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A NOTE ON THE FIFTH EDITION
For the present edition I have
completely revised the "Generalization of
Gravitation Theory" under the title
"Relativistic Theory of the Non-symmetric
Field." For I have succeeded-in part in
collaboration with my assistant B.
Kaufman-in simplifying the derivations as
well as the form of the field equations.
The whole theory becomes thereby more
transparent, without changing its content.
A.E.-December 1954
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SPACE AND TIME IN PRE-RELATIVITY PHYSICS

T

HE theory of relativity is intimately connected with the theory of space and time. I shall
therefore begin with a brief investigation of the origin of our ideas of space and time,
although in doing so I know that I introduce a controversial subject. The object of all science,
whether natural science or psychology, is to co-ordinate our experiences and to bring them into a
logical system. How are our customary ideas of space and time related to the character of our
experiences?
The experiences of an individual appear to us arranged in a series of events; in this series the
single events which we remember appear to be ordered according to the criterion of "earlier" and
"later," which cannot be analysed further. There exists, therefore, for the individual, an 1-time, or
subjective time. This in itself is not measurable. I can, indeed, associate numbers with the events,
in such a way that a greater number is associated with the later event than with an earlier one; but
the nature of this association may be quite arbitrary. This association I can define by means of a
clock by comparing the order of events furnished by the clock with the order of the given series
of events. We understand by a clock something which provides a series of events which can be
counted, and which has other properties of which we shall speak later.
By the aid of language different individuals can, to a certain extent, compare their experiences.
Then it turns out that certain sense perceptions of different individuals correspond to each other, while
for other sense perceptions no such correspondence can be established. We are accustomed to regard
as real those sense perceptions which are common to different individuals, and which therefore are, in
a measure, impersonal. The natural sciences, and in particular, the most fundamental of them, physics,
deal with such sense perceptions. The conception of physical bodies, in particular of rigid bodies, is a
relatively constant complex of such sense perceptions. A clock is also a body, or a system, in the same
sense, with the additional property that the series of events which it counts is formed of elements all
of which can be regarded as equal.
The only justification for our concepts and system of concepts is that they serve to represent
the complex of our experiences; beyond this they have no legitimacy. I am convinced that the
philosophers have had a harmful effect upon the progress of scientific thinking in removing
certain fundamental concepts from the domain of empiricism, where they are under our control,
to the intangible heights of the a priori. For even if it should appear that the universe of ideas
cannot be deduced from experience by logical means, but is, in a sense, a creation of the human
mind, without which no science is possible, nevertheless this universe of ideas is just as little
independent of the nature of our experiences as clothes are of the form of the human body. This is
particularly true of our concepts of time and space, which physicists have been obliged by the
facts to bring down from the Olympus of the a priori in order to adjust them and put them in a
serviceable condition.
We now come to our concepts and judgments of space. It is essential here also to pay strict
attention to the relation of experience to our concepts. It seems to me that Poincare clearly
recognized the truth in the account he gave in his book, "La Science et 1'Hypothese." Among all
the changes which we can perceive in a rigid body those which can be cancelled by a voluntary
motion of our body are marked by their simplicity; Poincare calls these, changes in position. By
means of simple changes in position we can bring two bodies into contact. The theorems of congruence, fundamental in geometry, have to do with the laws that govern such changes in position.
For the concept of space the following seems essential. We can form new bodies by bringing
bodies B, C, . . . up to body A; we say that we continue body A. We can continue body A in such
a way that it comes into contact with any other body, X. The ensemble of all continuations of
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body A we can designate as the "space of the body A." Then it is true that all bodies are in
the "space of the (arbitrarily chosen) body A." In this sense we cannot speak of space in the
abstract, but only of the "space belonging to a body A." The earth's crust plays such a dominant
role in our daily life in judging the relative positions of bodies that it has led to an abstract
conception of space which certainly cannot be defended. In order to free ourselves from this fatal
error we shall speak only of "bodies of reference," or "space of reference." It was only through
the theory of general relativity that refinement of these concepts became necessary, as we shall
see later.
I shall not go into detail concerning those properties of the space of reference which lead to
our conceiving points as elements of space, and space as a continuum. Nor shall I attempt to
analyse further the properties of space which justify the conception of continuous series of points,
or lines. If these concepts are assumed, together with their relation to the solid bodies of
experience, then it is easy to say what we mean by the three-dimensionality of space; to each point
three numbers, x1, x2, x3 (co-ordinates), may be associated, in such a way that this association is
uniquely reciprocal, and that x1, x2 and x3 vary continuously when the point describes a continuous
series of points (a line).
It is assumed in pre-relativity physics that the laws of the configuration of ideal rigid bodies are
consistent with Euclidean geometry. What this means may be expressed as follows: Two points
marked on a rigid body form an interval. Such an interval can be oriented at rest, relatively to our
space of reference, in a multiplicity of ways. If, now, the points of this space can be referred to coordinates x1, x2, x3, in such a way that the differences of the co-ordinates, ∆x1, ∆x2, ∆x3, of the two
ends of the interval furnish the same sum of squares,

s 2 = ∆x12 + ∆x22 + ∆x32

(1)

for every orientation of the interval, then the space of reference is called Euclidean, and the coordinates Cartesian.* It is sufficient, indeed, to make this assumption in the limit for an infinitely
small interval. Involved in this assumption there are some which are rather less special, to which we
must call attention on account of their fundamental significance. In the first place, it is assumed that
one can move an ideal rigid body in an arbitrary manner. In the second place, it is assumed that the
behaviour of ideal rigid bodies towards orientation is independent of the material of the bodies and
their changes of position, in the sense that if two intervals can once be brought into coincidence,
they can always and everywhere be brought into coincidence. Both of these assumptions, which are
of fundamental importance for geometry and especially for physical measurements, naturally arise
from experience; in the theory of general relativity their validity needs to be assumed only for
bodies and spaces of reference which are infinitely small compared to astronomical dimensions.
The quantity s we call the length of the interval. In order that this may be uniquely determined it
is necessary to fix arbitrarily the length of a definite interval; for example, we can put it equal to 1
(unit of length). Then the lengths of all other intervals may be determined. If we make the xν
linearly dependent upon a parameter λ,

xν = aν + λ bν
we obtain a line which has all the properties of the straight lines of the Euclidean geometry. In
particular, it easily follows that by laying off n times the interval s upon a straight line, an interval
of length n . s is obtained. A length, therefore, means the result of a measurement carried out along

*

This relation must hold for an arbitrary choice of the origin and of the direction (ratios ∆x1 : ∆x2 : ∆x3) of the
interval.
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a straight line by means of a unit measuring rod. It has a significance which is as independent
of the system of co-ordinates as that of a straight line, as will appear in the sequel.
We come now to a train of thought which plays an analogous role in the theories of special
and general relativity. We ask the question: besides the Cartesian co-ordinates which we have
used are there other equivalent co-ordinates? An interval has a physical meaning which is
independent of the choice of co-ordinates; and so has the spherical surface which we obtain as the
locus of the end points of all equal intervals that we lay off from an arbitrary point of our space of
reference. If xν as well as x'ν (ν from 1 to 3) are Cartesian co-ordinates of our space of reference,
then the spherical surface will be expressed in our two systems of co-ordinates by the equations

∑ ∆xν

2

= const.

∑ ∆x ' ν =
2

const.

(2)
(2a)

How must the x’ν be expressed in terms of the xν in order that equations (2) and (2a) may be
equivalent to each other? Regarding the x’ν expressed as functions of the xν, we can write, by
Taylor's theorem, for small values of the ∆xν,

∆x 'ν = ∑
α

∂x 'ν
∂ 2 x 'ν
1
∆xα + ∑
∆xα ∆xβ . . .
2 αβ ∂xα ∂xβ
∂xα

If we substitute (2a) in this equation and compare with (1), we see that the x’ν, must be linear
functions of the xν. If we therefore put

x 'ν = αν + ∑ bνα xα

(3)

∆x 'ν = ∑ bνα xα

(3a)

α

or

α

then the equivalence of equations (2) and (2a) is expressed in the form

∑ ∆x 'ν = λ ∑ ∆xν
2

2

(λ independent of ∆xν )

It therefore follows that λ must be a constant.
conditions

(2b)

If we put λ = 1, (2b) and (3a) furnish the

bνα bνβ = δ αβ
∑
ν

(4)

in which δ αβ = 1 or δ αβ = 0 , according as α = β or α ≠ β . The conditions (4) are called the
conditions of orthogonality, and the transformations (3), (4), linear orthogonal transformations. If
we stipulate that s 2 =
∆xν2 shall be equal to the square of the length in every system of co-ordi-

∑

nates, and if we always measure with the same unit scale, then λ must be equal to 1. Therefore
the linear orthogonal transformations are the only ones by means of which we can pass from one
Cartesian system of co-ordinates in our space of reference to another. We see that in applying
such transformations the equations of a straight line become equations of a straight line.
Reversing equations (3a) by multiplying both sides by bνβ and summing for all the ν 's , we
obtain

bνα bνβ ∆xα = ∑ δ αβ ∆xα = ∆xβ
∑ bνβ ∆x 'ν = ∑
να
α

3

(5)

The same coefficients, b, also determine the inverse substitution of ∆xν . Geometrically, bνα
is the cosine of the angle between the x 'ν , axis and the xα axis.
To sum up, we can say that in the Euclidean geometry there are (in a given space of reference)
preferred systems of co-ordinates, the Cartesian systems, which transform into each other by
linear orthogonal transformations. The distances between two points of our space of reference,
measured by a measuring rod, is expressed in such co-ordinates in a particularly simple manner.
The whole of geometry may be founded upon this conception of distance. In the present
treatment, geometry is related to actual things (rigid bodies), and its theorems are statements concerning the behaviour of these things, which may prove to be true or false.
One is ordinarily accustomed to study geometry divorced from any relation between its
concepts and experience. There are advantages in isolating that which is purely logical and
independent of what is, in principle, incomplete empiricism. This is satisfactory to the pure
mathematician. He is satisfied if he can deduce his theorems from axioms correctly, that is,
without errors of logic. The questions as to whether Euclidean geometry is true or not does not
concern him. But for our purpose it is necessary to associate the fundamental concepts of
geometry with natural objects; without such an association geometry is worthless for the
physicist. The physicist is concerned with the question as to whether the theorems of geometry
are true or not. That Euclidean geometry, from this point of view, affirms something more than
the mere deductions derived logically from definitions may be seen from the following simple
consideration.
Between n points of space there are

n(n − 1)
distances, sµν ; between these and the 3n co2

ordinates we have the relations

2
sµν
= ( x1( µ ) − x1(ν ) ) + ( x2( µ ) − x2(ν ) ) + . . .
2

2

n(n − 1)
equations the 3n co-ordinates may be eliminated, and from this elimination
2
n(n − 1)
at least
− 3n equations in the sµν will result.* Since
2
the sµν are measurable quantities, and by definition are independent of each other, these relations
From these

between the sµν are not necessary a priori.
From the foregoing it is evident that the equations of transformation (3), (4) have a
fundamental significance in Euclidean geometry, in that they govern the transformation from one
Cartesian system of co-ordinates to another. The Cartesian systems of co-ordinates are
characterized by the property that in them the measurable distance between two points, s, is
expressed by the equation

s 2 = ∑ ∆xν2
If K ( xν ) and K '( xν ) are two Cartesian systems of co-ordinates, then

∑ ∆xν = ∑ ∆x 'ν
2

*

In reality there are

n( n − 1)
2

2

− 3n + 6 equations.
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The right-hand side is identically equal to the left-hand side on account of the equations
of the linear orthogonal transformation, and the right-hand side differs from the left-hand side
only in that the xν , are replaced by the x 'ν .This is expressed by the statement that
∆xν2 is an

∑

invariant with respect to linear orthogonal transformations. It is evident that in the Euclidean
geometry only such, and all such, quantities have an objective significance, independent of the
particular choice of the Cartesian co-ordinates, as can be expressed by an invariant with respect
to linear orthogonal transformations. This is the reason that the theory of invariants, which has to
do with the laws that govern the form of invariants, is so important for analytical geometry.
As a second example of a geometrical invariant, consider a volume. This is expressed by

V = ∫∫∫ dx1dx2 dx3
By means of Jacobi's theorem we may write

⌠⌠⌠ ∂ ( x '1 , x '2 , x '3 )
V = ∫∫∫ dx '1dx '2 dx '2 = 
dx1dx2 dx3
⌡⌡⌡ ∂ ( x1 , x2 , x3 )
where the integrand in the last integral is the functional determinant of the x 'ν with respect to the xν
and this by (3) is equal to the determinant bµν of the coefficients of substitution, bµα . If we form
the determinant of the δ µα from equation (4), we obtain, by means of the theorem of multiplication of
determinants,

1 = δ αβ =

bνα bνβ
∑
ν

2

= bµν ;

bµν = ±1

(6)

If we limit ourselves to those transformations which have the determinant +1* (and only these
arise from continuous variations of the systems of co-ordinates) then V is an invariant.
Invariants, however, are not the only forms by means of which we can give expression to the
independence of the particular choice of the Cartesian co-ordinates. Vectors and tensors are other
forms of expression. Let us express the fact that the point with the current co-ordinates xν lies
upon a straight line. We have

xν − Aν = λ Bν (ν from 1 to 3).
Without limiting the generality we can put

∑ Bν

2

=1

If we multiply the equations by bβν (compare (3a) and (5)) and sum for all the ν's, we get

x 'β − A 'β = λ B 'β

*

There are thus two kinds of Cartesian systems which are designated as "right-handed" and "left-handed" systems.
The difference between these is familiar to every physicist and engineer. It is interesting to note that these two kinds
of systems cannot be defined geometrically, but only the contrast between them.
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where we have written

B 'β = ∑ bβν Bν ;

A 'β = ∑ bβν Aν

ν

ν

These are the equations of straight lines with respect to a second Cartesian system of coordinates K'. They have the same form as the equations with respect to the original system of coordinates. It is therefore evident that straight lines have a significance which is independent of
the system of co-ordinates. Formally, this depends upon the fact that the quantities
( xν − Aν ) − λ Bν are transformed as the components of an interval, ∆xν . The ensemble of three
quantities, defined for every system of Cartesian co-ordinates, and which transform as the components of an interval, is called a vector. If the three components of a vector vanish for one
system of Cartesian co-ordinates, they vanish for all systems, because the equations of
transformation are homogeneous. We can thus get the meaning of the concept of a vector without
referring to a geometrical representation. This behaviour of the equations of a straight line can be
expressed by saying that the equation of a straight line is co-variant with respect to linear
orthogonal transformations.
We shall now show briefly that there are geometrical entities which lead to the concept of
tensors. Let P0 be the centre of a surface of the second degree, P any point on the surface, and ξν
the projections of the interval P0P upon the co-ordinate axes. Then the equation of the surface is

∑ aµν ξ µξν = 1
In this, and in analogous cases, we shall omit the sign of summation, and understand that the
summation is to be carried out for those indices that appear twice. We thus write the equation of
the surface

aµν ξ µξν = 1

The quantities aµν determine the surface completely, for a given position of the centre, with
respect to the chosen system of Cartesian co-ordinates. From the known law of transformation for
the ξν (3a) for linear orthogonal transformations, we easily find the law of transformation for the

aµν *:
a 'στ = bσµ bτν aµν
This transformation is homogeneous and of the first degree in the aµν . On account of this
transformation, the aµν are called components of a tensor of the second rank (the latter on
account of the double index). If all the components, aµν of a tensor with respect to any system of
Cartesian co-ordinates vanish, they vanish with respect to every other Cartesian system. The form
and the position of the surface of the second degree is described by this tensor (a).
Tensors of higher rank (number of indices) may be defined analytically. It is possible and
advantageous to regard vectors as tensors of rank 1, and invariants (scalars) as tensors of rank 0.
In this respect, the problem of the theory of invariants may be so formulated: according to what
laws may new tensors be formed from given tensors? We shall consider these laws now, in order
to be able to apply them later. We shall deal first only with the properties of tensors with respect
to the transformation from one Cartesian system to another in the same space of reference, by
*

The equation

a 'στ ξ 'σ ξ 'τ = 1

may, by (5), be replaced by

immediately follows.
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a 'στ bµσ bντ ξσ ξτ = 1 ,

from which the result stated

means of linear orthogonal transformations. As the laws are wholly independent of the
number of dimensions, we shall leave this number, n, indefinite at first.
Definition. If an object is defined with respect to every system of Cartesian co-ordinates in a
space of reference of n dimensions by the nα numbers Aµνρ . . . ( α = number of indices), then
these numbers are the components of a tensor of rank α if the transformation law is

A 'µ 'ν ' ρ ' ... = bµ ' µ bν 'ν bρ ' ρ ... Aµνρ ...

(7)

Remark. From this definition it follows that

Aµνρ ... Bµ Cν Dρ ...

(8)

is an invariant, provided that (B), (C), (D) . . . are vectors. Conversely, the tensor character of (A)
may be inferred, if it is known that the expression (8) leads to an invariant for an arbitrary choice
of the vectors (B), (C), etc.
Addition and Subtraction. By addition and subtraction of the corresponding, components of
tensors of the same rank, a tensor of equal rank results:
(9)
Aµνρ ... ± Bµνρ ... = Cµνρ ...
The proof follows from the definition of a tensor given above.
Multiplication. From a tensor of rank α and a tensor of rank β we may obtain a tensor of rank
α + β by multiplying all the components of the first tensor by all the components of the
second tensor:
(10)
Tµνρ ... αβγ ... = Aµνρ ... Bαβγ ...
Contraction. A tensor of rank α − 2 may be obtained from one of rank α by putting
two definite indices equal to each other and then summing for this single index:



Tρ ... = Aµµρ ...  = ∑ Aµµρ ... 
 µ

The proof is

(11)

A 'µµρ ... = bµα bµβ bµγ ... Aαβγ ... = δ αβ bργ ... Aαβγ ... = bργ ... Aααγ ...

In addition to these elementary rules of operation there is also the formation of tensors
by differentiation ("Erweiterung"):

Tµνρ ... α =

∂Aµνρ ...
∂xα

(12)

New tensors, in respect to linear orthogonal transformations, may be formed from
tensors according to these rules of operation.
Symmetry Properties of Tensors. Tensor are called metrical or skew-symmetrical in
respect to two of their indices, µ and ν , if both the components which result from
interchanging the indices µ and ν are equal to each other or equal with opposite signs.
Condition for symmetry:

Aµνρ = Aνµρ .
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Condition for skew-symmetry:

Aµνρ = − Aνµρ .

Theorem. The character of symmetry or skew-symmetry exists independently of the
choice of co-ordinates, and in this lies its importance. The proof follows from the
equation defining tensors.

Special Tensors.
I. The quantities δ ρσ (4) are tensor components (fundamental tensor).
Proof. If in the right-hand side of the equation of transformation A 'µν = bµα bνβ Aαβ , we
substitute for Aαβ the quantities δ αβ (which are equal to 1 or 0 according as α = β or

α ≠ β ), we get
A 'µν = bµα bνα = δ µν
The justification for the last sign of equality becomes evident if one applies (4) to the
inverse substitution (5)
II. There is a tensor ( δ µνρ ... ) skew-symmetrical with respect to all pairs of indices,
whose rank is equal to the number of dimensions, n, and whose components are equal to
+1 or −1 according as µνρ ... is an even or odd permutation of 123…
The proof follows with the aid of the theorem proved above bρσ = 1 .
These few simple theorems form the apparatus from the theory of invariants for building
the equations of pre-relativity physics and the theory of special relativity.
We have seen that in pre-relativity physics, in order to specify relations in space, a
body of reference, or a space of reference, is required, and, in addition, a Cartesian
system of co-ordinates. We can fuse both these concepts into a single one by thinking of a
Cartesian system of co-ordinates as a cubical frame-work formed of rods each of unit
length. The co-ordinates of the lattice points of this frame are integral numbers. It follows
from the fundamental relation

s 2 = ∆x12 + ∆x22 + ∆x32

(13)

that the members of such a space-lattice are all of unit length. To specify relations in time,
we require in addition a standard clock placed, say, at the origin of our Cartesian system of coordinates or frame of reference. If an event takes place anywhere we can assign to it three coordinates, xν , and a time t , as soon as we have specified the time of the clock at the origin which
is simultaneous with the event. We therefore give (hypothetically) an objective significance to the
statement of the simultaneity of distant events, while previously we have been concerned only
with the simultaneity of two experiences of an individual. The time so specified is at all events
independent of the position of the system of co-ordinates in our space of reference, and is
therefore an invariant with respect to the transformation (3).
It is postulated that the system of equations expressing the laws of pre-relativity physics is covariant with respect to the transformation (3), as are the relations of Euclidean geometry. The
isotropy and homogeneity of space is expressed in this way.* We shall now consider some of the
more important equations of physics from this point of view.
*

The laws of physics could be expressed, even in case there were a preferred direction in space, in such a way as to
be co-variant with respect to the transformation (3); but such an expression would in this case be unsuitable. If there
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The equations of motion of a material particle are

d 2 xν
m 2 = Xν
dt

( dxν ) is a vector; d t ,

and therefore also

(14)

1
 dx 
, an invariant; thus  ν  i s a vector; in the same
dt
 dt 

 d 2 xν 
is a vector. In general, the operation of differentiation with
2 
 dt 

way it may be shown that 

respect to time does not alter the tensor character. Since m i s an invariant (tensor of rank 0),

 d 2 xν 
 m 2  is a vector, or tensor of rank 1 (by the theorem of the multiplication of tensors). If the
 dt 
 d 2 xν

force ( X ν ) has a vector character, the same holds for the difference  m
− Xν  . These
2
 dt

equations of motion are therefore valid in every other system of Cartesian co-ordinates in the
space of reference. In the case where the forces are conservative we can easily recognize the
vector character of ( X ν ) .
For a potential energy, Φ exists, which depends only upon the
mutual distances of the particles, and is therefore an invariant. The vector character of the force,

Xν = −

∂Φ
, is then a consequence of our general theorem about the derivative of a tensor of
∂xν

rank 0.
Multiplying by the velocity, a tensor of rank 1, we obtain the tensor equation

 d 2 xν
 dxµ
=0
 m 2 − Xν 
 dt
 dt
By contraction and multiplication by the scalar dt we obtain the equation of kinetic energy

 mq 2 
d
 = Xν dxν
 2 
If ξν denotes the difference of the co-ordinates of the material particle and a point fixed in
space, then the ξν have vector character. We evidently have

d 2 xν d 2ξν
= 2 so that the equations
dt 2
dt

of motion of the particle may be written

m

d 2ξν
− Xν = 0
dt 2

Multiplying this equation by ξ µ we obtain a tensor equation

 d 2ξν

 m 2 − Xν  ξ µ = 0
 dt

were a preferred direction in space it would simplify the description of natural phenomena to orient the system of coordinates in a definite way with respect to this direction. But if, on the other hand, there is no unique direction in
space it is not logical to formulate the laws of nature in such a way as to conceal the equivalence of systems of coordinates that are oriented differently. We shall meet with this point of view again in the theories of special and
general relativity.
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Contracting the tensor on the left and taking the time average we obtain the virial theorem,
which we shall not consider further. By interchanging the indices and subsequent subtraction, we
obtain, after a simple transformation, the theorem of moments,

dξ µ  
d   dξν
− ξν
m  ξµ
  = ξ µ Xν − ξν X µ
dt  
dt
dt  

(15)

