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Prolog

We claim that an alternative Kummer function based Zeta function theory overcomes current challenges of
several RH criteria. The probably most elegant RH criterion is the Hilbert-Polya conjecture, which is basically
about the existence of a convolution integral representation of the Zeta function, including an appropriately
defined domain. The following few pages are about a Kummer function based approach to prove the Hilbert-Polya
conjecture, which is basically about a replacement of the exponential function g(x) := e by

g (x) = fxoo 1Fy (%,%; —t)% with —xg*'(x) = |F; (2,2; —x) , (D)

Putting u(x):= — [ e~ % where du(x) = e, and 9(x):= - [ 1F, (3,3, -t) T where do(x) = 4F, (,5;—x) = this

X'

leads to the following Mellin transforms relationship

)

1-s

_ 1 (% s/2 — [®,5/2
_Efo x5/ 2du(x) = fo x5/2d9(x) .
Regarding the entire Zeta function
5 s 52
§():= 5T Qs = D=/ (s)
the concerned Mellin transforms 1ort h underlying Gaussian function g(mx?) = e~™’ are given by
- 1 _ , _s _s
M[e=™](s) = o S/21"(2) resp. M[-xg (0)](s) = %n I G) =q"2l (1 +§)
The Poisson summation formula applied to
G(x): = X% g(mn2x?) = YO, e ™ LP(x2): =232, g(mn?x?) = 232, e~ X’

leads to the “duality” equation G(x) = 1+ ¥(x?) =G (i) == [1 + w(xiz)], which is equivalent to the Riemann duality

equation £(s) = £(1 — s) ®. The underlying formula

() = [ xp % = [P peofas/? + 2092 L - o e

results into the following (Fourier) integral representations

© 3 _1 S —-
§(s) =4/, % xzw’(x)] x " scosh E (s — é) log x)] dx,Re(s)>1 (),
—1/a Glog 0™ 4

(2n)!  dx xS/lel (x)]dx'

1 . 0 1 . o
£(s) = G+ i) = N_g agn(s — )" With ape:=4["x
Riemann stated that this series representation of é(s) as an even function of s — % “converges very rapidly®, i.e.

&(s) is like a polynomial of infinite degree. Hadamard proved that the rapid decrease of the coefficients a,,, is
neccessary and sufficient to the validity of Riemann’s infinite product formula of £(s).

(+) The considered Kummer functions are related 1ort h Gaussian function by the following formulas, (Grl) 3.952, (sin(2xy) = \/mxy/1(2xy))
z
xe B (3. 50x7) = xR (L3 —x2) = [ e sin(xy)dy | Vaxe ™ 1Fy (13x2) = Vi o (555 —x2) = [ e sin(2xy) 2
The functions are the two eigenfunctions lort h Differential Whittaker operator A[w](z) = zw" (z) + (% —z)w'(z) with eigenvalues 1/2 and 1, (Grl) 9.220.

(*) An equivalent formulation is given by (TiE) (2.1.9)

7(s) = x(s){(1 —5), where x(s):= ’f—;rﬁg)) = mlﬂ) and x(1—s) = 0(|t|7"1/2).

(**) (EdH) 1.7: ,Because of i(x) decreases more rapidly than any power of x as x — oo, the integral in this formula converges for all s. This gives, therefore, another
formula for ¢(s) which is ,valid for all s* other than s = 0,1.”

(***) resp., as Riemann writes, (EdH) 1.8: Z(t) = §(§+ it) = 4f1°°x’1/4:—x[x3/21/)’(x)] cos(%log x)dx

() %[xs + x5 = \/;[é(x“’%) + x’(s’%))] = +/xcosh [(S . i) lagx] = Vxye (logx)?" (- é)z"

n=0"(2n)1



The Hilbert-Polya conjecture is about the existence of a convolution integral representation of (s), including an
appropriately defined domain (CaD). There is an only formally valid representation, (EdH) 10.3,

© g dx _ 28(s)
fO X6 (x) x  s(s-1)’

as the integral fooox_sG(x)dx does not converge for any s. This is because of G(x) =1+ ¥(x2) = i [1 + 1/}(%)],
i.e. mathematically speaking, because the constant Fourier term of the Gaussian function e~™** does not vanish.

Alternatively to g(x) := e™* we consider the Kummer function based function g*(x) defined by
N © 13 dt . o 13
9@ = [ 1 (3.5 -t) § with—xg7' () = 1y (5,55 x)
leading to a corresponding replacement of 1 (x?) by

Y= T8 gt (20 = T8 (7 4F (52 -n2e) 2
The corresponding Mellin transform of g*(mn?x) is given by (see Lemma 2 below)

s _ser(3

Mlg* (2] (£) = i 220

ns s(1-s)

From (SIL) (3.2.26) we recall the formulae (Re(z) > 0)
13 N o _, 1 13 w0  _ .
JF (;,E;Z) = 7”ezzl/4 J, et 4]%(2\/z_t)dt resp. ,F; (E,;;xz) = e Jy e ¥* sin(2xy) dy.
With respect to the related Poisson formula we note that the Fourier transform of the real, odd function

* sin(ax) = e** ~[e®* — ¢~**] is imaginary and odd. For the corresponding Fourier terms it holds a, = a, = 0, i.e.
the constant Fourier term vanishes (in oppposite to the ,trouble maker” constant term of the Gaussian function).

e

Putting & (s):= w7 (g) {(s) = &*(1 — s) one gets the
Theorem: In the critical stripe it holds

© o _E _§0a-9 _ o (o2 .y
fO x I'b (x) 5(1 s) s(1-s) fO x l’[) (x) x

resp. )
e F = [ T+ [0 F

Proof: From the lemma above one gets

", 2r(3) 2 G)
GBI =T g sl(s).

s(1-s)

© * d Voo © * d
Iy x0T = X B g (0 T =

Applying the duality equation, (TIE) (2.1.9), n?r( ) (s) = nzr( )((1 —s) leads to

1-s /¢ S r1-s
® /23X _ 12 r(3)e L"ZF(T)«PS) [P (1=8)/2)% (1) B
fo x 11’ (x) x _\/E s(1-s) _\/E s(1-s) - f() x ll} (x) x

The above theorem in combination with the formula

%[x% + x%] = x1/4 [%(x_%é_s) + x%G—S))] = x/*cosh E G - s) logx] =x4yr (%1(02“:;?21!

G-
leads to the

Corollary: In the critical stripe it holds

& fo x1/4cosh[ (——S) logx]lp (x)—

s(1- s)
resp.

&' (s)
s(1-s)

0 ( logx)
Zn 0a2n(__5)2n where aZn = fo M (2n)! P (x (x )_




Lemma 1:
oox‘lla,c,—xx < Re(s) < Re(a).
S %L Fi(a,0,—x)dx = 1O T () s 0 < Re(s) <R
Proof: (Grl) 7.612
Lemma 2: In the critical stripe it holds
* 2 s _i =2 2[‘(2)
M[g (mn X)] (2) T s(1-s) °

Proof: From Lemma 1 it follows

m[2r (52 —0)] () = 2L 0 < re(s) <1.

2 s(1-s)’

The Mellin transform of g*(x) follows from the general rule M[h](s) = iM[—xh’(x)](s), i.e.

a1 () =20 Q)= 2] G- ) 25

Substituting the integration variable results into

, _soar(2
il o)) 2) = 2ml=xg” ] () =21 [ 7 (3 35-mne)] () = S 5
Using the series —log(1 — x) = Z;‘fﬂ%x" puts the Euler product formula in the form

10g¢s) = $p Tn P ™™ = Tp Tn= (0™

In combination with Riemann’s density function j(x):= %[Z,,nq + Yopnex ] this results into the Stieltjes integral
representation

log{s) = fowx‘sd](x) = sfowx‘sj(x)i—x , (Re(s) > 1,
providing the Riemann density function representation, (EdH) 1.13,

1 foo log{(a+iy) x@+Y a>1
2m a+iy Yo

J@) === [ " logg(s)x° L =

2mi

and the related Riemann errror function (derived from the formula, log(s) = logé(s) — log [r(l + %)(s - 1)17‘5/2])

- o d [logr(1+3 ©
fx dt 11 faﬂ d[oy( z)] xSds _——fa+l F(1+—)x5ds

t(tz—l)logt 2mi logxJa—io ds s 2mi Ja—io

The following formula

17 3 S50 000 SX) & = ryg(—n) n > 0,

X

from Ramanujan’s notebook, ,,of which he was especially fond and made conditional use®, (BeB) chapter 4,
leads to

* =2 “ 1 ~ 1 (ofdx . rmw
Mg (DM = 2 M [fx 1F (2’ ) ] ) f x" [Z" 12k 2k+1 k! ] x  2n(2n-1)
The series representation of

. dt e 1 1 (-x)k
g (x) = -9(x) =fx 1 (2 2’ _t)7~2k:1Z2k+1 :'

may be used alternatively to Z;‘;;lix" to consider the Stieltjes integral represention

10g{(s) = XpTn=——p "™ = [ x~5dJ* (x)dx.

nn+1/2




When applying the Fourier theorem to conclude

w(y) — L ratio, s sds _ 1 roo logf(atiy) iy
J (x) ~ 2mida—ic lo‘g{(s)x s 2m f—w a+iy xz dy

it is now possible to puta = 1/2.

The relationship between the two densities J(x) and J*(x) is accompanied by the formula
900 — () = 4F (5.3 -x)
and the corresponding Mellin transform formulas.

The class of sine-type functions S, was introduced in calculus by Levin, (LeB1), playing an important role in non-

harmonic analysis with specific interests on those sine-type functions, which were not Fourier-Stieltjes transforms.

The link to the considered Kummer functions is provided by the generalized classes S,, (SeA). In case —“_ s

r'(c-a)
defined the function
F(z) = e~ |F,(a,c;2miz)

belongs to the class Sg.(q)- The special case Re(c) = 1 + Re(a) provides additional interesting properties,
e.g. for Re(s) > —1,8 > 0 it holds (Gri) 3.761, lemma 4 and p. 15 below,

. B -1
folxsemuﬁx % = flwy—sezmy i—y = % 1Fi (s, s + 1;2mip) = ;r—iﬁ{Z;(l:O(—l)k(l —8),2mip)~* + 0(|2mip| 1.

With respect to the Beurling RH criterion, (BeAl), we note that the Mellin transforms of the {e?7#*)} system is
given by, (Grl) 3.761

'B LT
© s—1,2MiBX gy — [L,5-1,2miBx O s=1 27X 7, — [P, =527 aY _ T(S) izs
Jo xste?mbxdx = [FxSTremhxdy 4 [T xS e P dx = [ "y ~Se Y= Gt

The proposed Kummer functions

13 1 xk . 3 13
F(——'X)= 0 g—=— 0 F(l—x)zexF———x
141 2727 Zk_02k+1k! ’ 141 Y 1 1(2!2; )

with
13 ) 1fyo A Iy 13, ~L1 X yoo Ay 1k
Fu(5155%) ~ 35 S0 D @* resp. 1Fy (.55 108x) ~ = T i ()
are linked to the erf — function and the Dawson function F(x): = e™ fo"efzdt =3 (=1 1.?};2:1) by the following
formulas
_ l E 2\ _ x2 3 2\ o (_1)k x2k+1
erf(x) =x 1k (z'z' x ) =xe™ 4k (1,2,x ) = Xi=o k! (2k+1)

F(x) =x 1F1(1,§, —x2) =x e 1F1(%,§,x2) = fooo et sin( 2xt)dt .

The Mellin transforms and asymptotics of the concerned Kummer functions are given by (lemma 1 & 4)

Lemma 3:

i) Iy X 1F1 (%% —X)i—x = Z(_gs) 0 < Re(s) < 1,

D) [Pk (12 -2) =1 (5) :((:)) =11 (%) tan Es), 0<Re(s) <1,
ii) F(32350%) = e [ 7" sin(2xy) dy (SIL) (3.2.26)

. 13 4 11 ¥ e 1,1 _ xr1 w 1,1, ,1
v) B (5.3%) = = aFy (=55 ~ S 20 Qe = S+ 2R3 0] (S 42



Note: Lemm 3 grants an alternative approximation function to the ,number of primes less than x
function® n(x) (N > 1),

X dt

X o) k X k
n) ~ e~ e (B ilogx) ~ 455D, |~ el e 9,6
From the general rules M[(xh)'(x)](s) = (1 — s)M[h(x)](s) and M[—xh'(x)](s) = sM[R](s) it follows
[ (132D §) =2 - Dr (an(Es)

M [% (—x? ,F, (1,%; —n'xz))] () =m5/2(s—1)r G)%tan (gs)

resp.

The asymptotics tan (gs) ~ gs provides the link to the entire Zeta function &(s): = 21"(%)(5 — 1D)m=5/27(s), while the
entire function &**(s): = 7(1=9/2(s — 1){(s) F(g)(tan (gs) is governed by the same set of critical zeros than &(s).

The Riemann density function is given by

J @) = Li(x) = SimpysolLiGx?) + LiGA )] + By [ — logt T+ log;.
where
. - ot g es dt
Zim(py>o Li(xP) + Li(x'™P) = ¥, log(1 — ) Yo, ;ogt tt = E—Diogt’ and log— logé(0).

1
logx x(x2 1) log
), Where a ranges over all values such that p = ; +ia,

By differentiation one finds (EdH) 1.18, dJ = [(1 ZRE(a)>02cos (a- logx)]
sense, (LaG) ()’ = (1)’ ~ = Tre(e»of2e0s (a " 10g®)) ~ (s
resp. a = —i(p — %) where p ranges over the roots, so that

, resp. in a distributional

xP7 4 x7P = x7V2[x1@ + x7i@] = 2x~1/2cos (a - logx).
Riemann’s suggested (best known) approximation to (x) (denoting the number of primes less than x) is given by
() ~ LiCx) + Ti, 2 Lie /™.
Regarding the considered Kummer function we note the possible split (see lemma 4 below)
Li(x) = LiO@) + Li®):= [ 17 (3,202 4 1R (325 10gx).

With respect to the above proposed ,circular® adequate domain of the zeta function the correspondingly modified
von Mangoldt formula (5 (0) = log (21)

P5(0: = % = [Bim(pyso + Enar 2] — log (2m)
enables estimates in the form

() = Li(x) = 10g2] < [Epm(py>0 LI (xP) + Xy LI (x72M)] .

The Chebyshev point measure diy assigns the weight %log (p™) to prime powers p™, and the weight 0 to all other
points, i.e. Y(x) = Y,ney logp. The corresponding Riemann point measure is given by

1 1 1
J@) =3 [Eprars + Tpnexs]:
The counterparts to the split Li(x) = Li®P(x) + Li®¥(x) can be derived by the split (see lemma 4 below)
p" = F ( , ,nlogp) + = nlogp 1F1 ( )= nlogp)

Alternatively to the divergent series Zp (e.g. (InA)), it is proposed to replace the series by 3, 1F1( ,=;log ) For

the related asymptotics of ,F, (,2; logx) we refer to (SeA).



Putting T(x) = Z;‘f;lllJ(f) we note the formula for the Chebyshev density function, (PrK) p. 231, (EdH),

Pol) = S +0) + Yx = 0] = ¥ = [, 2 4 B | - 52 = T uTE) L w22,

i.e. P, (x) is built from the trivial and non-trivial zeros of the Zeta function.

xP

Remark: If the RH is true, then Im(p) sé resp. .

< %2, and therefore |m(x) — Li(x)| < 3vxlogx.

The Riemann error term [~ a , reflects the trivial zeros of the Zeta function; it is derived from the formula,

x t(1-t?)logt
EdH) 1.16,

r(i+3)=n(1-=)" (1497 resp.

-2n.

(1 2) (1) oo )

1
r(1+)

With lemma 4 below this leads to the following alternative representations

1F1(1'§;S) _ (Z+l) s s s(ai—in)
oy s () (i) e

s, 1 1

P49 = RGN ()] Rea >

(-2n) 2ay

Remark: With respect to the below proposed replacement of &(s): = gr(g)(s —Drs/2¢(s) —» &*(s) resp. the
proposed ,circular model“, we note that —¢(s) is bounded by 0(e"*) for any a > 1, as there exists a
constant ¢ > 0 such that for every s € ¢

sI"(%)(l - s)n—s/zc(s)| < ce5|5‘5|"’9+(|5‘5|), log™ (x) = max{0, logx},

and is therefore a holomorphic integral function of order 1, (PaS) chapter 3.



For the considered Kummer function we summarize the following formulae / properties

Lemma 4:

i)

i)

i)
ii)

iv)

v)

Vi)

vii)

viii)

The infinite set of zeros a,, of 1F1( ) has only imaginary zeros «a,, fulfilling, (SeA),

n—-1< lIm(an)|-= <n-— 1 < [Im(an)|

pw- 2 - , Re(ay) > 1/2.

