore proceed to the associated adjoint transformations.
According to the general theory developed in §1.5 the maximal and
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minimal adjoint transformations 9, and INY,, respectively, are defined by the
relations

(2.2.3)  G@h) = U[6@)] and G@) = U[GE0)].
Consequently
(2.2.35) Moz = [Maz', B 5 — [CGlaz — Ciz')

where D(IM},) =D(Y,) and zi=p[z!, L} 3!]. Furthermore MY, is the restric-
tion of 9, with domain D(MY;) = D(LY) and hence can be represented simply
as

(2.2.36) Moy = [Muz', Boz'].

It is easy to see that the operator M, engendered by MY, is
(2.2.37) Moz = [M12°, B*30]

where

(2.2.38) D(M) = [[2, £°]; 2° € D(MY), 2* € D(G), zi = — G2°];
here again zi=([I5's°, L} 15;'s°]. The operator 0 engendered by I, re-
quires a somewhat more complicated description. We have
(2.2.39) My = [Mz', B*5' — I {[CClurfors’ + Ci'}]
where
D) = [[2° 2°]; 2 € D(MY), 20 € D(Cy), 2° € Toi[H],
(2:2.40 {[CGlulns + Ciz'} € Ing[H]].

By now we have not only verified the hypothesis of Theorem 1.5.1 but
characterized the pertinent maximal and minimal operators as well. The
conclusions of Theorems 1.5.1 and 1.6.1 are therefore valid and represent the
principal result of this section. It will be noticed that the coupling trans-
formation in the adjoint operator M, acts on the boundary space of L},. By
employing the transformation theory developed in §1.6, this defect is easily
rectified. In fact setting

(2.2.41) z¥ = Uz, { =CU, and G = UG,
it is clear that M, and M, can be represented by the equivalent operators
M3 = [Moa0, BHio],
(2.2.42)
D) = [[2, 2°]; 20 € DM, 2° € D(G), 2’ = — G'5°);

and
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Wiy = (Mg, B*' — I {[CGClulnz + Clz"}],
(2.2.43) DY) = [, :']; 2 € DALY, 2" € D(CL), & € In[H],

{[CGlauais’ + ClZ } € Tno[Hi]].
It was shown in the proof of Theorem 1.6.1 for s ®&(M},) that BUz=BU{ B’z

or, equivalently, B'z=8'UBUz. Consequently z¥=Uz'=8U,[fUz]=8's,
that is

(2.2.44) 2 = B[z, InMi |.

When C is bounded, the Corollary to Lemma 2.2.5 permits us to state
the boundary conditions on ¢ and I in terms of the L, and M; boundary
spaces, namely H and H’ respectively. Thus in this case Theorem 1.5.1 takes
the form: There is a one-to-one correspondence between the maximal nega-
tive subspaces [N] of H, taken with respect to @, and the closed maximal
dissipative operators £ on H such that 8, C2C%,, this correspondence being
defined by

(2.2.45) DE) = [y°; v° € DR, y* € NJ,

where y¢=y*4+Gy°. Moreover the adjoint operator It =¥* is again a maximal
dissipative operator with dense domain, Mo CIM C My, and

(2.2.46) D) = 3% € D), z° € P,

where z¢=2z+Gz3° and P is the @-orthogonal complement of N. As in the
proof of Theorem 1.6.1, z&P if and only if

(2.2.47) z¢ = Uz® = zV + G'3°

belongs to U[P]. Hence (2.2.46) is equivalent with

(2.2.48) D) = [3%° € D), 2z~ € U[P]].

We note that U[P] is a maximal negative subspace of H'.
By way of illustrating the above development, we now sketch a treatment
for the vibrating membrane on a unit disk. The equation of motion being

(2.2.49) Ui = Uyixg T Uxgxa X+ <1, >0,
we set uy, =1, uy,=1% and u,=7% and obtain the system (1.2) where
0 01 0 00
Ai=10 0 0|, A*=1|0 0 1|, E=1I B=0.
(1 0 0 010

It is clear that D=0 so that Hy=Ho=H,=Ly(A; I), Lo=—M,, and L,
= — M,. According to (1.5.8) each element of the boundary space H is
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represented by a solution of

(2.2.50) Ly =9,

or, equivalently, by a weak solution of the system

1 2

Mo T Taxe = 15
1 2

Mx1x2 + Mxexe = My

3 3
Mo T Mxaxs = 1+
It can be shown that weak solutions correspond to regular solutions for such

a system and further that the first two equations are equivalent to

(22.51) 711 = ¢’xu 772 = ¢x2) ¢'xlx1 + Pxoxz = ¢.