It is evident in this way that the moment of a vector is not a vector but a tensor. On account of
their skewsymmetrical character there are not nine, but only three independent equations of this
system. The possibility of replacing skew-symmetrical tensors of the second rank in space of
three dimensions by vectors depends upon the formation of the vector

Aµ =

1
Aστ δ στµ
2

If we multiply the skew-symmetrical tensor of rank 2 by the special skew-symmetrical tensor

δ introduced above, and contract twice, a vector results whose components are numerically

equal to those of the tensor. These are the so-called axial vectors which transform differently,
from a right-handed system to a left-handed system, from the ∆xν . There is a gain in
picturesqueness in regarding a skew-symmetrical tensor of rank 2 as a vector in space of three
dimensions, but it does not represent the exact nature of the corresponding quantity so well as
considering it a tensor.
We consider next the equations of motion of a continuous medium. Let ρ be the density, uν
the velocity components considered as functions of the co-ordinates and the time, Xν the volume
forces per unit of mass, and pνσ the stresses upon a surface perpendicular to the σ -axis in the
direction of increasing xν ,. Then the equations of motion area, by Newton's law,

ρ
in which

∂p
duν
= − νσ + ρ Xν
dt
∂xσ

duν
is the acceleration of the particle which at time t has the co-ordinates xν .
dt

If we

express this acceleration by partial differential coefficients, we obtain, after dividing by ρ ,

∂uν ∂uν
1 ∂pνσ
uσ = −
+
+ Xν
∂t ∂xσ
ρ ∂xσ

(16)

We must show that this equation holds independently of the special choice of the Cartesian
system of co-ordinates. ( uν ) is a vector, and therefore

∂uν
∂uν
is also a vector.
is a tensor of
∂t
∂xσ

∂uν
uτ is a tensor of rank 3. The second term on the left results from contraction in the
∂xσ
indices σ , τ . The vector character of the second term on the right is obvious. In order that the
first term on the right may also be a vector it is necessary for pνσ to be a tensor. Then by
∂pνσ
results, and is therefore a vector, as it also is after
differentiation and contraction
∂xσ
rank 2,
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multiplication by the reciprocal scalar

1

. That pνσ is a tensor, and therefore transforms

ρ

according to the equation

p 'µν = bµα bνβ pαβ
is proved in mechanics by integrating this equation over an infinitely small tetrahedron. It is also
proved there, by application of the theorem of moments to an infinitely small parallelepipedon, that
pνσ = pσν , and hence that the tensor of the stress is a symmetrical tensor. From what has been said
it follows that, with the aid of the rules given above, the equation is co-variant with respect to
orthogonal transformations in space (rotational transformations); and the rules according to which
the quantities in the equation must be transformed in order that the equation may be co-variant also
become evident.
The co-variance of the equation of continuity,

∂ρ ∂ ( ρ uν )
+
=0
∂t
∂xν

(17)

requires, from the foregoing, no particular discussion.
We shall also test for co-variance the equations which express the dependence of the stress
components upon the properties of the matter, and set up these equations for the case of a
compressible viscous fluid with the aid of the conditions of co-variance. If we neglect the viscosity, the pressure, p, will be a scalar, and will depend only upon the density and the temperature
of the fluid. The contribution to the stress tensor is then evidently

pδ µν

in which δ µν

is the special symmetrical tensor. This term will also be present in the case of a

viscous fluid. But in this case there will also be pressure terms, which depend upon the space
derivatives of the uν . We shall assume that this dependence is a linear one. Since these terms must
be symmetrical tensors, the only ones which enter will be

 ∂u
∂u
α µ + ν
 ∂x
 ν ∂xµ
(for


∂u
 + βδ µν α
∂xα


∂uα
is a scalar). For physical reasons (no slipping) it is assumed that for symmetrical
∂xα

dilatations in all directions, i.e. when

∂u1 ∂u2 ∂u3
∂u1
;
, etc., = 0
=
=
∂x1 ∂x2 ∂x3
∂x2
2
3

there are no frictional forces present, from which it follows that β = − α . If only
different from zero, let p31 = −η

∂u1
is
∂x3

∂u1
, by which α is determined. We then obtain for the
∂x3

complete stress tensor,

 ∂uµ ∂u
pµν = pδ µν − η 
+ ν

x
∂
 ν ∂xµ


 2  ∂u ∂u ∂u 
 −  1 + 2 + 3  δ µν 

 3  ∂x1 ∂x2 ∂x3 
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(18)

The heuristic value of the theory of invariants, which arises from the isotropy of space
(equivalence of all directions), becomes evident from this example.
We consider, finally, Maxwell's equations in the form which are the foundation of the electron
theory of Lorentz.

 ∂h3 ∂h2 1 ∂e1 1
 ∂x − ∂x = c ∂t + c i1
3
 2
 ∂h1 ∂h3 1 ∂e2 1
−
=
+ i2

 ∂x3 ∂x1 c ∂t c
. . . . . . . . . .

 ∂e1 ∂e2 ∂e3
 ∂x + ∂x + ∂x = ρ
2
3
 1

(19)

1 ∂h1
 ∂e3 ∂e2
 ∂x − ∂x = − c ∂t
3
 2
 ∂e1 ∂e3
1 ∂h2
−
=−

c ∂t
 ∂x3 ∂x1
. . . . . . . . .

 ∂h1 ∂h2 ∂h3
 ∂x + ∂x + ∂x = 0
2
3
 1

(20)

i is a vector, because the current density is defined as the density of electricity multiplied by
the vector velocity of the electricity. According to the first three equations it is evident that e is
also to be regarded as a vector. Then h cannot be regarded as a vector.* The equations may,
however, easily be interpreted if h is regarded as a skewsymmetrical tensor of the second rank.
Accordingly, we write h23, h31, h12, in place of h 1, h 2 , h 3 respectively. Paying attention to the skewsymmetry of hµν , the first three equations of (19) and (20) may be written in the form

∂hµν
∂xν
∂eµ
∂xν

−

1 ∂eµ 1
+ iµ
c ∂t c

(19a)

∂eν
1 ∂hµν
=+
∂xµ
c ∂t

(20a)

=

In contrast to e, h appears as a quantity which has the same type of symmetry as an angular
velocity. The divergence equations then take the form

∂eν
=ρ
∂xν

*

(19b)

These considerations will make the reader familiar with tensor operations without the special difficulties of the fourdimensional treatment; corresponding considerations in the theory of special relativity (Minkowski's interpretation of the
field) will then offer fewer difficulties.
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∂hµν
∂xρ

+

∂hνρ
∂xµ

+

∂hρµ
∂xν

=0

(20b)

The last equation is a skew-symmetrical tensor equation of the third rank (the skew-symmetry of
the left-hand side with respect to every pair of indices may easily be proved, if attention is paid to
the skew-symmetry of hµν ). This notation is more natural than the usual one, because, in contrast
to the latter, it is applicable to Cartesian left-handed systems as well as to right-handed systems
without change of sign.
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THE THEORY OF SPECIAL RELATIVITY

T

HE previous considerations concerning the configuration of rigid bodies have been founded,
irrespective of the assumption as to the validity of the Euclidean geometry, upon the hypothesis
that all directions in space, or all configurations of Cartesian systems of co-ordinates, are physically
equivalent. We may express this as the "principle of relativity with respect to direction," and it has
been shown how equations (laws of nature) may be found, in accord with this principle, by the aid of
the calculus of tensors. We now inquire whether there is a relativity with respect to the state of motion
of the space of reference; in other words, whether there are spaces of reference in motion relatively to
each other which are physically equivalent.
From the standpoint of mechanics it appears that
equivalent spaces of reference do exist. For experiments upon the earth tell us nothing of the fact that
we are moving about the sun with a velocity of approximately 30 kilometres a second. ~ On the other
hand, this physical equivalence does not seem to hold for spaces of reference in arbitrary motion; for
mechanical effects do not seem to be subject to the same laws in a jolting railway train as in one
moving with uniform velocity; the rotation of the earth must be considered in writing down the
equations of motion relatively to the earth. It appears, therefore, as if there were Cartesian systems of
co-ordinates, the so-called inertial systems, with reference to which the laws of mechanics (more
generally the laws of physics) are expressed in the simplest form. We may surmise the validity of the
following proposition: If K is an inertial system, then every other system K' which moves uniformly
and without rotation relatively to K, is also an inertial system; the laws of nature are in concordance
for all inertial systems. This statement we shall call the "principle of special relativity." We shall draw
certain conclusions from this principle of "relativity of translation" just as we have already done for
relativity of direction.

In order to be able to do this, we must first solve the following problem. If we are given the
Cartesian co-ordinates, x„ and the time t, of an event relatively to one inertial system, K, how can we
calculate the co-ordinates, x 'ν and the time, t', of the same event relatively to an inertial system K'
which moves with uniform translation relatively to K? In the pre-relativity physics this problem was
solved by making unconsciously two hypotheses:
1. Time is absolute; the time of an event, t', relatively to K' is the same as the time relatively to K.
If instantaneous signals could be sent to a distance, and if one knew that the state of motion of a clock
had no influence on its rate, then this assumption would be physically validated. For then clocks,
similar to one another, and regulated alike, could be distributed over the systems K and K', at rest
relatively to them, and their indications would be independent of the state of motion of the systems;
the time of an event would then be given by the clock in its immediate neighbourhood.
2. Length is absolute; if an interval, at rest to K, has a length s, then it has the same length s
relatively to a system K' which is in motion to K.
If the axes of K and K' are parallel to each other, a simple calculation based on these two
assumptions, gives the equations of transformation

 x 'ν = xν − aν − bν t

 t ' =t −b

(21)

This transformation is known as the "Galilean Transformation." Differentiating twice by the time,
we get

d 2 x 'ν d 2 xν
= 2
dt 2
dt
Further, it follows that for two simultaneous events,
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x 'ν (1) − x 'ν (2) = xν (1) − xν (2)
The invariance of the distance between the two points results from squaring and adding. From this
easily follows the co-variance of Newton's equations of motion with respect to the Galilean
transformation (21). Hence it follows that classical mechanics is in accord with the principle of
special relativity if the two hypotheses respecting scales and clocks are made.
But this attempt to found relativity of translation upon the Galilean transformation fails when
applied to electromagnetic phenomena. The Maxwell-Lorentz electromagnetic equations are not covariant with respect to the Galilean transformation. In particular, we note, by (21), that a ray of light
which referred to K has a velocity c, has a different velocity referred to K', depending upon its
direction. The space of reference of K is therefore distinguished, with respect to its physical
properties, from all spaces of reference which are in motion relatively to it (quiescent ether). But all
experiments have shown that electro-magnetic and optical phenomena, relatively to the earth as the
body of reference, are not influenced by the translational velocity of the earth. The most important of
these experiments are those of Michelson and Morley, which I shall assume are known. The validity
of the principle of special relativity also with respect to electromagnetic phenomena can therefore
hardly be doubted.
On the other hand, the Maxwell-Lorentz equations have proved their validity in the treatment of
optical problems in moving bodies. No other theory has satisfactorily explained the facts of
aberration, the propagation of light in moving bodies (Fizeau), and phenomena observed in double
stars (De Sitter). The consequence of the Maxwell-Lorentz equations that in a vacuum light is
propagated with the velocity c, at least with respect to a definite inertial system K, must therefore be
regarded as proved. According to the principle of special relativity, we must also assume the truth of
this principle for every other inertial system.
Before we draw any conclusions from these two principles we must first review the physical
significance of the concepts "time" and "velocity." It follows from what has gone before, that coordinates with respect to an inertial system are physically defined by means of measurements and
constructions with the aid of rigid bodies. In order to measure time, we have supposed a clock, U,
present somewhere, at rest relatively to K. But we cannot fix the time, by means of this clock, of an
event whose distance from the clock is not negligible; for there are no "instantaneous signals" that we
can use in order to compare the time of the event with that of the clock. In order to complete the
definition of time we may employ the principle of the constancy of the velocity of light in a vacuum.
Let us suppose that we place similar clocks at points of the system K, at rest relatively to it, and
regulated according to the following scheme. A ray of light is sent out from one of the clocks, U m , at
the instant when it indicates the time tm , and travels through a vacuum a distance rmn to the clock U n ;
at the instant when this ray meets the clock U n the latter is set to indicate the time tn = tm +

rmn
c

*

. The

principle of the constancy of the velocity of light then states that this adjustment of the clocks will not
lead to contradictions. With clocks so adjusted, we can assign the time to events which take place near
any one of them. It is essential to note that this definition of time relates only to the inertial system K,
since we have used a system of clocks at rest relatively to K. The assumption which was made in the
pre-relativity physics of the absolute character of time (i.e. the independence of time of the choice of the
inertial system) does not follow at all from this definition.

*

Strictly speaking, it would be more correct to define simultaneity first, somewhat as follows: two events taking place at the
points A and B o f the system K are simultaneous i f they appear at the same instant when observed from the middle point,
M, o f the interval A B . Time is then defined as the ensemble of the indications of similar clocks, at rest relatively to K,
which register the same time simultaneously.
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The theory of relativity is often criticized for giving, without justification, a central theoretical
role to the propagation of light, in that it founds the concept of time upon the law of propagation of light.
The situation, however, is somewhat as follows. In order to give physical significance to the concept of
time, processes of some kind are required which enable relations to be established between different
places. It is immaterial what kind of processes one chooses for such a definition of time. It is
advantageous, however, for the theory, to choose only those processes concerning which we know
something certain. This holds for the propagation of light in vacuo in a higher degree than for any other
process which could be considered, thanks to the investigations of Maxwell and H. A. Lorentz.
From all of these considerations, space and time data have a physically real, and not a mere
fictitious, significance; in particular this holds for all the relations in which co-ordinates and time
enter, e.g. the relations (21). There is, therefore, sense in asking whether those equations are true
or not, as well as in asking what the true equations of transformation are by which we pass from
one inertial system K to another, K', moving relatively to it. It may be shown that this is uniquely
settled by means of the principle of the constancy of the velocity of light and the principle of
special relativity.
To this end we think of space and time physically defined with respect to two inertial systems, K
and K', in the way that has been shown. Further, let a ray of light pass from one point P1, to another
point P2 of K through a vacuum. If r is the measured distance between the two points, then the
propagation of light must satisfy the equation

r = c.∆t

If we square this equation, and express r2 by the differences of the co-ordinates, ∆xν in place of this
equation we can write

∑ ( ∆xν )

2

− c 2 ∆t 2 = 0

(22)

This equation formulates the principle of the constancy of the velocity of light relatively to K. It must
hold whatever may be the motion of the source which emits the ray of light.
The same propagation of light may also be considered relatively to K', in which case also the
principle of the constancy of the velocity of light must be satisfied. Therefore, with respect to K',
we have the equation

∑ ( ∆x 'ν )

2

− c 2 ∆ t '2 = 0

(22a)

Equations (22a) and (22) must be mutually consistent with each other with respect to the
transformation which transforms from K to K'. A transformation which effects this we shall call a
"Lorentz transformation."
Before considering these transformations in detail we shall make a few general remarks about space
and time. In the pre-relativity physics space and time were separate entities. Specifications of time were
independent of the choice of the space of reference. The Newtonian mechanics was relative with respect
to the space of reference, so that, e.g. the statement that two non-simultaneous events happened at the
same place had no objective meaning (that is, independent of the space of reference). But this relativity
had no rôle in building up the theory. One spoke of points of space, as of instants of time, as if they were
absolute realities. It was not observed that the true element of the space-time specification was the event
specified by the four numbers x1 , x2 , x3 , t .The conception of something happening was always that of a
four-dimensional continuum; but the recognition of this was obscured by the absolute character of the
pre-relativity time. Upon giving up the hypothesis of the absolute character of time, particularly that of
simultaneity, the four-dimensionality of the time-space concept was immediately recognized. It is
neither the point in space, nor the instant in time, at which something happens that has physical reality,
but only the event itself. There is no absolute (independent of the space of reference) relation in space,
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and no absolute relation in time between two events, but there is an absolute (independent of the
space of reference) relation in space and time, as will appear in the sequel. The circumstance that there is
no objective rational division of the four-dimensional continuum into a three-dimensional space and a
one-dimensional time continuum indicates that the laws of nature will assume a form which is logically
most satisfactory when expressed as laws in the four-dimensional space-time continuum. Upon this
depends the great advance in method which the theory of relativity owes to Minkowski. Considered
from this standpoint, we must regard x1 , x2 , x3 , t as the four co-ordinates of an event in the fourdimensional continuum. We have far less success in picturing to ourselves relations in this fourdimensional continuum than in the three-dimensional Euclidean continuum; but it must be emphasized
that even in the Euclidean three-dimensional geometry its concepts and relations are only of an abstract
nature in our minds, and are not at all identical with the images we form visually and through our sense
of touch. The non-divisibility of the four-dimensional continuum of events does not at all, however,
involve the equivalence of the space co-ordinates with the time co-ordinate. On the contrary, we must
remember that the time co-ordinate is defined physically wholly differently from the space co-ordinates.
The relations (22) and (22a) which when equated define the Lorentz transformation show, further, a
difference in the role of the time co-ordinate from that of the space co-ordinates; for the term Ate has the
opposite sign to the space terms, ∆x12 , ∆x22 , ∆x32 .
Before we analyse further the conditions which define the Lorentz transformation, we shall
introduce the light-time, l = ct , in place of the time, t, in order that the constant c shall not enter
explicitly into the formulas to be developed later. Then the Lorentz transformation is defined in such a
way that, first, it makes the equation

∆x12 + ∆x22 + ∆x32 − ∆l 2 = 0

(22b)

a co-variant equation, that is, an equation which is satisfied with respect to every inertial system if it is
satisfied in the inertial system to which we refer the two given events (emission and reception of the
ray of light). Finally, with Minkowski, we introduce in place of the real time co-ordinate l = ct , the
imaginary time co-ordinate

x4 = il = ict

(

−1 = i

)

Then the equation defining the propagation of light, which must be co-variant with respect to the
Lorentz transformation, becomes

∑ ∆xν

2

= ∆x12 + ∆x22 + ∆x32 + ∆x42 = 0

(22c)

(4)

This condition is always satisfied* if we satisfy the more general condition that

s 2 = ∆x12 + ∆x22 + ∆x32 + ∆x42

(23)

shall be an invariant with respect to the transformation. This condition is satisfied only by linear
transformations, that is, transformations of the type

x 'µ = aµ + bµα xα

(24)

in which the summation over the α is to be extended from α = 1 to α = 4. A glance at equations
(23) (24) shows that the Lorentz transformation so defined is identical with the translational and

*

That this specialization lies in the nature of the case will be evident later.
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rotational transformations of the Euclidean geometry, if we disregard the number of dimensions
and the relations of reality. We can also conclude that the coefficients bµα must satisfy the conditions

bµα bνα = δ µν = bαµ bαν

(25)

Since the ratios of the xν are real, it follows that all the aµ and the bµα are real, except a4 ,

b41 , b42 , b43 , b14 , b24 , and b34 which are purely imaginary.
Special Lorentz Transformation. We obtain the simplest transformations of the type of (24) and
(25) if only two of the co-ordinates are to be transformed, and if all the aµ , which merely determine
the new origin, vanish. We obtain then for the indices 1 and 2, on account of the three independent
conditions which the relations (25) furnish,

 x '1 = x1 cos φ − x2 sin φ
 x ' = x sin φ + x cos φ
 2
1
2

 x '3 = x3
 x '4 = x4

(26)

This is a simple rotation in space of the (space) co-ordinate system about the x3 -axis. We see that
the rotational transformation in space (without the time transformation) which we studied before is
contained in the Lorentz transformation as a special case. For the indices 1 and 4 we obtain, in an
analogous manner,

 x '1 = x1 cosψ − x4 sin ψ
 x ' = x sin ψ + x cosψ
 4
1
4

 x '2 = x2
 x '3 = x3

(26a)

On account of the relations of reality Ψ must be taken as imaginary. To interpret these equations
physically, we introduce the real light-time l and the velocity v of K' relatively to K, instead of the
imaginary angle Ψ . We have, first,

x '1 = x1 cosψ − il sin ψ

l ' = −ix1 sinψ + l cosψ
Since for the origin of K', i.e., for x '1 = 0, we must have x1 = vl , it follows from the first of these
equations that
v = i tanψ
(27)
and also

−iv

sin ψ =
1 − v2


cosψ = 1

1 − v2
so that we obtain
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(28)

x1 − vl

 x '1 =
1 − v2


l − vx1
 l'=
1 − v2

 x '2 = x2

 x '3 = x3
These equations form the well-known special Lorentz transformation, which in the general theory
represents a rotation, through an imaginary angle, of the four-dimensional system of co-ordinates. If
we introduce the ordinary time t, in place of the light-time l, then in (29) we must replace l by ct and v
by

v
.
c

We must now fill in a gap. From the principle of the constancy of the velocity of light it follows
that the equation

∑ ∆xν

2

=0

has a significance which is independent of the choice of the inertial system; but the invariance of the
quantity
∆xν2 does not at all follow from this. This quantity might be transformed with a factor.