With respect to the below we mention that the mapping z = 1 —% o s= é takes the right

half plane Re(s) > 1/2 to the interior of the unit circle in the complex z -plane., i.e. all zeros of
1Ifl(l;i,z) lie in the interior of the unit circle. With respect to CaD), (CaD1) and the underlying

Polya theorem we note that , £ (3,2;is) has only real zeros.
[ (25 =0)] @) = 2 [ (2 2-)] () = L 0 < Reo) < 1, (6r) 7612
fooo 1Fy (l s, —x )Cos(ny)dx ——f e-(+oy? 4L 1% gmxy? g , (Grl) 7.642, 9.210

2’2’ 1+t 471

1F (%,E;s):e?n(l——)ean with X7, - pacer - < o for e >0, (BuH) p.184
o _ _ 13 o d Vi
J, e [x””‘e x/2 | F, (E’E;x)] dx = ["e S"M%Z%(x)?x— anarcsm() Re(s)>1,

where M;l(z):(g)yz f_11(1+t)'1/ze@tdt, (Grl) 7.622, 9.121, 9.220, 9.221

— 1F1 (22 ) _ 200 _—q 13 _2ay  _g i s ai
R(s) = B s = e b () = e et T (1 ) e
2'2
. F 1,3;5 2 =S s
i.e. Fa(s) =#=_23 35H<“Z’is eke~(an=s),
Wy (B3an )(s—an) -

_ T©  iami—afvn EDF@rGO+a-o) g —n-1
1Fila,c,7) = -L s etamizme fyn LD LOCIE 00,k 4 g (|z] -1},

ri _ k(- - _ -
+F(c (c-a) ;~(c- a){zn ()(sz k4 0(z|™ 1} (LeN) 9.12

Fi(a,a+ 1;x)~a—2;;°=o(l)kx—k, (SIL) 4.2

F,(z) = Fi(a,a+1,2) ~ e , z > o,ph(z) =0, (OIF) p.257

F( )
FP(2) = == Fayn(2) FZ( ) = = Fa(x)  Faya () ~

(—)2

a+1 Fz(a)

With respect to lemma 4i) above we note that for the zeros z, of the function ¥(x) it holds, (Gil)

1
n—-<-z<n.

The periodical Hilbert space L, (-, ) resp. the corresponding generalized Hilbert scale framework HY = 1§ , a €
R, is built on the 2 —periodic Hilbert space L (") with I == S1(R?), i.e. I is the boundary of the unit circle sphere.
Foru € L%(I') and for real B € R, n € Z the Fourier coefficients u, = igﬁu(x)ei”xdx enable the definition of the
norms |lullf = Si_clnl® |u, |2

The relationship between the Dirichlet series

F(s)i=YTane Sean g(s):= YT b eslogn

and the Hilbert space H*, ,, = I;*/?on the critical line is given by ([LaE] §227, Satz 40):

(1 0)-1/2:= lim 5= [ fG+i)g(1/2 = it)dt =55 - anby.



The cardinal series theory is an extension of the Dirichlet series theory. Property vi) puts the spot on non-
harmonic Fourier series theory and the related ,generalized” trigonometric moment problem in L, (—=, )
given by, (YoR) p.124,

1 iAnt Jr —
¢ =" p(eintdt = .

In case {e”nf} is a Riesz basis its moment space is I and (*) admits a solution whenever ¢, is square-
summable, and for these sequences only. If {g,,} is the unique sequence in L, (—=, ) biorthogonal to
{e”nt}, then the unique solution to (*) is given by the norm-convergent series ¢(t) = %%, ¢, 9. (t).

The replacement of £(s) » & (s) with

g (s):=m7 (s~ DY) Q) an (Fs) = £()(s — D tan (Zs)
where

(o) ) _ g g lGe)

leads to a corresponding replacement of the Riemann error function in the following form

d i d
J‘xoo t _ 1 faﬂoolog[,(l_l_%)xs?s N L[

t(1-t?)logt  2miJa—io 2mi

oo d
fl/ZH logl’ G) +log (tan (gs))] xs?s :

1/2—ic0

PUtting 2h,: = Xty —— = 2Hy, — Hy, 1€SP. ¢, = znﬂ where H, = Yj_,; denote the harmonic numbers, a Fourier series

based analysis is supported by the following two lemma 5 and lemma 6:

Lemma 5:
. 1 —1/k
i) Jy log (tan(g X)) cos(kmx) dx = { 0/ Z;i‘i
ii) Elog (tan (Ex)) = —Zﬂsin(Zrmx) =—Y ¢, sin(2rnx)

2 2 n n
i) glog (tan (gx)) € L%(0,1), and therefore, because of Y*_, c2 < oo,

’ x — T #
log <tan (nz)) ler € H?,(0,1)

. T _ cos (2k—1)mx L3 _ cos ((2k+1)7x)
iv) log (cot (;x)> = 22—(2k_1) , log <tan (2 x)) = 22—(2k+1) ,0<x<1.

Proof: for i)-iii) see (EIL); for iv) see (Grl) 1.442.
Following the notations of (KUE) we put
1 1
Ay = Elog 2m) ,Ag:= w

B;:= iﬂ[y +log (2m)] ,Br:=B, + L log k)

2 2k
Lemma 6:

i) ForO0<x < 1litholds logl'(x) = Ay + 2 X r=1 Axcos (2mkx) + 2 Y.5_; Bysin (2mkx)
ii) Yr-1logl’ (x + %) —logl'(nx) = %(n — 1) log(2m) + % (1 — 2nx) log(n)

Proof: see (KUE) resp. (BeB) 8, Entry 17 iv), resp. (WhE) Xll and (Grl) 8.335.



Corollary: For 0 < x < 1 it holds

logl' (x) + glog (tan (gx)) =Ag+2Y5-, Agcos (2mkx) + 2 Y7, [Bk - % sin (2mkx) ,
with
2h 1 2h 1 [logk—[Zp i
By —T1=;[y+log(2n') —4m] , By —Tk= Bi+ - 7[1: 2% 1]] ,
resp.

logr (g) + %log <tan (gx)) = Ay + Y=y 24 cos (mkx) + Y1 2By sin (wkx) — ), %sin(anx).

The link between the considered Hilbert spaces and the Banach space of continuous functions is given by
the Sobolev embedding theorem. In case of space dimension n = 1 it states that the Hilbert space Hi,_ =
2

H.__is continuously embedded into co.
2

Remark: Lemma 6 goes back to E. Kummer (KuE). It is a special case (f(x) := logI'(x)) of the general
property of a Fourier series f(x) = Ay + 2 Y-, Accos (2mkx) + 2 X7, Bisin (2mkx), (0 < x < 1) in relationship to
corresponding Fourier series in the form

F(x):= Ay + 2 Y51 Aspcos (2mkx) + 2 Y5-1 Bosin (2mkx) , 0 < x < %
It holds, (KUE),

. k-1\
* XS (x + T) = nF(nx).
In the special case f(x) = logl'(x) the property I'(1 + x) = xI'(x) ensures its validity for 0 < x < 1.
From (KuE) we quote:

» The type of formula (*) namely occurs in the theory of transcendental numbers. It is only interesting
for analysis, if there is another relationship between the both functions, f(x) and F(x)*

In other words, Kummer’s ,contribution to the theory of the function I'(x) = f0°° e vv*¥ 1dv.“is also
applicable to the function f, (x) = glog (tan (gx» but not only in the context of the alternatively proposed
Zeta function theory.

The Fourier series approach is also applicable in the context of the theory of irrational and transcendental
numbers, e.g. ((BaA), (LaS), (ScT), (ShA). We note that the ,deus ex machina“ method from Lindemann’s
proof of the irrationality of = enables also a simple proof of the transcendence of e, (HeG). Hilbert’s related
proof is basically based on an appropriately defined rational function f(¢t) and its related Hermite integral
F(c) = e€ fcme"‘f(x)dx (HeG).

The Hilbert (Gamma function & integral calculus related) power series 2-parts approach, (HeG) VIII), is
about a number theoretical and an analytical part, i.e.

i) part 1: If f(x) = ¥ a(x — c)* then F(x) = ¥ ai k!

i) part 2: an appropriate estimation of e“F(0) — F(c).

Remark: Formal differentiation of lemma 6 i) resp. the corrollary results into the divergent series

y =—log'T(1) = -2 Y2-,[2mkB; + log k] , where B;:= i[y + log (2m)]
resp.

log'lT (g) + %log’ (tan (%x)) = _221?:1 sin (wkx) + Yp=4[kly + log (2m)] + logk — 2mhy]cos (mkx).

Remark: The Fourier coefficient function log (k) is typical for number theoretical problems, especially in the

context of the harmonic numbers, but it is inappropriate for a harmonic Fourier series based analysis. However,
the odd number based numbers h,:= zzlﬁ resp. ¢, = % are appropriate for a Hilbert space based analysis,

whereby the link to the zeta function theory is given by, (EIL), Z%e’"" = ilogz(tanhz).
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The standard tool trying to prove the tertiary and binary Goldbach conjecture is about the Hardy-Littlewood circle
method. It is about a dissection of the circle x = e?™®_ or rather a smaller concentric circle, into ,Farey arcs®. The
.,major arcs”, or ,basic intervals, provide the main term in the asymptotic formula for the number of
representations. Their treatment does not give rise to any very serious difficulties compared to the problems
presented by the ,minor arcs®, or ,supplementary intervals®. The latter ones are analyzed by estimates of the
Weyl (trigonometrical) sums

S(x) = Znezmnx

without taking any (Goldbach) problem relevant information into account. We note that an asymptotic behavior in
1
the form O(N2z"°) of the Farey series is equivalent to to the Riemann Hypothesis (LaE5).

The Hardy-Littlewood circle method is concerned with the set of the winding numbers of the unit circle, related to
the zeros of the Weyl sum components, which are the basis functions e?**, The method itself is about Fourier
analysis over Z, which acts on the circle R/Z. The analyzed functions are complex-valued power series

f(x) =Y5a.z"™ |, |z| <1.
The key principle of the circle method is the fact, that for N being an integer it holds

1 2niNa — 1 if N=0
foe da {O otherwise

which can be reformulated in the form

Lemma 7: Let f(x) = 2§ ap,x™ with |x| < 1, then for 0 < r < 1 it holds
rnan — J‘Olf(rezrrit)e—zmnt.

The alternatively proposed to be analyzed functions are ,functions® with domain r = S*(rR?), which are elements of
an appropriately defined distributional, periodical Hilbert space H/(0,1). The corresponding alternative fundamental
principle is given by

1,1 fn( ) 1,1 !
“1fa () =31y sy @ =3 Jo cot(mx —y)fudy

with f,(y): = a, cos 2mny + b, sin 2 tny.

The right side of the above formula describes the Hilbert transform of £, (x). Therefore, the corresponding integral
operator with domain L5(0,1) = H{(0,1) is well defined with respect to the weak H*, ,(0,1) (inner product induced)

topology.

The proposed truly circle method (not a rather smaller concentric circle within the unit disc) is about the #*, ,(0,1)
framework in combination with the alternatively considered zeros of the Kummer function ,F; ng) Its imaginary
parts w, enable the definition of sequences like A3 = , resp. A7 = = (w, + w,.), and the average > (A, + A7),

The pair (1{”,1%) can be interpreted as a pair of semi-winding numbers for the left and the right unit semi-circle,
while at the same point in time both sequences do have Snirelman density 2.

The average - (17 + 17") provides the link to Kadec's ;-theorem.

The distributional Hilbert space framework H# comes along with generalized harmonic Fourier series theory. The
proposed truly circle method is based on the theory of nonharmonic Fourier series, allowing to replace the integer
(winding number) n of the Hardy-Littlewood ,nearly“ circle method) by appropriate sequences A; accompanied by
the Riesz basis concept as central element of in the nonharmonic Fourier series theory.

Therefore, the proposed truly circle method provides an appropriate tool for additive number theory, especially for
the proof of the binary Goldbach problem.
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A brief overview of nonharmonic Fourier series (YOR)

A basis for a Hilbert space is a Riesz basis, if it is equivalent to an orthogonal basis, that is, if it is obtained
from an orthogonal basis by means of a bounded invertable operator.

A number of important characteristic properties of Riesz bases for a separable Hilbert space H are the
following equivalent statements:

- The sequence {f, }forms a Riesz basis

- There is an equivalent inner product on H, with respect to which the sequence {fn } becomes an
orthogonal basis for H

- The sequence {fn } is complete in H, and there exist positive constants A and B such that for an
arbitrary positive integer n and arbitrary scalars ¢, ,c, ,...c, one has

AYL ¢ S IIZ afill> <BYL, ¢f

- The sequence {f, }is complete in H, and its Gram matrix ((f; ,f, )){j-, generates a bounded
invertable operator on {I*}

- The sequence sequence {fn } is complete in H and possesses a complete biorthogonal
sequence sequence {g, } such that

o=l (f )2 < 0 and X34 1(f, gn)I? < oo for every f in H

- The sequence {f, }is both, a Bessel basis and a Hilbert basis
- The sequence {f, }is an exact frame, (YoR) p. 157.

The totality of all entire functions of exponential type at most = that are square integrable on the real axis is
known as the Paley-Wiener (separable Hilbert) space P, equipped with the inner product (f,g) =
f_°°w f(x)g(x)dx, which is isometrically isomorph to L, (—w, ). The isomorphism between P and L, (—m, 1)

has far-reaching consequences, e.g. regarding known properties of L, (—m, ) which can be transformed
easily into nontrivial assertions about P.

If f belongs to P and has the representation f(z) = if_nnqo(t)ei“dt, with ¢ € L, (—m, ), then Planchel’s
theorem shows that ||f||> = |l¢l|?. By taking the Fourier transform of e (n = 0,+1,42,+ - ), we see that
the set of functions {%} forms an orthogonal basis for P. Accordingly every function f in P has an
unique expansion of the form

Yoo sin m(z—n) . - 2
f(2) =X%cn r—— with ¥, ¢, |? < oo.

Every function f € P can be recaptured from its values at the integers, which is achieved by the cardinal
series representation of f, (YoR) p. 90.

The Paley-Wiener criterion is nothing more than the assertion that the mapping T:e, — f, for n=1,2....
can be extended to an isomorphism on all of the separable Hilbert space H with its orthogonal basis {e,}
for which ||I = T|| < 1.

The trigonometric system is stable L, (—mw,m) under ,sufficiently small“ perturbances of the integers. This
means that if 4,, is a sequence of real or complex numbers for which {An —n} is in some sense ,small,
then the system {ei’lnf} will form a basis for L, (—m, 1), in fact, a Riesz basis. Accordingly, every function f €
L, (—m, ™) will have an unique nonharmonic Fourier series expansion

() = Y%, ¢, et (in the mean)

with ¥, |c,|* < . The possibility of such nonharmonic expansions was discovered by Paley and Wiener.
.... In the present setting that criterion takes the form

* “Zi%o cy (et — e”nf)” <1<1 ,whenever Y% |c,|> < 1.

Remark: We note that the sequence {|t|%e} with 0 < a < 1/2 is not a Riesz basis (YoR) p. 30.
Remark: From the Theorem of Levinson, (YoR), p. 100, it can be concluded that the system {e”nf} is complete in L, (—, )

Remark: A complete sequence of vectors in a separable Hilbert space is a Riesz basis if and only if its moment space is equal to %, (YoR) p. 141
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When shall the sequence {/‘1,, - n} be considered ,small“? Based on what has already been established,
one might well suppose that the condition 1, —n - 0 asn - + is, at the very least, neccessary.
Surprisingly, it is not, which is shown by, (YoR) p. 36,

Kadec’s -i-Theorem: If 1, is a sequence of real numbers for which
|4 —n|<L<forn=0+1,42%-
then {e”ﬂ t} satisfies the Paley-Wiener criterion and so forms a Riesz basis for L, (—m, ).

Proof: (YoR) p. 36; to prove the theorem it is to be shown that the Paley-Wiener criterion (*) is
fulfilled, whenever ¥%,|c,|* < 1, which is the case for 1 = 1 — cos(rL) + sin (zL). The trick to prove this
is to expand the function 1 — e{*»~™t in a Fourier series relative to the complete orthogonal system
{1, cos (nt), sin (((n — %) t)}:=1.