Representing the boundary values of #® and d¢/dr (here r2=x}+x%) by
Fourier series

(2.2.52) ¥~ 2r)7NZ DY amer,  9¢/dr ~ (2m)"ME D bre,
k=—c0 k=—o0
the Bessel function expansions for 5® and ¢ are simply

]

n(r, o) = 207 3 a{ (D)}~ a(r)ei,
k=—c0

(2.2.53) B
o(r, o) = 2m)"12 3 b {1 (1)} a(r)eite;

k=—c0

and the norm of y = [#3, d¢/dr] is given by

l¥llz = (3%, 9% + (Liy?, Liy®) = f n%(3n3/07)~ + $(36/0r)~ds
(2.2.54) 3 r
= 2 (o] ar |2+ pit]| 8e]?),

k=—o

where p,=1I/(1)/I:(1). It follows that the boundary space H is the direct
product of hilbert spaces h; and h; with elements n'=%3 and n2=3d¢/dr, and
norms

(2.2.55) Inllf = 3 el a|” and [n]z= 2 o | 8l
respectively. These are dual spaces and the transformation
(2.2.56) fm{bk} = {pi b}

on h; to Ay is unitary with inverse fo{a:} = {pras}.
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In the present example the third relation in (1.3.4) becomes W([y!, y?]
= [y?, ¥']. We also recall that y= [y!, Liy'|E N\ N§ if and only if LIyt =y
On the other hand for such a y, Wy=[Ly!, y']=[Ly', Li[Ly']] and
(Ly)Lyy' =L, [L2y'] =Ly so that W maps NyO\NE on itself. Moreover in
going from y! to Liy! we see that n‘—)nil, N2>y, and "73">7I;<,+77§2=A¢=¢-
Hence W(n3, d¢/dr] = [¢, dn®/9r]. In other words

(2.2.57) Win!, n?] = [f1m?, foml].

Finally the relevant quadratic form on H is

Q,y) = f {n%(0¢/0r)~ + [1°]-9¢/dr}do = (n!, n2) 4+ (n?, n!)
(2.2.58) r

2

1 2,12
1= [l = fenlfi},

I

Al
2 n 12N

and the general boundary condition given by a maximal negative subspace
N of H is characterized by an arbitrary contraction operator J on h; to itself
as

(2.2.59) n! + fion? + J[n' — fiom?].

We next impose an elastic type boundary condition on the membrane by
adjoining to the membrane system the cquation

(2.2.60) 7 = kn!

which governs the boundary system; here « is a multiplicative operator on h;
(considered as a space of functions on the circle T') to Ho= Ly(I"). Assuming
the multiplier «(-) to be measurable and bounded, it is easy to sce that k is a
bounded lincar transformation. Further

(2.2.61) B=0© and C=(x O).

Now (kn!, #)={n', fizxin)1, where «; is the bounded multiplicative trans-
formation on Hy to h, defined by the function [«(-)]~. It follows that

Q
(2.2.62) C* = (flm> and G = WC* = ( )
(€] K1

The transformations C and G being bounded, we conclude that the mapping
Yoy =yi+Gy° is an isomorphism of & onto H under which Q(y¢, y*)
=£.(y, p). In this case

(2.2.63) ye = [n!, 02 + s

The maximal negative subspaces of § are defined by contraction operators
J as in (2.2.59) and in particular J=1I gives (y*)?=n%+x9=0 as a boundary
condition. On the other hand, n2=6u/6r‘ -1 and by (2.2.60) 5,= Kn‘=;<u,l el
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so that we have in essence

(2.2.64) Ou/or |,—1 + ikt |, = 0,

the familiar boundary condition associated with an elastic constraint on the
boundary.

A somewhat more interesting boundary problem is obtained when we
couple a spring with mass attached to the membrane in which case we require
an unbounded coupling operator. The boundary space is now Ho=L,(I"
X Ly(T") and the boundary system is governed by the equations

~1 ~2
Nt = U
(2.2.65) 2 "1 e

N = — .u’:' -V I’ld,
where u and » are multiplicative operators corresponding to real measurable
bounded functions u(-) and »(-), in fact we even assume that »(-) is bounded
away from zero. As such u is clearly a bounded operator on Ly(T") to itself.
On the other hand » is bounded on L(I") to hy and hence v—! is closed on

h; to L(I") with a dense domain consisting of those functions whose Fourier
coefficients are square summable (without the p; ' factor). We now have

0 u © C)
(2.2.66) B=< ) and c=(i )
—n © O] —»!