∑

This depends upon the fact that the right-hand side of (29) might be multiplied by a factor λ , which
may depend on v. But the principle of relativity does not permit this factor to be different from 1, as
we shall now show. Let us assume that we have a rigid circular cylinder moving in the direction of its
axis. If its radius, measured at rest with a unit measuring rod is equal to Ro, its radius R in motion,
might be different from Ro, since the theory of relativity does not make the assumption that the shape
of bodies with respect to a space of reference is independent of their motion relatively to this space of
reference. But all directions in space must be equivalent to each other. R may therefore depend upon
the magnitude q of the velocity, but not upon its direction; R must therefore be an even function of q.
If the cylinder is at rest relatively to K' the equation of its lateral surface is

x '2 + y '2 = R02
If we write the last two equations of (29) more generally

x '2 = λ x2
x '3 = λ x3
then the lateral surface of the cylinder referred to K satisfies the equation

x2 + y 2 =

R02

λ2

The factor λ therefore measures the lateral contraction ofthe cylinder, and can thus, from the above,
be only an even function of v.
If we introduce a third system of co-ordinates, K", which moves relatively to K' with velocity v in
the direction of the negative x-axis of K, we obtain, by applying (29) twice,
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x ''1 = λ (v)λ (−v) x1
. . . .
. . . .
l '' = λ (v)λ (−v)l
Now, since λ (v) must be equal to λ (−v) , and since we assume that we use the same measuring rods
in all the systems, it follows that the transformation of K" to K must be the identical transformation
(since the possibility λ = −1 does not need to be considered). It is essential for these considerations
to assume that the behaviour of the measuring rods does not depend upon the history of their previous
motion.
Moving Measuring Rods and Clocks. At the definite K time, l = 0, the position of the points
given by the integers x '1 = n , is with respect to K, given by x1 = n 1 − v 2 ; this follows from the
first of equations (29) and expresses the Lorentz contraction. A clock at rest at the origin x1 = 0 of K,
whose beats are characterized by l = n, will, when observed from K', have beats characterized by

l'=

n
1 − v2

this follows from the second of equations (29) and shows that the clock goes slower than if it
were at rest relatively to K'. These two consequences, which hold, mutatis mutandis, for
every system of reference, form the physical content, free from convention, of the Lorentz
transformation.
Addition Theorem for Velocities. If we combine two special Lorentz transformations with the
relative velocities v1 and v2 , then the velocity of the single Lorentz transformation which takes the
place of the two separate ones is, according to (27), given by

v12 = i tan (ψ 1 + ψ 2 ) = i

tanψ 1 + tan ψ 2
v +v
= 1 2
1 − tan ψ 1 tanψ 2 1 + v1v2

(30)

General Statements about the Lorentz Transformation and its Theory of Invariants. The
whole theory of invariants of the special theory of relativity depends upon the invariant s2 (23).
Formally, it has the same rôle in the four-dimensional space-time continuum as the invariant
∆x12 + ∆x22 + ∆x32 in the Euclidean geometry and in the pre-relativity physics. The latter quantity is
not an invariant with respect to all the Lorentz transformations; the quantity s 2 of equation (23)
assumes the rôle of this invariant. With respect to an arbitrary inertial system, s2 may be determined
by measurements; with a given unit of measure it is a completely determinate quantity, associated
with an arbitrary pair of events.
The invariant s 2 differs, disregarding the number of dimensions, from the corresponding invariant
of the Euclidean geometry in the following points. In the Euclidean geometry s 2 is necessarily
positive; it vanishes only when the two points concerned come together. On the other hand, from the
vanishing of

s 2 = ∑ ∆xν2 = ∆x12 + ∆x22 + ∆x32 + ∆t 2
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it cannot be concluded that the two space-time points fall together; the vanishing of this quantity
s2, is the invariant condition that the two space-time points can be connected by a light signal in
vacuo. If P is a point (event) represented in the four-dimensional space of the x1 , x2 , x3 , l , then all
the "points" which can be connected to P by means of a light signal lie upon the cone s2 = 0 (compare
Fig. 1, in which the dimension x3 is suppressed). The "upper" half of the cone may contain the

FIG. 1

"points" to which light signals can be sent from P; then the "lower" half of the cone will contain the
"points" from which light signals can be sent to P. The points P' enclosed by the conical surface
furnish, with P, a negative s2; PP', as well as P'P is then, according to Minkowski, time-like. Such
intervals represent elements of possible paths of motion, the velocity being less than that of light.* In
this case the 1-axis may be drawn in the direction of PP' by suitably choosing the state of motion of
the inertial system. If P' lies outside of the "light-cone" then PP' is space-like; in this case, by properly
choosing the inertial system, ∆l can be made to vanish.
By the introduction of the imaginary time variable, x4 = il , Minkowski has made the theory of
invariants for the four-dimensional continuum of physical phenomena fully analogous to the theory of
invariants for the three-dimensional continuum of Euclidean space. The theory of four-dimensional
tensors of special relativity differs from the theory of tensors in three-dimensional space, therefore,
only in the number of dimensions and the relations of reality.
A physical entity which is specified by four quantities, Aν , in an arbitrary inertial system of the

x1 , x2 , x3 , x4 , is called a 4-vector, with the components Aν , if the Aν correspond in their relations of
reality and the properties of transformation to the ∆xν ; it may be space-like or timelike. The sixteen
quantities Aµν then form the components of a tensor of the second rank, if they transform according
to the scheme

A 'µν = bµα bνβ Aαβ
It follows from this that the Aµν behave, with respect to their properties of transformation and their
properties of reality, as the products of the components, U µ , Vν of two 4-vectors, (U) and (V). All
the components are real except those which contain the index 4 once, those being purely imaginary.
Tensors of the third and higher ranks may be defined in an analogous way. The operations of addition,
*

That material velocities exceeding that of light are not possible, follows from the appearance of the radical
the special Lorentz transformation (29).
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1 − v in
2

subtraction, multiplication, contraction and differentiation for these tensors are wholly analogous
to the corresponding operations for tensors in three-dimensional space.
Before we apply the tensor theory to the four-dimensional space-time continuum, we shall
examine more particularly the skew-symmetrical tensors. The tensor of the second rank has, in
general, 16 = 4.4 components. In the case of skew-symmetry the components with two equal
indices vanish, and the components with unequal indices are equal and opposite in pairs. There
exist, therefore, only six independent components, as is the case in the electromagnetic field. In
fact, it will be shown when we consider Maxwell's equations that these may be looked upon as
tensor equations, provided we regard the electromagnetic field as a skew-symmetrical tensor.
Further, it is clear that a skew-symmetrical tensor of the third rank (skew-symmetrical in all
pairs of indices) has only four independent components, since there are only four combinations
of three different indices.
We now turn to Maxwell's equations (19a), (19b), (20a), (20b), and introduce the notation:*

φ23

h23

φ31
h31

φ12
h12

 J1

1
 c ix

φ14
− iex

φ24
− iey

J2

J3

J4

1
iy
c

1
iz
c

iρ

φ34
− iez

(30a)

(31)

with the convention that φ µν shall be equal to −φ µν . Then Maxwell's equations may be
combined into the forms

∂φ µν
∂xν
∂φ µν
∂xσ

+

= Jµ

∂φνσ ∂φσµ
+
=0
∂xµ
∂xν

(32)
(33)

as one can easily verify by substituting from (30a) and (31). Equations (32) and (33) have a
tensor character, and are therefore co-variant with respect to Lorentz transformations, if the φ µν
and the J µ have a tensor character, which we assume. Consequently, the laws for transforming
these quantities from one to another allowable (inertial) system of co-ordinates are uniquely
determined. The progress in method which electro-dynamics owes to the theory of special
relativity lies principally in this, that the number of independent hypotheses is diminished. If
we consider, for example, equations (19a) only from the standpoint of relativity of direction, as
we have done above, we see that they have three logically independent terms. The way in
which the electric intensity enters these equations appears to be wholly independent of the way
∂eµ
in which the magnetic intensity enters them; it would not be surprising if instead of
, we
∂l
∂ 2 eµ
, or if this term were absent. On the other hand, only two independent terms
had, say,
∂l 2
appear in equation (32). The electromagnetic field appears as a formal unit; the way in which
*

In order to avoid confusion from now on we shall use the three-dimensional space indices, x, y, z instead of 1, 2, 3, and
we shall reserve the numeral indices 1, 2, 3, 4 for the four-dimensional space-time continuum.
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the electric field enters this equation is determined by the way in which the magnetic field
enters it. Besides the electromagnetic field, only the electric current density appears as an independent entity. This advance in method arises from the fact that the electric and magnetic fields
lose their separate existences through the relativity of motion. A field which appears to be
purely an electric field, judged from one system, has also magnetic field components when
judged from another inertial system. When applied to an electromagnetic field, the general law
of transformation furnishes, for the special case of the special Lorentz transformation, the
equations



e 'x = ex

e y − vhz
e ' y =
1 − v2


e + vhy
e ' z = z
1 − v2


h 'x = hx
h 'y =
h 'z =

hy + vez
1 − v2
hz − vey

(34)

1 − v2

If there exists with respect to K only a magnetic field, h, but no electric field, e, then with respect
to K' there exists an electric field e' as well, which would act upon an electric particle at rest relatively
to K'. An observer at rest relatively to K would designate this force as the Biot-Savart force, or the
Lorentz electromotive force. It therefore appears as if this electromotive force had become fused with
the electric field intensity into a single entity.
In order to view this relation formally, let us consider the expression for the force acting upon unit
volume of electricity,
(35)
k = ρe+i x h
in which i is the vector velocity of electricity, with the velocity of light as the unit. If we introduce
J µ and φ µ according to (30a) and (31), we obtain for the first component the expression

φ12 J 2 + φ13 J 3 + φ14 J 4
Observing that φ11 , vanishes on account of the skewsymmetry of the tensor ( φ ), the components of k
are given by the first three components of the four-dimensional vector

K µ = φ µν Jν

(36)

K 4 = φ41 J1 + φ42 J 2 + φ43 J 3 = i ( exix + e y i y + ez iz ) = iλ

(37)

and the fourth component is given by

There is, therefore, a four-dimensional vector of force per unit volume; whose first three components,
k1, k2, k3 are the ponderomotive force components per unit volume, and whose fourth component is
the rate of working of the field per unit volume, multiplied by
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−1 .

l
l2

l
l1
O
Fig. 2

x1

A comparison of (36) and (35) shows that the theory of relativity formally unites the
ponderomotive force of the electric field, ρ e , and the Biot-Savart or Lorentz force i x h.
Mass and Energy. An important conclusion can be drawn from the existence and significance of
the 4-vector K µ . Let us imagine a body upon which the electromagnetic field acts for a time. In the
symbolic figure (Fig. 2) Ox1 designates the x1-axis, and is at the same time a substitute for the three
space axes Ox1, Ox2, Ox3; Ol designates the real time axis. In this diagram a body of finite extent is
represented, at a definite time l, by the interval AB; the whole space-time existence of the body is
represented by a strip whose boundary is everywhere inclined less than 45° to the l-axis. Between the
time sections, l = l1, and l = l2, but not extending to them, a portion of the strip is shaded. This
represents the portion of the space-time manifold in which the electromagnetic field acts upon the
body, or upon the electric charges contained in it, the action upon them being transmitted to the body.
We shall now consider the changes which take place in the momentum and energy of the body as a
result of this action.
We shall assume that the principles of momentum and energy are valid for the body. The change
in momentum, ∆Ix, ∆Iy, ∆Iz, and the change in energy, ∆E, are then given by the expressions

1
K1dx1dx2 dx3 dx4
i∫
. . . . . . . . . . . . . . .
l1

∆I x = ∫ dl ∫ k x dxdydz =
l0

. . . . . . . . . . . . . . .
l1
1 1
∆E = ∫ dl ∫ λdxdydz = ⌠
 K 4 dx1dx2 dx3 dx4
l0
i⌡i
Since the four-dimensional element of volume is an invariant, and (K1, K2, K3, K4) forms a 4-vector,
the four-dimensional integral extended over the shaded portion transforms as a 4-vector, as does also
the integral between the limits l1, and l 2 , because the portion of the region which is not shaded
contributes nothing to the integral. It follows, therefore, that ∆Ix, ∆Iy, ∆Iz, i∆E form a 4-vector. Since
the quantities themselves may be presumed to transform in the same way as their increments, we infer
that the aggregate of the four quantities
Ix, Iy, Iz, iE
has itself vector character; these quantities are referred to an instantaneous condition of the body (e.g.
at the time l = l1).
This 4-vector may also be expressed in terms of the mass m, and the velocity of the body,
considered as a material particle. To form this expression, we note first, that
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− ds 2 = dτ 2 = − ( dx12 + dx22 + dx32 ) − dx42 = dl 2 (1 − q 2 )

(38)

is an invariant which refers to an infinitely short portion of the four-dimensional line which represents
the motion of the material particle. The physical significance of the invariant d τ may easily be given.
If the time axis is chosen in such a way that it has the direction of the line differential which we are
considering, or, in other terms, if we transform the material particle to rest, we shall have d τ = dl; this
will therefore be measured by the light-seconds clock which is at the same place, and at rest relatively
to the material particle. We therefore call r the proper time of the material particle. As opposed to dl,
d τ is therefore an invariant, and is practically equivalent to dl for motions whose velocity is small
compared to that of light. Hence we see that

uσ =

dxσ
dτ

(39)

has, just as the dx ν ,, the character of a vector; we shall designate (uσ) as the four-dimensional vector
(in brief, 4-vector) of velocity. Its components satisfy, by (38), the condition

∑ uσ = −1
2

(40)

We see that this 4-vector, whose components in the ordinary notation are

qx
1 − q2

,

qy
1 − q2

qz

,

1 − q2

,

i
1 − q2

(41)

is the only 4-vector which can be formed from the velocity components of the material particle
which are defined in three dimensions by

qx =

dx
dy
dz
, q y = , qz =
dl
dl
dl

We therefore see that

 dxµ 
m

 dτ 

(42)

must be that 4-vector which is to be equated to the 4-vector of momentum and energy whose
existence we have proved above. By equating the components, we obtain, in threedimensional
notation,


Ix =

. .

. .

E =


mqx
1 − q2
. . .
. . .
m
1 − q2
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(43)

We recognize, in fact, that these components of momentum agree with those of
classical mechanics for velocities which are small compared to that of light. For large velocities
the momentum increases more rapidly than linearly with the velocity, so as to become infinite
on approaching the velocity of light.
If we apply the last of equations (43) to a material particle at rest (q = 0), we see that the
energy, Eo , of a body at rest is equal to its mass. Had we chosen the second as our unit of time,
we would have obtained

E0 = mc 2

(44)

Mass and energy are therefore essentially alike; they are only different expressions for the same
thing. The mass of a body is not a constant; it varies with changes in its energy.* We see from
the last of equations (43) that E becomes infinite when q approaches l, the velocity of light. If
we develop E in powers of q 2 , we obtain,

E = m+

m 2 3 4
q + mq + . . .
2
8

(45)

The second term of this expansion corresponds to the kinetic energy of the material particle in
classical mechanics.
Equations of Motion of Material Particles. From (43) we obtain, by differentiating by
the time l, and using the principle of momentum, in the notation of threedimensional vectors,

K=

d  mq

dl  1 − q 2






(46)

This equation, which was previously employed by H. A. Lorentz for the motion of
electrons, has been proved to be true, with great accuracy, by experiments with β-rays.
Energy Tensor of the Electromagnetic Field. Before the development of the theory of
relativity it was known that the principles of energy and momentum could be expressed in a
differential form for the electromagnetic field. The four-dimensional formulation of these
principles leads to an important conception, that of the energy tensor, which is important for
the further development of the theory of relativity.
If in the expression for the 4-vector of force per unit volume,

K µ = φ µν Jν
using the field equations (32), we express Jν in terms of the field intensities, φ µν , we obtain, after
some transformations and repeated application of the field equations (32) and (33), the expression

*

The emission of energy in radioactive processes is evidently connected with the fact that the atomic weights are not
integers. The equivalence between mass at rest and energy at rest which is expressed in equation (44) has been confirmed
in many cases during recent years. In radio-active decomposition the sum of the resulting masses is always less than the
mass of the decomposing atom. The difference appears in the form of kinetic energy of the generated particles as well as
in the form of released radiational energy.
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Kµ = −

∂Tµν

(47)

∂xν

where we have written*

1 2
Tµν = − φαβ
δ µν + φµα φνα
4

(48)

The physical meaning of equation (47) becomes evident if in place of this equation we write,
using a new notation,


∂pxx ∂pxy ∂pxz ∂ ( ibx )
−
−
−
k x = −
∂x
∂y
∂z
∂ ( il )

. . . . . . . . . . . . .

. . . . . . . . . . . . .


∂ ( isx ) ∂ ( is y ) ∂ ( isz ) ∂ ( −η )
iλ = −
−
−
−
∂x
∂y
∂z
∂ ( il )


(47a)

or, on eliminating the imaginary,


∂pxx ∂pxy ∂pxz ∂bx
−
−
−
k x = −
x
y
z
∂
∂
∂
∂l

. . . . . . . . . . . . .

. . . . . . . . . . . . .

∂s ∂s y ∂sz ∂η
−
−
λ = − x −
∂x ∂y ∂z ∂l


(47b)

When expressed in the latter form, we see that the first three equations state the principle of
momentum; pxx . . . pzz are the Maxwell stresses in the electro-magnetic field, and (b x , b y, b z ) is the
vector momentum per unit volume of the field. The last of equations (47b) expresses the energy
principle; s is the vector flow of energy, and η the energy per unit volume of the field. In fact, we get
from (48) by introducing the real components of the field intensity the following expressions well
known from electrodynamics:

*

To be summed for the indices α and β.
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1 2
1 2 2 2

2
2
p
h
h
h
h
h
e
e
=
−
+
+
+
−
+
(
)
( ex + e y + ez )
xx
x
x
x
y
z
x
x

2
2

pxy = − hx hy − ex ey


pxz = − hx hz − ex ez

. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . .
b = s = e h − e h
x
y z
z y
 x
. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . .

1 2 2 2
2
2
2
η = + ( ex + e y + ez + hx + hy + hz )

2

(48a)

We notice from (48) that the energy tensor of the electromagnetic field is symmetrical; with this is
connected the fact that the momentum per unit volume and the flow of energy are equal to each other
(relation between energy and inertia).
We therefore conclude from these considerations that the energy per unit volume has the character
of a tensor. This has been proved directly only for an electromagnetic field, although we may claim
universal validity for it. Maxwell's equations determine the electromagnetic field when the
distribution of electric charges and currents is known. But we do not know the laws which govern the
currents and charges. We do know, indeed, that electricity consists of elementary particles (electrons,
positive nuclei), but from a theoretical point of view we cannot comprehend this. We do not know the
energy factors which determine the distribution of electricity in particles of definite size and
charge, and all attempts to complete the theory in this direction have failed. If then we can
build upon Maxwell's equations at all, the energy tensor of the electromagnetic field is known
only outside the charged particles.* In these regions, outside of charged particles, the only
regions in which we can believe that we have the complete expression for the energy tensor, we
have, by (47),

∂Tµν
∂xν

=0

(47c)

General Expressions for the Conservation Principles. We can hardly avoid making the
assumption that in all other cases, also, the space distribution of energy is given by a
symmetrical tensor, Tµν, and that this complete energy tensor everywhere satisfies the relation
(47c). At any rate we shall see that by means of this assumption we obtain the correct
expression for the integral energy principle.
Let us consider a spatially bounded, closed system, which, four-dimensionally, we may
represent as a strip, outside of which the Tµν vanish. Integrate equation (47c) over a space
section. Since the integrals of

∂Tµ1
∂x1

,

∂Tµ 2
∂x2

and

∂Tµ 3
∂x3

vanish because the Tµν vanish at the

limits of integration, we obtain

*

It has been attempted to remedy this lack of knowledge by considering the charged particles as proper
singularities. But in my opinion this means giving up a real understanding of the structure of matter. It seems to me
much better to admit our present inability rather than to be satisfied by a solution that is only apparent.
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∂
∂l

{∫ T

µ4

}

dx1dx2 dx3 = 0

(49)

Inside the parentheses are the expressions for the momentum of the whole system, multiplied
by i, together with the negative energy of the system, so that (49) expresses the conservation
principles in their integral form. That this gives the right conception of energy and the
conservation principles will be seen from the following considerations.

Fig. 3.
PHENOMENOLOGICAL REPRESENTATION OF THE
ENERGY TENSOR OF MATTER
Hydrodynamical Equations. We know that matter is built up of electrically charged particles,
but we do not know the laws which govern the constitution of these particles. In treating
mechanical problems, we are therefore obliged to make use of an inexact description of matter,
which corresponds to that of classical mechanics. The density σ, of a material substance and the
hydrodynamical pressures are the fundamental concepts upon which such a description is
based.