Remark (YoR) p.37, p. 102: The result is sharp in the sense that the constant L cannot be improved. In
fact, if L= i then the conclusion of Kadec’s theorem no longer holds:

A counterpart is provided by the sequence {1;}, with

n—%,n>0
Ay =10 n=0
n+%,n<0

which is complete in L, (-, ), and the entire function f(z) = af_nn(cos%t)‘l/zemdt (see also (Grl)

3.892, 8.338), where the constant a is chosen so that £(0) = 1. It holds f(4, ) = 0 for every 1,, and
(see also (Grl) 8.325)

f(2) ;:LG):H B (1+L)(1_L)
r(C+arG-2) le=0-c0 rk S|

The condition £(0) = 1 is crucial to enable the application of Hadamard’s factorization theorem to
show that f(z) can vanish only at the A,, ‘s. It further holds, when n is positive,

’ _ _qynp23y T . re 1
fln) =D Qrans With i ~7 asn- .

Suppose to the contrary that the set {e”n t} were a Riesz basis for L, (—=, 7). The we could write 1 =

®,c, e’nt. The sequence of coefficients {c, } is unique and belongs to [* . By means of the Fourier
isometry, the entire discussion can be transfered into the Paley-Wiener space. The exponentials
et are transformed into the reproducing functions

N
K (z) = HZE)

and the expansion

sinmz __

p Zow Cn Ky (2)

Is valid in the topology of the Paley-Wiener space P. Define a sequence {f;, } of functions of P by
setting

L f(2)
f@):= 5505

Then{f, }and {K, } are biorthogonal, since (f, ,Kn) = (i (Am) = Emn - Therefore

en = (T f ) = fa (0) = e

nz ’ ()"

rem 1 . _
Tz I as n — oo we conclude that ¥%,|c,|* diverges. This

contraction completes the proof.

Using the asymptotic formula

Remark: A system {e“n‘} of complex exponentials is a Riesz basis for L, (—m, ) if and only if {2, } is a complete interpolating sequence for P, (YoR) p. 143

Remark: (WaG) p. 503: for n > N the Bessel function J,(x) has precisely one zero in each of the intervals (n (n - i))(n (n + i))
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Remark: A striking generalization of "Kadec's 1/4-theorem” (YOR) p. 178, is

»Avdonin's Theorem 1/4 in the mean": Let 1, =n+6, (n =0,11,+2,... be a separated sequence of
real or complex numbers. If there exists a positive integer N and a constantd, 0 < d < %, such that
k=mN+1

|z(m“)N 5k| < dN

for all integers m, then the system {¢***} is a Riesz basis for L, (-, ).

Remark (LeN2): For the sequence fulfilling |1, —n| <L <1/4,n=0,+1,£2,43,.... let
X X
Fo=1A-0 -7

Then there exists an absolute constant 4 such that

Ac-(1-4L)

(1-4L)% "’

A
(1-4L)2 "’

JZF(0)|2dx < JZIF@02dx < forc>1, i.e. F(x) € Ly(—0,).

The ,generalized” trigonometric moment problem in L, (—r,7) is given by, (YoR) p.124,
") =" p®entdt = c,.

As {e“nt} is a Riesz basis its moment space is [? and (*) admits a solution whenever c,, is square-
summable, and for these sequences only. If {g,} is the unique sequence in L, (-, ) biorthogonal to
{e”nt}, then the unique solution to (*) is given by the norm-convergent series

QO(t) =2% Cngn(t)-

Putting
G(2):= 2 [Tk=0-en(1 = 37)
then
_ 6@
6 (D= Ga e

belongs to the Paley-Wiener space P and g, (t) is the inverse Fourier transform of G,,(2), i.e. for almost all t €
[_T[r T[]!
gn(®) = [, Gp(2)e"dr.

By means of the Fourier isometry, we can transform the above into the Paley-Wiener space. The
exponentials et are transformed into the reproducing functions K, (z) = % , gn(t) is transformed
into G, (z), while the moment problem itself becomes f(1,) =0,n =0,+1,+2,+3,....., since f(, ) = (f, K,).
Here ¢, € [? and f € P is to be found. The solution is given by

e —yo o @@

() f@) = 220 tn g5 ey
Moreover, since the expansion f = ¥*,(f, K,)G, is valid for every function f belonging to P and {G,} is a
Riesz basis for P, 23"m|f(2n)|2 < forall £. Thus (**) with ¢,, € [? represents the most general function in
P.

Remark: The Fourier function log (n) is inappropriate for a harmonic Fourier series based analysis. However, the
odd number based numbers h,: = ;;:1% resp. ¢, = (ﬁ)z%, are appropriate for a Hilbert space based analysis,
whereby the link to the zeta function theory is given by, (EIL),

R _ 1
Xore™™ =Zlog2(tanh§).

The link to the proposed nonharmonic Fourier series analysis framework is provided by the fact that c;; € 12 with
Yot = % < o, see also below. Regarding the Kadec condition we mention that log G) = —2log2.
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Remark: The Fourier analysis for extended (n - 4,,) Cardinal functions (including coefficient terms like logn,
(WhJ1), the link to the Hilbert transform, (TiE1), and a ,rationality result concering {(2n), (TiE2)) is provided in
(WhJ1-3), (TiE1-2). The formula (**) above is a simple example of a ,generalized“ Lagrange interpolation fomula
for an entire function with values ¢, at the points 1, . The formula is valid whenever {1, } is real, symmetric, and
Kadec’s condition is fulfilled. If one choose 4, = n, then (**) reduces to the ,cardinal series” for f(z), (YOR) p. 126.

Theorem 8 (YoR) p. 139: A complete sequence of vectors belonging to a separable Hilbert space
is a Riesz basis if and only if its moment space coincides with 1% .

Regarding interpolation in the Paley-Wiener space P this leads to the

Theorem 9 (YoR) p. 143: A system {e”nt} of complex exponentials is a Riesz basis for L, (—n, ) if
and only if {An} is a complete interpolation sequence in P.

A sub -class of the entire functions of exponential type m are sine-type-functions (regarding the considered
Kummer function we refer to (SeA)):

Theorem 10 (YoR) p. 144: if {1, } is the set of zeros of sine-type, then the system {e*»¢} is a Riesz
basis for L, (-, m).

Regarding the stability of the class of Riesz bases {e”n f} in L, (-, ™) Kadec’s theorem can be dramatically
improved, first under ,small” displacements of the 1, ‘s and then under more general ,vertical“ displacements.

The modus operandi is to combine the stability of interpolating sequences with the stability of frames, (YoR) pp.
160 ff.:

Theorem 13. If the system {e“nt} is a frame in L, (—=, ), then there is a positive constant L with the

property that {e""n t} is also a frame in L, (—m, ) whenever |/1,, - U, | < L for every n.

Corrollary. If the system {e”n‘} is a Riesz basis for L, (—=, m) then there is a positive constant L with
the property that {e“‘nt} is also a Riesz basis for L, (—=, ) whenever |/1n —-u, | <L forevery n.

Theorem 14. Let {,,4,,4;, ...} be a sequence of points lying in a strip parallel to the real axis. If
the system {e"’*e“n)t} is a frame in L, (-m, ), then so is {e”‘” t}.

Corollary 1. Let {4, ,4,,4;, ...} be a sequence of points lying in a strip parallel to the real axis. If the
system {e"Re(ln)t} is a Riesz basis for L, (—m,m), then so is {e“nf}.

Corollary 2. If {1, _" is a sequence of scalars for which
|Re(A,) —n| <7,

then the system {e”n ‘}nzw is a Riesz basis for L, (-m, 7).
n=-—oo

Remark: Assuming the series f(x) = ¥ c,e?™** is real valued and the coefficients c, € R. Then f(x) =
> cpcos (2mikx).

From the above we recall, (LeN2)

Remark: for F(x) = [1(1 - f)(l - %) With {4,,},.c; fulfilling |4, —n| < L < 1/4 , n = 0,+1,+2,+3, ...it holds F(x) €

L (=00, ).

Remark: Let F(z) be a sine-type function, let the width of its indicator diagram be 2r, and let 1,, be its zero set.

n=oo
Fz) } is a Riesz basis in LZ, (LeB) p. 169.
n=—oo

Then the system of functions {,—
F (An)(z_ln)
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Let w, denote the imaginary parts of the zeros of the Kummer function 1F1( , ,2112) whereby none of the zeros
lie on the critical line (!), fulfilling the inequalities, (SeA),

3wn+wn+1

2 —1< 20, < 2N < Wy + Wnp1 <2n+1 TESP. n—3 <Ay <n+gn=12...
Therefore, it holds the

Theorem: For any w, € (—21,0) (® and 2_, == —1, the Kadec condition is fulfilled, i.e. it holds
A, —n|<L<1/4,n=0,%1,42,43,....

In the following some cornerstones of a H(0,1) based Hilbert space Zeta funtion theory are collected, where the
distributional Hilbert spaces HZ(0,1) are built on the separable Hilbert space L, (0,1) with its underlying harmonic

orthogonal basis {e,}. With respect to a link back to the RH in the context of the considered Kummer function, the
Paley-Wiener space P and the related Paley-Wiener criterion we refer to (BaB), (BeAl).

Remark: The trigonometric moment problem in L, (—=, =) is given by, (YOR) p.124,

1 .
Zfﬂ(p(t)e‘"tdt =c,.

Remark: The Mellin transforms of the {sin(nx), cos (nx)} system is given by, (Grl) 3.761

r(s)

fooo x5 1sin(ax) dx = —5 sin (gs) , fooo x5 T cos(ax) dx = %Cos (gs) ,0<|Re(s)| < 1,a>0.

resp.
® s—1,iax r(s) izs
[T xSTlelaxdy = —=¢%%°% |
0 as

For the related zeta function representations we refer to (TiE) chapter Il. The corresponding circular counterparts
of the Mellin transforms above are given by, (Grl) 3.761

i) folxs‘l sin(ax) dx = —i[ 1Fi(s,s+1;ia) — (Fi(s,s+ 1;—ia)] , Re(s)>-1,a>0,
ii) folxs‘l cos(ax) dx = i[ Fi(s,s+1;ia) + (Fi(s,s+1;—ia)] , Re(s)>-1,a>0.
leading to

Lemma 8 ((Gri) 3.761, (SeA)): For Re(s) > —1,a > 0 it holds
1 o1 i 1 . LN 1 ia 1+ 1
Jo x5 el dx = s aFi(s s+ 1 ia) = I'(s)(—=ia)~s [1 + O(W)] + el—a[l + T;S + O(W)].

Remark: The integral fl"’ xS~tel@*dx links to the (generalized) Dirichlet series and integrals, (InA) V. The formula in
lemma 8 is supposed to overcome the ,domain gap“ —1 < Re(s) < 0 of the zeta function representation given by,
(TIE) (2.1.7)

Z(S)—Sf ([x —x+ ) s ldx—sf ( P Sm(zmx)) x5 tdx.

Remark: From (BeAl) we recall for 0 < Re(s), p(x) =x — [x] € L§(0,1,0<9 <1

9°L(s)
pa

1 Nes=1g, = 9 _
Jo pOxTldx = =

Remark: Riemann’s density function j(x) = —[an<x + Ypnex ] is derived from the formula p=™ = sf L x~S"tdx (EdH)

1.11, i.e. lemma 6 above provides the basis for an alternative, circular density function with domaln I = SY(R?)
accompanied by properly chosen a > 0, where the winding number n is replaced by a non-harmonic sequence,
enabling a corresponding HX(0,1) based Fourier inversion, analogue to EdH) 1.12.

logd(s)

Remark: Riemann’s Fourier inversion of to derive the formula for J(x), (EdH) 1.12, is built on the Fourier

inverse formula f(x) = if_‘”m ffomf(w)ei(" “’)tdwdt. Its periodical counterpart is given by

g(x) == Q—iooof g(w)el(x w)nd(‘) Zn——oo Cnemxv Cp = iffng(w)eina)dw'



16

Remark: From lemma 4 above we recall

1F1(1'325) 2 a:_: =
F(s)i=————=—2¢ 5 [[| ms etke~(@n=s)

1B (S ))(s=an) Ton
Remark: For some specific properties of ;F; (a, a + 1; z) we refer to the above and the Barnes-type contour
integral representation, (AbM) 13.2.9,

r(a+1)
ra

c+ioo I'(—=s)I'(a+s) s 1 c+ioo I'(1-s) _Nsds
2mi Je—io r(a+1+s) ( ) ds = 2mi fC i (a+s) ( )

a Fi(a,a+1;2) = Fila,a+1;2) =

Remark: With respect to the below mentioned replacement of the function ¥(x) by g(x), when changing to the
,circular modelling framework* we recall from (Grl) 4.532

i) fol t* arctan(t) % = —[ + ,B(XH)] forx >0
ii) f tx arctan(t) ico’:/(zx) for0 < x < 1.

Remark: The Hilbert kernel for the circular Hilbert transform can be obtained by making the Cauchy kernel i
periodic, i.e.

—cot—=—+[2n 1 ] x| <,

x+2nm X—2nT

resp.

mcotnx = —+ [Zn_-oo +—] YA —x)—P(x), x| < 1.

nzo M

A corresponding Riesz basis based nonharmonic circular kernel is given by, (see also (Grl) (1.421), (8.365)),

%cot*(g) = Z?{;_w% , |x| < m, resp. mceot*(mx) = Zn__oo—+— =yY'(1-x)—¢P),|x] <1

X—2TA,

Remark: We mention the formula y(n + 1) + y = H,, (HaJ), and the approximate equation, (TiE) 4.14,

(8) = Xpexn™S = Ypsxn ™S = Z—mf;t:zo =S (m cot(mz) dz ,

where without loss of generality x is half an odd integer; the function = cot(nz) is holomorphic except the pole z = 1.
We further note that for the zeros z,, of the Kummer function ,F, (1 3 ) it holds (Re(z,) > 1/2, while for the zeros of

its derivative ;F, (2,2, ) it holds (Re(z;,) < 1/2, ((SeA), also with respect to the link to sine-type functions, playing
an important role in nonharmonic analysis, which are not Fourier-Stieljes transforms.

Remark: The divergent Fourier series representation of py(x), @

—cot(nx) = =Y sin2nvx = H[p" 1(x) = py(x)

0 Sm 2mvx

where, (ZyA) p. 5, p(x) = x — [x] = > — 29 2% € 1%(0,1), resp.

pu(x) = WM = —%log 2 [sin(mx)| € L%(0,1)

v

is convergent with respect to the weak H*, ,(0,1) topology

Remark: In the context of the Fourier character of conjugate series, lacunary series, and a — resp. logarithmic
capacities of sets and conjugate Fourier series like Y2 1“';"" Yo L pagp, Yoo S w0 COSUX e pefar tg (ZyA) I-

2, VI-3, VII-2, XII-11.

1y nlagn nlogn

© we note the best bounds of harmonic sequence, (ChC), ﬁ <The-logn—y < 2"11 . where i —2~0,3652721..
1y 3

(**) The series is Cesaro summable representing the cot function if x is not an element of Z, and zero otherwise.

o 7
7 cot(mx) otherwise *
where P.v. denotes ,Principle value* and F.p. denotes Hadarmard's ,Finite part‘. We mention the link between the cot function and the Bernoulli numbers in the form,
(BeB) 5, entry 13,

Regarding the distributional theory of asymptotic expansions we recall from (EsR) p. 139 the formula F.p. (P. vf t* Py {

X = n Ban_ x2n
cnt Yo o(—1) an® , x| < 2m

r(z)=52- “ [m YA+ +0(lz+ kl)] . (PeB) p. 114
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Remark: For a Riesz basis {e“n f} o and the related biorthogonal system {¢,} ,.c; in L, (—=,m) it holds
n

i) any f € L, (—m,m) can be written as f = ¥,c;(f, e @, = Ynez(f, 0)e*O (YOR) p. 22

ii) 2k — 1 < 2(Apex — An) > 2k + 1, i.€. the sequence of even integers {2k},¢y could be replaced by
{2(Ansie = 1) }ken, Where e.g. n counts the n run on the unit circle.

Remark: In order to build an appropriate circular counterpart of {(s) resp. to define a proper mapping anticipating
the advantages of a Riesz basis framework we propose to consider the zeta function on the unit circle built on the
following two sets of domains,

1 11 .
Deven = (—OO,E] and Dadd = (E'E"' loo)-

We note that none of the zeros «,, of the considered Kummer function lie on the critical line and that cardinal
series are interpolations at finite lattice points (WhJ3). The interval D, contains all trivial zeros of {(s), while the
interval D,44 contains all non-trivial zeros with positive imaginary part, in case the RH is true. The domain lines
can be mapped by interpolating Mobius transforms to the unit circle governed by the winding number n applying
the three point formulae to the lattice points governed by the two sequences {A_,}xey, and {4,}.ey in the following
way
(G0, G3+i Uma), G o)} o {(1,0),e¥h, (-1,0)}

2 2’2 2 nen nen
and

{(—00, 0)/ (_an 0)! (_110)}nEN « {(_1'0)' eZm'/L,,‘ eZni/lg}nEN_
We note that the sequence {1,2n},cy has Snirelman density %. In the context of the Hilbert-Polya conjecture the
.eigenstate” or ,eigenvibration value“ 1, might be interpreted as the ,ground eigenstate” of an (unbounded) normal
self-adjoint operator, (BeM), in a corresponding distributional generalized Hilbert space H(0,1), based on the
2 —periodic Hilbert space L% (") with domain I :== S*(R?), which is the (full) boundary of the unit circle sphere,
LaG) .