Again (vq?% n2)y= (9% »ifion?) where »; is the bounded linear multiplicative
operator on h; to Lo(I") defined by »(-). Thus (»=)* = (»*)~1=fop;! and

@ @ 9 —_py—1
(2.2.67) c*=< ) and G=WC*=<O 5 )
0 —fzﬂlfl ® C)

Finally we note that CWC* = 0, with domain D(C*), and this together with
the fact that F=1I shows that Condition (i) is satisfied. Likewise (ii) is satis-
fied since B+B*—CWC*=0 and we see, incidentally, that H,= H,= H,.
The boundary space elements are represented in the present instance by
solutions of M ¥y!= —y' or, equivalently, by solutions of (2.2.50) plus

(2.2.68) B*[By' 4 Cyi] — Czi = — 31,

where yi=8[y!, Liy']=[93, d¢/dr] and zi=B[Ly!, y']= [¢, 993/0r]. The
Equations (2.2.50) are solved as before and, in terms of the functions #* and
¢, we obtain as the solution of (2.2.68)

it = — w(l + u?)"v'9¢/0r,

(2.2.69) :
7= — (14 u?)~v'99%/dr.

From this one readily computes for = [y!, ¢;y!]
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g IME= [ te@won-+ ssson-

+ (1 + w)7([von¥/or [ + | v99/0r[%) o,

and
(2.2.71) Q) =2 Rel-f {vm® + (1 + u2)~%19y3/0r) {y—la¢/ar}—do].

Finally since #® and ¢ are mutually independent and since the range of »—!is
L,(T'), we see that a maximal negative subspace is determined by the relation
i3+ (14+u?)~w=1993/dr=0 on I', in other words 5?=wn® on I'. Now by
virtue of (2.2.65) we have MVlug‘ 1 =urn® =7l In essence then 1‘;1=;.w1u|,=1
and hence by (2.2.65)

(2.2.72) Vithee

ret 11 ey = — 9u/0r |,

which is the boundary condition associated with a spring plus mass con-
straint at the boundary.

APPENDIX

2.3. General maximal dissipative extensions of L, and restrictions of L,.
The body of this chapter has dealt with maximal and properly dissipative
extensions of Ly, that is, maximal dissipative extensions of L, which are at
the same time restrictions of L;. If F=1I, then L, is conservative, L;= —Lg,
and we see from Lemma 1.1.5 that the properly dissipative operators are the
only maximal dissipative extensions of Lo. However in the general case, F #1,
other maximal dissipative extensions of L, exist and, dually, there are maxi-
mal dissipative restrictions of L, whose domains do not contain D(Lo)(").
Such extensions of L, need not be differential operators; the physical models
associated with operators of this kind allow for part of the energy which
leaves the system through the boundary to be redistributed in the interior(%).
The adjoint M of such an operator is a restriction of M; with D) DD(M,)
and, in the associated model, energy may enter through the boundary, but
only to an extent which can be compensated for by internal energy losses.
In this section we shall make an exploratory study of these nonproperly-
dissipative operators; however, the problem of determining the most general
maximal dissipative extension of L, or restriction of L, is left open.

We shall assume that L is a maximal dissipative extension of Lo with domain
contained in D(L,). In this case L — L, annihilates D(L,) and hence (L —L;)y°
depends only on the coset of D(L)/D(Lo) to which y° belongs. Now

D(L)/D(Lo)

is isomorphic to a subspace N of H under the mapping
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(2.3.1) v: yo——>y = B[I;:yo, L;J;:yo]-
Thus L —L, defines a linear transformation T on N to H, such that
(2.3.2) Ly® = Liy® + Tyy°, ¥ € D(L).

We shall soon restrict T further; however first it will be instructive to deduce
certain properties of T and N implied by the above basic assumption.

LEMMA 2.3.1. N is a negative subspace of H.

Proof. Suppose there were a y°&D(L) such that @(yy°, vy°) >0. Then
since ©(I20Lol o) is dense in H;, we can choose a sequence {uﬁ} CD(Ly) with
the property I ul—I5'y® in H,. Setting wd=1y°—u3, we see that {w)} CD(L),
ywd =7y°, I 'wi—0 in H;, and wi—0 in H,. Consequently(8)

(Lion, w0 + (wn, L) = @(vy' 73 + (Don, w5)
(2.3.3) + (Tvy, wa) + (wn, Tvy)

and this converges to @(vy° vyy°) >0 as n— . However this is contrary to
L being dissipative.

Since @(v¥°, vy°) is a measure of the rate at which energy enters through
the boundary, the above lemma shows for the model associated with L that
energy does not enter through the boundary. On the other hand, T has the
effect of channeling energy directly into the interior at a rate depending on
the boundary data.

LEMMA 2.3.2. If R(T) CIn[H:], then Ty =0 whenever yEN and Q(y.y)
=0.

Proof. If the assertion were false, there would exist a y°&9D(L) such that
Q(yy®, v¥%) =0 and Tvyy°+#£6. For a given €>0, choose a sequence {u?,}
CD(Lo) with the property Ig'ug— I (eTyy®—y°). Setting wl=y"+u) we see
that {wd} CD(L), yud =7y, Io/'w—I5" (eTyy®) in Hy, and wl—eTyy° in H,.
Thus (2.3.3) holds and

0 0 0 0 2 0 0 0,12
(Lwn, wa) + (wa, Lwa) > ¢ (DTyy, Tvy ) + 24| Tyy ||,

which is positive for a sufficiently small choice of e. Again this is contrary to
L being dissipative.