Let σ 0 be the density of matter at a place, estimated with reference to a system of coordinates moving with the matter. Then σ 0 , the density at rest, is an invariant. If we think
of the matter in arbitrary motion and neglect the pressures (particles of dust in vacuo,
neglecting the size of the particles and the temperature), then the energy tensor will depend
only upon the velocity components, uν and σ 0 . We secure the tensor character of Tµν by
putting
Tµν = σ 0uµ uν

(50)

in which the uµ in the three-dimensional representation, are given by (41). In fact, it follows from
(50) that for q = 0, T44 = − σ 0 (equal to the negative energy per unit volume), as it should, according
to the principle of the equivalence of mass and energy, and according to the physical interpretation
of the energy tensor given above. If an external force (four-dimensional vector, K µ ) acts upon the
matter, by the principles of momentum and energy the equation

Kµ =

∂Tµν
∂xν
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must hold. We shall now show that this equation leads to the same law of motion of a material
particle as that already obtained. Let us imagine the matter to be of infinitely small extent in space,
that is, a four-dimensional thread; then by integration over the whole thread with respect to the
space co-ordinates x1, x2, x3, we obtain

∫ K dx dx dx
1

Now

∫ dx dx dx dx
1

2

3

4

1

2

3

d 
dx dx

⌠ ∂T
=  14 dx1dx2 dx3 = −i ⌠
 σ 0 1 4 dx1dx2 dx3 
dl ⌡
d τ dτ
⌡ ∂x4


is an invariant, as is, therefore, also

∫σ

0

dx1 dx2 dx3 dx4 . We shall calculate this

integral, first with respect to the inertial system which we have chosen, and second, with respect to
a system relatively to which the matter has the velocity zero. The integration is to be extended over
a filament of the thread for which σ 0 may be regarded as constant over the whole section. If the
space volumes of the filament referred to the two systems are dV and dV0 respectively, then we have

∫ σ dVdl = ∫ σ dV dτ
0

0

0

and therefore also

⌠

∫ σ dV = ⌡ σ dV
0

0

0

dτ ⌠
dτ
=  dm i
dl ⌡
dx4

If we substitute the right-hand side for the left-hand side in the former integral, and put

dx1
dτ

outside the sign of integration, we obtain,

Kx =

d  dx1  d  m qx
m
= 
dl  dτ  dl  1 − q 2






We see, therefore, that the generalized conception of the energy tensor is in agreement with our
former result.
The Eulerian Equations for Perfect Fluids. In order to get nearer to the behaviour of real matter
we must add to the energy tensor a term which corresponds to the pressures. The simplest case is
that of a perfect fluid in which the pressure is determined by a scalar p. Since the tangential stresses
P=,, etc., vanish in this case, the contribution to the energy tensor must be of the form p δ µν . We
must therefore put

Tµν = σ uµ uν + p δ µν
At rest, the density of the matter, or the energy per unit volume, is in this case, not σ but σ − p. For

−T44 = −σ

dx4 dx4
− pδ 44 = σ − p
dτ dτ

In the absence of any force, we have

∂Tµν
∂xν

= σ uν

∂uµ
∂xν

+ uµ
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∂ (σ uν ) ∂p
+
=0
∂xν
∂xµ

 dxµ 
 and sum for the µ ‘s we obtain, using (40).
 dτ 

If we multiply this equation by u µ  =

−

where we have put

∂p dxµ
∂xµ dτ

=

dp
dτ

classical mechanics by the term

∂ (σ uν ) dp
+
=0
dτ
∂xν

(52)

. This is the equation of continuity, which differs from that of

dp

dτ
conservation principles take the form

, which, practically, is vanishingly small. Observing (52), the

σ

duµ
dτ

+ uµ

dp ∂p
+
=0
dτ ∂xµ

(53)

The equations for the first three indices evidently correspond to the Eulerian equations. That the
equations (52) and (53) correspond, to a first approximation, to the hydrodynamical equations of
classical mechanics, is a further confirmation of the generalized energy principle. The density of
matter (or of energy) has tensor character (specifically, it constitutes a symmetrical tensor).
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THE GENERAL THEORY OF RELATIVITY

A

LL of the previous considerations have been based upon the assumption that all inertial systems
are equivalent for the description of physical phenomena, but that they are preferred, for the
formulation of the laws of nature, to spaces of reference in a different state of motion. We can think of
no cause for this preference for definite states of motion to all others, according to our previous
considerations, either in the perceptible bodies or in the concept of motion; on the contrary, it must be
regarded as an independent property of the space-time continuum. The principle of inertia, in
particular, seems to compel us to ascribe physically objective properties to the space-time continuum.
Just as it was consistent from the Newtonian standpoint to make both the statements, tempus est
absolutum, spatium est absolutum, so from the standpoint of the special theory of relativity we
must say, continuum spatii et temporis est absolutum. In this latter statement absolutum means not
only "physically real," but also "independent in its physical properties, having a physical effect, but
not itself influenced by physical conditions."
As long as the principle of inertia is regarded as the keystone of physics, this standpoint is
certainly the only one which is justified.But there are two serious criticisms of the ordinary
conception. In the first place, it is contrary to the mode of thinking in science to conceive of a thing (the
space-time continuum) which acts itself, but which cannot be acted upon. This is the reason why E.
Mach was led to make the attempt to eliminate space as an active cause in the system of mechanics.
According to him, a material particle does not move in unaccelerated motion relatively to space, but
relatively to the centre of all the other masses in the universe; in this way the series of causes of
mechanical phenomena was closed, in contrast to the mechanics of Newton and Galileo. In order to
develop this idea within the limits of the modern theory of action through a medium, the properties of
the spacetime continuum which determine inertia must be regarded as field properties of space,
analogous to the electromagnetic field. The concepts of classical mechanics afford no way of expressing
this. For this reason Mach's attempt at a solution failed for the time being. We shall come back to this
point of view later.
In the second place, classical mechanics exhibits a deficiency which directly
calls for an extension of the principle of relativity to spaces of reference which are not in uniform
motion relatively to each other. The ratio of the masses of two bodies is defined in mechanics in two
ways which differ from each other fundamentally; in the first place, as the reciprocal ratio of, the
accelerations which the same motive force imparts to them (inert mass), and in the second place, as the
ratio of the forces which act upon them in the same gravitational field (gravitational mass). The equality
of these two masses, so differently defined, is a fact which is confirmed by experiments of very high
accuracy (experiments of Eötvös), and classical mechanics offers no explanation for this equality. It is,
however, clear that science is fully justified in assigning such a numerical equality only after this
numerical equality is reduced to an equality of the real nature of the two concepts.
That this object may actually be attained by an extension of the principle of relativity, follows from
the following consideration. A little reflection will show that the law of the equality of the inert and the
gravitational mass is equivalent to the assertion that the acceleration imparted to a body by a
gravitational field is independent of the nature of the body. For Newton's equation of motion in a
gravitational field, written out in full, is
(Inert mass) . (Acceleration) = (Intensity of the gravitational field) . (Gravitational mass).
It is only when there is numerical equality between the inert and gravitational mass that the acceleration
is independent of the nature of the body. Let now K be an inertial system. Masses which are sufficiently
far from each other and from other bodies are then, with respect to K, free from acceleration. We shall
also refer these masses to a system of co-ordinates K', uniformly accelerated with respect to K.
Relatively to K' all the masses have equal and parallel accelerations; with respect to K' they behave just
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as if a gravitational field were present and K' were unaccelerated. Overlooking for t1te present the
question as to the "cause" of such a gravitational field, which will occupy us later, there is nothing to
prevent our conceiving this gravitational field as real, that is, the conception that K' is "at rest" and a
gravitational field is present we may consider as equivalent to the conception that only K is an
"allowable" system of co-ordinates and no gravitational field is present. The assumption of the complete
physical equivalence of the systems of coordinates, K and K', we call the "principle of equivalence;" this
principle is evidently intimately connected with the law of the equality between the inert and the
gravitational mass, and signifies an extension of the principle of relativity to co-ordinate systems
which are in non-uniform motion relatively to each other. In fact, through this conception we
arrive at the unity of the nature of inertia and gravitation. For according to our 'way of looking at
it, the same masses may appear to be either under the action of inertia alone (with respect to K) or
under the combined action of inertia and gravitation (with respect to K'). The possibility of
explaining the numerical equality of inertia and gravitation by the unity of their nature gives to
the general theory of relativity, according to my conviction, such a superiority over the
conceptions of classical mechanics, that all the difficulties encountered must be considered as
small in comparison with this progress.
What justifies us in dispensing with the preference for inertial systems over all other co-ordinate
systems, a preference that seems so securely established by experience? The weakness of the
principle of inertia lies in this, that it involves an argument in a circle: a mass moves without
acceleration if it is sufficiently far from other bodies; we know that it is sufficiently far from
other bodies only by the fact that it moves without acceleration. Are there at all any inertial
systems for very extended portions of the space-time continuum, or, indeed, for the whole
universe? We may look upon the principle of inertia as established, to a high degree of
approximation, for the space of our planetary system, provided that we neglect the perturbations
due to the sun and planets. Stated more exactly, there are finite regions, where, with respect to a
suitably chosen space of reference, material particles move freely without acceleration, and in
which the laws of the special theory of relativity, which have been developed above, hold with
remarkable accuracy. Such regions we shall call "Galilean regions." We shall proceed from the
consideration of such regions as a special case of known properties.
The principle of equivalence demands that in dealing with Galilean regions we may equally
well make use of non-inertial systems, that is, such co-ordinate systems as, relatively to inertial
systems, are not free from acceleration and rotation. If, further, we are going to do away
completely with the vexing question as to the objective reason for the preference of certain
systems of co-ordinates, then we must allow the use of arbitrarily moving systems of coordinates. As soon as we make this attempt seriously we come into conflict with that physical
interpretation of space and time to which we were led by the special theory of relativity.
For
let K' be a system of co-ordinates whose z'-axis coincides with the z-axis of K, and which rotates
about the latter axis with constant angular velocity. Are the configurations of rigid bodies, at rest
relatively to K', in accordance with the laws of Euclidean geometry? Since K' is not an inertial
system, we do not know directly the laws of configuration of rigid bodies with respect to K', nor
the laws of nature, in general. But we do know these laws with respect to the inertial system K,
and we can therefore infer their form with respect to K'. Imagine a circle drawn about the origin
in the x'y' plane of K', and a diameter of this circle. Imagine, further, that we have given a large
number of rigid rods, all equal to each other. We suppose these laid in series along the periphery
and the diameter of the circle, at rest relatively to K'. If U is the number of these rods along the
periphery, D the number along the diameter, then, if K' does not rotate relatively to K, we shall
have

U
=π
D
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But if K' rotates we get a different result. Suppose that at a definite time t, of K we determine the
ends of all the rods. With respect to K all the rods upon the periphery experience the Lorentz
contraction, but the rods upon the diameter do not experience this contraction (along their lengths!).*
It therefore follows that

U
>π
D
It therefore follows that the laws of configuration of rigid bodies with respect to K' do not agree
with the laws of configuration of rigid bodies that are in accordance with Euclidean geometry. If,
further, we place two similar clocks (rotating with K'), one upon the periphery, and the other at the
centre of the circle, then, judged from K, the clock on the periphery will go slower than the clock at
the centre. The same thing must take place, judged from K', if we do not define time with respect to K'
in a wholly unnatural way, (that is, in such a way that the laws with respect to K' depend explicitly
upon the time). Space and time, therefore, cannot be defined with respect to K' as they were in the
special theory of relativity with respect to inertial systems. But, according to the principle of
equivalence, K' may also be considered as a system at rest, with respect to which there is a
gravitational field (field of centrifugal force, and force of Coriolis). We therefore arrive at the result:
the gravitational field influences and even determines the metrical laws of the space-time continuum.
If the laws of configuration of ideal rigid bodies are to be expressed geometrically, then in the
presence of a gravitational field the geometry is not Euclidean.
The case that we have been considering is analogous to that which is presented in the twodimensional treatment of surfaces. It is impossible in the latter case also, to introduce co-ordinates on
a surface (e.g. the surface of an ellipsoid) which have a simple metrical significance, while on a plane
the Cartesian co-ordinates, x1, x2, signify directly lengths measured by a unit measuring rod. Gauss
overcame this difficulty, in his theory of surfaces, by introducing curvilinear co-ordinates which, apart
from satisfying conditions of continuity, were wholly arbitrary, and only afterwards these co-ordinates
were related to the metrical properties of the surface. In an analogous way we shall introduce in the
general theory of relativity arbitrary co-ordinates, x1, x2, x3, x4, which shall number uniquely the
space-time points, so that neighbouring events are associated with neighbouring values of the coordinates; otherwise, the choice of co-ordinates is arbitrary. We shall be true to the principle of
relativity in its broadest sense if we give such a form to the laws that they are valid in every such fourdimensional system of co-ordinates, that is, if the equations expressing the laws are co-variant with
respect to arbitrary transformations.
The most important point of contact between Gauss's theory of surfaces and the general theory of
relativity lies in the metrical properties upon which the concepts of both theories, in the main, are
based. In the case of the theory of surfaces, Gauss's argument is as follows. Plane geometry may be
based upon the concept of the distance ds, between two infinitely near points. The concept of this
distance is physically significant because the distance can be measured directly by means of a rigid
measuring rod. By a suitable choice of Cartesian coordinates this distance may be expressed by the
formula ds 2 = dx12 + dx22 . We may base upon this quantity the concepts of the straight line as the
geodesic ( δ ∫ ds = 0 ), the interval, the circle, and the angle, upon which the Euclidean plane geometry
is built. A geometry may be developed upon another continuously curved surface, if we observe that
an infinitesimally small portion of the surface may be regarded as plane, to within relatively
infinitesimal quantities. There are Cartesian co-ordinates, X1, X2, upon such a small portion of the
surface, and the distance between two points, measured by a measuring rod, is given by

*

These considerations assume that the behavior of rods and clocks depends only upon velocities, and not upon
accelerations, or, at least, that the influence of acceleration does not counteract that of velocity.
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ds 2 = dX 12 + dX 22
If we introduce arbitrary curvilinear co-ordinates, x1, x2, on the surface, then dX1, dX2, may be
expressed linearly in terms of dx1, dx2. Then everywhere upon the surface we have

ds 2 = g11dx12 + 2 g12 dx1dx2 + g 22 dx22
where g11, g12, g22 are determined by the nature of the surface and the choice of co-ordinates; if these
quantities are known, then it is also known how networks of rigid rods may be laid upon the surface.
In other words, the geometry of surfaces may be based upon this expression for ds2 exactly as plane
geometry is based upon the corresponding expression.
There are analogous relations in the four-dimensional space-time continuum of physics. In the
immediate neighbourhood of an observer, falling freely in a gravitational field, there exists no
gravitational field. We can therefore always regard an infinitesimally small region of the space-time
continuum as Galilean. For such an infinitely small region there will be an inertial system (with the
space co-ordinates, Xl, X2, X3, and the time co-ordinate X4) relatively to which we are to regard the
laws of the special theory of relativity as valid. The quantity which is directly measurable by our unit
measuring rods and clocks,

dX 12 + dX 22 + dX 32 − dX 42
or its negative,

ds 2 = − dX 12 − dX 22 − dX 32 + dX 42

(54)

is therefore a uniquely determinate invariant for two neighbouring events (points in
the four-dimensional continuum), provided that we use measuring rods that are
equal to each other when brought together and superimposed, and clocks whose
rates are the same when they are brought together. In this the physical assumption
is essential that the relative lengths of two measuring rods and the relative rates of
two clocks are independent, in principle, of their previous history. But this
assumption is certainly warranted by experience; if it did not hold there could be no
sharp spectral lines, since the single atoms of the same element certainly do not
have the same history, and since−on the assumption of relative variability of the
single atoms depending on previous history−it would be absurd to suppose that the
masses or proper frequencies of these atoms ever had been equal to one another.

Space-time regions of finite extent are, in general, not Galilean, so that a gravitational field cannot
be done away with by any choice of co-ordinates in a finite region. There is, therefore, no choice of
co-ordinates for which the metrical relations of the special theory of relativity hold in a finite region.
But the invariant ds always exists for two neighbouring points (events) of the continuum. This
invariant ds may be expressed in arbitrary co-ordinates. If one observes that the local dXν may be
expressed linearly in terms of the co-ordinate differentials dxν, ds2 may be expressed in the form

ds 2 = g µν dxµ dxν

(55)

The functions gµν describe, with respect to the arbitrarily chosen system of co-ordinates, the
metrical relations of the space-time continuum and also the gravitational field. As in the special theory
of relativity, we have to discriminate between time-like and space-like line elements in the four-dimensional continuum; owing to the change of sign introduced, time-like line elements have a real,
space-like line elements an imaginary ds. The time-like ds can be measured directly by a suitably
chosen clock.
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According to what has been said, it is evident that the formulation of the general theory
of relativity requires a generalization of the theory of invariants and the theory of tensors; the
question is raised as to the form of the equations which are co-variant with respect to arbitrary
point transformations. The generalized calculus of tensors was developed by mathematicians long
before the theory of relativity. Riemann first extended Gauss's train of thought to continua of any
number of dimensions; with prophetic vision he saw the physical meaning of this generalization
of Euclid's geometry. Then followed the development of the theory in the form of the calculus of
tensors, particularly by Ricci and Levi-Civita. This is the place for a brief presentation of the
most important mathematical concepts and operations of this calculus of tensors.
We designate four quantities, which are defined as functions of the xν with respect to every system
of coordinates, as components, Aν of a contra-variant vector, if they transform in a change of coordinates as the co-ordinate differentials dxν. We therefore have

∂x 'µ

Aµ '=

∂xν

Aν

(56)

Besides these contra-variant vectors, there are also covariant vectors there are the
components of a co-variant vector, these vectors are transformed according to the
rule

B 'µ =

∂xν
Bν
∂x 'µ

(57)

The definition of a co-variant vector is chosen in such a way that a co-variant vector
and a contra-variant vector together form a scalar according to the scheme,

φ = BνAν (summed over the ν)
For we have

B 'µ A µ ' =

In particular, the derivatives

∂φ
∂xα

∂xα ∂x 'µ
Bα Aβ = Bα Aα
∂x 'µ ∂xβ

of a scalar φ , are components of a co-variant vector, which,

with the co-ordinate differentials, form the scalar

∂φ
∂xα

dxα ; we see from this a example how

natural is the definition of the co-variant vectors.
There are here, also, tensors of any rank, which may have co-variant or contra-variant character
with respect to each index; as with vectors, the character is designated by the position of the index.
For example, Aνµ denotes a tensor of the second rank, which is co-variant with respect to the index µ,
and contra-variant with respect to the index ν. The tensor character indicates that the equation of
transformation is

Aνµ ' =

∂xα ∂x 'ν
∂x 'µ ∂xβ
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(58)

Tensors may be formed by the addition and subtraction of tensors of equal rank and like
character, as in the theory of invariants of orthogonal linear substitutions, for example,

Aνµ + Bνµ = Cνµ

(59)

The proof of the tensor character of Cµν , depends upon (58). Tensors may be formed by
multiplication, keeping the character of the indices, just as in the theory of invariants of
linear orthogonal transformations, for example,

Aνµ Bσ τ = Cνµ σ τ

(60)

The proof follows directly from the rule of transformation.
Tensors may be formed by contraction with respect to two indices of different character, for
example,
µ
Aµσ
τ = Bσ τ

(61)

µ
The tensor character of Aµσ
τ determines the tensor character of Bστ . Proof −
µ
Aµσ
τ ' =

∂xα ∂x 'µ ∂xs ∂xt β
∂x ∂xt α
Aα st = s
Aα st
∂x 'µ ∂xβ ∂x 'σ ∂x 'τ
∂x 'σ ∂x 'τ

The properties of symmetry and skew-symmetry of a tensor with respect to two indices of like
character have the same significance as in the theory of special relativity.
With this, everything essential has been said with regard to the algebraic properties of tensors.
The Fundamental Tensor. It follows from the invariance of ds2 for an arbitrary choice of the dxν,
in connexion with the condition of symmetry consistent with (55), that the g µν are components of a
symmetrical co-variant tensor (Fundamental Tensor). Let us form the determinant, g, of the g µν , and
also the cofactors, divided by g, corresponding to the various g µν . These cofactors, divided by g, will
be denoted by g µν and their co-variant character is not yet known. Then we have

1 if α = β
g µα g µ β = δ αβ = 
0 if α ≠ β

(62)

If we form the infinitely small quantities (co-variant vectors)

dξ µ = g µα dxα

(63)

multiply by g µ β and sum over the µ, we obtain, by the use of (62),

dxβ = g µ β dξ µ
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(64)

Since the ratios of the dξ µ are arbitrary, and the dxβ as well as the dξ µ are components of
vectors, it follows that the g µν are the components of a contra-variant tensor (contra-variant
∂x 'α
, sum over the β, and replace the dξ µ by a
fundamental tensor): If we multiply (64) by,
∂xβ
transformation to the accented system, we obtain

dx 'α =

∂x 'σ ∂x 'α µ β
g dξ 'σ
∂xµ′ ∂xβ

The statement made above follows from this, since, by (64), we must also have dx 'α = g σ α ' dξ 'σ ,
and both equations must hold for every choice of the dξ 'σ .
The tensor character of δ αβ (mixed fundamental tensor) accordingly follows, by (62). By means of
the fundamental tensor, instead of tensors with co-variant index character, we can introduce tensors
with contra-variant index character, and conversely. For example,

Aµ = g µα Aα
Aµ = g µα Aα
Tµσ = g σν Tµν
Volume Invariants. The volume element

∫ dx dx dx dx
1

2

3

4

is not an invariant. For by Jacobi's theorem,

dx ' =

dx 'µ
dxν

dx

(65)

But we can complement dx so that it becomes an invariant. If we form the determinant of the
quantities

g 'µν =

∂xα ∂xβ
gα β
∂x 'µ ∂x 'ν

we obtain, by a double application of the theorem of multiplication of determinants,
2

g ' = g 'µν

∂x 'µ
∂x
= ν . g µν =
∂x 'µ
∂xν

−2

g

We therefore get the invariant,

g 'dx ' = gdx
Formation of Tensors by Differentiation. Although the algebraic operations of tensor
formation have proved to be as simple as in the special case of invariance with respect to
linear orthogonal transformations, nevertheless in the general case, the invariant differential
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operations are, unfortunately, considerably more complicated. The reason for this is as
∂x 'µ

follows. If Aµ is a contra-variant vector, the coefficients of its transformation,

∂xν

, are in-

dependent of position only if the transformation is a linear one. Then the vector components
Aµ +

∂Aµ
∂xα

µ

dxα , at a neighbouring point transform in the same way as the A , from which

follows the vector character of the vector differentials, and the tensor character of
∂x 'µ
∂xν

∂Aµ
∂xα

. But if the

are variable this is no longer true.