Remark: We note that all zeros z, of ¥(x) lie on the negative real line, fulfilling the same properties as the
imaginary parts of the zeros «,, of the considered Kummer function. It holds, (Gil),

1 Wn—Z.
™* n—- < =z, wy, "2 T < n.

At the same time, all zeros of the function 1/I'(x) also lie on the negative real line, but at x = —n.

Remark: The inequalities (*) enable the construction of appropriate sequences fulfilling the Kadec condition,
allowing the construction of general (non-Z based) interpolation sequences in the context of (generalized) Paley-
Wiener spaces and their related (generalized) Hilbert scales (™, e.g. building interpolation function of ¥(x), f(z) =

%Z) ™, or the modified von Mangoldt formula, (PrK) (4.37)

. xP i IO
Po(x):=x — [Zlm(p)>07 + 2na1 _—ZH] TOR
Their corresponding mapping onto the above (Riesz bases based) generalized Hilbert scale framework
(with underlying unit circle domain), additionally provides the term e?™% to govern numerical values like

ra) o1y 1 ¢ _-log@m 1 _
ﬁ =—-Y = ‘191_{% {8 Zn:1n1+£}’ (HeK) pg), or m =, T/Z = log (271'), (PI’K) p232
All zeros z,, of ¥(x) lie on the negative real line. All zeros «a, of the considered Kummer function lie on the
rigth side of the ,positive” critical line, ( Re(a,) > 1/2). The two sets are proposed to be applied to the above
interpolating Mdbius transform mapping to the following functions

zZ+1

W(z):= %(ZZ)) ™) resp. g(z) = 2B(x) =¥ (T) —y (g) -,

- @ @ _ Y@ _ oy weny - _ozverify 2V v _ @)@
Remark: We note that ¥(z) = o T = f2(2), f(2), o =f(2) ¥(2) =-e ]‘[{1 XK} ,and e = e are

entire, transcendental functions where ¥(1/2) = —y — 2log2 , i.e. ¥(1) - ¥ G) = 2log?2.

) The approach also puts the spot on Schoenberg’s theory of totally positive functions, the Laguere-Polya class, and to the Riemann zeta function,
(GrK), (LeB). Regarding the condition 0(|x|§*f) we note that the embedding of H:,, into C° is compact, i.e. for u € Hi,_ it holds 0(|x|%*€).

3te

) We note the properties (appendix, (NiN))

<4
y+y (s) = —logq —gcot ( s) - %2 (cos2kn s)(log (2 = 2cos(2k s))

m

B(®)= T Sy (cos(2k + D) (log (2 — 2 cos((2k + 1)B)

Bnx) = 23pt(-1)"p (x +5) fornodd ,  —p(nx) = 2Xpzi(—1)"¥ (x + =) for n even.
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Remark: With respect to the theory of irrational and transcendental numbers it is proposed to revisit the
theory of differences accompanied with the above proposed ,2-Semi-Circle“ method:

(NON): A ,difference of 15t order” (or difference) of a function f (x) is given by the averages

_ fxtw)-f(x) _ fxtw)+f(x)

Apf() ==——=, Vof(x) =———
One of the most famous example of a solution of the difference equation is given by the Gamma
function as solution of the difference equation f(x + 1) — xf(x) = 0. The concept of ,differences”is

accompanied by the concept of ,fonctions interpolaires” (,divided differences”, , Steigungen®),
relating , differences”to the Newton and Lagrange interpolation formulae.

The most important and difficult problem of differences calculus is the solution of the difference
equation f(x + 1) — f(x) = ¢(x) for given ¢(x). In case ¢(x) is a polynomial of a certain degree the
two differences definitions, A, f(x), 7, f(x), lead to the Bernoulli and Euler polynomials.

The most general solution of the difference equation is given by the sum of a specific polynomial
solution and an arbitrary, periodical function (x) with period 1, i.e. n(x + 1) — n(x) = 0. In other
words, every solution, which is not a polynomial soltuion is a transcendental function, i.e. a
polynomial solution is a special solution characterized by simple function theoretical properties.

There are many trivial solutions of the difference equations. The main challenge of difference theory
is to find the inverse operation of the difference operation, i.e. a function f(x) as the sum of ¢(x) in
that way, that ¢(x) is the difference of f(x), whereby f(x) is a so-called main solution, i.e. function
theory relvant analytical function (like the Gamma function). The theory of differences is also
concerned with properties of such main solutions, like analytical continuity, representation as faculty
series, reciprocal differences and reciprocal derivatives, the Thiele's interpolation formula, and the
solution of 2" order differences and ordinary differential equations by Continued Fractions (CF).

Remark: : For CF-representations involving ¥(z) we refer to (WaH) p. 372, e.g.

1.3
W (l n Z) _ ¥@)+¥(z+1) - (Z)m
2 2 Z+ 1
1+
zz+ P2
142
with p, = q, = ”("+5). From (N6N) S. 454, we recall the reciprocal differences and the related Continued Fraction

4

(CF) representation of the function ¥ (x), (Re(2x +y) > 1),

Pl x—n+lLx—n+2,..,x+n) =n’x , px-nx—-n+1,...,x+n) =‘l’(x)+2(1+%+§+---+%)

— y — n
Y(x+y =¥(x)+ = n = T
Xtz I 143 T
ity T+ n—2
axtr i Sty
2 e 2 275,073
Z Z,

Taking the limit of ¥(x + y) — ¥(x) leads to, (NON) S. 454, (WaH) p.373,

’ p— —
V) =—— g =—%
X - T
1 2+
2+ 72 — 22
3x— 72 2+ 3
2+ 32 x—2+_3
5x—5— =

Remark: For CF-representations of the considered Kummer functions we refer to ((PeO) 881 ff., (WaH) p. 347.
For the CF representation of the ,error term* j(z) in (Re(z) > 0)

logl'(z) = —z + (z - %) logz + logV2m + ] (x)

we refer to (WaH) p. 364.

Remark: Beside the reciprocal differences of ¥(z) another link to the harmonic series, H,, := Zgzli, Hy =0,
is given by the curvature vector p at the zeros of % For the curvature vector p(—n) of the purely imaginary
streamlines through the zeros z,, = —n of f(z) (and therefore also for the curvature vector p(—n) through
the zeros of I'(2)) it holds, (Gil)

1 o 1 o 1
2(y—Hy) 2@ (1+n) 2log (n+1/2) °

p(—n) =
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With respect to the generalization of Lagrange’s periodical CF criteron for algebraic numbers of 2" order we refer
to (MiH).

With respect to the measure theory of continued fractions we recall from (KhA) extracts from
Chapter lll, 11, The Measure Theory of Continued Fractions

Beside the basic divisions of the real numbers into rational and irrational or algebraic and transcendental
numbers, there are several considerably finer subdivisions of these humbers based on a whole series of criteria
characterizing their arithmetic nature (most importantly, criteria involving the approximation by rational fractions
that these numbers admit). Thus, we know that numbers exist admitting approximation by rational fractions of the
form p/q with order of accuracy not exceeding 1/q> (for example, all quadratic irrational numbers); but we also
know that there exists numbers admitting approximation of much higher order (Theor. 22, Chap. Il). The following
question naturally arises: which of these opposite properties should we consider the more ,general®, that is, which
of these two types of real numbers do we ,encounter more often“? ... The question is ... clearly reduces to a
comparative study of the two sets, (1) the set of numbers possessing a property, (2) the set of numbers not
possessing it, with the purpose of determining which of them contains more numbers. ... As regards both
methods and results, the study of the measure of sets of numbers defined by a given property of their elements
has proven the most interesting. This study ... we shall call the measure arithmetic of the continuum ... As with
every study of the arithmetic nature of irrational numbers, the apparatus of continued fractions ist he most natural
and the best investigating instrument. ... We must, in other words, learn to determine the measure of numbers
whose expansions in CF possess some priously stated property. Questions of this kind can be quite varied; ...
The methods used in solving problems such as these constitute the measure theory of continued fractions.

Chapter Ill, 15, GauB‘s problem and Kusmin’s theorem

Setting a = [0; ay, @y, ... Ay, o], 1y = 1(@) = [@; Xpi1, Ansas - -] WE denote by z, = z,(a) the value of the continued
fraction [0; a1, @pap, . .. ]. Obviously we

0<z,=1r,—a<l.

We denote by m,(x) the measure of the set of numbers « in the interval (0,1) for which z,(a) < x, satisfying the
functional equation

My () = By {ma (3) —ma ()} 0sx s 1,n 20,

In 1928, Kusmin published his proof of the Gaul’ problem and gave a good approximation estimate, i.e. it holds

log (1+x)
log2

lim m,(x) = ,0<x<1
n—-oo

and
log (1+x)

log2

m,(x) — | < Ale‘Azﬁ , Ay, A, absolute positive constants.

Remark: Kusmin’s approximation estimate can be applied to obtain an approximation of the measure of the set of
points for which a,, = k for sufficiently large values of n, given by

1
ME(") B log (1+_k(k+2))| < Ay e_AZ =i
k log2 | k(k+1) :

Remark: The central element of the proof of the Gaul3 conjecture is Theorem 33 ((KhA) p. 74). It also enables a
more general result regarding the measure M, (x) of the set of numbers belonging to some fixed interval of rank k
and satisfying the condition z,., < x.

Chapter Ill, 16, Average values
The solution of the Gauf? problem enable a proof of the following general proposition

Theorem 35: Suppose that f(r) is a non-negative function of a natural argument r and suppose
that there exist positive constants ¢ and § such that

1s
fry<crz®, r=12,..
Then, for all numbers in the interval (0,1) with the exception of a set of measure zero,

1
g (1+k(k+2))

lo,
711_{{}10%27@:1 f(ak) =E7l}=1 f(T) log2
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Remark: Theorem 33 enables the establishment of quite a number of properties of continued fractions that are
satisfied for almost all irrational numbers. For example, let us set

f(r):=1,forr =k, and f(r):= 0, for r # k,
where k is some (arbitrary) natural number. In this case, the sum
Yn(k): = Xy f(a)

obviously represents the number of times the integer k occurs among the first n elements of a given continued
fraction. On the other hand, the ratio

Pl 1
L) = 23 @)

n

gives us the density of the number k among the first n elements of the given continued fraction. Finally, the limit

lim 2% — k),

n—oo

if it exists, is naturally interpreted as the density of the number k in the entire sequence of elements of a given
continued fraction.

Since the function f(r) that we have defined clearly satisfies all of the requirements of Theorem 35, we conclude,
on the basis of that theorem, that, for arbitrary k, this density exists almost everywhere and that it has the same
value almost everywhere. Furthermore, the same theorem makes it possible for us to calculate the value of that
density. Obviously we have almost everywhere

log4—log3

log9-log8 logl6—log15

log2

d(1) = ,d(2) = ,d@3) =

log2 log2

and so on. Thus, an arbitrary natural number occurs as an element in the expansion of almost all numbers with
equal average frequency.

We obtain another interesting result by setting
f(r):=logr forr =123, ...
All the conditions of Theorem 35 are then satisfied. Therefore, we see that almost everywhere

1
9 (1+k(k+2))

lo
Sy log(a;) - Ty log(r)

n — oo

log2

or, equivalently,

logr

n 1 log2
g(yfaray. q, > 11 {1 + —k(k+2)} .
Thus, the geometric mean of the first elements approaches the absolute constant
logr

M{1+—J*" =26,..

k(k+2)

almost everywhere as n — oo.

Obviously Theorem 35 makes it possible to establish analogous results for a series of other types of average
values. However, investigating of arithmetic mean

1
) XL

by this method is impossible, because the correspoding function f(r): = logr does not satisfy the conditions of
Theorem 35. However, it is easy to see from more elementary considerations that, almost everywhere, the
expression (*) cannot have any kind of finite limit. The Theorem 30 (sec 13) tells us that almost everywhere a,, >
nlogn for an infinite number of values of n, and hence, a fortiori,

Y1 a; >nlogn, and hence, %Z{‘zl a; > logn.

Thus, the quantity (*) is almost everywhere unbounded and therefore, as we stated, cannot have finite limit.
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With respect to orthogonal polynomials on the unit circle we recall from (SzG) the section

11.1 Definition; preliminaries

Let £(0) be a non-negative function of period 2x, integrable on [-r, =] in Lebesgue’s sense, and assume
ffnf(e)de > 0. We introduce the Fourier constants

cn =5 " f(O)-eT™do n=0,%1,42,...

Obviously, c_, = ¢,so that the matrix of “Toeplitz type” T,, = (¢,-,), v,u = 0,1,2,...n is Hermitian. The corresponding
Hermitian form

Hy = S o X Ottty = 5= [T F(6) - Ttg + w1z + upz%+. .. +u,z"|?d0
where z = e'?, is positive definite and has the positive determinant b, = [c,_,] , v,x=0,12,...n.
Definition: If we orthogonalize the system
{z" m} z=¢e? n=012,...n
we obtain a system of polynomials ¢, (2), 9,(2), ¢5(2), .... ,(2), ... with the following properties:

i) @n(z) is a polynomial of precise degree n in which the coefficients of z™ is real and positive;
i) the system {¢, (2)} is orthogonal; that is,

" @)@ Pn(2)dO = 6y 2= nm=012,...
Moreover, the system {¢,(2)} is uniquely determined by the conditions i) and ii). If f(8) is an even function the

coefficients of ¢, (z) are real. The coefficient of z" in ¢, (2) is o, = /D,_,D;.

Theorem 11.1.1: Let F(e~?) be a given measurable function for which f_"nf(e)|F(e“'9)|2d0 exists.
The weighted quadratic deviation

1 ™
3= | FOIFG) - poyias

where p(z) ranges over the set of all (polynomials of degree n) m,,, is @ minimum, if p(z) is the n™
partial sum of the Fourier expansion

F(2) ~ Foo(2) + Fip1(2) + -+ . +Fon(2)+.
1 — .
Fo=— [0 fOF@pn(2)df ,, z=e" ,n=012,.
As a ready consequence, there follows Bessel’s inequality
N2
|Fol? + |Fy 2 + -+ Ry |2 + . [*f(O)|F(e~)|"do.

In addition, the equality sign holds (i.e. the Parseval’s formula) if one of the following sets of conditions is
satisfied:

i) F(z) is regular and bounded for |z| < 1
ii) f(0) is bounded and F(z) is of the class H, (see §10.1; Fatou’s theorem)

A consequence of theorem 11.1.1 is the following
Theorem 11.1.2: The polynomial o, "¢, (z) minimizes the integral
1 _ _ .
;f_”nf(e) Sz + a2+ ayz™ 24+ 4a,|?de, z = et

if 2% + a;z"" 1 + a,z""%+... +a, ranges over the set of all 7, with the highest term z™. The minimum
is g, 2.
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6.4 Theorem of Pélya-Szeg0 on trigonometric polynomials
with monotonic coefficients

Theorem 6.4: Let a, > a;, >...> a, > 0. Then the functions

f(t) = agcos(mt) +a, cos((m— 1)t)+...+a,_, cost + a,
1 1 3 1
gt) = agcos((m+ E)t) +ay cos((m— E)t)+. otan—g coszt +a, cos(z t)

have only real and simple zeros; there is, respectively, exactly one zero in each of the intervals

1 1 1

u=s +2 u—z u
g <t < - and g <t <

m+1/2 m+1/2 m+1 m+1

1
2

T

where p=12,..2m,and u =1,2,...2m + 1, respectively.

Remark: Bagchi's "Hilbert space based reformulation of the Nyman-Beurling RH criterion" (BaB), is about the
Hilbert space of all sequences a = {a,|n € N} of complex humbers such that

Y1 0nlayl? < oo with %SJnS

n2

which is isomorph to the Hilbert space H_, = [;. For y:={1,1,1,1,...... }itholds |ly||%, = Z;‘% = ”;2 Jie.y ezt

Remark: In order to link Bagchi's conclusion text () in (BaB) to the above Riesz basis we mention one of the
characteristic properties of Riesz bases (YoR) p. 27:

The sequence {1,} is complete in H, and its Gram matrix ((Ai, /1,-));’3-=1 generates a bounded
invertable operator on {i* }.