The physical interpretation of Lemma 2.3.2 is that T transports energy
into the interior only when energy leaves through the boundary. This is
reasonable enough and suggests that it would be better to define T as a trans-
formation on the quotient space

i (% }-Ie[re \ive use the notation {Dw?®, z°)= [ (EDw®, 3%)dx= (Duly'w®, I512%), valid for all
w, 20 o1 Hl .
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(2.3.4) N, = N/N,
where
(2.3.5) No=ly;Q(r,y) =0,y € N|.

According to Lemma 2.3.1, — Q@ is a positive hermitian bilinear form on N.
It follows that —@ defines a positive definite bilinear form on N,, namely
—@, where we set Q(y, z) =Q(y, z) for any yEy and zE€ z. Letting

(2.3.6) ¥, z)=— 8@, 2),

N. becomes a pre-hilbert space whose completion we dencte by N. We shall
denote the mapping which sends y°&D(L) into the coset ; containing yy° by
the symbol 4.

With this preliminary discussion as motivation, we now suppose that L
is of the form

(2.3.7) Ly® = Liy* + T4y", ¥ € D),

where T is a linear bounded transformation on N to H,. This amounts to a
rather strong assumption on T and implies, for instance, that the adjoint
transformation 7% on H, to N exists. Thus for y*E€D(L) and 2°€ H, we have

(2.3.8) (T9y% 2°) = (99°, T*2°) = — Q(9y°, T*2°).
Consequently for y°, 2°&D(L) we can write
(Ly® 2% + (¥°) Lz°%)
(2.3.9) = Q95" 729 + (Dy*, 2°) — @1y, T*2) — Q(T*y°, 92°)
= Q(1y° — T*y°, 92° — T*2° + ((D + TT%)y", 2°);

here we have used the identity /Q\(T*y", T#*20) = — (T'T*y0, 2°).

LEMMA 2.3.3. Considered as a quadratic form on I [H,],
(2.3.10) D+ TT = 0.

Proof. Suppose the contrary were the case. Then since I5;' [D(Lo) ] is dense
in H,, there is a y°&D(Lo) such that

(D + TT%)y°, y°) > 0.
Further, since T*y'EN and $[D(L)] is dense in N (by construction), we can
find a sequence {#3} CD(L) such that fug—7T*y° in N and again making
use of the fact that I [D(Lo)] is dense in Hi, we may further suppose that
Inz'us—0 in H,. Then
wn= 3 +un €DL), qun=Fun— T, Taw.—Iay in Hy,

and
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wz — yo in H,.
It now follows from (2.3.9) that
(Ltwn, wa) + (wa, Lwa) = (D + 115", 3"y > 0,
which is impossible for L dissipative.

LEMMA 2.3.4. Let N- denote the closure of N=v[D(L)]. Then N~ is a
maximal negative subspace of H and

(2.3.11) D(L) = [y°; y° € D(L.) and vy°* € N-].

Proof. By assumption D(L,) CO(L) CO(L1), and it follows from this
fact alone that (L) is of the form (2.3.11) with N~ replaced by N=v[D(L)].
According to Lemma 2.3.1, N is a negative subspace of H. Hence if N is not
maximal negative, it is certainly contained in some maximal negative sub-
space, say N—. We set

D™ = [5%y° € D(L1) and vy° € N
and show that D(L) =D~. Obviously D(L) CD~. Again defining

Ny =ly;9(y,5) =0,y € N7,
we proceed as before and construct the pre-hilbert space
N;= N-/Ny

of residue classes ¥~, z~ having as inner produce (§-, #)= -9~ (y~, z°),
where @=(y—, z7) =Q(y, z) for all yEy~ and z&E 2. Likewise we denote the
mapping which takes y°€ D~ into the coset y~ containing yy° by the symbol
4~. It is clear that No=N; NN and it follows from this that Ny can be em-
bedded in N, under the mapping which takes y into y— if the residue class y
is contained in the residue class y—; in particular, the inner product is pre-
served undg this mapping. Moreover, ¥~ is in this sense an extension of 4.
Finally, if N~ denotes the completion of N, 7, then it is clear that N can be
thought of as a closed subspace of N—, and that T can be thought of as a
transformation of this subspace to Hy,. We note that each y" &N~ has a
unique representation y—=yr+yi, where 37 EN and yr EN-NN*. We now
extend T onto N~ by setting

Ty = Iyr.
Then T- is a bounded linear transformation on N- to H, Next we define
what is clearly an extension of L, namely,

L7y* = Ly + T=975", » € D,
and we sho»/v\ that L~ is dissipative. In fact, suppose y°&®~ and let §~y°
=y~ =yi +y:. Then
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QG y) =G, y7) + @G, ¥)
and
(T3, 9% = (Iy1, y°) = (r, T*°) = — QGT, T*y°).