That there are, nevertheless, in the general case, invariant differential operations for tensors, is
µ
recognized most satisfactorily in the following way, introduced by Levi-Civita and Weyl. Let (A ) be
a contra-variant vector whose components are given with respect to the co-ordinate system of the xν.
Let P1 and P2 be two infinitesimally near points of the continuum. For the infinitesimal region
surrounding the point P1, there is, according to our way of considering the matter, a co-ordinate
µ
be
system of the Xν (with imaginary X4-co-ordinate ) for which the continuum is Euclidean. Let A(1)
the co-ordinates of the vector at the point P1. Imagine a vector drawn at the point P2, using the local
system of the Xν, with the same co-ordinates (parallel vector through P2), then this parallel vector is
uniquely determined by the vector at Pl and the displacement. We designate this operation, whose
uniqueness will appear in the sequel, the parallel displacement of the vector Aµ from P1, to the
infinitesimally near point P2. If we form the vector difference of the vector (Aµ) at the point P2 and the
vector obtained by parallel displacement from P1 to P2, we get a vector which may be regarded as the
differential of the vector (Aµ) for the given displacement (dxν).
This vector displacement can naturally also be considered with respect to the co-ordinate system of
the xν. If Aν are the co-ordinates of the vector at P1, Aν + δAν the coordinates of the vector displaced to
P2 along the interval (dxν), then the δAν do not vanish in this case. We know of these quantities, which
do not have a vector character, that they must depend linearly and homogeneously upon the dxν, and
the Aν. We therefore put

δ Aν = −Γνα β Aα dxβ

(67)

In addition, we can state that the Γνα β must be symmetrical with respect to the indices α and β. For
we can assume from a representation by the aid of a Euclidean system of local co-ordinates that the
same parallelogram will be described by the displacement of an element d(1)xν along a second element
d(2)xν as by a displacement of d(2)xν along d(1)xν. We must therefore have

d (2) xν + ( d (1) xν − Γνα β d (1) xα d (2) xβ ) = d (1) xν + ( d (2) xν − Γνα β d (2) xα d (1) xβ )
The statement made above follows from this, after interchanging the indices of summation, α and β,
on the right-hand side.
Since the quantities gµν determine all the metrical properties of the continuum, they must also
determine the Γνα β . If we consider the invariant of the vector Aν, that is, the square of its magnitude,
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g µν Aµ Aν
which is an invariant, this cannot change in a parallel displacement. We therefore have

0 = δ ( g µν Aµ Aν ) =

∂g µν
∂xα

Aµ Aν dxα + g µν Aµ δ Aν + g µν Aν δ Aµ

or, by (67),

 ∂g µν
β  µ ν
− g µ β Γνβα − gν β Γ µα

 A A dxα = 0
 ∂xα

Owing to the symmetry of the expression in the brackets with respect to the indices µ and ν, this
equation can be valid for an arbitrary choice of the vectors (Aµ) and dxν only when the expression in
the brackets vanishes for all combinations of the indices. By a cyclic interchange of the indices µ, n,
α, we obtain thus altogether three equations, from which we obtain, on taking into account the symmetrical property of the Γαµν ,
β
 µν
α 
 = gα β Γ µν

(68)

in which, following Christoffel, the abbreviation has been used,

1  ∂g µα ∂gν α ∂g µν
 µν

+
−

α  =
2  ∂xν
∂xµ
∂xα





(69)

If we multiply (68) by ga° and sum over the a, we obtain

Γσµν =
in which

1 σ α  ∂g µα ∂gν α ∂g µν
g 
+
−
 ∂x
2
x
∂
∂xα
ν
µ


 µν
 = { σ }


(70)

{ } is the Christoffel symbol of the second kind. Thus the quantities Γ are deduced from
µν
σ

the gµν. Equations (67) and (70) are the foundation for the following discussion.
µ

µ

Co-variant Differentiation of Tensors. If (A + δA ) is the vector resulting from an infinitesimal
µ
µ
parallel displacement from P1 to P2, and (A + dA ) the vector Aµ at the point P2, then the difference
of these two,

 ∂Aµ

dAµ − δ Aµ = 
+ Γσµ α Aα  dxσ
 ∂xσ

is also a vector. Since this is the case for an arbitrary choice of the dxσ, it follows that

A

µ
;σ

∂Aµ
=
+ Γσµ α Aα
∂xσ
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(DUHQRZLQSRVVHVVLRQRIWKHPDWKHPDWLFDODSSDUDWXVZKLFKLVQHFHVVDU\WRIRUPXODWHWKHODZV
RIWKHJHQHUDOWKHRU\RIUHODWLYLW\1RDWWHPSWZLOOEHPDGH LQWKLVSUHVHQWDWLRQDWV\VWHPDWLF
FRPSOHWHQHVVEXWVLQJOHUHVXOWVDQGSRVVLELOLWLHVZLOOEHGHYHORSHGSURJUHVVLYHO\IURPZKDWLVNQRZQ
DQGIURPWKHUHVXOWVREWDLQHG6XFKDSUHVHQWD WLRQLVPRVWVXLWHG WRWKHSUHVHQWSURYLVLRQDOVWDWHRIRXU
NQRZOHGJH
$ PDWHULDO SDUWLFOH XSRQ ZKLFK QR IRUFH DFWV PRYHV DFFRUGLQJ WR WKH SULQFLSOH RI LQHUWLD
XQLIRUPO\LQDVWUDLJKWOLQH,QWKHIRXU GLPHQVLRQDOFRQWLQXXPRIWKHVSHFLDOWKHRU\RIUHODWLYLW\ ZLWK
UHDOWLPHFRRUGLQDWH WKLVLVDUHDOVWUDLJKWOLQH7KHQDWXUDOWKDWLVWKHVLPSOHVWJHQHUDOL]DWLRQRIWKH
VWUDLJKW OLQH ZKLFK LV PHDQLQJIXO LQ WKH V\VWHP RI FRQFHSWV RI WKH JHQHUDO 5LHPDQQLDQ  WKHRU\ RI
LQYDULDQWV LV WKDW RI WKH VWUDLJKWHVW RU JHRGHVLF O LQH :H VKDOO DFFRUGLQJO\ KDYH WR DVVXPH LQ WKH
VHQVHRIWKHSULQFLSOHRIHTXLYDOHQFHWKDWWKHPRWLRQRIDPDWHULDOSDUWLFOHXQGHUWKHDFWLRQRQO\RI
LQHUWLDDQGJUDYLWDWLRQLVGHVFULEHGE\WKHHTXDWLRQ
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,Q IDFW WKLV HTXDWLRQUHGXFHVWR WKDWRI D VWUDLJKW OLQHLIDOOWKHFRPSRQHQWV
WKHJUDYLWDWLRQDOILHOGYDQLVK
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:H VKDOO QRZ LQWURGXFH DQ DSSUR[LPDWLRQ RI D VHFRQG NLQG /HW WKH YHORFLW\ RI WKH PDWHULDO
SDUWLFOHV EH YHU\ VPDOO FRPSDUHG WR WKDW RI OLJKW 7KHQ GV ZLOO EH WKH VDPH DV WKH WLPH
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7KLV HTXDWLRQ LV LGHQWLFDO ZLWK 1HZWRQ V HTXDWLRQ RI PRWLRQ IRU D PDWHULDO SDUWLFOH LQ
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¸ ZLWK WKH SRWHQWLDO RI WKH JUDYLWDWLRQDO ILHOG
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D JUDYLWDWLRQDO ILHOG LI ZH LGHQWLI\ ¨

ZKHWKHU RU QRW WKLV LV DOORZDEOH QDWXUDOO\ GHSHQGV XSRQ WKH ILHOG HTXDWLRQV RI JUDYLWDWLRQ
WKDW LV LW GHSHQGV XSRQ ZKHWKHU RU QRW WKLV TXDQWLW\ VDWLVILHV WR D ILUVW DSSUR[L PDWLRQ WKH
VDPHODZVRIWKHILHOGDVWKHJUDYLWDWLRQDOSRWHQ WLDOLQ1HZWRQ VWKHRU\$JODQFHDW  DQG
P
D  VKRZV WKDW WKH * E D DFWXDOO\ GRSOD\WKHU{OHRIWKHLQWHQVLW\RIWKHJUDYLWDWLRQDOILHOG
7KHVHTXDQWLWLHVGRQRWKDYHDWHQ VRUFKDUDFWHU



(TXDWLRQV  H[SUHVVWKHLQIOXHQFHRILQHUWLDDQGJUDYLWDWLRQXSRQWKHPDWHULDOSDUWLFOH
7KHXQLW\RILQHUWLDDQGJUDYLWDWLRQLVIRUPDOO\H[SUHVVHGE\WKHIDFWWKDWWKHZKROHOHIW KDQGVLGH
RI  KDVWKHFKDUDFWHURIDWHQVRU ZLWKUHV SHFWWRDQ\WUDQVIRUPDWLRQRIFR RUGLQDWHV EXWWKH
WZRWHUPVWDNHQVHSDUDWHO\GRQRWKDYHWHQVRUFKDUDFWHU,QDQDORJ\ZLWK1HZWRQ VHTXDWLRQVWKH
ILUVWWHUPZRXOGEHUHJDUGHGDVWKHH[SUHVVLRQIRULQHUWLDDQGWKHVHFRQGDVWKHH[SUHVVLRQIRUWKH
JUDYLWDWLRQDOIRUFH
:HPXVW QH[WDWWHPSWWRILQGWKHODZVRIWKHJUDYLWD WLRQDOILHOG)RUWKLVSXUSRVH3RLVVRQ V
HTXDWLRQ
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RIWKH1HZWRQLDQWKHRU\PXVWVHUYHDVDPRGHO7KLVHTXDWLRQKDVLWVIRXQGDWLRQLQWKHLGHDWKDWWKH
JUDYLWDWLRQDO ILHOG DULVHV IURP WKH GHQVLW\ U RI SRQGHUDEOH PDWWHU,WPXVW DOVREHVRLQWKHJHQHUDO
WKHRU\RIUHODWLYLW\%XWRXULQYHVWLJDWLRQVRIWKHVSHFLDOWKHRU\RIUHODWLYLW\KDYHVKRZQWKDWLQSODFH
RIWKHVFDODUGHQVLW\RIPDWWHUZHKDYHWKHWHQVRURIHQHUJ\SHUXQLWYROXPH,QWKHODWWHU LVLQFOXGHG
QRWRQO\ WKHWHQVRURIWKHHQHUJ\RISRQGHUDEOHPDWWHUEXWDOVRWKDWRIWKHHOHFWURPDJQHWLFHQHUJ\
:H KDYH VHHQ LQGHHG WKDW LQ D PRUH FRPSOHWH DQDO\VLV WKH HQHUJ\ WHQVRU FDQ EH UHJDUGHG
RQO\DVDSURYLVLRQDOPHDQVRIUHSUHVHQWLQJPDWWHU,Q UHDOLW\PDWWHUFRQVLVWVRIHOHFWULFDOO\FKDUJHG
SDUWLFOHVDQGLVWREHUHJDUGHGLWVHOIDVDSDUWLQIDFWWKHSULQFLSDOSDUWRIWKHHOHFWURPDJQHWLFILHOG
,W LV RQO\ WKH FLUFXPVWDQFH WKDW ZH KDYH QR VXIIL FLHQW NQRZOHGJH RI WKH HOHFWURPDJQHWLF ILHOG R I
FRQFHQWUDWHGFKDUJHVWKDWFRPSHOVXVSURYLVLRQDOO\WROHDYHXQGHWHU PLQHGLQSUHVHQWLQJWKHWKHRU\
WKHWUXHIRUPRIWKLVWHQVRU)URPWKLVSRLQWRIYLHZLWLVDWSUHVHQWDSSURSULDWHWRLQWURGXFHDWHQVRU
7PQ RIWKHVHFRQGUDQNRIDV\HWXQNQRZQVWUXFWXUHZKLFKSURYLVLRQDOO\FRPELQHVWKHHQHUJ\GHQVLW\
RIWKHHOHFWURPDJQHWLFILHOGDQGWKDWRISRQGHUDEOHPDWWHUZHVKDOOGHQRWHWKLVLQWKHIROORZLQJDVWKH
HQHUJ\WHQVRURIPDWWHU

$FFRUGLQJWRRXUSUHYLRXVUHVXOWVWKHSULQFLS OHVRIPRPHQWXP DQGHQHUJ\DUHH[SUHVVHGE\WKH
VWDWHPHQWWKDWWKHGLYHUJHQFHRIWKLVWHQVRUYDQLVKHV F ,QWKHJHQHUDOWKHRU\RIUHODWLYLW\ZHVKDOO
KDYHWRDVVXPHDVYDOLGWKHFRUUHVSRQGLQJJHQHUDOFR YDULDQWHTXDWLRQ,I 7PQ GHQRWHVWKHFRYDULDQW
HQHUJ\WHQVRURIPDWWHU )VQ WKHFRUUHVSRQGLQJPL[HGWHQVRUGHQVLW\WKHQLQDFFRUG DQFHZLWK  
ZHPXVWUHTXLUHWKDW
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EHVDWLVILHG,WPXVWEHUHPHPEHUHGWKDWEHVLGHV WKHHQHUJ\GHQVLW\RIWKHPDWWHUWKHUHPXVWDOVREH
JLYHQ DQ HQHUJ\ GHQVLW\ RI WKH JUDYLWDWLRQDO ILHOG VR WKDW WKHUH FDQ EH QR WDON RI SULQFLSOHV RI
FRQVHUYDWLRQ RI HQHUJ\ DQG PRPHQWXP IRU PDWWHU DORQH 7KLV LV H[SUHVVHG PDWKH PDWLFDOO\ E\ WKH
SUHVHQFH RI WKH VHFRQG WHUP LQ   ZKLFK PDNHV LW LPSRVVLEOH WR FRQFOXGH WKH H[LVWHQFH RI DQ
LQWHJUDOHTXDWLRQRIWKHIRUPRI  7KHJUDYLWDWLRQDOILHOGWUDQVIHUVHQHUJ\DQGPRPHQWXPWRWKH
PDWWHULQWKDWLWH[HUWVIRUFHVXSRQLWDQGJLYHVLWHQHUJ\WKLVLV H[SUHVVHGE\WKHVHFRQGWHUPLQ
 

,IWKHUHLVDQDQDORJXHRI3RLVVRQ VHTXDWLRQLQWKHJHQHUDOWKHRU\RIUHODWLYLW\WKHQWKLVHTXDWLRQ
PXVWEHDWHQVRUHTXDWLRQIRUWKHWHQVRU J PQ RIWKHJUDYLWDWLRQDOSRWHQWLDOWKHHQHUJ\WH QVRURIPDWWHU
PXVWDSSHDURQWKHULJKWKDQGVLGHRIWKLVHTXDWLRQ2QWKHOHIW KDQGVLGHRIWKHHTXDWLRQWKHUHPXVW
EH D GLIIHUHQWLDO WHQVRU LQ WKH J PQ  :H KDYH WR ILQG WKLV GLIIHUHQWLDO WHQVRU ,W LV FRPSOHWHO\
GHWHUPLQHGE\WKHIROORZLQJWKUHHFRQGLWLRQV

 ,WPD\FRQWDLQQRGLIIHUHQWLDOFRHIILFLHQWVRIWKH J PQ KLJKHUWKDQWKHVHFRQG



 ,WPXVWEHOLQHDULQWKHVHVHFRQGGLIIHUHQWLDOFRHIIL FLHQWV
 ,WVGLYHUJHQFHPXVWYDQLVKLGHQWLFDOO\

7KHILUVWWZRRIWKHVH FRQGLWLRQVDUHQDWXUDOO\WDNHQIURP3RLVVRQ VHTXDWLRQ6LQFHLWPD\EH
SURYHGPDWKHPDWLFDOO\WKDWDOOVXFKGLIIHUHQWLDOWHQVRUVFDQEHIRUPHGDOJHEUDLFDOO\ LHZLWKRXW
GLIIHUHQWLDWLRQ IURP5LHPDQQ VWHQVRURXUWHQVRUPXVWEHRIWKHIRUP
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LQZKLFK 5PQ DQG5 DUHGHILQHGE\  DQG  UHVSHF WLYHO\)XUWKHULWPD\EHSURYHGWKDWWKHWKLUG
FRQGLWLRQUHTXLUHVD WRKDYHWKHYDOXH 
HTXDWLRQ
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(TXDWLRQ  LVDFRQVHTXHQFHRIWKLVHTXDWLRQ N GHQRWHVDFRQVWDQWZKLFKLVFRQQHFWHGZLWKWKH
1HZWRQLDQJUDYLWDWLRQFRQVWDQW

,QWKHIROORZLQJ,VKDOOLQGLFDWHWKHIHDWXUHVRIWKHWKHRU\ZKLFKDUHLQWHUHVWLQJIURPWKHSRLQWRI
YLHZRISK\VLFVXVLQJDVOLWWOHDVSRVVLEOHRIWKHUDWKHULQYROYHGPDW KHPDWLFDOPHWKRG,WPXVWILUVWEH
VKRZQWKDWWKHGLYHUJHQFHRIWKHOHIW KDQGVLGHDFWXDOO\YDQLVKHV7KHHQHUJ\SULQFLSOHIRUPDWWHUPD\
EHH[SUHVVHGE\  
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7KHDQDORJRXVRSHUDWLRQDSSOLHGWRWKHOHIW KDQGVLGHRI  ZLOOOHDGWRDQLGHQWLW\
,QWKHUHJLRQVXUURXQGLQJHDFKZRUOG SRLQWWKHUHDUHV\VWHPVRIFR RUGLQDWHVIRUZKLFKFKRRVLQJ
WKH[FRRUGLQDWHLPDJLQDU\DWWKHJLYHQSRLQW
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,QWURGXFLQJ   DQG   LQWR WKLV H[SUHVVLRQ ZH VHH WKDW WKH RQO\ WHUPVWKDW UHPDLQ DUH WKRVH LQ
ZKLFK WKLUG GHULYDWLYHV RI WKH J PQ HQWHU 6LQFH WKH J PQ DUH WR EH UHSODFHG E\ G PQ  ZH REWDLQ



ILQDOO\RQO\DIHZWHUPVZKLFKPD\HDVLO\EHVHHQWRFDQFHOHDFKRWKHU6LQFHWKHTXDQWLW\WKDW
ZHKDYHIRUPHGKDVDWHQVRUFKDUDFWHULWVYDQLVKLQJLVSUR YHGIRUHYHU\RWKHUV\VWHPRIFR RUGLQDWHV
DOVRDQGQDWXUDOO\IRUHYHU\RWKHUIRXU GLPHQVLRQDOSRLQW7KHHQHUJ\SULQFLSOHRIPDWWHU  LVWKXV
DPDWKHPDWLFDOFRQVHTXHQFHRIWKHILHOGHTXDWLRQV  

,Q RUGHU WR OHDUQ ZKHWKHU WKH HTXDWLRQV   DUH FRQ VLVWHQW ZLWK H[SHULHQFH ZH PXVW DERYH DOO
HOVHILQGRXWZKHWKHUWKH\OHDGWRWKH1HZWRQLDQWKHRU\DVDILUVWDSSUR[LPDWLRQ)RUWKLVSXUSRVHZH
PXVW LQWURGXFH YDULRXV DSSUR[LPDWLRQV LQWR WKHVH HTXDWLRQV :H DOUHDG\ NQRZ WKDW (XFOLGHDQ
JHRPHWU\DQGWKHODZRIWKHFRQVWDQF\RIWKHYHORFLW\RIOLJKWDUHYDOLGWRDFHUWDLQDSSUR[LPD WLRQLQ
UHJLRQVRIDJUHDWH[WHQWDVLQWKHSODQHWDU\V\V WHP
,I DV LQ WKH VSHFLDO WKHRU\ RI UHODWLYLW\ ZH
WDNHWKHIRXUWKFRRUGLQDWHLPDJLQDU\WKLVPHDQVWKDWZHPXVWS XW

G PQ  J PQ

J PQ



LQZKLFKWKH J PQ DUHVRVPDOOFRPSDUHGWRWKDWZHFDQQHJOHFWWKHKLJKHUSRZHUVRIWKH J PQ DQG
WKHLUGHULYDWLYHV,IZHGRWKLVZHOHDUQQRWKLQJDERXWWKHVWUXFWXUHR IWKHJUDYLWDWLRQDOILHOGRURI
PHWULFDOVSDFHRIFRVPLFDOGLPHQ VLRQVEXWZHGROHDUQDERXWWKHLQIOXHQFHRIQHLJKERXULQJPDVVHV
XSRQSK\VLFDOSKHQRPHQD

%HIRUH FDUU\LQJ WKURXJKWKLV DSSUR[LPDWLRQ ZH VKDOO WUDQVIRUP   :H PXOWLSO\  E\ J PQ 
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:KHQ WKH DSSUR[LPDWLRQ ZKLFK KDV EHHQ PHQWLRQHG LV FDUULHG RXW ZH REWDLQ IRU WKH
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:H PXVW QRZ QRWH WKDW HTXDWLRQ   LV YDOLG IRU DQ\ V\VWHP RI FR RUGLQDWHV :H KDYH
DOUHDG\ VSHFLDOL]HG WKH V\VWHP RI FR RUGLQDWHV LQ WKDW ZH KDYH FKRVHQ LW VR WKDW ZLWKLQ WKH UHJLRQ
FRQVLGHUHGWKH J PQ GLIIHULQILQLWHO\OLWWOHIURPWKHFRQVWDQWYDOXHV G PQ %XWWKLVFRQGLWLRQUHPDLQV
VDWLVILHGLQDQ\LQILQLWHVLPDOFKDQJHRIFR RUGLQDWHVVRWKDWWKHUHDUHVWLOOIRXUFRQGLWLRQVWRZKLFKWKH
J PQ PD\EHVXEMHFWHGSURYLGHGWKHVH FRQGLWLRQVGRQRWFRQIOLFWZLWKWKHFRQGLWLRQVIRUWKHRUGHURI

PDJQLWXGHRIWKH J PQ :HVKDOOQRZDVVXPHWKDWWKHV\VWHPRIFR RUGLQDWHVLVVRFKRVHQWKDWWKHIRXU
UHODWLRQV
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7KHVHHTXDWLRQVPD\EHVROYHGE\WKHPHWKRGIDPLOLDULQHOHFWURG\QDPLFVRIUHWDUGHGSRWHQWLDOVZH
JHWLQDQHDVLO\XQGHUVWRRGQRWDWLRQ 

J PQ



7PQ [  \  ]  W  W
N
G9
µ́
W
S ¶



G[P G[Q
GV GV
J PQ G[P G[Q



,Q RUGHU WR VHH LQ ZKDW VHQVH WKLV WKHRU\ FRQWDLQV WKH 1HZWRQLDQ WKHRU\ ZH PXVW FRQVLGHU LQ
JUHDWHU GHWDLO WKH HQHUJ\ WHQVRU RI PDWWHU &RQVLGHUHG SKHQRPHQRORJLFDOO\ WKLV HQHUJ\ WHQVRU LV
FRPSRVHGRIWKDWRIWKHHOH FWURPDJQHWLFILHOGDQGRIPDWWHULQWKHQDUURZHUVHQVH,IZHFRQVLGHUWKH
GLIIHUHQW SDUWV RI WKLV HQHUJ\ WHQVRU ZLWK UHVSHFW WR WKHLU RUGHU RI PDJQLWXGH LW IROORZV IURP WKH
UHVXOWVRIWKHVSHFLDOWKHRU\RIUHODWLYLW\WKDWWKHFRQWULEXWLRQRIWKHHOHFWURP DJQHWLFILHOGSUDFWLFDOO\
YDQLVKHV LQ FRPSDULVRQ WR WKDW RI SRQGHUDEOH PDWWHU ,Q RXU V\VWHP RI XQLWV WKH HQHUJ\ RI RQH
JUDPRIPDWWHULVHTXDOWRFRPSDUHGWRZKLFKWKHHQHUJ\RIWKHHOHFWULFILHOGVPD\EHLJQRUHG
DQG DOVR WKH HQHUJ\ RI GHIRUPDWLRQ RI PDWWHU DQG HYHQ WKH FKHPLFDO HQHUJ\ :H JHW DQ
DSSUR[LPDWLRQWKDWLVIXOO\VXIILFLHQWIRURXUSXUSRVHLIZHSXW
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,QWKLVV LV WKHGHQVLW\DWUHVWWKDWLVWKHGHQVLW\RIWKHSRQGHUDEOHPDWWHULQWKHRUGLQDU\VHQVH
PHDVXUHGZLWKWKHDLGRIDXQLWPHDVXULQJURGDQGUHIHUUHGWRD*DOLOHDQV\VWHPRIFR RUGLQDWHV
PRYLQJZLWKWKHPDWWHU
:HREVHUYHIXUWKHUWKDWLQWKHFR RUGLQDWHVZHKDYHFKRVHQZHVKDOOPDNHRQO\DUHODWLYHO\
VPDOOHUURULIZHUHSODFHWKH J PQ E\ G PQ VRWKDWZHSXW
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7KHSUHYLRXVGHYHORSPHQWVDUHYDOLGKRZHYHUUDSLGO\WKHPD VVHVZKLFKJHQHUDWHWKHILHOGPD\
PRYHUHODWLYHO\WRRXUFKRVHQV\VWHPRITXDVL *DOLOHDQFRRUGLQDWHV%XWLQDVWURQRP\ZHKDYH
WR GR ZLWK PDVVHV ZKRVH YHORFLWLHV UHODWLYHO\ WR WKH FR RUGLQDWH V\VWHP HPSOR\HG DUH DOZD\V