Remark: In order to link the considered vector y: = {1,1,1,1,...... } in (BaB) we note that the Haar wavelet sinc(x)-
function with its infinite product representation in the form

1

i . 2 1 B )
SlnC(T[x) = e X H(Fo'm (%)) = H(l — (%)) = W , where FO,m(x): = ;Z?:ol ekax

is the Fourier transform of the scaling vector y, (ReH) p.145.

(*) ,So where does the undoubtedly elegant reformulation of RH in Theorem 1 leave us? One possible approach is as follows. For positive integers
L, let D(L) denote the distance of the vector y € H from the (L — 1) —dimensional subspace of H spanned by y4,y,,¥3, ...y, In view of Theorem 1,
RH is equivalent to the statement D(L) — 0 as L — co. So one might try to estimate D(L). Indeed, as a discrete analogue of a conjecture of Baez-

Duarte et. al. in [3], one might expect that D?(L) is asymptotically equal to ﬁ forA = 2+ C — log (4m), where C is Euler’s constant. (But, of
course, this is far stronger than RH itself.) A standard formula gives D?(L) as a ratio of two Gram determinants, i.e., determinants with the inner

products (y;, vm) as entries. It is easy to write down these inner products as finite sums involving the logarithmic derivative of the Gamma function.
But such formulae are hardly suitable for calculation/estimation of determinants.”
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In the late 1930s A. Beurling observed that the entire function of exponential type 2=
B(2) = (2 (Ere0(z = 1) 2 = Bk o(z—m) 2 — 2771}

satisfies simple and useful extremal property ©. It holds B(z) = sgn(x) for all real x. Beurling showed that if
F(z) is any entire function of exponential type 2z satisfying F(x) > sgn(x) for all real x, then

fjooo F(x) —sgn(x)dx = 1
and equality occurs if and only if F(z) = B(2).

In 1974 A. Selberg used the function B(z) to obtain a sharp form of the large sieve inequality, see e.qg.
(CaJl). Selberg noted that if g; is the characteristic function of the interval I := ]a, b] and

Ci(2):=3{B(B —2) + B(z - @)}
then
Ci(2) =2 0y
for all real x. Moreover, the Fourier transform
Ci(2) = [7, Ci(0)e(—tx)dx

vanishes outside the interval [—1,1] ©).
Beurling found the following interesting inequality for almost periodic functions:

Theorem 15 (Vald): Let A4, 4,, ...., Ay be real numbers and
fx) =3N_ ame(Ax) = IN_, a(n)e?™tnx |
If A, =8 >0forn=12,...N, then
supxl f ()] < (48) " supy If (W)
If, additionally, f(x) is real valued, then
supxl f ()] < (28) " supy If (W)
Moreover, the constants (46)~* and (26)~* are asymptotically best possible as N — co.
In (VaJ) the Beurling function is applied for a simple proof of a general form of Hilbert's inequality, which
was first obtained by Montgomery and Vaughan, (see also (SeAl):

Theorem 16 (VaJ): Let 14, A,, ..., Ay be real numbers satisfying |1,, — 1,,| = § > 0 whenever m # n,
and let a(1), ...a(n) be arbitrary complex numbers. Then

er\'nzlz%:lM <z

N 2
T 5 n=1la()|?.

m#n n#n

(*) (GrS) appendix, see also (MoH) chapter 2: ,van der Corputs sets”
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We briefly sketch the main formulae and their relationships, (GrS), (VaJ):

Putting
. _ (Sinmz, o 0 sgn(n) 2
H(2):= (0 (B 280 + 2,
J() =S H'(2), 2K (2): = (o)
and
E(x) = H(x) — sgn(x) for real x,
it holds:

LemmaA.1l: If x is real then |[H(x)| < 1 and |E(x)| < K(x).
Lemma A.2: The Fourier transform f(t)satisfies

1 ift=0
J(&) = {mt(1 = |t]) cot(mt) + |t], if0<|t| <1
0 if 21

Corollary A.3: The Fourier transform of E(x) = H(x) — sgn(x) is

0
sry _ o ift=0
E®) = {]_(t)'l if t£0

it

Theorem A.4: Define B(z):= H(x) + K(z) and b(z): = H(z) — K(z). Let I be the interval [a, 8] and
let o; be the characteristic function of I. Finally, define

Ci(2):=5{B(B —2) + B(z— )}, (2):= 5 {b(B — 2) + b(z — @)}.

i) If x is real, then b(x) < sgn(x) < B(x)
ii) If x is real, then ¢;(x) < g;(x) < C;(x)
i) GO =p—a—-1and;(0)=p—-a+1
iv) If |t] = 1 then &(t) = 0 and (;(t) = 0.

Theorem A.5: Let N and T be positive real numbers, and let a,, be a sequence of complex numbers
with a, = 0ifn < N orn > 2N. Suppose g is a real-valued function with |g(m) — g(n)| > § whenever
N <m,n < 2N and m # n. Then

(T = 6 Bnlanl? < [ 180 ane(tg(m)|Pdt < (T + 671 Tyla, 2.

In 1985, J. Vaaler showed how Beurling’s function could be used to construct trigonometric

polynomial approximation to y(x) = p(x) — > = x - [x] > = — oSNy (5rS) appendix:

v

Theorem A.6: The trigonometric polynomial
* 1 5
Y7 (x) = = Lismisn 55, v+ (M)e(nx)
satisfies

00 = " (O] < =T — ob)e(ni) .

N+1
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Turan’s first main theorem, (see (MoH) chapter 5), is concerned with lower bounds of exponential sums,

resulting into the representive application of

Fabry’s Gap Theorem: Suppose that T(x) is an exponential polynomial of N terms and period 1,
say

T(x) =YN_; be(1,x)

where the 4,, are integers. Let I be a closed arc on the circle group T, and let L denote the length of
I. Then

L
> N-1 )
I?Eal)(lT(X)l (29) I}ClEaTX|T(x)|

Remark: The striking feature of this bound is that it does not depend on the size of the A,,.
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Appendix

Remark: The {(s) function representation, (TiE) (2.1.5),

() =s fy S o s [P amsp) L = [P (—p' ) E 0 <Re(s) <1

xS

in combination with the formulas, (Grl) 3.761,

f x szn(ax)— l"(s) s) for 0 < |Re(s)| < 1 and f x Cos(x)— o) Cos(—s) for0 < Re(s) <1
leads to (see also (PeB))
f x5 (—phy (x)) [Fxt- Scot(rtx)— =71 -5)2n)Sr(1 — s)sin ( (1—=5)),for0< |Re(s)| <1

resp.

* fom x5 (—ph () df = fow x5 cot(mx) df = {(s)(2m)~°I(s)sin (gs) = {(s)tan (gs)(Zn)‘SI"(s)cos (g s).

Applying the duality equations in the form

{(s) = x(s)¢(1 =s) resp. {1 =) = x(1 = $){(s)
with
x(s) = %(271)51“(1 —s)sin (gs) resp. x(1—s)=202n)~ r'(s)cos (gs)
results into the following Mellin transform representations

fooo xSm cot(mx) %x ={(s) gco t (gs) © [(— s)cot ( )] resp. fooo x5m cot(mx) dx—x =7(1-5) g tan (gs).

We note the formulas

o Bkl
7 cot(mx) = %cot (gx) - gcot (g 1- x)) and (gx)co t (gx) =1-3Y, (2}2{';! (mx)?k | x% < 4.
From the latter one the following approximation formula for {(s) can be derived:

dx
sm2 (rrx) x

((s)~sf xt- ST[COt(Tl’x)——M[ s)—f xS

sin? (nx)]

The duality equation

(s) = %(271)51“(1 —s)sin (gs) {(1—-s)= grﬁg)«l —5)

In combination with the formulas

sin(Zs)r(s) = ym2s? r@S tan (Zs
2 r(—) 2
cos(Zs\r(1—s) =vm2=s r(?)cot Zs
2 &)

2
FZ

results into the following representations

fowxl‘s cot(nx)%z%cot(gs) (s) = @cos( )1"(1 —-s){(1—ys) :% irré))cot (gs){(l —5)

fooo x5 cot(mx) df = %tan (gs) {(1-s)= %sin (gs) rs)ics) = % g r(g) tan (g s) 2(s)
which we summarize in the

Lemma: In the critical stripe the distribution valued Mellin transform of the (in a weak Hf1/2 (0,1) sense
convergent (*)) Fourier series representation of co t(mx) = }.{° sin 2 mvx is given by

i) %fowxl‘s cot(x) % = "1/21_5 cot (g s) (s) = ;rr(é) cot Gs) {(1—-y5s)

s=1/2

ii) \/i;fowxs cot(x)df =z

r(E
(gs) {((1—-s)= %%tan (gs) 2(s).
Corollary: In the critical stripe it holds

r G) cot (g (1-15) foooxl‘s cot(\/ﬁx)i—x =r (?) cot (gs) fow x5 cot(\/ﬁx)i—x .
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Remark (NiN): For the tool set functions

logl'(x) = flx Y(t)dt, v(x): = logx — ¥ (x) ,

)= 3, EX

x+k

('P (x+1) ( )) z9(x) 14 [x] io sin 2mvx

v

the following properties are valid

i)

i)

i)

iv)

v)

Vi)

vii)

viii)

ix)

X)

Xi)

xii)

xiii)

Xiv)

XV)

XVi)

_ n o1 _ 1.
W) =~y + Do —

) ¥ (3) =y —2log2, w(1) =~y , ¥+ 1) = —y + 5},
W(1-x) = ¥(x) = meot (1), Y(x +1) =¥ =3, ¥(@) = lim(logn — T} -7

'P(s)—logs——+0(—) 'P(s)——+0( )3 |arg(s)|<rc 6,6 >0, (PrK) §7

IsI? IsI2
PO(1) = -y, but Y™(1) = (=1)"n! {(n+1),resp. Y(1+2) = —y + X2, (-D)™ {1 +n)z", |z| < 1

iz;‘;}] 14 (x + g) =¥ (nx) — logn , (N6N) chapter V, §1, multiplication theorem

BG) = f}Sdt = [Tt pL) + (L —x) = T p(1) = log2 , B (}) =2, lim B(x)=0

sinmx’ 2 Re(x)—o

Bx) =

(D4R (EE), p) = B

2n+1

ﬁ(x+1)+ﬁ(x)——

Zn+1 x(x+1) (x+k) 2"*1'

Z3=D"p (x + E) = B(nx) for n odd, %Zﬁ;&(—l)"‘ll (x + S) = —pB(nx) for n even, (N6N) chapter V, §1

w(2x) =3 [w (x+3) + W] + log2, p2x) =5 [w (x +3) - ‘P(x)], (N6N) chapter V, §1

1 1 _¢ Vo _1_ 90
Tt 1]e *dt = Zk:o(x —log (1 +o ) v(x) 2o Gaxy

v(x) = )
‘P(s)+y=logq—§cot(n§)+2 cos( )(log(Z—Zcos( )) p,q EN,p<q

P 2k+1)rr (2k+1)rt p+q
/3(3) Zsm(n_) Zko(cos p)(log (2 — 2 cos(Z1Tyy | becauseon/i‘() w(zq)

¥ ()

(NON) chapter V, 81

tdt
x +tZ (1-e?mt)’

tdt
x +tZ (1+e27t)

_ 1
Y(x) = lox ——+2 fo

lIf(x+ ) lox+2xf

B (x + %) =x[ (N6N) chapter V, §1

x2+t2 cosh (rrt)

=zI(1+2) A +D7 = ze [I(1 + De ™ , Re(2) > 0, (Grl) (8.322)

Tz)

¢¥® = 21 (1+--) e 5%, (Grl)(8.363), (NIN) p. 65.
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Remark: The circular counterparts of the log x — function for the full circle |x| < =, resp. for the semi-circle |x| < n/2
are given by, (Grl) (1.518),

. . 1y (-1 @0
) log (sinx) = 10g(x) + 3 X1 == Bak G 51 -

—1)k 2k
ii) log (tanx) = log(x) + Z;’{;l( ]:) (1 —221)By, ((szk))! :

Remark: From Euler’s formula, (NiN) §4, (6), it follows for 0 < Re(x) < 1, (NiN) 853, (17),

. 1
T\ _ (l,o1yp VA2 g ceosinh [(E—x)t]ﬂ
log (tan 2 x) - fo t (1+t) logt fo (1+et) ¢t

From (Grl) we recall the following formulae

Lemma 9:

i) fon/z log(sinx)dx = —glogz ) (Grl) (4.224)
i) [T tog¥(sinx)dx = 2 ((log2)? + ), (Grl) (4.224)
iii) fO"/4 log(tanx)dx = —G with the Catalan constant G~0,915965594 ...  (Grl) (4.224)
. /4 -

iv) Jo ! log?(tanx)dx = —6 (Grl) (4.227)
V) Jo /2 log(tanx)sinxdx = log2 , fon/z log(tanx)cosxdx = —log2 (Grl) 4.393)
Vi) fon/z log (cot g) sinxdx = log2 (Grl) (4.393).
Corollary:

. T 1| .. X

i) J_, log G |sm (E)|)dx = —4rlog?2

. T 2 .. X T 2 2

i) J_plog? G |sm (E)|)dx =-((4-log2)* +7)

iii) fn/zlog |tan( )|dx—— 4G

iv) S0, 10g? G |tan (5) pdx = 86 - log2 + n((log2)* + =)

i.e. log%| sin§| € L, (—m,m) and logﬂ tanﬂ € L, (—m,m).

Putting T(r) = forflog(tan x)dx, 0 < r <1, we recall from (BrD) the following properties

Lemma 10:

; I (2(2n+1)x) x o (2(2n+1)x) n
i) log(tanx) = =2 ano% , —Jy log(tany) dy = %5 0% forx € (0,2)
i) T(r) = T(% —r)for0<r<1 whereby T(0)=T(1) =0

T(2n+1)r) _ on Jj . 1

) (2n+1) ~ “J=0 T (2n+1 + T) =T (2n+1 ) for0=rs< 202n+1)°

Remark (BoJ): Let E,(x) denote the Euler polynomials and E, = 2"En(§), E,n41 = 0, the corresponding Euler
numbers. Putting

T = (—1)"2"E, (1), Tp: = 1

the series representations of the tan —and sec —functions are given by (E,,.; = T, = 0)

Ean

2 .
T 12 <

w Ton
tan(z) = Broo(~ DM R sec (2) = Eino(- D"

whereby forn > 1, ¥ ()2 T+ T, =0, Yi (Zk)EZ"_O (Grl) 1.411.

We note that the Euler numbers are integral and the tangent numbers are integers.
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The three Millennium problem solutions, RH, NSE, YME,
and a Hilbert scale based quantum geometrodynamics

Klaus Braun
October 26, 2020

www.fuchs-braun.com

,looking back, part (A)"

on a 10 year journey to ...

Riemann Hypothesis solutions
A modified Zeta function theory is proposed to overcome current challenges

(a) to verify several Riemann Hypothesis (RH) criteria

(b) to prove the binary Goldbach conjecture

The current two baseline functions to define the Zeta functions, the Gaussian function and the
(periodical) fractional part function (resp. their corresponding Mellin transforms) are replaced by
their corresponding Hilbert transforms, which are the Dawson function (which is a specific Kummer
function) and the Fourier series representation of the log (sin x)-function. The convergence analysis
is based on corresponding Hilbert space frameworks, supporting especially Cardon’s ,,convolution
operator representation™ and Bagchi’s "Nyman-Beurling" RH criteria applied to the modified entire
Zeta function. Thereby, the convolution operator representation goes along with convergent (Mellin
transform) integrals, overcoming the corresponding challenge of an only formally valid self-adjoint
invariant operator representation of the standard entire Zeta function ((EdH) 10.3).

Basically, the Bagchi RH criterion and the Cardon RH criterion are two sides of the same coin,
which is about the construction of appropriately defined operators, i.e. a defined mapping rule in
combination with a defined domain.

The Bagchi-"Nyman-Beurling" RH criteria comes along with the log (sinx) L£(0,1)-function (the Hilbert
transform of the fractional part function p(x)) in the form

()_icosvax_ 1l 2 sin(mx) € LA(0,1)
pHx_l p_— _nog sin(mx (0,

defined in the (periodical) Hilbert scale framework H#(0,1). It enables the definition of new
arithmetical functions going along with a Hilbert space based "circle method" defined on the
»~boundary of the unit circle", alternatively to the "open unit disk" domain of the Hardy-Littlewood
circle method. The counterpart of the zeros of the e*-function are the zeros of the Kummer
function 1F1(§;§,—x) =z;=0(2;1+):";'!' enabling the definition of a pair of two different arithmetical functions
to analyse (p,q)-binary number theoretical problems. The concept also supports the verification of
the Snirelmann density criterion to prove the Goldbach conjecture.