Consequently, we obtain in analogy to (2.3.9)
(L% ¥ + (% L%

=967, ¥ + Q0T — T, yT — T%9) + (D + TT%)°, »7)
which is =0 since each term in the right member is nonpositive, the last
being so by Lemma 2.3.3. Thus L~ is dissipative and it follows from the fact
that L was assumed to be maximal dissipative that L =L~ and hence that
D(L) =D~. Thus D(L) is of the type considered in Theorem 1.5.1 and hence
there is a maximal dissipative operator L’ such that ©(L)=D(L’) and
LyCL'CL,. However, L' is engendered from a transformation Lj, for which
B[®(L})]=N- and, according to Theorem 1.3.1, ®&(IsL’'Iy) is dense in
®&(L3y). Tt follo“s that 'y[D(L)] B[®(I2L'Io)] is dense in N—. Incidently,

this shows that N, is dense in Ni and hence that N=N-.
We summarize these results in

TuEeoREM 2.3.1. Let L be a maximal dissipative extension of Lo with D(L)
CO(Ly). Then N=v[D(L)] is a negative subspace of H and we can construct
the hilbert space N from the pre-hilbert space defined by (2.3.4) and (2.3.6).
Suppose further that L is of the form (2.3.7), where T is a bounded linear trans-
formation on N to Hy. Then T necessarily satisfies the Condition (2.3.10), the
closure of N, namely N—, is a maximal negative subspace of H defining the same
hilbert space N as N, and D(L) is given by (2.3.11).

In the converse direction we have

THEOREM 2.3.2. Suppose N is a maximal negative subspace of H and con-
struct the hilbert space N from the pre-hilbert space defined by (2.3.4) and (2.3.6).
Let T be a bounded linear transformation on N to H, satisfying the Condition
(2.3.10). Then

Ly = Ly’ + T3y,
D(L) = [y° y° € D(L1) and vy € N]
defines a maximal dissipative extension of L.

Proof. Since [D(Lo)] =19, it is clear that LDL, and it follows from
(2.3.9) that L is dissipative. It remains, therefore, to show that L is maximal
dissipative and for this it suffices to prove that R(AN[—L)=H, for some
A>0, according to the corollary to Theorem 1.1.1. We shall establish this
fact with the help of the maximal dissipative operator L’ defined in Theorem
1.5.1 with D(L") =D(L) and LyC L' CL;. We show, first of all, that R(\; L)

(2.3.12)
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can be thought of as defining a bounded linear transformation on H, to W
which we shall denote by Sy; more precisely

(2.3.13) S\ = $[R(; L)f].
Making use of the relation Q(S\f°, S\f®) = @(YR(\; L)f%, yR(\; L")f°) and the
identity W[ —L")R(\; L) =1, we have
QS SifY) = (R(; LYf, L'R(N; LY)f°)
+ (L'R(N; LN)f°, R(A; L)f°) — (DR(N; LN)f*, R(A; L)f°)
= 2MR(; L)f°, R(\; LNfO) — (R(; LS, f°)

— (/% R(N; LNf°) — (DR(A; L)f°, R(\; LN)f°).

If L; denotes the transformation with maximal negative graph which en-

genders L’ and if y'=I5'R(\; L")f°, then N oy' — Ly y' = I,0f° and Lemma 1.3.2
implies that

e’ | (DR(; L)f RO LOFY| < o)y

2.3.14 02 0,2
(2.3.14 Il < 17

IIA

It readily follows that
Isifel2 = = @S, S0 s k7.

We now show that k()\) = (2\)~Y2 by estimating the bound of the adjoint
transformatlon S¥ on N to H,. To this end, let f°EH, and YEN, so that
¥ =4y° for some Y ED(L'). Then Q(S\f°, ’3 Q(YRM\, L")f°, v¥°) and hence

QS 1) = (RO LN, L'y) + (LR LNf%, 3°) — (DR(; L)Y, 5°).