VPDOOFRPSDUHGWRWKHYHORFLW\RI OLJKWWKDWLVVPDOOFRPSDUHGWRZLWKRXUFKRLFHRIWKH
XQLW RI WLPH :H WKHUHIRUH JHW DQ DSSUR[LPDWLRQ ZKLFK LV VXIILFLHQW IRU QHDUO\ DOO SUDFWLFDO
SXUSRVHV LI LQ   ZH UHSODFH WKH UHWDUGHG SRWHQWLDO E\ WKH RUGLQDU\ QRQ UHWDUGHG SRWHQWLDO
DQGLIIRUWKHPDVVHVZKLFKJHQHUDWHWKHILHOGZHSXW
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ZKLOH DW WKH RWKHU J PQ YDQLVK 7KH ODVW RI WKHVH HTXD WLRQV LQ FRQQH[LRQ ZLWK HTXDWLRQ D 
FRQWDLQV1HZWRQ VWKHRU\RIJUDYLWDWLRQ,IZHUHSODFH O E\FW ZHJHW
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)URP   ZH VHH WKDW HYHQ LQ WKH ILUVW DSSUR[LPDWLRQ WKHVWUXFWXUHRIWKHJUDYLWDWLRQDOILHOG

GLIIHUV IXQGDPHQWDOO\ IURP WKDW ZKLFK LV FRQVLVWHQW ZLWK WKH 1HZWRQLDQ WKHRU\ WKLV
GLIIHUHQFHOLHVLQWKHIDFWWKDWWKHJUDYLWDWLRQDOSRWHQWLDOKDVWKHFKDUDFWHURIDWHQVRUDQGQRWD
VFDODU 7KLV ZDV QRW UHFRJQL]HG LQ WKH SDVW EHFDXVH RQO\ WKH FRPSRQHQW J WR D ILUVW
DSSUR[LPDWLRQHQWHUVWKHHTXDWLRQVRIPRWLRQRIPDWHULDOSDUWLFOHV
,QRUGHUQRZWREHDEOHWRMXGJHWKHEHKDYLRXURIPHDVXULQJURGVDQGFORFNVIURPRXUUHVXOWVZH
PXVW REVHUYHWKHIROORZLQJ$FFRUGLQJWRWKHSULQFLSOHRIHTXLYDOHQFHWKHPHWULFDO UHODWLRQVRIWKH
(XFOLGHDQ JHRPHWU\ DUH YDOLG UHODWLYHO\ WR D &DUWHVLDQ V\VWHP RI UHIHUHQFH RI LQILQLWHO\ VPDOO
GLPHQVLRQVDQGLQDVXLWDEOHVWDWHRIPRWLRQ IUHHO\IDOOLQJDQGZLWKRXWURWDWLRQ :HFDQPDNHWKH
VDPHVWDWHPHQWIRUORFDOV\VWHPVRIFR RUGLQDWHVZKLFKUHODWLYHO\WRWKHVHKDYHVPDOODFFHOHUDWLRQV
DQGWKHUHIRUHIRUVXFKV\VWHPVRIFR RUGLQDWHVDVDUHDWUHVWUHODWLYHO\WRWKHRQHZHKDYHVHOHFWHG)RU
VXFKDORFDOV\VWHPZHKDYHIRUWZRQHLJKERXULQJSRLQWHYHQWV

GV 

G;   G;   G;   G7 

 G6   G7 

ZKHUH G6 LVPHDVXUHGGLUHFWO\E\DPHDVXULQJURGDQG G7 E\DFORFNDWUHVWUHODWLYHO\WRWKHV\VWHP
WKHVHDUHWKHQDWXUDOO\PHDVXUHGOHQJWKVDQGWLPHV6LQFH GVRQWKHRWKHUKDQGLVNQRZQLQWHUPVRI
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in respect to the system of co-ordinates we have selected. The particular system of co-ordinates
we have selected insures that this length shall depend only upon the place, and not upon the direction.
If we had chosen a different system of co-ordinates this would not be so. But however we may choose
a system of co-ordinates, the laws of configuration of rigid rods do not agree with those of Euclidean
geometry; in other words, we cannot choose any system of co-ordinates so that the co-ordinate
differences, ∆x1, ∆x2, ∆x3, corresponding to the ends of a unit measuring rod, oriented in any way,
shall always satisfy the relation ∆x12 + ∆x22 + ∆x32 = 1 . In this sense space is not Euclidean, but
"curved." It follows from the second of the relations above that the interval between two beats of the
unit clock (dT = 1) corresponds to the "time"

1+

κ ⌠ σ dV0

4π ⌡ τ

in the unit used in our system of co-ordinates. The rate of a clock is accordingly slower the greater is
the mass of the ponderable matter in its neighbourhood. We therefore conclude that spectral lines
which are produced on the sun's surface will be displaced towards the red, compared to the
corresponding lines produced on the earth, by about 2. 10-6 of their wave-lengths. At first, this
important consequence of the theory appeared to conflict with experiment; but results obtained during
the past years seem to make the existence of this effect more and more probable, and it can hardly be
doubted that this consequence of the theory will be confirmed within the next years.
Another important consequence of the theory, which can be tested experimentally, has to do
with the path of rays of light. In the general theory of relativity also the velocity of light is
everywhere the same, relatively to a local inertial system. This velocity is unity in our natural
measure of time. The law of the propagation of light in general co-ordinates is therefore,
according to the general theory of relativity, characterized, by the equation
ds2 = 0

To within the approximation which we are using, and in the system of
co-ordinates which we have selected, the velocity of light is
characterized, according to (106), by the equation

κ ⌠ σ dV0  2
κ ⌠ σ dV0  2


dx1 + dx22 + dx32 ) = 1 −


(
1 +

 dl
 4π ⌡ τ 
 4π ⌡ τ 
The velocity of light L, is therefore expressed in our coordinates by

dx12 + dx22 + dx32
κ ⌠ σ dV0
= 1−

dl
4π ⌡ τ

(107)

We can therefore draw the conclusion from this, that a ray of light passing near a large mass
is deflected. If we imagine the sun, of mass M, concentrated at the origin of our system of coordinates, then a ray of light, travelling parallel to the x 3 -axis, in the x 1 − x 2 plane, at a
distance ∆ from the origin, will be deflected, in all, by an amount
+∞

1 ∂L
dx
α =⌠

⌡ L ∂x1 3
−∞
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7KHH[LVWHQFHRIWKLVGHIOHFWLRQZKLFKDPRXQWVW RIRU' HTXDOWRWKHUDGLXVRIWKHVXQZDV
FRQILUPHG ZLWK UHPDUNDEOH DFFXUDF\ E\ WKH (QJOLVK 6RODU (FOLSVH ([SHGL WLRQ LQ  DQG PRVW
FDUHIXOSUHSDUDWLRQVKDYHEHHQPDGHWRJHWPRUHH[DFWREVHUYDWLRQDOGDWDDWWKHVRODUHFOLSVHLQ
,WVKRXOGEHQRWHGWKDWWKLV UHVXOWDOVRRIWKHWKHRU\ LVQRWLQIOXHQFHGE\RXUDUELWUDU\FKRLFH RID
V\VWHPRIFRRUGLQDWHV

7KLV LV WKH SODFH WR VSHDN RI WKH WKLUG FRQVHTXHQFH RI WKH WKHRU\ ZKLFK FDQ EH WHVWHG E\
REVHUYDWLRQQDPHO\WKDWZKLFKFRQFHUQVWKHP RWLRQRIWKHSHULKHOLRQRIWKHSODQHW0HUFXU\7KH
VHFXODUFKDQJHVLQWKHSODQHWDU\RUELWVDUHNQRZQZLWKVXFKDFFXUDF\WKDWWKHDSSUR[LPD WLRQZH
KDYHEHHQXVLQJLVQRORQJHUVXIILFLHQWIRUDFRP SDULVRQRIWKHRU\DQGREVHUYDWLRQ,WLVQHFHVVDU\
WRJREDFNWRWKHJHQHUDOILHOGHTXDWLRQV  7RVROYHWKLVSUREOHP,PDGHXVHRIWKHPHWKRGRI
VXFFHVVLYHDSSUR[LPDWLRQV6LQFHWKHQKRZHYHUWKHSUREOHPRIWKHFHQWUDOV\PPHWULFDOVWDWLFDO
JUDYLWDWLRQDOILHOGKDVEHHQFRPSOHWHO\VROYHGE\6FKZDU]VFKLOGDQGRW KHUVWKHGHULYDWLRQJLYHQ
E\+:H\OLQKLVERRN5DXP =HLW0DWHULHLVSDUWLFXODUO\HOHJDQW
7KH FDOFXODWLRQ FDQ
EH VLPSOLILHG VRPHZKDW LI ZH GR QRW JR EDFN GLUHFWO\ WR WKH HTXDWLRQ   EXW EDVH LW XSRQ D
SULQFLSOHRIYDULDWLRQWKDWLVHTXLYDOHQWWR WKLVHTXDWLRQ,VKDOOLQGLFDWHWKHSURFHGXUHRQO\LQVR
IDUDVLVQHFHVVDU\IRUXQGHUVWDQGLQJWKHPHWKRG
,QWKHFDVHRIDVWDWLFDOILHOG GV PXVWKDYHWKHIRUP
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ZKHUH WKH VXPPDWLRQ RQ WKH ULJKW KDQG VLGH RI WKH ODVW HTXDWLRQ LV WR EH H[WHQGHG RYHU WKH VSDFH
YDULDEOHVRQO\7KHFHQWUDOV\PPHWU\RIWKHILHOGUHTXLUHVWKH JP WREHRIWKHIRUP
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[  [  [ RQO\ 2QH RI WKHVH WKUHH IXQFWLRQV FDQ EH FKRVHQ

DUELWUDULO\EHFDXVHRXUV\VWHPRIFR RUGLQDWHVLVDSULRULFRPSOHWHO\DUELWUDU\IRUE\DVXEVWLWXWLRQ
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,Q WKLV ZD\ WKH J PQ DUH H[SUHVVHG LQ WHUPV RI WKH WZR TXDQWLWLHV O DQG I 7KHVH DUH WR EH

GHWHUPLQHGDVIXQFWLRQVRI UE\LQWURGXFLQJWKHPLQWRHTXDWLRQ  DIWHUILUVWFDOFXODWLQJWKH *VPQ
IURP  DQG D :HKDYH
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0 GHQRWHV WKH VXQ V PDVV FHQWUDOO\ V\PPHWULFDOO\ SODFHG DERXW WKH RULJLQ RI FR RUGLQDWHV WKH
VROXWLRQ D LVYDOLGRQO\RXWVLGHRIWKLVPDVVZKHUHDOOWKH 7PQ YDQLVK,IWKHPRWLRQRIWKHSODQHW
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,Q F   DQG  ZHKDYHWKUHHHTXDWLRQVEHWZHHQWKHIRXUYDULDEOHV VUO DQGIIURP
ZKLFKWKHPRWLRQRIWKHSODQHWPD\EHFDOFXODWHGLQWKHVDPHZD\DVLQFODVVLFDOPHFKDQLFV7KHPRVW
LPSRUWDQWUHVXOWZHJHWIURPWKLVLVDVHFXODUURWDWLRQRIWKHHOOLSWLFRUELWRIWKHSODQHWLQWKHVDPH
VHQVHDVWKHUHYROXWLRQRIWKHSODQHW DPRXQWLQJLQUDGLDQVSHUUHYROXWLRQWR
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WKHVHPLPDMRUD[LVRIWKHSODQHWDU\RUELWLQFHQWLPHWUHV
WKHQXPHULFDOHFFHQWULFLW\
WKHYHORFLW\RIWKHOLJKWLQYDFXR
WKHSHULRGRIUHYROXWLRQ LQ VHFRQGV

7KLV H[SUHVVLRQ IXUQLVKHV WKH H[SODQDWLRQ RI WKH PRWLRQ RI WKH SHULKHOLRQ RI WKH SODQHW
0HUFXU\ ZKLFK KDV EHHQ NQRZQ IRU D KXQGUHG \HDUV VLQFH /HYHUULHU  DQG IRU ZKLFK
WKHRUHWLFDODVWURQRP\KDVKLWKHUWREHHQXQDEOHVDWLVIDFWRULO\WRDFFRXQ W

7KHUHLVQRGLIILFXOW\LQH[SUHVVLQJ0D[ZHOO VWKHRU\RIWKHHOHFWURPDJQHWLFILHOGLQWHUPVRIWKH
JHQHUDOWKHRU\RIUHODWLYLW\WKLVLVGRQHE\DSSOLFDWLRQRIWKHWHQVRUIRUPDWLRQ    DQG  /HW
IP EH D WHQVRU RI WKH ILUVW UDQN WR EH LQWHUS UHWHG DV DQ HOHFWURPDJQHWLF  SRWHQWLDO WKHQ DV
HOHFWURPDJQHWLFILHOGWHQVRUPD\EHGHILQHGE\WKHUHODWLRQV
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7KH VHFRQG RI 0D[ZHOO V V\VWHPV RI HTXDWLRQV LVWKHQGHILQHGE\WKHWHQVRUHTXDWLRQ
UHVXOWLQJIURPWKLV

wIPQ
w[U



wIQ U
w[P



wI U P
w[Q



D

DQGWKHILUVWRI0D[ZHOO VV\VWHPVRIHTXDWLRQVLVGHILQHGE\WKHWHQVRU GHQVLW\UHODWLRQ
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,I ZH LQWURGXFH WKH HQHUJ\ WHQVRU RI WKH HOHFWURPDJQH WLF ILHOG LQWR WKH ULJKWKDQG VLGH RI   ZH
REWDLQ   IRUWKHVSHFLDOFDVH  P DVDFRQVHTXHQFHRI  E\WDNLQJWKHGLYHUJHQFH7KLV



LQFOXVLRQRIWKHWKHRU\RIHOHFWULFLW\LQWKHVFKHPHRIWKHJHQHUDOWKHRU\RIUHODWLY LW\KDVEHHQ
FRQVLGHUHGDUELWUDU\DQGXQVDWLVIDFWRU\E\PDQ\WKHRUHWLFLDQV1RUFDQZHLQWKLVZD\XQGHUVWDQGWKH
HTXLOLEULXPRIWKHHOHFWULFLW\ZKLFKFRQVWLWXWHVWKHHOH PHQWDU\HOHFWULFDOO\FKDUJHGSDUWLFOHV$WKHRU\
LQ ZKLFK WKH JUDYLWDWLRQDO ILHOG DQG WKH HOHFWURPDJQHWLF ILHOG GR QRW HQWHU DV ORJLFDOO\ GLVWLQFW
VWUXFWXUHVZRXOGEHPXFKSUHIHUDEOH + :H\O DQG UHFHQWO\ 7K .DOX]D KDYH SXW IRU ZDUG
LQJHQLRXVLGHDVDORQJWKLVGLUHFWLRQEXWFRQFHUQLQJWKHP,DPFRQYLQFHGWKDWWKH\GRQRWEULQJXV
QHDUHUWRWKHWUXHVROXWLRQRIWKHIXQGDPHQWDOSUREOHP,VKDOOQRWJRLQWRWKLVIXUWKHUEXWVKDOOJLYHD
EULHIGLVFXVVLRQRIWKHVRFDOOHGFRVPRORJLFDOSUREOHPIRUZLWKRXWWKLVWKHFRQVLGHUDWLRQVUHJDUGLQJ
WKHJHQHUDOWKHRU\RIUHODWLYLW\ZRXOGLQDFHUWDL QVHQVHUHPDLQXQVDWLVIDFWRU\
2XU SUHYLRXV FRQVLGHUDWLRQV EDVHG XSRQ WKH ILHOG HTXD WLRQV   KDG IRU D IRXQGDWLRQ WKH
FRQFHSWLRQWKDWVSDFHRQWKHZKROHLV*DOLOHDQ (XFOLGHDQDQGWKDWWKLVFKDUDFWHULVGLVWXUEHGRQO\
E\ PDVVHV HPEHGGHG LQ LW 7KLV FRQFHSWLRQ ZDV FHUWDLQO\ MXVWLILHG DV ORQJ DV ZH ZHUH GHDOLQJ
ZLWKVSDFHVRIWKHRUGHURIPDJQLWXGHRIWKRVHWKDWDVWURQ RP\KDVPRVWO\WRGRZLWK%XWZKHWKHU
SRUWLRQVRIWKHXQLYHUVHKRZHYHUODUJHWKH\PD\ EHDUHTXDVL (XFOLGHDQLVDZKROO\GLIIHUHQW
TXHVWLRQ:HFDQPDNHWKLVFOHDUE\XVLQJDQH[DPSOHIURPWKHWKHRU\RIVXUIDFHVZKLFKZHKDYH
HPSOR\HG PDQ\ WLPHV ,I D FHUWDLQ SRUWLRQ RI D VXUIDFH LV SUDFWLFDOO\ SODQH LW GRHV QRW DW DOO
IROORZWKDWWKHZKROHVXUIDFHKDVWKHIRUPRIDSODQHWKHVXUID FHPLJKWMXVWDVZHOOEHDVSKHUHRI
VXIILFLHQWO\ODUJHUDGLXV7KHTXHVWLRQDVWRZKHWKHUWKHXQLYHUVHDVDZKROHLVQRQ (XFOLGHDQZDV
PXFK GLVFXVVHG IURP WKH JHRPHWULFDO SRLQW RI YLHZ EHIRUH WKH GHYHORSPHQW RI WKH WKHRU\ RI
UHODWLYLW\ %XW ZLWK WKH WKHR U\ RI UHODWLYLW\ WKLV SUREOHP KDV HQWHUHG XSRQ D QHZ VWDJH IRU
DFFRUGLQJ WR WKLV WKHRU\ WKH JHR PHWULFDO SURSHUWLHV RI ERGLHV DUH QRW LQGHSHQGHQW EXW GHSHQG
XSRQWKHGLVWULEXWLRQRIPDVVHV

,IWKHXQLYHUVHZHUHTXDVL(XFOLGHDQWKHQ0DFKZDVZKROO\ZUR QJLQKLVWKRXJKWWKDWLQHUWLDDV
ZHOO DV JUDYLWDWLRQ GHSHQGV XSRQ D NLQG RI PXWXDO DFWLRQ EHWZHHQ ERGLHV )RU LQ WKLV FDVH IRU D
VXLWDEO\ VHOHFWHG V\VWHP RI FR RUGLQDWHV WKH J PQ  ZRXOG EH FRQVWDQW DW LQILQLW\ DV WKH\ DUH LQ W KH
VSHFLDO WKHRU\ RI UHODWLYLW\ ZKLOH ZLWKLQ ILQLWH UHJLRQV WKH J PQ ZRXOG GLIIHU IURP WKHVH FRQVWDQW

YDOXHV E\VPDOODPRXQWV RQO\IRUDVXLWDEOHFKRLFHFR RUGLQDWHVDVDUHVXOWRIWKHLQIOXHQFHRIWKH
PDVVHVLQILQLWHUHJLRQV7KHSK\VLFDOSURSHUWLHVRIVSDFHZRXOGQRWWKHQEHZKROO\LQGHSHQGHQWWKDW
LVXQLQIOXHQFHGE\PDWWHUEXWLQWKHPDLQWKH\ZRXOGEHDQGRQO\LQVPDOOPHDVXUHFRQGL WLRQHGE\
PDWWHU 6XFK D GXDOLVWLF FRQFHSWLRQ LV HYHQ LQ LWVHOI QRW VDWLVIDFWRU\ WKHUH DUH  KRZHYHU VRPH
LPSRUWDQWSK\VLFDODUJXPHQWVDJDLQVWLWZKLFKZHVKDOOFRQVLGHU
7KHK\SRWKHVLVWKDWWKHXQLYHUVHLVLQILQLWHDQG(XFOLGHDQDWLQILQLW\LVIURPWKHUHODWLYLVWLF
SRLQW RI YLHZ D FRPSOLFDWHG K\SRWKHVLV ,Q WKH ODQJXDJH RI WKH JHQHUDO WK HRU\ RI UHODWLYLW\ LW
GHPDQGV WKDW WKH 5LHPDQQ WHQVRU RI WKH IRXUWK UDQN 5 L N O P  VKDOO YDQLVK DW LQILQLW\ ZKLFK

IXUQLVKHVWZHQW\LQGHSHQGHQWFRQGLWLRQVZKLOHRQO\WHQFXUYDWXUHFRPSRQHQWV 5PQ HQWHULQWR

WKH ODZVRIWKHJUDYLWDWLRQDOILHOG,WLVFHUWDLQO\XQVDWLVIDFWRU\WRSRVWXODWHVXFKDIDU UHDFKLQJ
OLPLWDWLRQZLWKRXWDQ\SK\VLFDOEDVLVIRULW
%XWLQWKHVHFRQGSODFHWKHWKHRU\RIUHODWLYLW\PDNHVLWDSSHDUSUREDEOHWKDW0DFKZDVRQWKH
ULJKWURDGLQKLVWKRXJKWWKDWLQHUWLDGHSHQGVXSRQDPXWXDODFWLRQRIPDWWHU)RUZHVKDOOVKRZLQ
WKHIROORZLQJWKDWDFFRUGLQJWRRXUHTXDWLRQVLQHUWPDVVHVGRDFWXSRQHDFKRWKHULQWKHVHQVHRI
WKHUHODWLYLW\RILQHUWLDHYHQLIRQO\YHU\IHHEO\:KDWLVWREHH[S HFWHGDORQJWKHOLQHRI0DFK V
WKRXJKW"
 7KHLQHUWLDRIDERG\PXVWLQFUHDVHZKHQSRQGHUDEOHPDVVHVDUHSLOHGXSLQLWV
QHLJKERXUKRRG
 $ ERG\ PXVW H[SHULHQFH DQ DFFHOHUDWLQJ IRUFH ZKHQ QHLJKERXULQJ PDVVHV DUH
DFFHOHUDWHGDQGLQIDFWWKHIRUFHPXVWEHLQ WKHVDPHGLUHFWLRQDVWKDWDFFHOHUDWLRQ
 $ URWDWLQJ KROORZ ERG\ PXVW JHQHUDWH LQVLGH RI LWVHOI D &RULROLV ILHOG ZKLFK GHIOHFWV
PRYLQJERGLHVLQWKHVHQVHRIWKHURWDWLRQDQGDUDGLDOFHQWULIXJDOILHOGDVZHOO