The proposed modified Zeta function theory supports the proof of several RH criteria, which might
be grouped into the following three classes (A1)-(A3), basically defined by the applied underlying
function space frameworks:

(A1) this class is about RH criteria which can be re-formulated in terms of distributional Hilbert
scale functions H, (—o0, )

(A2) this class is about RH criteria which can be re-formulated in terms of periodical distributional
Hilbert scale functions H#(0,1)

(A3) this class is about RH criteria formulated by distributional arithmetical functions going beyond
the distributional arithmetical functions applied for "a distributional way to prove the Prime Number
Theorem" (Vil).
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The common key challenge is in the context of the "Polya theorem", where the not-vanishing
constant Fourier term provides the key handicap. From the related "Polya theorem" pdf (see pdf in
the "literature" page) we quote:

"Attempts have been made to apply Polya’s general theorem about the zeros of the Fourier
transform of a real function to the Zeta function (PoG). After a change of variable t — logx and
approximating the integral over the half-line (positive x-axis) by integrals over finite intervals
(which are the essential restriction/handicap of Polya’s theorem to be applied to the Zeta function),
one can obtain a theorem about zeros of Mellin transforms. For the Zeta function, the Mlintz
formula has been used, but the Polya theorem only applies in the interval (0,1), and no information
is obtained about the zeros of the Zeta function in the critical open stripe of validity of Miintz’s
formula".

(0l1): ,The theory of Dirichlet series offers a bridge between number theory and analysis. Perhaps
the most appealing example of the power of this connection is given by the tauberian approach tot
the classical prime number theorem.™ ... The asymptotic behavior in terms of the related
Chebyshev-type inequality can be connected to /ocal function theoretic properties of (distributional)
(Bagchi-type) Hilbert spaces H, .

The Hilbert-Polya conjecture (which is about the existence of a proper self-adjoint integral operator
going along with the concept of convolution operators, (CaD)) needs to overcome the mathematical
problem of the not vanishing constant Fourier term of the Jacobian theta function.

Every Hilbert transformed L, function has a vanishing constant Fourier term. The Paley-Wiener
functions form a Hilbert subspace of PW of L,(R), which is a reproducing kernel Hilbert space (HiJ).

Thus, the inner product of any f € PW with w:=w(t,x) =%(:)"”, i.e. f(O) = (f,w)o = [~ FOW(t — x)dt. PW

and PW* are invariant subspaces for the Hilbert transforms on L,(R). Calderdn’s reproducing
formula provided the baseline for the continuous wavelet transformation theory coming along with
the concept of ,windowed Fourier transforms™ (LoA). The PW, reproducing kernel provided the
baseline for the cardinal series theory, addressing e.g. the question ,how power series coefficients
a, of a function f(z) =Y a,z" determine its singularities", (HiJ). Corresponding = —cardinal series are
convergent under the condition 2% < . Cardinal series can be obtained formally by considering
the Lagrange interpolation formula, which is proposed alternatively to the Euler-Mclaurin /Newton-
Gauss summation formulas.

The canonical resolution of the ,E, spectrum of the dynamical Hamiltonian mechanics system®
(consisting of a discontinuous and a continuous part) is concerned with certain self-adjoint and
unitary operators in a Hilbert space. The conception that such a spectrum reveals the mechanical
properties of the system in its own structure lead to the concepts of an inner product (£, f,g) on
the Hilbert space, PW-like formulas (KoB1), which is the well known spectral theory in Hilbert
spaces for unitary operators (e.g. (HiF)). The physical motivations for related ergodic theorems are
based on the Maxwell-Boltzmann gas theory and the Gibbs statisical mechanics (HoE).

With respect to part B, the common mathematical tools to analyze the proposed complementary
kinematical energy space Hi and the non-linear Landau damping phenomenon are

the wavelets, where a vanishing constant Fourier term of a L, function is a sufficient condition
to be a wavelet function (HoM), (MeY); the underlying ,theory of frames", especially the
Nonharmonic, but exact Fourier frames are closely related to the Riesz basis of a separable
Hilbert space, (YoR) p. 157, (NaA); the latter one plays a key role in the context of the Kadec
1/4-theorem (related to the Paley-Wiener space PW (DuR), resp. indefinite metrics, (AzT),
(Bol), as applied in (A2), (A3) below; general references to frames are provided in (YoR) p.
190.

ergodic theory on a Hilbert space (HaP), which is about measure-preserving transformation,
e.g. in relationship to turbulence problems in hydrodynamics (HoE), (LiP), in combination with
non-harmonic Fourier series theory (YoR), based on complex exponentials forming a Riesz
basis for L% and sequences of real or complex numbers with uniform density one (DuR).
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The parts (A1-A3) below are concerned with Hilbert scales in the form H,, I, a € R:

The Dirichlet series theory is an extension of the concept of power series replacing Y a,e ™" -
YPa,e *9m, The relationship between the Dirichlet series

f(s):= Zf ane—slogn g(s):= 2‘130 bpe~s logn

and the Hilbert space #*,,, = ;;*?on the critical line is given by ([LaE] §227, Satz 40):

((f,9))-1/2: —al)lj{}o;f f( +i0)g(1/2 —it)dt =37 -an -
The cardinal series theory is an extension of the Dirichlet series theory. In our case this is
about absolute convergent series ¢(x) —Mzz’ (-2 with cardinal series c(x) =

W oo

Z3% anw for the points (a + nw, a,,), whereby ¥ (la,| + la_,.) « to ensure that the

cardinal series %[“x‘#znzl( 1)"(;‘_"” “‘”)] is absolutely convergent (Wth)

lagn

Remark: The inverse mapping of o(x):= T(logx): = anilog (’—;), x =1, is given by ((ScW),
lemma 3.3, p.36) o-1(x) = T-'(logx) =2n<x":‘)l g®. The link to the Riemann, von Mangoldt and
Landau density functions j(x) =[S pnc s + Bpnes ] w(x) = Tuex AQ), 9(x) = B2 Am) log(%) = () log x
(fulfilling d[x¥'] = dyp = log xdJ) is given by xo'(x) = Zm The considered sequences below enable

modified Riemann density functions J*(x), " (x),9*(x) W|th dJ = dJ*,dy* = dy,d9 = d9* (see also
lemma 5 v), vii), viii) below).

From (ApT) p. 66 we recall that the PNT can be derived from the formula ¥, “:‘) 0. What cannot
derived from the PNT is the convergence of the series, (LaE) §160, 2,"31";")1 0g( )_ -y, un )“’g"

Putting a,, := \/_u(n)log( ) (@ = u(log (- ) and b, \/_ (b; == 1) one gets

((f,9)-172=((F g )N-172 =1 and ((9,9))-1/2 = (g, 97))-1 = ?%b% = T% ==

i.€. fG+it), gG+it) € H_,/, TeSp. g'G+it) € H_, and therefore f*( + it) € H,.

We note that the RH is equivalent to an order of magnitude O(x‘“) (e >0) of M(x) = ¥, uu(n), ((APT)
p. 301), i.e., that m e H1 . From (LaE®6), (MiM), (MiM1), we recall the equivalent Farey series based

criterion of M(x) = Zn<xu(n) = 4% cos (213,) With A(x) = 3, @(n). From the Sobolev embedding theorem
we recall, that H.,, is a sub-space of C° (more precisely the space of Hélder continuous functions

with exponent 1/2) and that the Dirac function § is an element of the dual space § e H..__. The link to

»a quick distributional way to the Prime Number Theorem (PNT)", (Vil) is given by the
distributions &,H[8]1 € H_,,, ., Wwhere nH[§(x)] == = log'(: - and y ‘(%) = T AM)S(x —n). We further note,
that H,,, is compactly embedded into H,.

We mention the Riemann error function

IS dt 1 1 a+ico d [logr(1+3)
N = [ 2l x5ds

. @ J-a+loo
t(t2-1)logt 2milogx-a—io ds s

Sy s 9S8
logFr(1 +)x*—,

a—ioo

derived from the r(1 +§) term of the entire Zeta function ((EdH) 1.16).
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The parts (A1-A3) below are also concerned with the Kummer functions are ,F, (1,3; —x) and
11 (3,25 —x), which are connected by the formula ,F, (,;x) = e*,F, (1,2;—x), (AbM) (7.1.21), (GrI)
9.212.

The challenging part to verify the RH criterion n(x) — li(x) = 0(vxlog x) = 0(x§+£), (which could be
even O(x%) in a variational representation avoiding the L., — horm) is the asymptotical behavior of
the exponential (integral) function ((EdH) 1.14 ff., (BeB) 1V)

) w0 _ 0 _,d ¢ -x? k!
Ei(x):=—[ e¥dlogy == ["e™” = [T Sdt ~ N (- D" % .

In the following we summarize some properties of the concerned Kummer functions and their

relationships to the baseline functions of the Zeta function theory:

The Kummer function based representations of the li(x) function is given by

. x dt i o et
li(x) = [ @dt =—x,F(1;1,-logx) = Ei(logx) =— [, —

logx et
| dt = [ dt ~
0gx t -0t logx

with
Ei(x) = logx +y + Zl?:l%z_l; .
The series representations and asymptotics of the error function
Erf(z):= [[ e tdt resp. Erfc(z):= [ e tdt
are given by (AbM) 7.1.1, 7.1.5, 7.1.23, (OIF) 3 8§81,

(~1)k 72k
2k+1 k!

. Erfe(z) ~ e [1+ 5, (-1 =G,

2k

Erf(2): =235,

eX—1

X

The relationships to the concerned Kummer functions and the related functions ¥(a, c,z?) and
are given by (LeN) 9.13,

li(z) = —z 1Fy(1,1,—logz) , Ei(z) = —e?¥(1,1,~2) , % = F(1,2;%)
Erf(z) = 2 \F1 G5, —2%) = 2™ \Fy(1,3,2%)
Erf(z) =5 ™%W(;,3,2%) , Erfc(z) = z¢ 7" W(1,3,2%) .

The asymptotics of the Kummer functions are given by, (LeN) 9,

r() iTa . — (-1)k _ e
1Fi(a,62) = s etimiz=a [T, O (@ (L +a = oz ™ + 0(l2l ™ +

r©) —(c—q). —(c— (-1)k _ -
e ® (c=a)z=(c-a) [Z}ézo =1 - a)(c—a)ez™* + 0(lz| ™" 1],

It especially holds z 1@@,3,2) = i[zgzo(—nk@kz-k + 0(|z|—"-1] ,i.e.
Ei(x) = —2¢ 1F,G.2,—x) ~ 2[00 "]

We further note that the function represented by the series ¥, (Zk(’l)k |x| > 1, has the value /2

(@k+1)xzke
asx -0, x>0, (BeB) IV, (10.2).
The Hilbert transform of the Gaussian function is the Dawson function given by
_x2 X 2 o _2 3 —x2 13
F(x)=e™ [Jedt= [ e " sin (2xt)dt = x 1F, (1,;;—x2) =xe ™ |F, (— —;xz) .
and it holds (GaWw)

Hle "] = 2v/mF (x)

resp.

y[e™] _ FO®) 1 w  13..(2k-1)
H [m]_z Nk 1+, 0"
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The link of the Hermite polynomials is given by (AbM), 7.1.15, resp. (RyG)

(n) —(x-nh)?
1 -x2] — _ 1 n Mg _ 1. ¢ ~ 1
FhHle™ ] =F@) = F lim Sy o \/ﬁllmziodd S
-0

where x,({") and H,ﬁ") are the zeros and weight factors of the Hermite polynomials.

Let G0 = "o a, then, f(x) = 2) = ~logx —L+0(1), x> 0, (OIF) 2 §4.

Remark: The functions ,F, (2,%;—z) and 1F1(1,§;z) possesses the same zeros (SeA), as the related
Whittaker function z=3/“M1.(z), which is the solution of the corresponding self-adjoint (ODE)
44

Whittaker operator, (BuH), §17.1.

Lemma:
. 13 1 xk 2 xk 1 p1eXt 13
i) G x) =30 ot = Soggrr = 3o Tt Fy(52;0) =1 (LeN) (9.11.1)
i) xe ™ |F, G,% x )—x1F1 (1 - ) f e~ sin(2xt) dt
, (13 1 35
i) G5 =30 G5
iv) 1Fl( ) +x 1F1( x) =e*
1 3 2 13 dt
V) (3 5x2) =2 ed resp. ,F(3,3x) = ff" et (ADM) 7.1.5, (GaW)
. s 13 d re s , (13 d
vi) [P a7 R (33 -x)E =2 resp. a2 [—x,F (33 —)|Z=1¢E) (Grl) 7.612
resp. F(l +§) =s(1—5s) [, x°4F Gg —xz)‘i—x in the critical stripe
Putting
w  k+1 (—x)k
gx) = 1F1( )+x1F1( X)sz:Ok:;/Z(lf!)
one gets
w  k+1(=x)k+1 13 , (13 w (1
—xg() = B O = k(32 —) — (2 ) = 220 (), ()] + 20 (), e+ D]
2
3, dx © 4 (1 3, dx _ sI(1-s)
TS = = TR (33 ) T e [ F (3 )| =
Putting T(x) = f, g(t)dt resp. T(x) == — [, tg(t)dt it follows
k
) TG) =) [zk o(— 1)k"+“]dt—x [zk o(— 1)’(#’;—, with dT(x) = g(x)dx
i) Jim = f g®dt = lim T(x) =1 i.e. T(x)~x,as M sf(s) = sfomx‘sg(x)% = —;ilr(l —)
Cwe k1 (0F o 1 (=x)k o Kk (-x)k T(x) k(-0
i) g(x)_zk=0k+1/2 k! _Zk=0k+1/2 k! + Zi Ok+1/2 k!
. o _odT(x) _ _ 1-s sr(1-s) . m _
iv) o x5 === Jy x () == ie lim—==0.

(*) Lemma: (OsH) Vol1, 89): Let T(x) monotone increasing, and

-5 410 ,S=0+it, 0>0

f(s) —f e~S*dT (x) —f x~SdT(logx) —f

convergent. Then, if hm sf(s) exists, this holds also for hm T(x) , and both limits are identical, i.e. hm sf(s) = 11m e
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In the context with ,the connection between {(s) and primes" we refer to (EdH) 1.11.

In the context with Polya’s theorem (PoG) we recall from (EdH) 12.5, ,Transforms with zeros on
the line™:

,Polya’s theorem is that a real self-adjoint (*) operator of the form f(x) - jl“/a fux)F(w)du (where F(u)

is real and satisfies u'F(u™") = F(w)) which has the property that w:Fw) ¥ is nondecreasing on the
interval [1,a] has the property that the zeros of its transform all lie on the line Re(s) = 1/2.

() The notion ,self-adjoint" is different from the definition in functional analysis, but very much close to it, when
considering the operator equation in a Hilbert space framework for functions with domain on the critical line. In this
case it means that the Polya condition has the same effect than replacing s by (1-s).

(**) The unnatural-seeeming factoru=! can be eliminated by renormalizing so that fowx'sF(x)dx is written

fow X [x%F(x)] dlog(x) = fom x~SF(x)dlog(x). Then the self-adjoint condition is simply F(u™') = F(u). Polya’s condition is
that F be non-decreasing on [1,a], and the conclusion of the theorem is that the zeros lie on Im(s) = 0.

In the context with ,the connection between {(s) and Tauberian theorems resp. Abel or Cesaro
average" we refer (EdH) 12.7.

In the context with some relevance of the considered Kummer functions to plasma physics we refer
to (KoV), (PaY) regarding

- the linear response of magnetized Bose plasmas at T=0 for large and small values of its
parameter; the large parameter expansion plays a determining role in the behaviour of
these Bose systems in the limit that the external magnetic field B approaches zero. This
particular expansion is generalized for the Hurwitz zeta function, (KoV)

- the linearized collision operator in the Boltzmann equation with repulsive intermolecular
(inverse-power) potentials V(r) = a-r~* for a > 2; the collision operator has a purely
discrete spectrum and its eigenfunctions are infinitely differentiable L, -functions which are
complete in L, . The proof relies on the formalism of pseudo-differential operators; the
special case a = 2 is about the Maxwell’s molecules, (PaY).

In the context with the building of distributional Hilbert scales based on a linear operator with
discrete spectrum and eigenfunctions, which are complete in L, , its underlying approximation
theory, and an ,exponential decay" inner product resp. norm with parameter ¢t > 0, given by

V) e = 2koke” L CAIBICATH I ||x||fz.(t) = (2, %) ()

govering all ,polynomial decay" Hilbert scale norms we refer to (NiJ), (NiJ1).