As the relation (2.3.14) shows Rio(\; L')=I;'R(\; L') is a bounded linear
transformation on H, to H;. Hence we can rewrite the above equation as

(2.3.15) QS 7) = (Ru(; I)f, O\ — M) Ty — (', 33

here we have again made use of the identity W[ —L’)R(\; L') =I. Next set
M’ =(L")*. Then R*(\; L") =R(\; M’) so that if 2°€D(M") then

(5 = ROG LY, M — M)5") = (Ru(h; L)y (Mox — Ma) oz,

It is seen from the proof of Theorem 1.5.1 that M’ is engendered from a trans-
formation Mj; whose graph is a maximal negative subspace of Hy,; in fact L’
is similarly engendered from L} and U[®(Mj},)] is the Q-orthogonal comple-
ment to &(Ly) and hence maximal positive. Moreover &(I20M'Iy) is dense
in ®(My;) and it follows from this and the above displayed relation that

() Tozy = (Ruo; L)f, Mo — Man)a)
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for all s'&D(M};). On the other hand, the R(NIu— Mj) =H, by Lemma
1.3.4. Hence there is a 2'ED(M3,) such that
1 -1 0
Mo — Ma)Iony = (M2 — Mél)zl-
Combining this with (2.3.15) we obtain
(2.3.16) S\ 7) = = O, T) = — (f, u),

where u9=Tpz'—9° Setting u'=1Iy'u® we see that Myu'=N\lyu'CIy|[H,],
from which it follows that #°€®(M;) and hence that Mu®=\u° Finally
(2.3.16) shows that S¥y = —u?.

Next we set 2°=Ips!, y =vy° z=v3° and u=~yu°. Then y EB[®(Ls)] and
zEB[U[®(My)]]. Consequently y and z are @-orthogonal and

Q(u, u) = Q(y,y) + Q(z, 2),

(2.3.17)
Q(y,y) £0=09(z 2).
Further
—Q(u, u) = (M;lul, ul) + (ul, M;1u1> — <D211t1, ul)
(2.3.18) = o, u') — (Do, ') = ', ') = 0.

Combining (2.3.17) and (2.3.18) we obtain
2@, w) £ —Q(u,w) £ —Q(r,¥) = — 9, ¥) = (7, %)

which shows that 2)\”51‘;”2§H;H? for all y €N,. Since N, is dense in N, this
gives the required estimate on ||S¥|| and it follows that the same estimate
holds for ||S\]|=]/S¥]|. As a consequence ||7'S\/| <1 for N>||7112/2 and it is
easy to prove from this that R(\; L) exists for such values of N (sce, for in-
stance, E. Hille and R. S. Phillips [7, Theorem 5.10.4]). In fact,

(2.3.19) ROGI) = ROGI) S (2], A > |77z,
n=0

and for such \, RONI—L)=D[R(\; L)]=H0. This concludes the proof of
Theorem 2.3.2.

COROLLARY. R[SF] CIn[D(M})].

Proof. In the course Qf the proof of the above theorem, it was shown for
each yEN, that u*=Sy €D (M) and that M;u®=Au’. Combining (2.3.17)
and (2.3.18), we see that

0= —(Dubu®) £ — Qu,u) £ — Qr,5) = (¥, ).
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Thus if {y.} CN, converges to yEN, then ud=S}9,—u'=S¥g in H, and,
by the above inequality,

0 ) 0
(D(Un — tm),(tn — tm)) — 0
as m, m— . Setting uy=I5'ud, it follows that {u.} converges in Hj, say to
u!, and that
1 11 1 1 1 1q .
[un, leu,,] = [u,,, )\Izlu,.] — [u , AMou ] in Hy,.

It is clear that #°=Tnu' and, since M3, is closed, we see that #'ED(Mj3,).

We next characterize the adjoint M of the maximal dissipative operator
L defined as in Theorem 2.3.2. According to Theorem 1.1.2, M is again a
maximal dissipative operator with dense domain. Further, RQ\; M) =R*(\; L)
and this together with (2.3.19) implies

(2.3.20) R(\; M) = R(; M) + si‘f*[ > ST ]m;m, > [ 1][2/2,
n=0

where M’ is the adjoint of L’, defined as in the proof of Theorem 2.3.2. Since

M,C M’ CM,, it follows from the corollary to Theorem 2.3.2 that

(2.3.21) D) = RIRO; M)] C In[D(M)].

On the other hand, LyCL so that for y°€D (L), 2°ED(M), y' =I5y and

gl =15"2" (well defined by (2.3.21)), we have

(TuMz', y') = (M2, y') = (', Loy') = (=, Lay).

Since ®(I20Lolo) is dense in ®(L3,), we conclude that Mzl =T Mz° and
hence that M C M,.
Comparing the relations (2.3.2) and (2.3.7) we see that

(2.3.22) T = Tgy1.
Now for y &N we have
@y, v y) = — @Wr Y, v YY) = — @, ¥) = 2y, ¥).