:HVKDOOQRZVKRZWKDWWKHVHWKUHHHIIHF WVZKLFKDUHWREHH[SHFWHGLQDFFRUGDQFHZLWK0DFK V
LGHDV DUH DFWXDOO\ SUHVHQW DFFRUGLQJ WR RXU WKHRU\ DOWKRXJK WKHLU PDJQLWXGH LV VR VPDOO WKDW
FRQILUPDWLRQRIWKHPE\ODERUD WRU\H[SHULPHQWVLVQRWWREHWKRXJKWRI)RUWKLVSXUSRVHZHVKDOOJR
EDFN WRWKHHTXDWLRQVRIPRWLRQRIDPDWHULDOSDUWLFOH  DQGFDUU\WKHDSSUR[LPDWLRQVVRPHZKDW
IXUWKHUWKDQZDVGRQHLQHTXDWLRQ D 
)LUVWZHFRQVLGHU J  DVVPDOORIWKHILUVWRUGHU7KHVTXDUHRIWKHYHORFLW\RIPDVVHVPRYLQJ

XQGHU WKH LQIOXHQFH RI WKH JUDYLWDWLRQDO IRUFH LV RI WKH VDPH RUGHU DFFRUGLQJ WR WKH HQHUJ\
HTXDWLRQ ,W LV WKHUHIRUH ORJLFDO WR UHJDUG WKH YHORFLWLHV RI WKH PDWHULDO SDUWLFOHV ZH DUH
FRQVLGHULQJDVZHOODVWKHYHORFLWLHVRIWKHPDVVHVZKLFKJHQHUDWHWK HILHOGDVVPDOORIWKHRUGHU

:HVKDOOQRZFDUU\RXWWKHDSSUR[LPDWLRQLQWKHHTXDWLRQVWKDWDULVHIURPWKHILHOGHTXDWLRQV

 DQGWKHHTXDWLRQVRIPRWLRQ  VRIDUDVWRFRQVLGHUWHUPVLQWKHVHFRQGPHPEHURI  
WKDW DUH OLQHDU LQ WKRVH YHORFLWLHV )XUWKHU ZH VKDOO QRW SXW GV DQG GO HTXDO WR HDFK RWKHU EXW
FRUUHVSRQGLQJWRWKHKLJKHUDSSUR[LPDWLRQZHVKDOOSXW
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7KHHTXDWLRQVRIPRWLRQ  VKRZQRZLQIDFWWKDW

 7KH LQHUW PDVV LV SURSRUWLRQDO WR   V  DQG WKHUHIRUH LQFUHDVHV ZKHQ SRQGHUDEOH PDVVHV
DSSURDFKWKHWHVWERG\
 7KHUHLVDQLQGXFWLYHDFWLRQRIDFFHOHUDWHGPDVVHVRIWKHVDPHVLJQXSRQWKHWHVWERG\7KLV
LVWKHWHUP

w

wO

 $ PDWHULDO SDUWLFOH PRYLQJ SHUSHQGLFXODUO\ WR WKH D[LV RI URWDWLRQ LQVLGH D URWDWLQJ KROORZ
ERG\ LV GHIOHFWHG LQ WKH VHQVH RI WKH URWDWLRQ &RULROLV ILHOG  7KH FHQWULIXJDO DFWLRQ
PHQWLRQHG DERYH LQVLGH D URWDWLQJ KROORZ ERG\ DOVR IROORZV IURP WKH WKHRU\ DV KDV EHHQ
VKRZQE\7KLUULQJ

$OWKRXJKDOORIWKHVHHIIHFWVDUHLQDFFHVVLEOHWRH[SHUL PHQWEHFDXVH N LVVRVPDOOQHYHUWKHOHVV
WKH\FHUWDLQO\H[LVWDFFRUGLQJWRWKHJHQHUDOWKHRU\RIUHODWLYLW\:HPXVWVHHLQWKHPDVWURQJ VXSSRUW
IRU0DFK VLGHDVDVWRWKHUHODWLYLW\RIDOOLQHUWLDODFWLRQV,IZHWKLQNWKHVHLGHDVFRQVLVWHQWO\WKURXJK
WR WKH HQG ZH PXVW H[SHFW WKH ZKROH LQHUWLD WKDW LV WKH ZKROH J PQ ILHOG WR EH GHWHUPLQHG E\ WKH
PDWWHURIWKHXQLYHUVHDQGQRWPDLQO\E\WKHERXQGDU\FRQGLWLRQVDWLQILQLW\

)RU D VDWLVIDFWRU\ FRQFHSWLRQ RI WKH J PQ ILHOG RI FRVPLFDO GLPHQVLRQV WKH IDFW VHHPV WR EH RI

VLJQLILFDQFHWKDWWKHUHODWLYHYHORFLW\RIWKHVWDUVLVVPDOOFRPSDUHGWR WKHYHORFLW\RIOLJKW,WIROORZV
IURPWKLVWKDWZLWKDVXLW DEOHFKRLFHRIFRRUGLQDWHV J  LVQHDUO\FRQVWDQWLQWKHXQLYHUVHDWOHDVW

LQWKDWSDUWRIWKHXQLYHUVHLQZKLFKWKHUHLVPDWWHU7KHDVVXPSWLRQDSSHDUVQDWXUDOPRUH RYHUWKDW
WKHUH DUH VWDUV LQ DOO SDUWV RI WKH XQLYHUVH VR WKDW ZH PD\ ZHOO DVVXPH WKDW WKH LQFRQVWDQF\ RI
7KDWWKHFHQWULIXJDODFWLRQPXVWEHLQVHSDUDEO\FRQQHFWHGZLWKWKHH[LVWHQFHRIWKH&RULROLVILHOGPD\EHUHFRJQL]HG
HYHQZLWKRXWFDOFXODWLRQLQWKHVSHFLDOFDVHRIDFRRUGLQDWHV\VWHPURWDWLQJXQLIRUPO\UHODWLYHO\WRDQLQHUWLDOV\VWHPRXU
JHQHUDOFRYDULDQWHTXDWLRQVQDWXUDOO\PXVWDSSO\WRVXFKDFDVH



J  GHSHQGV RQO\ XSRQ WKH FLUFXPVWDQFH WKDW PDWWHU LV QRW GLVWULEXWHG FRQWLQXRXVO\ EXW LV

FRQFHQWUDWHGLQVLQJOHFHOHVWLDO ERGLHVDQGV\VWHPVRIERGLHV,IZHDUHZLOOLQJWRLJQRUHWKHVHPRUH
ORFDOQRQXQLIRUPLWLHVRIWKHGHQVLW\RIPDWWHUDQGRIWKH J PQ ILHOGLQRUGHUWROHDUQVRPHWKLQJRIWKH

JHRPHWULFDO SURSHUWLHV RI WKH XQLYHUVH DV D ZKROH LW DSSH DUV QDWXUDO WR VXEVWLWXWH IRU WKH DFWXDO
GLVWULEXWLRQ RI PDVVHV D FRQWLQXRXV GLVWULEXWLRQ DQG IXUWKHUPRUH WR DVVLJQ WR WKLV GLVWULEXWLRQ D
XQLIRUP GHQVLW\ V ,Q WKLV LPDJLQHG XQLYHUVH DOO SRLQWV ZLWK VSDFH GLUHFWLRQV ZLOO EH JHRPHWULFDOO\
HTXLYDOHQWZLWK UHVSHFWWRLWVVSDFHH[WHQVLRQLWZLOOKDYHDFRQVWDQWFXUYDWXUHDQGZLOOEHF\OLQGULFDO
ZLWKUHVSHFWWRLWV [FRRUGLQDWH7KHSRVVLELOLW\VHHPVWREHSDUWLFXODUO\VDWLVI\LQJWKDWWKHXQLYHUVH
LVVSDWLDOO\ERXQGHGDQGWKXVLQDFFRUGDQFHZLWKRXUDVVX PSWLRQRIWKHFRQVWDQF\RI VLVRIFRQVWDQW
FXUYDWXUHEHLQJHLWKHUVSKHULFDORUHOOLSWLFDOIRUWKHQWKHERXQGDU\FRQGLWLRQVDWLQILQLW\ZKLFKDUHVR
LQFRQYHQLHQW IURP WKH VWDQGSRLQW RI WKH JHQHUDO WKHRU\ RI UHODWLYLW\ PD\ EH UHSODFHG E\ WKH PXFK
PRUHQDWXUDOFRQGLWLRQVIRUDFOR VHGVSDFH
$FFRUGLQJWRZKDWKDVEHHQVDLGZHDUHWRSXW

G[  J PQ G[P G[Q

GV 



LQ ZKLFK WKH LQGLFHV P DQG Q UXQ IURP  WR RQO\7KH J PQ ZLOOEHVXFKIXQFWLRQVRI [ [ [ DV
FRUUHVSRQGWRDWKUHHGLPHQVLRQDOFRQWLQXXPRIFRQVWDQWSRVLWLYHFXUYDWXUH:HPXVWQRZLQYHVWLJDWH
ZKHWKHUVXFKDQDVVXPSWLRQFDQVDWLVI\WKHILHOGHTXDWLRQVRIJUDYLWDWLRQ

,Q RUGHU WR EH DEOH WR LQYHVWLJDWH WKLV ZH PXVW ILUVW ILQG ZKDW GLIIHUHQWLDO FRQGLWLRQV WKH WKUHH 
GLPHQVLRQDO PDQLIROG RI FRQVWDQW FXUYDWXUH VDWLVILHV $ VSKHULFDO PDQLIROG RI WKUHH GLPHQVLRQV
HPEHGGHGLQD(XFOLGHDQFRQWLQXXPRIIRXUGLPHQVLRQV LVJLYHQE\WKHHTXDWLRQV
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1HJOHFWLQJWHUPVRIWKHWKLUGDQGKLJKHUGHJUHHVLQWKH [Q ZHFDQSXWLQWKHQHLJKERXUKRRGRIWKH
RULJLQRIFRRUGLQDWHV
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,QVLGHWKHEUDFNHWVDUHWKH J PQ RIWKHPDQLIROGLQWKHQHLJKERXUKRRGRIWKHRULJLQ6L QFHWKHILUVW

GHULYDWLYHVRIWKH J PQ DQGWKHUHIRUHDOVRWKH *VPQ YDQLVKDWWKHRULJLQWKHFDOFXODWLRQRIWKH 5PQ IRU
WKLVPDQLIROGE\  LVYHU\VLPSOHDWWKHRULJLQ

5PQ
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7KHDLGRIDIRXUWKVSDFHGLPHQVLRQKDVQDWXUDOO\QRVLJQLILFDQFHH[FHSWWKDWRIDPDWKHPDWLFDODUWLILFH



6LQFHWKHUHODWLRQ 5PQ




J PQ LVJHQHUDOO\FRYDULDQWDQGVLQFHDOOSRLQWVRIWKHPDQLIROG
D

DUHJHRPHWULFDOO\HTXLYDOHQWWKLVUHODWLRQKROGVIRUHYHU\V\VWHPRIFR RUGLQDWHVDQGHYHU\ZKHUHLQ
WKH PDQLIROG ,Q RUGHU WR DYRLG FRQIXVLRQ ZLWK WKH IRXU GLPHQVLRQDO FRQWLQXXP ZH VKDOO LQ WKH
IROORZLQJGHVLJQDWHTXDQWLWLHVWKDWUHIHUWRWKHWKUHH GLPHQVLRQDOFRQWLQXXPE\*UHHNOHWWHUVDQGSXW

3PQ
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:HQRZSURFHHGWRDSSO\WKHILHOGHTXD WLRQV  WRRXUVSHFLDOFDVH)URP  ZHJHWIRUWKH
IRXUGLPHQVLRQDOPDQLIROG

° 5PQ 3PQ IRUWKHLQGLFHVWR
®
°̄ 5 5 5 5 



)RUWKHULJKWKDQGVLGHRI  ZHKDYHWRFRQVLGHUWKHHQHUJ\WHQVRUIRUPDWWHUGLVWULEXWHGOLNHD
FORXGRIGXVW$FFRUGLQJWRZKDW KDVJRQHEHIRUHZHPXVWWKHUHIRUHSXW

7 PQ

V

G[P G[Q
GV GV

VSHFLDOL]HG IRU WKH FDVH RI UHVW %XW LQ DGGLWLRQ ZH VKDOO DGG D SUHVVXUH WHUP WKDW PD\ EH
SK\VLFDOO\ HVWDEOLVKHG DV IROORZV 0DWWHU FRQVLVWV RI HOHFWULFDOO\ FKDUJHG SDUWLFOHV 2Q WKH
EDVLV RI 0D[ZHOO V WKHRU\ WKHVH FDQQRW EH FRQ FHLYHG RI DV HOHFWURPDJQHWLF ILHOGV IUHH IURP
VLQJXODULWLHV ,Q RUGHU WR EH FRQVLVWHQW ZLWK WKH IDFWV LW LV QHFHVVDU\ WR LQWURGXFH HQHUJ\
WHUPV QRW FRQWDLQHG LQ 0D[ZHOO V WKHRU\ VR WKDW WKH VLQJOH HOHFWULF SDU WLFOHV PD\ KROG
WRJHWKHULQVSLWH RIWKHPXWXDOUHSXOVLRQVEHWZHHQWKHLUHOHPHQWVFKDUJHGZLWKHOHFWULFLW\RI
RQHVLJQ)RUWKHVDNHRIFRQVLVWHQF\ZLWKWKLVIDFW3RLQFDUpKDVDVVXPHGDSUHVVXUHWRH[LVW
LQVLGH WKHVH SDUWLFOHV ZKLFK EDODQFHV WKH HOHFWUR VWDWLF UHSXOVLRQ ,W FDQQRW KRZHYHU EH
DVVHUWHG WKDW WKLV SUHVVXUH YDQLVKHV RXWVLGH WKH SDUWLFOHV :H VKDOO EH FRQ VLVWHQW ZLWK WKLV
FLUFXPVWDQFH LI LQ RXU SKHQRPHQRORJLFDO SUHVHQWDWLRQ ZH DGG D SUHVVXUH WHUP 7KLV PXVW
QRWKRZHYHUEHFRQIXVHGZLWKD K\GURG\QDPLFDOSUHVVXUHDVLWVHUYHVRQO\IRUWKHHQHUJHWLF
SUHVHQWDWLRQRIWKHG\QDPLFDOUHODWLRQVLQVLGHPDWWHU$FFRUGLQJO\ZHSXW
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2EVHUYLQJWKDWWKHILHOGHTXDWLRQ  PD\EHZULWWHQLQWKHIRUP
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,I WKH XQLYHUVH LV TXDVL(XFOLGHDQ DQG LWV UDGLXV RI FXUYDWXUH WKHUHIRUH LQILQLWH WKHQ V ZRXOG
YDQLVK%XWLWLVLPSUREDEOHWKDWWKHPHDQGHQVLW\RIPDWWHULQWKHXQLYHUVHLVDFWXDOO\]HURWKLVLVRXU
WKLUGDUJXPHQWDJDLQVWWKHDVVXPSWLRQWKDWWKHXQLYHUVHLVTXDVL (XFOLGHDQ1RUGRHVLWVHHPSRVVL EOH
WKDWRXUK\SRWKHWLFDOSUHVVXUHFDQYDQLVKWKHSK\VLFDOQDWXUHRIWKLVSUHVVXUHFDQEHDSSUHFL DWHGRQO\
DIWHUZHKDYHDEHWWHUWKHRUHWLFDONQRZOHGJHRIWKHHOHFWURPDJQHWLFILHOG$FFRUGLQJWRWKHVHFRQGRI
HTXDWLRQV  WKHUDGLXVDRIWKHXQLYHUVHLVGHWHUPLQHGLQWHUPVRIWKHWRWDOPDVV 0RIPDWWHUE\
WKHHTXDWLRQ

D

0N
S 



7KHFRPSOHWHGHSHQGHQFHRIWKHJHRPHWULFDOXSRQWKHSK\VLFDOSURSHUWLHVEHFRPHVFOHDUO\DSSDUHQW
E\PHDQVRIWKLVHTXDWLRQ

7KXVZHPD\SUHVHQW WKHIROORZLQJDUJXPHQWVDJDLQVWWKHFRQFHSWLRQRIDVSDFH LQILQLWHDQGIRU
WKHFRQFHSWLRQRIDVSDFH ERXQGHGRUFORVHGXQLYHUVH 
 )URP WKH VWDQGSRLQW RI WKHWKHRU\ RIUHODWLYLW\WRSRVWX ODWHDFORVHGXQLYHUVHLVYHU\ PXFK
VLPSOHU WKDQ WR SRVWXODWH WKH FRUUHVSRQGLQJ ERXQGDU\ FRQGLWLRQ DW LQILQLW\ RI WKH TXDVL 
(XFOLGHDQVWUXFWXUHRIWKHXQLYHUVH
 7KH LGHD WKDW 0DFK H[SUHVVHG WKDW LQHUWLD GHSHQGV XSRQ WKH PXWXDO DFWLRQ RI ERGLHV LV
FRQWDLQHGWRDILUVWDSSUR[LPDWLRQLQWKHHTXDWLRQVRIWKHWKHRU\R IUHODWLYLW\LWIROORZVIURP
WKHVH HTXDWLRQV WKDW LQHUWLD GHSHQGV DW OHDVW LQ SDUW XSRQ PXWXDO DFWLRQV EHWZHHQ PDVVHV
7KHUHE\0DFK VLGHDJDLQVLQSUREDELOLW\DVLWLVDQXQVDWLVIDFWRU\DVVXPSWLRQWRPDNHWKDW
LQHUWLD GHSHQGV LQ SDUW XSRQ PXWXDO DFWLR QV DQG LQ SDUW XSRQ DQ LQGHSHQGHQW SURSHUW\ RI
VSDFH%XWWKLVLGHDRI0DFK VFRUUHVSRQGVRQO\WRDILQLWHXQLYHUVHERXQGHGLQVSDFHDQGQRW
WR D TXDVL(XFOLGHDQ LQILQLWH XQLYHUVH )URP WKH VWDQGSRLQW RI HSLVWHPRORJ\ LW LV PRUH
VDWLVI\LQJWRKDYHWKH PHFKDQLFDOSURSHUWLHVRIVSDFHFRPSOHWHO\GHWHUPLQHGE\PDWWHUDQG
WKLVLVWKHFDVHRQO\LQDFORVHGXQLYHUVH
 $QLQILQLWHXQLYHUVHLVSRVVLEOHRQO\LIWKHPHDQGHQVLW\RIPDWWHULQWKHXQLYHUVHYDQLVKHV
$OWKRXJKVXFKDQDVVXPSWLRQLVORJLFDOO\SRVVLEOH LWLVOHVVSUREDEOHWKDQWKHDVVXPSWLRQ
WKDWWKHUHLVDILQLWHPHDQGHQVLW\RIPDWWHULQWKHXQLYHUVH



$33(1',;)257+(6(&21'(',7,21
217+(&2602/2*,&352%/(0

6

,1&(WKHILUVWHGLWLRQRIWKLVOLWWOHERRNVRPHDGYDQFHVKDYHEHHQPDGHLQWKHWKHRU\ RI
UHODWLYLW\6RPHRIWKHVHZHVKDOOPHQWLRQKHUHRQO\EULHIO\

7KHILUVWVWHSIRUZDUGLVWKHFRQFOXVLYHGHPRQVWUDWLRQRIWKHH[LVWHQFHRIWKHUHGVKLIWRI
WKH VSHFWUDO OLQHV E\ WKH QHJDWLYH  JUDYLWDWLRQDO SRWHQWLDO RI WKH SODFH RI RULJLQ VHH S  
7KLV GHPRQVWUDWLRQ ZDV PDGH SRVVLEOH E\ WKH GLVFRYHU\ RI VR FDOOHG GZDUI VWDUV ZKRVH
DYHUDJH GHQVLW\ H[FHHGV WKDW RI ZDWHU E\ D IDFWRU RI WKH RUGHU    )RU VXFK D VWDU HJ WKH
IDLQW FRPSDQLRQ RI 6LULXV  ZKRVH PDVV DQG UDGLXV FDQ EH GHWHUPLQHG WKLV UHG VKLIW ZDV
H[SHFWHG E\ WKH WKHRU\ WR EH DERXW  WLPHV DV ODUJH DV IRU WKH VXQ DQG LQGHHG LW ZDV
GHPRQVWUDWHGWREHZLWKLQWKHH[SHFWHGUDQJH

$ VHFRQG VWHS IRUZDUG ZKLFK ZLOO EH PHQWLRQHG EULHIO\ FRQFHUQV WKH ODZ RI PRWLRQ RI D
JUDYLWDWLQJ ERG\ ,Q WKH LQLWLDO IRUPXODWLRQ RI WKH WKHRU\ WKH ODZ RI PRWLRQ IRU D JUDYLWDWLQJ
SDUWLFOHZDVLQWURGXFHGDVDQLQGHSHQGHQWIXQGDPHQWDODVVXPSWLRQLQDGGLWLRQWRWKHILHOGODZRI
JUDYLWDWLRQVHH (T  ZKLFK DVVHUWV WKDW D JUDYLWDWLQJ SDUWLFOH PRYHV LQ D JHRGHV LF OLQH 7KLV
FRQVWLWXWHV D K\SRWKHWLF WUDQVODWLRQ RI *DOLOHR V ODZ RI LQHUWLD WR WKH FDVH RI WKH H[LVWHQFH RI
JHQXLQHJUDYLWDWLRQDOILHOGV,WKDVEHHQVKRZQWKDWWKLVODZRIPRWLRQ JHQHUDOL]HGWRWKHFDVH
RI DUELWUDULO\ ODUJH JUDYLWDWLQJ PDVVHV FDQ EH GHULYHG IURP WKH ILHOG HTXDWLRQV RI HPSW\ VSDFH
DORQH$FFRUGLQJWRWKLVGHULYDWLRQWKHODZRIPRWLRQLVLPSOLHGE\WKHFRQGLWLRQWKDWWKHILHOGEH
VLQJXODUQRZKHUHRXW VLGHLWVJHQHUDWLQJPDVVSRLQWV
$WKLUGVWHSIRUZDUGFRQFHUQLQJWKHVR FDOOHGFRVPRORJLFSUREOHPZLOOEHFRQVLGHUHGKHUH
LQ GHWDLO LQ SDUW EHFDXVH RI LWV EDVLF LPSRUWDQFH SDUWO\ DOVR EHFDXVH WKH GLVFXVVLRQ RI WKHVH
TXHVWLRQVLVE\QRPHDQVFRQFOXGHG,IHHOXUJHGWRZDUGDPRUHH[DFWGLVFXVVLRQDOVRE\WKHIDFW
WKDW , FDQQRW HVFDSH WKH LPSUHVVLRQ WKDW LQ WKH SUHVHQW WUHDWPHQW RI WKLV SUREOHP WKH PRVW
LPSRUWDQWEDVLFSRLQWVRIYLHZDUHQRWVXIILFLHQWO\VWUHVVHG