In the context with some relevance of the considered Kummer functions to the Navier-Stokes
equation we refer to (PR1) regarding an integral representation of the Navier-Stokes equations for
an incompresslble viscous fluid. ,Making use of standard integral transform methods and
considering the longitudinal components of the velocity field, thereby eliminating the pressure field,
the Navier-Stokes equations are cast in integral form. The intrinsically non linear character of the
equations has proved to be an unsurmountable difficulty that has severely restricted their practical
use. The limited understanding of the turbulent motion of fluids and the lack of a comprehensive
theory of turbulence is a consequence of this mathematical complication. ... The final result is a non
linear integral equation for the velocity field alone, involving a single convolution over the space
and time variables."

The convolution kernel of the integral representation of the Navier-Stokes equations is build on the
functions

72

B T N 137
lo@,t) = (4nvt)3/2e e, LG = (172) (4mve)3/? 1F (2'2' 4vt) '
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The following part (Al) is related to RH criteria which can be re-formulated in terms of
distributional Hilbert scale functions H, (—o, »).

Part (A2) is related to RH criteria which can be re-formulated in terms of periodical distributional
Hilbert scale functions HZ(0,1).

Part (A3) is about RH criteria formulated by distributional arithmetical functions going beyond the
distributional arithmetical functions applied for "a distributional way to prove the Prime Number
Theorem" (Vil).

The parts (A2) and (A3) are concerned with appropriate sequences of real numbers and sequences
of vectors; the latter ones are called Riesz sequences, it the sequence is a Riesz basis in the
closure of the space spanned by those vectors.

With respect to the Bagchi criterion below we emphasis that there is only a positive answer to the
following question in a certain ,weak" sense (SeK): ,can every frame of complex exponentials {e“**}
in L,(-m,m) be made into a Riesz basis by removing from {e'**} a suitable collection of the functions
e»* resp. can every Riesz sequence {e»*} in L,(—r,n) be made into a Riesz basis by adjoining to
{e"n*} @ suitable collection of exponentials e'** not elements of {¢"~*} 2" For the critical sequence in
our cases (part (A2) and (A3)) this is about 1:= ﬁl:z%—% to ensure a Snirelmann density of 2 of
the concerned sequence {B,}.en (see also (ReR)).

Following part (A3), there is a section about a new tool set to prove the binary Goldbach
conjecture, taking advantage of (A2-A3), e.g. the sequences based on the imaginary parts of the
zeros of the considered Kummer functions with underlying domains with Snirelmann density of -.
The final tool is about a ,2-semi-(truly)-circle (even/odd integer) method" with an underlying
,major/minor arcs I/II* concept alternatively to the Hardy-Littlewood circle method.

(A1) This class is about RH criteria which can be re-formulated in terms of distributional Hilbert
scale functions H, (—, ).
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(A1) The Euler product formula connects the Riemann function ¢(s) (the analytic continuation of the
power function representation beyond the halfplane Re(s) > 1) with primes. Taking the log of both
sides of the Euler product formula results into a Stieltjes integral representation of the log{(s)
function with a (prime) density dj(x) in the form ((EdH) 1.11)

log{(s) = SJ x5 (x)dx = J x~5dJ (x)
o o

The entire Zeta function

N

S
§(5):= 5T G)(s = Dr2(s) = §(1 = 5)

is basically a product of the three functions ¢(s), (s —1) and r(1 +§), whereby r(s) denotes the
Gamma function ((EdH) 1.13).

The method for deriving the formula for J(x) is basically about the calculation of the Fourier
inverses of logé&(s), —log (s — 1) and —logr(1 + i). The Fourier inverse of the principle term —log (s — 1)

becomes the logarithmic integral represention of the li(x) function. The Fourier inverse of the term
—logr( +§) leads to the famous Riemann approximation error function between the prime density

function J(x) and the li(x) function, ((EdH) 1.16),

t(t2-1logt ~ x tlogt tlogt  2mi logx Ja~iw ds| s

5 = L B = g [t = e [0 g

An appropriate convergence behavior of the Riemann error function is one of several RH criteria.
Let f(x) denote the Gaussian function. Then the entire Riemann Zeta function is given by

£(s) = 2T C)(s = D/24(s) = (1= 5) - {SM=xf" (0)](s) = £(1 — ).
The Hilbert transform of the Gaussian function is the Dawson function given by
—x2 X 2 o _42 3 _y2 13
F(x)=e™ [Fedt = [~ e sin (2xt)dt = x 1 F, (1,;;—9(2) =xe™* |F, (;,E;xz) .
Replacing the Gaussian function by its Hilbert transform leads to an alternative entire Zeta function

definition &*(s) with same zeros in the critical stripe as &(s) resulting into a modified Riemann error
function with improved approximation property. It is given by

£():=2( - Ve T tan(%s) - () = 4() - M| L [~x - £ ]| (9)
resp.

cot(gs)

1-s

tan((%(l—s))

1-s

(s):=

“{(s) = {(s)

with same zeros as &é(s), as it holds s(1 —s)&*(s)é*(1 —s) = né(s)&(1 —s). It is basically about a
replacement of the term =2 of the term nr (1 + 2) = gsl" G) by the term tan(Zs) = cot G (1-5). The
method for deriving the formula for J(x) is then about the calculation of the Fourier inverses of
logé(s), ~log (s = 1), ~logl'(}) and —log (tan(5s)) = ~log (cot G (1 ~ 5)).

With the series expansion of tan(gs) resp. gs - cot(%s) ((GrI) 1.421) it follows

;
1 s
(k_E)z_(E)z

sy _ E0) soo _i® . 2 w _ st
§'(s) = ﬁZk=1 resp. ¢(s) = N n[1+2k=1sz—(2k)z] '
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(A2) This class is about RH criteria which can be re-formulated in terms of periodical distributional
Hilbert scale functions HZ(0,1)

Bagchi's "Hilbert space based reformulation of the Nyman-Beurling RH criterion" (BaB) is based on
the (periodical) fractional part L4-function

Zoo sin 2mvx
1 v '

p() =x—[x] =3

Its convergent Mellin transform in the critical stripe defines the zeta function ¢(s) given by ((TiE) II
2.1),

_ o [x]—xﬂ _ o _ d_x
{(s)=s], = s J, xsp(x)x 0 < Re(s) < 1.
The conceptual challenge becomes obvious condering the general Mellin transform property
M[xh'](s) = —sM[h](s) and the related (insufficient) Mellin transform zeta function {(s) representation
in the form
o [x]-x+3 o

{(s)=s/, TZ% =-sf x° [p(x) —%]i—x —1 < Re(s) < 0.
The considered Hilbert space in [BaB] is about of all sequences a = {a,|n € N} of complex numbers
such that

C1

I iwnlan? <o with Z<w, <2

which is isomorph to the Hilbert space H_; = [5t. For y:={1,1,1,1,...... } it holds

2 _yol _1
Iyl2, = 285 ==
i.e.yeltresp.ye (DY, with 1 =1, @1, 131 = 1;/* ® (1;/*)* . For the Zeta function on the
critical line it also holds & € H_;(—,») = H_; = H, ® Hy, and more specifically, z,y € Hfl/z, i.e. the
orthogonal projection of £,y onto H_;; is 0.

Theorem (Bagchi-Nyman criterion, (BaB)): Let
m
Vi = {p(;)|m = 1,2,3,....} for k=123,..

and I be the closed linear span of y,. Then the Nyman criterion states that the following
statements are equivalent:

i) The Riemann Hypothesis is true

The verification of the Bagchi criterion is enabled by ergodic theory on a Hilbert space, specific
properties of the Mellin and Hilbert transforms regarding the basis functions e, and the fractional
function in combination with non-harmonic Fourier series theory (based on complex exponentials
forming a Riesz basis for L%, ((DuR), (YoR)) and related approximation theory in Hilbert scales.

The concerned y: = {1,1,1,1,...... } €[5t can be represented in the form y = {%}/1} = e94d 4 efve" with
NneN

eoaq:= (1,0,1,0,1,0,1...) and epen: = (1,0,1,0,1,0,1...) + (0,1,0,1,0, .....). The analogue split for y, with k > 2 is
given by

Vor: = {%VZk}nEN = {eﬁ:d VZk}nEN + {eﬁ:n VZk}nEN

- 1 eﬂdd ereiven
Vok+1: = {—V2k+1} = { }’2k+1} + { }’2k+1} .
n nenN n nenN n neN

Let S244 := span{¥axtk=1,.nt1 @Nd SE" = span{F,1+13x=1..n+1 denote the n-dimensional subspaces of
1Y% and ¥ = Py(eg®) and y$),: = Py(eg”™) be the orthogonal projections B, : H_; —

o

sgad geven of » ontos2?4, seven, Then the Bagchi criterion is equivalent to

H_1/2 =

- V(,(Zl)i.v)-l/z =- Ve(ffgn, v)_12,=0, VVE 12_1/2-
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Lemma ([GrI] 3.761): For a > 0 it holds

M|[sin(a -)](s) = f x5 sin( ax)— (S) sin(= s) 0<|Re(s)| <1

[‘(s)

M][cos(a )](s) = fo xS cos(ax) cos( s) 0<Re(s<1

and H[sin](wx) = —cos (wx) resp. H[cos](wx) = sin (wx).

The ergodic theorem on a Hilbert space is about the convergent sequence x, = %(Tlx +T2%x + -+
Tkx) with respect to the norm topology. The underlying operator

1
T* = lim E(Tl +T%+ -+ Tk

is bounded and fulfills Tk°T* = T*, T*°Tk = T*, T*°T* = T*. ,The mean ergodic theorem ((HaP) p. 16) is
an amusing and simple piece of classical analysis in case the underlying Hilbert space is one-
dimensional® (HaP) p. 14.

Lemma ((HiF): Let E denote the eigen-space of the operator T* with respect to the eigenvalue 1,
i.e. E:={x € H|T*y =y} then it holds

i) E = (T* —1d)~*(0) is closed

ii) the operator T* is a projector onto the eigen-space E (because of T*|g = Idg).

The choosen operator T! := H is the Hilbert operator (e.g. (Lil1) 11.1)
Hul(t) = %fol cot(m(s — t)) u(s)ds , u ENgeg Hy.

For each a € R the extended operators H®:H, - H, with domain H, are bounded Fredholm operators
of index zero with ||[H@ul| = [lull,, with kernel N(H@) = span(1) (the set of all constants), and their

range is R(H®) = {v € H,|(v,1) = 0}, ((LiI1) p.316); and for e,(x) := e?™*,v € Z it holds He, = sign(v) -e,
(LiI1).

for k even

Putting T' :== H® one gets with 7%, {5‘9"(")6”“ kodd for y =

2k 1 2k -1 forv>0 2k i _ 2k forv>0
Yis Tl { —1 forv<o / i=1T'ey _{0 for v<0

Applying the Hilbert operator to the (periodical) fractional part L§-function (a = 0)

o .
1 sin 2 mvx

pl)=x—[x] =5~ M
leads to ("
2k—1 i [ ] ) Twsrivmx fOT 2k—1=159113,..
Yisi T pl(x) = ;
pIRInE for 2k—1=37,11,..
and
oo SN 2mVX+cos 2mvx

21( TL' [p](x) — { 1 T fOT 2k = 2,6,10

- 0 for 2k = 4,812, ..
whereby Z?wsnz% = ——longsm(rcx)l =:py(x) € L(0,1) and Z‘X’sm;:vx = % - p(x)™),

We note that the first derivative of the Hilbert transform of p(x) is given by the divergent (Cesaro
summable) Fourier series representation of the cot(mx) function, cot(nx) = 2¥sin(2nvx) = —p,(x) (see
also (BeB); it is an element of the Hilbert space H#,(0,1), i.e. the formulas above are valid in similar
form for « = —1 applied to the (in H*,(0,1) convergent) Fourier series representation %cot(nx) ==

Y% a,cos (2mvx) + b, sin(2nvx) with a, =0 forv =0 and b, =1 forv > 0 (i.e. y:={by, by, b3,,...... 1.

(*) see also (CoG):

T [pl(x) = TP 2%, 72 [p](x) = B2 2, T2 [pl(x) = — 2P = —T o] (), T4 [pl(x) = — £ T2 = —T2[p](x), T5[p](x) =

v 3% v

£ 2 = 71 [p](x), T [pl(x) = 5P = T2 [p] (), T7[p] () = = B2 2% = T [p](x), T2 [p] () = = BP T2 = -T2 [p](x) , ...,

v k% v v

Clx +[x+ ] [2x] resp. more general p(nx) = Y3 0p(x+ ) (ApT) p. 72
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The sequence w, (the imaginary parts of the Kummer function ,F, (3,3;2miz)) enables the definition
of two sequences 1% = w, and 1% = %’1“_1, leading to ,nearly® harmonic even and odd winding
numbers of the corresponding exponentials {74} occuring on the left and right part of the

unit circle. From (YoR) p. 36, we recall

n=0,+1,+2,..

Kadec's i—Theorem (14): If o, is a sequence of real numbers for which
lo, —v| <L <i ,v=0,+1,+2,..

Then {eio*},_, ;1. Satisfies the Paley-Wiener criterion and so forms a Riesz basis for
Li(—m,m) = HE (—m, ).

For the extension of Kadec’s theorem to frames (being built by two real sequences {6"} _ {6,"},_,)
we refer to (ChO) 9.8.

If the sequence o, is symmetric, then the product [](1 —Z—Z) converges to an entire function f(z)
which belongs to the Paley-Wiener space, (YoR) p. 124.

The exponentials e!®* can be transformed into the reproducing functions

Kn(Z) _ sin (t(z—-0y,)) )

n(z—op)

For G(z) =z[l(1 —i—zz) the related function G, (2) :=ﬁ can be transformed into g, (t):= f_""w G,(x)e™tdt.

The solution of the moment problem f(o,) =¢, v=0,%1,%2,..., is given by (YoR) p.126,

(%) £(2) = 5o 0y 2

G'oy)(z-a,)

Remark (YoR) p.126: The formula (*) is a simple example of a ,generalized" Lagrange interpolation
formula for an entire function assuming the values ¢, at the points g,.

Remark: The product representation of the considered Kummer function is given by ((BuH) p.184)

1 B
1Fi(ac,z) = %6czn(1 _a_n)ez/an_

The considered imaginary parts of its zeros fulfill the Kadec requirements with

Op = Qpi = Wy +i., Op = Bni= —w"+;‘)”+1 —i .
We mention that the approximation solution to cot(mx), being testing against H¥ (0,1) test functions,
is an element of H*, ,(0,1).

With respect to (A1) and the newly proposed entire Zeta function f*(s):=%(s— 1)n$r(§) tan(gs) -{(s)
we note the related (classical) series representations for the log (tan(%x)) (whereby all summands
of the first series are positive), and the (A2)-related series representations for the log sin(mx)

functions, given by (GrI) 1.518,

1 (2%k1-1
log (tan(%x)) = log (gx) +Z?(—1)k+1;( o ) By (mx)?* , x%<1

2k-1
log sin(mx) = log(xm) +Z‘1’°(—1)k%2(27)!32k(nx)2k , xt<1.

The term —log (tan(%s)) is L% -integrable and can be represented as a convergent series (EIL). It

results into a correspondingly modified Riemann error function or a correspondingly modified
definition of the li(x) function. In both cases the approximation behavior between the li(x) function
and the prime density function gets improved.
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(A3) This class is about RH criteria formulated by distributional arithmetical functions going beyond
the distributional arithmetical functions applied for "a distributional way to prove the Prime Number
Theorem" (Vil).

In 1927 Polya published a very different sort of theorem as in (PoG) on the same general subject
("Uber trigonometrische Integrale mit nur reellen Nullstellen") with quite weak conditions to the
baseline function F(u) (see also (EdH) 12.5). All attempts failed so far to build a proper (classical)
baseline function F(u) to prove the RH. The proposed distributional Hilbert space framework of this
homepage provides an additional opportunity to build such a baseline function.

According to E. Landau the classical proofs of the Prime Number Theorem (PNT) are not being
scalable for "deeper going number theory problems". Ikehara's theorem ((EdH) 12.7) is about a
deduction from Wiener's general Tauberian theorem. In (Vil) "a distributional way to prove the
PNT" is based on the Mellin transform of e.g. the Dirac delta "function™. The part B section is about
a (distributional) quantum element/energy Hilbert space framework enabling a quantum gravity
model. From a physical modelling perspective it goes along with a replacement of Dirac’s model of
the ,density" of an ,idealized point mass" resp. an ,idealized point charge™ (modelled by the Dirac
or Delta ,function™) by Plemelj’s concept of a ,mass element dm™ (PIJ) of the proposed ,bosons"
quantum state Hilbert space H_,,,. ,Tauberian Theorems for Generalized Functions" come along with
the concept of an ,,automodel ,function®. It is claimed to be an appropriate framework to apply the
Polya theorem to prove the RH, as the crucial condition of Polya's theorem is equivalent to one of
the characterization criteria of an ,automodel function", ((VIV) p. 57).