It follows that §y~! is a bounded linear transformation on N to N and hence
that T is bounded on N to H,. Since NCH, the adjoint transformation T*
can be thought of as a bounded transformation on H, to H, and for y°€D(L)
and 2°€ H,

(Tyy® 2% = (vy°, T*2°) = Q(vy°, WT*29)
by (1.6.4). Finally for y°€9(L) and 2°€D (M)
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(Ly% 2% — (%, M12%) = Q(vy° v2°) + (Tvy° 2°)
= Q(vy", v3° + WT*30),

and this vanishes for all y°&SD(L) if and only if y2°+WT*2° belongs to the
@-orthogonal complement of N. We have therefore proved

THEOREM 2.3.3. Let L be defined as in Theorem 2.3.2 and set M =L*. Then
M is a maximal dissipative restriction of My with dense domain and

(2.3.23) D(M) = [2°; 2° € D(M,) and yz° + WT*2* € P,
where P 1s the @-orthogonal complement of N.

The relation (2.3.23) shows that the presence of T permits the rate at
which energy enters the system through the boundary, namely Q(U~yz°, Uyz°)
= —Q(vz° v3%), to be positive. However the inequality (2.3.10) together with
the condition y2°+WT*2°& P require that the rate at which energy is dis-
sipated in the interior of the system be at least as large as the flow in through
the boundary.

2.4. An example. It will be instructive to carry through the previous
development for the case of the telegraphist’s equation

(241) u,t—i-ut—-uxx:O, a<x<b,t>0.
This can be brought into the form of a system by setting

nt = uy + u
(2.4.2) x T

772 = Uy — Uy
in which case

1 1 —1 1 2
poemcd — 2 —
(2.4.3) e = 74 n —m),

2 2 -1, 1 2.
n=—n+2 (n —9).

In our usual notation with y°= [5!, n2],

10 1 0 -1/2 1/2 -1 1
S O I O TR U R G
0 1 0 —1 1/2 —1/2 1 -1
this system is of the form (1.2). Since I<F=I1—D <31, we see that the
spaces Ho, I{;, and H, are essentially the same and in the following we shall

not distinguish between them. The boundary integral takes the form

b

= {200 > = | 200 |2}

a

(2.4.4) (4y°, »°)

a

It can be shown (see [12]) that
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D(Ly) = [yo; yo(x) absolutely continuous, y0 and yi C L[(a, b); I]],
D(Lo) = [y 5 €D, ¥'(@) = 0 = y'®)].
Moreover if y*ED(L;) and a= — o [b= » |, then of necessity

¥°(a) = 6[y°(d) = 9].

Thus for (e, b)=(— ©, ©), D(Le) =D(L1), the boundary space H consists
of only the zero element, and L =L,=1L, is the only maximal dissipative ex-
tension of Ly as well as the only maximal dissipative restriction of L,.

When (a, b) = (0, «) the problem becomes more interesting. The boundary
space H is now two dimensional and y =8[y°, L;y°] can be represented com-
ponentwise by [71(0), 72(0)], in which case

(2.4.6) 9y, 2) = 12(0)[¢2(0)]~ — »(0)[¢*(0) ]~

It is readily seen that each maximum negative subspace N of H is determined
by an « of absolute value =1 and is of the form

(2.4.7) N = [[5(0), n*(0)]; n*(0) = an'(0)}.

The hilbert space N is one dimensional unless || =1, in which case it con-
sists of only the zero element. Representing §y° by 7'(0) we see that

(2.4.8) Q95 92°) = (| | — D (0)[s2(0)]~.

It is clear that the most general form of 7 is given by

(2.4.5)

T'j}yo = cn1(0) where ¢ = <61(X)>
c2(x)

and ¢;&L.(0, «). Condition (2.3.10) becomes
(2.4.9) (A= [al[y1] { y)[2 = = (Dy, 59, 30 € Ho.

In order to see what restriction this imposes on ¢ we diagonalize D, say by
the rotation U, and obtain

0 1 —1
) where U = (up) = 2‘“2( >

0
U*DU = (
0 1 1

Setting w®= U*y°, the relation (2.4.9) takes the form
(2.4.10) | (d1, 0ty + (do, 02 |2 < 2(1 — | @|2)(w?, w?)

where dy = Ej axci, k=1, 2. It follows that (2.3.10) is equivalent with d,=0
and (ds, d2) <2(1—|@|?) and hence with

(2.4.11) ci=—c: and (e, e) =1 — |alt
According to Theorem 2.3.2, the operator
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Ly® = Ly® + en'(0),
D(L) = [5%9° € D(L1), n*(0) = an'(0)]
where c=[c;, —c1] and (¢, 1) £1—]|a|220, defines a maximal dissipative

extension of L. The adjoint operator M =L* is described in Theorem 2.3.3.
Thus M is a restriction of

Miz® = — (429, + B*3°, D(M1) = T(Ly),

(2.4.12)

in fact the domain of M is readily found from the relation
(Ly®, 5°) = (3° Mrz®) = 7*(0) [¢2(0) ]~ — 2'(0) [¢*(0) ]~ + (e, 2%)m'(0)
= 7'0)[a[r2(0) ] = (O] + (¢, 595
and this vanishes for all y°€D(L) (and hence for all 1(0)) if and only if
(2.4.13) (2% ¢) = (' = ), c) = £1(0) — &*(0).

The global lateral Condition (2.4.13) serves to define (M) CD(M;) and
assuming {ci, cl)él—lal 220, M is a maximal dissipative restriction of A,
by Theorem 2.3.3.

The case — « <a<b< « is slightly more complex. Here the boundary
space H is four dimensional and y =8[y°, Liy°] can be represented com-
ponentwise by [7(d), 7%(b), 7'(a), n%(a)], in which case
(2.4.14) Q(y,2) = 'O [F'®) ]~ — 2@ [2®)]~ — n'(a) s ()]~ + n*(a) [s2(a)]~
Each maximal negative subspace N of H is now two dimensional and can be
characterized by four constants 6, €, u, v as

1p) = on2(b 1 ,
(2.4.15) 7'(0) nq()+en (a)
1°(a) = un*(6) + vn'(a),

provided
(2.4.16) | 692(0) + en'(a) |2+ | n2(®) + »'(a) |2 — | n2(®) |2 — | n'(a) |?

is a negative quadratic form in 72(b), n'(a). Necessary and sufficient condi-
tions for this are

[al2+ [l =1,
(ol el ult Dol s 14 Lo — ails
Replacing the =< signs by < signs, the Conditions (2.4.17) become necessary

and sufficient for the form to be negative definite. It is convenient at this
point to diagonalize the form (2.4.16) by a rotation of coordinates: [n;, 7]

= V[n2(d), 7'(a)], in terms of which we have for vy°, y2°EN

(2.4.17)

I\ IIA

0 0 1.1 2 2
(2.4.18) Qlvy, vz) = — [qmleil~ + ganlci]-].
If Nis (maximal) negative, then ¢;=0, j=1, 2. The hilbert space N will now
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be two, one, or zero dimensional according as the ¢;'s are both positive, only
one is positive, or both are zero. If both ¢,'s are positive we may write 9y°
=~v° and define

1

(2.4.19) T4y = |
Ni

, where C = (ck;(x)).

Actually this formalism creates no difficulty even if say ¢;=0 provided we
then set ¢xj=0 for k=1, 2. Condition (2.3.10) now becomes

2

(2.4.20) 20 gt 20 ok, )| S — (Dy, 9.

j=1 k=1

Again, diagonalizing D with w®= U*y°, the Condition (2.4.20) becomes

2 2 2
(2.4.21) Dt 2 (e, )| S 2(w?, w?).

Jj=1 k,l=1

For w?=0 we see that this implies D i urce;=2"1%(c1;+0s;) =0, providing
that ¢;50. Hence setting ¢; = — ¢y, ¢2=¢2, (2.4.21) becomes

gt | (@ e |2+ it | (0 e} |2 S (02, w?).
If, say, g1=0#¢,, then as above ¢;=0 and the Condition (2.3.10) becomes
(24.22) <62, 62> = q2.

On the other hand if both ¢,'s are positive, then Condition (2.3.10) is equiva-
lent with

(2.4.23) dyy + dos + [(dy1 + dao)? — 4d]12 £ 2,

where di;=(gig;)~"*c, ¢;) and d=dudn— | di| 2. Assuming ¢; and ¢, to be so
restricted, assuming NN to be a maximal negative subspace defined as above,
and assuming T to be given by (2.4.19), then the operator L defined as in
Theorem 2.3.2 is a maximal dissipative extension of L.

The adjoint operator M = L* is again maximal dissipative and a restriction
of M. Moreover D(M) is delimited by global lateral conditions and again
these conditions are readily obtained from the relation

(Ly® 2°) — (3°, M1z®) = (8n°(6) + en*(a)) [(*(®) ]~ — n°(®) [¢2(®)]~
= (@) [c ()] + (un*(®) + wi(a))[t*(0) ]~
+ 7%(b) [(5;1, §'1> + <C;1, §'2>]
+ 1'(a) [(c1e, &) + (c22, 2],

where (c;;) = CV. The left member vanishes for all y*€D(L) (and hence for
all [9%(b), 9'(a)]) if and only if
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(1, en) + (2, cn) = £2(B) — 81(b) — ES*(a),
(1, c1e) + (82, ca2) = £2(a) — &1(B) — ¥ (a).

These are the required lateral conditions determining D(M) CD(M,). We
recall that ¢;=0 if ¢;=0 and hence when both ¢;'s vanish, then C= 0 and the
left members of (2.4.24) are each zero so that the lateral conditions become
boundary conditions; in this case both L and M are properly dissipative
operators.

(2.4.24)
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