The proposed periodical, distributional Hilbert scale framework H! also enables also a truly unit
circle method to tackle the binary Goldbach problem. It overcomes current handicaps of the
famous Hardy-Littlewood circle method, which is based on the open unit circle disk.

Vinogradov applied the Hardy-Littlewood circle method to derive his famous (currently best known,
but not sufficient) estimate regarding the tertiary Goldbach problem. Vinogradov's theorem states
that any sufficiently large odd integer can be written as a sum of three prime numbers. The ,any
sufficiently large odd integer" condition is due to a not sufficiently "good" estimate: it is derived
from two components based on a decomposition of the (Hardy-Littlewood) circle into two parts, the
»,major arcs" (also called ,basic intervals®™) and the ,minor arcs" (also called ,supplementary
intervals"). The sufficiently good estimate is based on ,major arcs"™ estimate using also Goldbach
problem relevant data; the not sufficiently good ,minor arcs" estimate are purely Weyl sums
estimates taking not any Goldbach problem relevant data into account. However, this estimate is
optimal with respect to Weyl sums properties. In other words, the major/minor arcs decomposition
is inappropriate to solve both Goldbach problems. The proposed periodical, distributional Hilbert
scale framework g with ist underlying domain (the boundary of the unit disk, the unit circle) is
claimed to enable a truly unit circle based method to prove the binary Goldbach problem.

The proposed change also enables the definition of two appropriately different arithmetical
functions to analyze binary number theoretical problems for any prime number pair (p,q). We note
that the winding numbers (i.e. the set of integers) of the unit circle are related to the zeros of the
Weyl sum components, which are the basis functions e?™"*, The sequence w, (the imaginary parts
of the Kummer function ,F, G,z;zmz) enables the definition of two sequences A" = w, and A7 =~ (w, +
wn4,), leading to ,nearly™ harmonic even and odd winding numbers of the corresponding
exponentials {e*™**} _  occuring on the left and right semicircle of the unit circle.

Refering back to (A2) and the considered y:={1,1,1,1,...... }withy € (12_1/2)l we mention that y can
be intepreted as a ,,winding number list®, while running periodically through the unit circle

The links of non-harmonic Fourier series theory to the cardinal series based interpolation theory in
the Paley-Wiener space PW are given by the following theorems (YoR) p. 170, p. 157):
for a complex exponentials system {e*"*}  _  to form a Riesz basis for LY it is necessary
and sufficient to the interpolation problem f(1,) = ¢,, where f € Pw

a sequence of vectors ¢, belonging to a separable Hilbert space H is a Riesz basis if and only
if it is an exact frame, i.e. AlIf|1? < X221, 0)1? < BlIfI1? (if ¢, is @ complete orthogonal sequence
in H, then it holds A = B = 1), or if and only if ¢, is both, a frame and a Riesz sequence (SeK)

The link to a specific class of non-harmonic Fourier series is given by the considered sequences of
real or complex numbers with uniform density one (DuR).
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A tool set to prove the binary Goldbach conjecture

On the occasion of the 59th birthday
of my wife, Vibhuta
August 25, 2020

In the following we summaries the proposed tool set to tackle the binary Goldbach conjecture.

The following two lemmata are about the building of arithmetical functions based on a certain
integrals:

Lemma 1 (Landau, (PoG1)): Let ¢, denote a divergent sequence of positive numbers 0 <
G <q,<qs < lim g, = o0, 7(x) the corresponding counting function of the numbers of g,
less than < x and w(x) a positive, non-decreasing function with lim **> W) _ i B g,

Then
Zq<xp( ) =

x—»oo T(x)

where p(x) denotes the fractional part function.

In (PoG1) lemma 1 is generalized by

Lemma 2: Let w(x) a positive, non-decreasing function with ii%%: 1 with a, 8 positive
numbers. Then

im 05, & = [ .

Remark 1: Lemma 2 is valid for two kind of conditions about f(¢t):

i) f(®) is Riemann integrable in [0,1]

i) f(@) is integrable in every closed sub-interval of [0,1], which does not contain 0, and it
exists an a € (0,1) with ltm(} tIm@f(t) = 0.

Remark 2: The condition lirg%g =1 is related to the theory of quasi-asymptotics of generalized
functions with its underlying concept of (slow) regular varying (automodel) functions 9(x),
where lim% (resp. lim %) exists, (VIV) p. 56/57; (EsR). The latter condition, hmri))_ ¢, links

back to the famous Polya criterion in (PoG) given by a < - "}f((’)‘) < p being valid for only (!) closed

interval domains. We note that —logx is slowly varying at x = 0%, (SeE) p.47. We further note with

X

respect to lemma 5 v) below, that for a(x) = ,F, (,3;x) it holds - "h((’)‘) 1-2s .

In (LaE) §56, the following following lemma is provided. It has been applied in (LaEl) to derive the
asymptotics integral formula for the Goldbach number counting function

H(Q2n):= Y%, Gy =2p52n n(2n—p) , p+q=<2n,

in the form

du - fn 1 du

— ~ = (——— < <
2 log (2n—19$) logu 2 (log (Zn)) ! 0=sd9=1

H(2n) ~ 2n["

2 log(Zn u) logu

by putting F(u, x) :== n(2n — p).

1

We note that 2% 4Gk ~ (2 5 while Y7_; Gy ~ (10g(2x))2 because the odd k can be neglected as

every odd number can be represented as sum of two primes, if k — 2 is prime, otherwise not
(LaE1).
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We further note that d[si.,—| ~dllogs ~ * (LaE1), and do = [Zm“(:) log (f)] =§[anxﬂ:)] dx~ &
(ApT) p.97.

Lemma 3: Let F(u, x) be a function with real arguments with 2 < u < x fulfilling the
following conditions

i) F(u,x) =0

F(u x)

i) For fixed x > 2 the function is never increasing for u € (2,x)

X F(u x)
logu

iii) F(2,x) = o(],

then it holds

F
ZpsxF(p'x) ~ fzx l(I;i)d

The considered Stackel approximation formula in (LaE1l) is given by

1 k
w(k) log (k)

)2 with ¢ = ———~0,772..

H(Zn) _Zk 1sz =QaQ- Z k z 105 ((3)

The factor ¢; was suggested to ensure that H(2n) < H(2n).

Remark 3: We note that the above (appreciated) identical asymptotical behavior of both
summation formulas does not allow a corresponding conclusion to the approximation behavior of
the underlying Goldbach numbers G, resp. G,i, as in the sum formula Y%_, G, — G, positive and
negative terms cancel each other out.

Remark 4: With respect to (A2) above and the the term % in the Stackel approximation formula
(k) _<rr_a(k)

we note the inequality, (ApM) p. 71, S S e = @D k =2, where o(n) = g,(n) denotes

the sum of the divisors of n ((ApM) p. 38), and ¢(n) denotes the Euler totient function. It can be
represented as discrete Fourier transform of the greatest common divisor in the form ¢(n) =
>n_ ged (k,n) - cos (an). We further mention that for even integers it holds ¢(2k) = 2¢(k) > Vk. At the

lk2k>\/ﬁfork22.

a(k)

same point in time, it holds

Remark 5: It holds Zmﬁ = 0(logx), + Tier d(n) = logx + (2y — 1) + 0(,/%), and Zmﬁ =0(x), Zmﬁ =
0(logx) (ApM) p. 71. The average order of d(n) is logn i.e. iz;{sxd(k) =logx + 2y — 1+ 0(Vx)~logx, (ApM) p.
52. For 9(x): = Znsx@log (rfl) we recall from (ApT) p. 97, that the PNT theorem is equivalent to
dﬂ(x) = Znsx@% ~ E

x

Remark 6: ((LaE) §56 p. 214): the n-th prime number is asymptotically equal to n-logn.

Building an arithmetical function for the term F(u,x) := n(2n — p) is challenging because of

Lemma 4, ((LaE) §56, p. 215):

from a certain number x on, there are more primes in the interval (1,x) than in the
interval (x,2x).

Remark 7: Lemma 4 cannot be proven with the PNT; the proof requires the asymptotics

x x x
n(x) =——+-—5—+o(

logx  log?x logzx)

Remark 8: The functions ,F (1,3;-z) and ,F (1,3;2) possesses the same zeros as the related
Whittaker function z‘3/4M11(z), which is the solution of the corresponding self-adjoint (ODE)

Whittaker operator ((BuH) §17.1). The latter one also plays key role for the radial Schrédinger
operator with a Coulomb potential or with a morse potential on the half line (Del), (LaJl).
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Corresponding integrals of oscillatory type for ,F, ng) (when the variables are real) are the
Fresnel integrals ¢(x),S(x) with lim €(x) = lim S(x) =% with the exact error formula (OIF) p. 67,

2x . 2x) _ [2x 13 . _ xcostdt . xsintdt 1 N ie™ o 13-..(2n-1)
¢ (\’ n) +i-C <\’ n') - \’ T 1F (z‘z’lx) - J‘0 vzt T N (2 +lz) \/anznzo @ior

The formula allows an alternative ,2-semicircle (even/odd integer) method" with an underlying
,major/minor arcs I/II* concept based on two appropriately defined Fresnel integral distribution
functions (cos (t) > 0, sin (t) > 0), enabled by the real part values o, of ,F, G,%;Zm’z). With respect to

the link to exponentials Riesz bases we refer to (KoG), (NaA) and the references cited there.

Lemma 5:

For the real part values w, of |F; (%% Zm'Z) it holds (SeA)

i) 2n—1 < 2w, Wy + Wpy1 —1<2n < 2w, + 1, 0, + w1 <2n+1
.. 3 1 1 1 -1 1 1 1 -1 1 1
i) n—>< AP == wn——,l,(f)——:=M——<n——<wn+—,m+—<n+—
4 4 4 4 2 4 4 4 2 4 4
1 1 -1
iii) n—;<wn<n,5<w1,%<1,sn:z%ﬁlnEN
iv) the non-integer sequences 2w, and w, + w,,; fulfill a kind of Hadamard gap condition
1
n+- 1 2n+2 1
%>_2=1+_>q>1 resp. M>L= >q>1
Wy n 2n Wy +Wniq 2n+1 2n+1
1 1
V) 9521<(un+1—wn<1—221—9
. . o “’_"_l . Witwy-1 _l .
vi) putting a, =~ —=> , by =——>——7 it follows

1 1 1 witwy—1
0<ay=wy—3<an—=5, ;<by<b= 2

<1, apby—a,€(03) , byl—a,€(G, ).

Lemma 6, (BaR), (KaD):

The following inequalities are valid

C - [ 1F G,Ci X)]Z < 1F(apc x)- Fi(1—aycx) < [ 1F1 G;C; X)]z-

2 ! 2n

Remark 9: For the sequences a, =“—> , b, ="t holds a, € (0,%) resp. b, € (21, 1) with
lim a, = Aingo b, = 1/2, and the domain of each sequence has Snirelmann density % Therefore, it

n—oo

holds
—x 1F(ap; an +1,—log x), —x 1Fy(by; by + 1,—log x) - li(x) = —x ;F;(1;1,—log x).

Remark 10: In the context of non-harmonic Fourier series theory the counterpart of y: =
{11,1,1,...... } can be defined by (a, b),: = {ay, by.ay, bs..... }. It enables ,two check points®, while
running once through the unit circle, one ,check point" for each prime number p, q.

Remark 11: The sequences s, = and t, :=%‘:1’1 fulfill the Hardy-Littlewood condition [s,., — s,| <
X, e.g. s, has a defined Abel average ((EdH) 12.7) lim*mrtertes —

THr24r34ee

Remark 12 ((KaM), (KoA), (ZyA)): Let {n,} be a sequence of integers satisfying the Hadamard gap
condition, i.e. % > g > 1, then trigonometric gap series ;- c,sin (2mnx) converges almost

k
everywhere iff ¥%_, ¢ < oo.

Remark 13: We note that for T(logx):= Znsxilog (%), x =1, the inverse mapping is given by
([ScW] lemma 3.3)

i n)
a(x): =T (logx) = Zner " l0g )
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Remark 14: With respect to Remark 7 we note that what also cannot derived from the PNT is the
convergence of the series

()] 1
T Erlog(D) =1

~The corresponding theorem goes deeper than the PNT, and from it the PNT can be easily derived"
((LaE) §160). From (ApT) p. 66 we recall that the PNT can be derived from X7 % =0.

The related point measure is given by 9(x) = znsx%’”log (g)) with d9 = %[Zm&:)] dx. Because of
“log(¥) =2 it can be replaced by

« n) 2x un) 2x
9°(x) = K, + TN ( )
(x) Znnostfd n g(zwn*%) anz’i’én n 8 wn+mn+1—%
n=1

with d9 = d9*~= = d(logx) resp.

Ymodd — #) lOg( ) +Zneven—10g( 2 1) <1

n=1 WntWns1—7,

The additional term w, + w,,, —% for the ,n even" series (i.e. not starting the series w, + w ., +§) is to
get ,n=1" as an element of the underlying domain, i.e. both domains get a Snirelmann density of

e 2 -1 1 2 -1 wptw, 1 -
2. Additionally both related sequences, (F) =w, —7 and (m ” _1) == fulfill the
prerequisite of the ((YoR) p. 36)

Kadec %—Theorem: If 0, is @ sequence of real numbers for which
lo, —v| <L <§ ,v=0+142,..,

then {e™*}, o, . Satisfies the Paley-Wiener criterion and so forms a Riesz basis for
Li(—m,m) = H (—m, ).

The below strongly increasing sequences (4, 4%) and (4?, 4?) (lemma 9) enable the definition
of a twofold finer sieve method (HaH): there is the split above between ,0dd" and ,even" series,
both with underlying Snirelmann densitiy 2, governing two different arithmetical functions on
the first level; on a second level per each series there can be built specific sieve methods per
underlying considered ,prime interval® domains [1,p] and [p, 2p], to overcome the mentioned
challenge in lemma 4 to build an arithmetical function for F(u,x) := n(2n — p) based on lemma 2.

From (LaEl) we note that 2% 4Gy m;ﬁ while Y¥_; Gy ~ (log(u))2 because the odd k can be

neglected as every odd number can be represented as sum of two primes, if k — 2 is prime,
otherwise not.

Lemma 7:

For the sequences pair (A(",2%") it holds 2" € (k—2,k), 2%’ € (kk +2), and therefore,

£<£ LZ)<1 res i 1 1 Zkl i.ﬁ.lu) i
2k+1 k P- 2k 2(k+1) 2k zk+1 2k Kk k+— 2k
resp.
<Y AP <T+1) <X AP <S(n+2).
Lemma 8:

1

Putting i’ = 2" =, af” =2’ —> one gets
@n-1) <A =3 ol AP =23, [Zn - a,(f)] <2n<
2 2 712 1 1
<AP =1 - n 0@, A;):; iﬁl[Zn—a,({)]<(2n+1)

and each of the two domains of the two merged, strongly increasing sequences (A(l) /TS))
and (4%, 4?) both have Snirelmann density %.
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The link to the proposed Kummer function based Zeta function theory is given by the theory of
quasi-asymptotics in distributional Hilbert scales, defined via the eigenvalues of the specific
Whittaker operator with the fundamental solutions, (AbM) 13.1.31, (GrI) 9.212,

3 3z 3 _3 .z
1Fy (%,E;Z) =z 462M%%(Z) and F (1,5; —z) =7z e ZM%%(Z) .
From the (A1) lemma we recall the asymptotics

d[ 17, (%,%;logx)]z ~ (Z9)%dx .

logx

For the construction of a Kummer function related arithmetical function one gets from lemma 5
vii)) with s = 1/2

)
i.e. (t » —logx =log (i)) it holds

1
1 _ 1 lagi()l—c) 1F1(1,§:10gx) 1 1 Mlyl(logx)
fo h(ydx =1 for h(x) = x ar(3) lzo;x = 2r(2) Jxlogx 41409)(

1 eX
@
strongly decreasing) sequences 9% with 0 <6, <1 and lim 9% =~ (i=12) allow to approximate the

Remark: Recalling ,F,(a,a+ 1;x)~ and %%Faz(x) = ﬁFa(x) - Fp.1(x) two (strongly increasing resp.

d|.F G,%;logt)]zintegral density in the following form

2

] 1d 13
rlll_zg 1F (191(11),19,(11) +1; logx) - F (19,(12) +1, 19,52) +2; logx)] = Ea[ 1k (E'E; logx)]

2 2
ZF (197([1),19511) + 1;1ogx)- \F, (19512) +1,09 4 2; logx) ~ gr(ﬁl(l))r(ﬁl(z)) [w’; x] ~ %[m’;x] .
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