7KHSUREOHPFDQEHIRUPXODWHGURXJKO\WKXV2QDFFRXQWRIRXUREVHUYDWLRQVRQIL[HGVWDUVZH
DUHVXIILFLHQWO\FRQYLQFHGWKD WWKHV\VWHPRIIL[HGVWDUVGRHVQRWLQWKHPDLQUHVHPEOHDQLVODQG
ZKLFKIORDWVLQLQILQLWHHPSW\VSDFHDQGWKDWWKHUHGRHVQRWH[LVWDQ\WKLQJOLNHDFHQWHURIJUDYLW\
RI WKH WRWDO DPRXQW RI H[LVWLQJ PDWWHU 5DWKHU ZH IHHO XUJHG WRZDUG WKH FRQYLFWLRQ WK DW WKHUH
H[LVWVDQDYHUDJHGHQVLW\RIPDWWHULQVSDFHZKLFKGLIIHUVIURP]HUR
+HQFH WKH TXHVWLRQ DULVHV &DQ WKLV K\SRWKHVLV ZKLFK LV VXJJHVWHG E\ H[SHULHQFH EH
UHFRQFLOHGZLWKWKHJHQHUDOWKHRU\RIUHODWLYLW\"

)LUVW ZH KDYHWR IRUPXODWH WKH SUREOHP PRUH SUHFLVHO\/HW XV FRQVLGHU D ILQLWH SDUW RI WKH
XQLYHUVH ZKLFK LV ODUJH HQRXJK VR WKDW WKH DYHUDJH GHQVLW\ RI PDWWHU FRQWDLQHG LQ LW LV DQ
DSSUR[LPDWHO\ FRQWLQXRXV IXQFWLRQ RI [ [ [  [  6XFK D VXEVSDFH FDQ EH FRQVLGHUHG
DSSUR[LPDWHO\DVDQLQH UWLDOV\VWHP 0LQNRZVNLVSDFH WRZKLFKZHUHODWHWKHPRWLRQRIWKHVWDUV
7KHPDVVLVGHULYHGIURPWKHUHDFWLRQRQ6LULXVE\VSHFWURVFRSLFPHDQVXVLQJWKH1HZWRQLDQODZVWKHUDGLXVLVGHULYHG
IURPWKHWRWDOOLJKWQHVVDQGIURPWKHLQWHQVLW\RIUDGLDWLRQSHUXQLWDUHDZKLFKPD\EHGHULYHGIURPWKHWHPSHUDWXUHRILWV
UDGLDWLRQ



2QHFDQDUUDQJHLWVRWKDWWKHPHDQYHORFLW\RIPDWWHUUHODWLYHWRWKLVV\VWHPVKDOOYDQLVKLQ
DOO GLUHFWLRQV 7KHUHUHPDLQWKH DOPRVWUDQGRP PRWLRQVRIWKHLQGLYLGXDOVWDUVVLPL ODUWRWKH
PRWLRQV RI WKH PROHFXOHV RI D JDV ,W LV HVVHQWLDO WKDW WKH YHORFLWLHV RI WKH VWDUV DUH NQRZQ E\
H[SHULHQFHWREHYHU\VPDOODVFRPSDUHGWRWKHYHORFLW\ RIOLJKW,WLVWKHUHIRUHIHDVLEOHIRUWKH
PRPHQWWRQHJOHFWWKLVUHODWLYHPRWLRQFRPSOHWHO\ DQGWRFRQVLGHUWKHVWDUVUHSODFHGE\PDWHULDO
GXVWZLWKRXW UDQGRP PRWLRQRIWKHSDUWLFOHVDJDLQVWHDFKRWKHU
7KH DERYH FRQGLWLRQV DUH E\ QR PHDQV VXIILFLHQW WR PDNH WKH SUREOHP D GHILQLWH RQH 7KH
VLPSOHVW DQG PRVW UDGLFDO VSHFLDOL]DWLRQ ZRXOG EH WK H FRQGLWLRQ 7KH QDWXUDOO\ PHDVXUHG 
GHQVLW\ S RI PDWWHU LV WKH VDPH HYHU\ZKHUH LQ IRXU GLPHQVLRQDO  VSDFH WKH PHWULF  LV IRU D
VXLWDEOHFKRLFHRIFRRUGLQDWHVLQGHSHQGHQWRI[  DQGKRPRJHQHRXVDQGLVRWURSLFZLWKUHVSHFWWR
[[[ [ 
,W LV WKLV FDVH ZKLFK , DW ILUVW FRQVLGHUHG WKH PRVW QDWXUDO LGHDOL]HG GHVFULSWLRQ RI SK\VLFDO
VSDFHLQWKHODUJHLWLVWUHDWHGRQSDJHV RIWKLVERRN7KHREMHFWLRQWRWKLVVROXWLRQLVWKDW
RQHKDVWRLQWURGXFHDQHJDWLYHSUHVVXUHIRUZKLFKWKHUHH[LVWVQR SK\VLFDOMXVWLILFDWLRQ,QRUGHU
WRPDNHWKDWVROXWLRQSRVVLEOH,RULJLQDOO\LQWUR GXFHGDQHZPHPEHULQWRWKHHTXDWLRQLQVWHDGRI
WKH DERYH PHQWLRQHG SUHVVXUH ZKLFK LV SHUPLVVLEOH IURP WKH SRLQW RI YLHZ RI UHODWLYLW\ 7KH
HTXDWLRQVRIJUDYLWDWLRQWKXVHQ ODUJHGZHUH
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ZKHUH / LV D XQLYHUVDO FRQVWDQW FRVPRORJLF FRQVWDQW  7KH LQWURGXFWLRQ RI WKLV VHFRQG
PHPEHUFRQVWLWXWHVDFRPSOLFDWLRQRIWKHWKHRU\ZKLFKVHULRXVO\UHGXFHVLWVORJLFDOVLPSOLFL W\
,WV LQWURGXFWLRQ FDQ RQO\ EH MXVWLILHG E\ WKH GLIILFXOW\ SURGXFHG E\ WKH DOPRVW XQDYRLGDEOH
LQWURGXFWLRQRIDILQLWHDYHUDJHGHQVLW\RIPDWWHU:HPD\UHPDUNE\WKHZD\WKDWLQ1HZWRQ V
WKHRU\WKHUHH[LVWVWKHVDPHGLIILFXOW\
7KHPDWKHPDWLFLDQ)ULHGPDQIRXQGDZD\RXWRIWKLVGLOHPPD +LVUHVXOWWKHQIRXQGDVXUSULVLQJ
FRQILUPDWLRQ E\ +XEEOH V GLVFRYHU\ RI WKH H[SDQVLRQ RI WKH VWHOODU V\VWHP D UHG VKLIW RI WKH VSHFWUDO
OLQHVZKLFKLQFUHDVHVXQLIRUPO\ZLWKGLVWDQFH 7KHIROORZLQJLVHVVHQWLDOO\Q RWKLQJEXWDQH[SRVLWLRQRI
)ULHGPDQ VLGHD
)285',0(16,21$/63$&(
:+,&+,6,627523,&:,7+5(63(&772
7+5((',0(16,216

:HREVHUYHWKDWWKHV\VWHPVRIVWDUVDVVHHQE\XVDUHVSDFHGZLWKDSSUR[LPDWHO\WKHVDPH
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SDWKRIDSDUWLFOH ZKLFKLQWKHIROORZLQJZLOOEHFDOOHGJHRGHVLFIRUVKRUW /HW 3 DQG4 EHWZR
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This equation has a singularity for x4 = 0, so that such a space has either a negative
expansion and the time is limited from above by the value x4 = 0, or it has a positive expansion
and begins to exist for x4 = 0. The latter case corresponds to what we find realized in nature.
From the measured value of h we get for the time of existence of the world up to now 1.5 . 109
years. This age is about the same as that which one has obtained from the disintegration of
uranium for the firm crust of the earth. This is a paradoxical result, which for more than one
reason has aroused doubts as to the validity of the theory.
The question arises: Can the present difficulty, which arose under the assumption of a
practically negligible spatial curvature, be eliminated by the introduction of a suitable spatial
curvature? Here the first equation of (5), which determines the time-dependence of G, will be of
use.

SOLUTION OF THE EQUATIONS
IN THE CASE OF NON-VANISHING SPATIAL CURVATURE
If one considers a spatial curvature of the spatial section (x4 = const), one has the equations:

 G′′  G′ 2 
+
=0
zG +  2
 G  G  


−2

2

 G′  1
zG −2 +   − κρ = 0
G 3

(5)

The curvature is positive for z = +1, negative for z = −1. The first of these equations is integrable.
We first write it it in the form:

z + 2GG′′ + G′2 = 0

(5d)

If we consider x4 (= t) as a function of G, we have:

G′ =
If we write u(G) for

1
 1 ′ 1
, G′′¨=  
t′
 t′  t′

1
, we get:
t′
z + 2Guu ′ + u 2 = 0

(5e)

z + ( Gu 2 )′ = 0

(5f)

zG + Gu 2 = G0

(5g)

or

From this we get by simple integration:
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RIIHUDUHVLVWDQFHWRDGLDEDWLFFR QGHQVDWLRQZKLFKLQFUHDVHVZLWKWKDWFRQ GHQVDWLRQ:LOOQRWWKLVEHDEOH
WR SUHYHQW WKH ULVH RI LQILQLWH FRQGHQVDWLRQ" :H VKDOO VKRZ EHORZ WKDW VXFK D PRGLILFDWLRQ LQ WKH
GHVFULSWLRQRIPDWWHUFDQFKDQJHQRWKLQJRIWKHPDLQFKDUDFWHURIWKHDERYHVROXWLRQ V
3$57,&/(*$675($7('$&&25',1*
7263(&,$/5(/$7,9,7<

:H FRQVLGHU D VZDUP RI SDUWLFOHV RI PDVV P LQ SDUDOOHO PRWLRQ %\ D SURSHU WUDQVIRUPDWLRQ WKLV
VZDUPFDQEHFRQVLGHUHGDWUHVW7KHVSDWLDOGHQVLW\RIWKHSDUWLFOHV VLVWKHQLQYDULDQWLQWKH/RUHQW]
VHQVH5HODWHGWRDQDUELWUDU\/RUHQW]V\VWHP
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KDVLQYDULDQWPHDQLQJ HQHUJ\WHQVRURIWKHVZDUP ,IWKHUHH[LVWPDQ\VXFKVZDUPVZHJHWE\
VXPPDWLRQIRUDOORIWKHP

7

XY

§ G[X · § G[ Y ·
P¦ V S ¨
¸ ¨
¸
S
© GV ¹ S © GV ¹ S

D
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7
7
7
 )XUWKHUZHFDQREWDLQE\VSDWLDOURWDWLRQRIWKHV\VWHP 7
7
7
 



/HWIXUWKHUWKHSDUWLFOHJDVEHL VRWURSLF7KLVPHDQVWKDW 7
7
7
S 7KLVLVDQLQYDULDQW
DVZHOODV 7 

X 7KHLQYDULDQW

-

7 X Y JX Y

7   7   7   7 



X  S

E

LVWKXVH[SUHVVHGLQWHUPVRI X DQGS

,W IROORZV IURP WKH H[SUHVVLRQ IRU 7 X Y WKDW 7   7
VDPHLVWUXHIRU7 777





7  DQG 7  DUH DOO SRVLWLYH KHQFH WKH

7KHHTXDWLRQVRIJUDYLW\DUHQRZ
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)URPWKHILUVWLWIROORZVWKDWKHUHWRR VLQFH 7 ! *LVDOZD\VQHJDWLYHZKHUHWKHPHPEHU 7
IRUJLYHQ* DQG* FDQRQO\GHFUHDVHWKHYDOXHRI *
)URPWKLVZHVHHWKDWWKHFRQVLGHUDWLRQRIDUDQGRPUHODWLYH PRWLRQRIWKHPDVVSRLQWVGRHV
QRWFKDQJHRXUUHVXOWVIXQGDPHQWDOO\
6800$5<$1'27+(55(0$5.6

 7KH LQWURGXFWLRQ RI WKH FRVPRORJLF PHPEHU LQWR WKH HTXDWLRQV RI JUDYLW\ WKRXJK
SRVVLEOHIURPWKHSRLQWRIYLHZRIUHODWLYLW\LVWREHUHMHFWHGIURPW KHSRLQWRIYLHZRIORJLFDO
HFRQRP\$V)ULHGPDQZDVWKHILUVWWRVKRZRQHFDQUHFRQFLOHDQHYHU\ZKHUHILQLWHGHQVLW\RI
PDWWHUZLWKWKHRULJLQDOIRUPRIWKHHTXDWLRQVRIJUDYLW\LIRQHDGPLWVWKHWLPHYDULDELOLW\RIWKH
PHWULFGLVWDQFHRIWZRPDVVSRLQWV
  7KH GHPDQG IRU VSDWLDO LVRWURS\ RI WKH XQLYHUVH DORQH OHDGV WR )ULHGPDQ V IRUP ,W LV
WKHUHIRUHXQGRXEWHGO\WKHJHQHUDOIRUPZKLFKILWVWKHFRVPRORJLFSUREOHP

  1HJOHFWLQJ WKH LQIOXHQFH RI VSDWLDO FXUYDWXUH RQH REWDLQV D UHODWLRQ EHWZHHQ WKH PHDQ
GHQVLW\DQG+XEEOH VH[SDQVLRQZKLFKDVWRRUGHURIPDJQLWXGHLVFRQILUPHGHPSLULFDOO\
2QHIXUWKHUREWDLQVIRUWKHWLPHIURPWKHVWDUWRIWKHH[SDQVLRQXSWRWKHSUHVHQWDYDOXHRI
WKHRUGHURIPDJQLWXGHRI  \HDUV7KHEUHYLW\RIWKLVWLPHG RHVQRWFRQFXUZLWKWKHWKHRULHVRQ
WKHGHYHORSPHQWVRIIL[HGVWDUV

 7KHODWWHUUHVXOWLVQRWFKDQJHGE\WKHLQWURGXFWLRQRIVSDWLDOFXUYDWXUHQRULVLWFKDQJHG
E\ WKH FRQVLGHUDWLRQ RI WKH UDQGRP PRWLRQ RI VWDUV DQG V\VWHPV RI VWDUV ZLWK UHVSHFW WR H DFK
RWKHU
  6RPH WU\ WR H[SODLQ +XEEOH V VKLIW RI VSHFWUDO OLQHV E\ PHDQV RWKHU WKDQ WKH 'RSSOHU
HIIHFW 7KHUH LV KRZHYHU QR VXSSRUW IRU VXFK D FRQFHSWLRQ LQ WKH NQRZQ SK\VLFDO IDFWV
$FFRUGLQJWRVXFKDK\SRWKHVLVLWZRXOGEHSRVVLEOHWRFRQQHFWWZ RVWDUV6 DQG6E\DULJLGURG
0RQRFKURPDWLF OLJKW ZKLFK LV VHQW IURP 6 WR 6 DQG UHIOHFWHG EDFN WR 6 FRXOG DUULYH ZLWK D
GLIIHUHQWIUHTXHQF\ PHDVXUHGE\DFORFNRQ 6 LIWKHQXPEHURIZDYHOHQJWKVRIOLJKWDORQJWKH
URGVKRXOGFKDQJHZLWKWLPHRQ WKHZD\7KLVZRXOGPHDQWKDWWKHORFDOO\PHDVXUHGYHORFLW\RI
OLJKWZRXOGGHSHQGRQWLPHZKLFKZRXOGFRQWUDGLFWHYHQWKHVSHFLDOWKHRU\RIUHODWLYLW\)XUWKHU

,I+XEEOH VH[SDQVLRQKDGEHHQGLVFRYHUHGDWWKHWLPHRIWKHFUHDWLRQRIWKHJHQHUDOWKHRU\RIUHODWLYLW\WKHFRVPRORJLF
PHPEHUZRXOGQHYHUKDYHEHHQLQWURGXFHG,WVHHPVQRZVRPXFKOHVVMXVWLILHGWRLQWURGXFHVXFKDPHPEHULQWRWKHILHOG
HTXDWLRQVVLQFH LWVLQWURGXFWLRQORVHVLWVVROHRULJLQDOMXVWLILFDWLRQWKDWRIOHDGLQJ WRDQDWXUDOVROXWLRQRIWKHFRVPRORJLF
SUREOHP



LWVKRXOGEHQRWHGWKDWDOLJKWVLJQDOJRLQJWRDQGIUREHWZHHQ 6O DQG6 ZRXOGFRQVWLWXWHD
FORFN ZKLFK ZRXOG QRW EH LQ D FRQVWDQW UHODWLRQ ZLWK D FORFN HJDQ DWRPLVWLF FORFN LQ 6
7KLV ZRXOG PHDQ WKDW WKHUH ZRXOG H[LVW QR PHWULF LQ WKH VHQVH RI
UHODWLYLW\7KLVQRWRQO\LQYROYHVWKHORVVRIFRPSUHKHQVLRQRIDOOWKRVHUHODWLRQVZKLFKUHODWL YLW\
KDV\LHOGHGEXWLWDOVRIDLOVWRFRQFXUZLWKWKHIDFWWKDWFHUWDLQDWRPLVWLFIRUPVDUHQRWUHODWHGE\
VLPLODULW\EXWE\FRQJUXHQFH WKHH[LVWHQFHRIVKDUSVSHFWUDOOLQHVYROXPHVRIDWRPVHWF 
7KH DERYH FRQVLGHUDWLRQV DUH KRZHYHU EDVHG RQ Z DYH WKHRU\ DQG LW PD\ EH WKDW VRPH
SURSRQHQWV RI WKH DERYH K\SRWKHVLV LPDJLQH WKDW WKH SURFHVV RI WKH H[SDQVLRQ RI OLJKW LV
DOWRJHWKHUQRWDFFRUGLQJWRZDYHWKHRU\EXWUDWKHULQDPDQQHUDQDORJRXVWRWKH&RPSWRQHIIHFW
7KH DVVXPSWLRQ RI VXFK D SURFHVV Z LWKRXW VFDWWHULQJ FRQVWLWXWHV D K\SRWKHVLV ZKLFK LV QRW
MXVWLILHGIURPWKHSRLQWRIYLHZ RIRXUSUHVHQWNQRZOHGJH,WDOVRIDLOVWRJLYHDUHDVRQIRUWKH
LQGHSHQGHQFHRIWKHUHODWLYHVKLIWRIIUHTXHQF\IURPWKHRULJLQDOIUHTXHQF\+HQFHRQHFDQQRWEXW
FRQVLGHU+XEEOH VGLVFRYHU\DVDQH[SDQVLRQRIWKHV\VWHPRIVWDUV

 7KHGRXEWV DERXWWKHDVVXPSWLRQRIDEHJLQQLQJRIWKHZRUOG VWDUWRIWKHH[SDQVLRQ 
RQO\ DERXW   \HDUV DJR KDYH URRWV RI ERWK DQ HPSLULFDO DQG D WKHRUHWLFDO QDWXUH 7KH
DVWURQRPHUV WHQG WR FRQVLGHU WKH VWDUV RI GLIIHUHQW VSHFWUDO W\SHV DV DJH FODVVHV RI D XQLIRUP
GHYHORSPHQW ZKLFK SURFHVV ZRXOG QHHG PXFK ORQJHU WKDQ   \HDUV 6XFK D WKHRU\ WKHUHIRUH
DFWXDOO\FRQWUDGLFWVWKHGHPRQVWUDWHGFRQVHTXHQFHVRIWKHUHODWLYLVWLFHTXDWLRQV, WVHHPVWRPH
KRZHYHU WKDW WKH WKHRU\ RI HYROXWLRQ RI WKH VWDUV UHVWV RQ ZHDNHU IRXQGDWLRQV WKDQ WKH ILHOG
HTXDWLRQV

7KHWKHRUHWLFDOGRXEWVDUHEDVHGRQWKHIDFWWKDWIRUWKHWLPHRIWKHEHJLQQLQJRIWKHH[SDQVLRQ
WKHPHWULFEHFRPHVVLQJXODUDQGWKH GHQVLW\UEHFRPHVLQILQLWH,QWKLVFRQQHFWLRQWKHIROORZLQJ
VKRXOGEHQRWHG7KHSUHVHQWWKHRU\RIUHODWLYLW\LVEDVHGRQDGLYLVLRQRISK\VLFDOUHDOLW\LQWRD
PHWULF ILHOG JUDYLWDWLRQ  RQ WKH RQH KDQG DQG LQWR DQ HOHFWURPDJQHWLF ILHOG DQG PDWWHU RQ WKH
RWKHU KDQG ,Q UHDOLW\ VSDFH ZLOO SUREDEO\ EH RI D XQLIRUP FKDUDFWHU DQG WKH SUHVHQW WKHRU\ EH
YDOLGRQO\DVDOLPLWLQJFDVH)RUODUJHGHQVLWLHVRIILHOGDQGRIPDWWHUWKHILHOGHTXDWLRQVDQG
HYHQWKHILHOGYDULDEOHVZKLFKHQWHULQWRWKHPZLOOKDYHQRUHDOVLJ QLILFDQFH2QH PD\ QRW WKHUH
IRUHDVVXPHWKHYDOLGLW\RIWKHHTXDWLRQVIRUYHU\KLJKGHQVLW\RIILHOGDQGRIPDWWHUDQGRQHPD\
QRWFRQFOXGHWKDWWKHEHJLQQLQJRIWKHH[SDQVLRQPXVWPHDQDVLQJX ODULW\LQWKHPDWKHPDWLFDO
VHQVH $OOZHKDYHWRUHDOL]HL VWKDWWKHHTXDWLRQVPD\QRWEHFRQWLQXHGRYHUVXFKUHJLRQV7KLV
FRQVLGHUDWLRQGRHVKRZHYHUQRWDOWHUWKHIDFWWKDWWKHEHJLQQLQJRIWKHZRUOGUHDOO\FRQVWLWXWHV
DEHJLQQLQJIURPWKHSRLQWRIYLHZRIWKHGHYHORSPHQWRIWKHQRZH[LVW LQJVWDUVDQGV\VWHPVRI
VWDUVDWZKLFKWKRVHVWDUVDQGV\VWHPVRIVWDUVGLGQRW\HWH[LVWDVLQGLYLGXDOHQWLWLHV
 7KHUHDUHKRZHYHUVRPHHPSLULFDODUJXPHQWVLQ IDYRU RIDG\QDPLFFRQFHSWRIVSDFHDV
UHTXLUHG E\ WKH WKHRU\ :K\ GRHV WKHUH VWLOO H[LVW XUDQLXP GHVSL WH LWV FRPSDUDWLYHO\ UDSLG
GHFRPSRVLWLRQ DQG GHVSLWH WKH IDFW WKDW QR SRVVLELOLW\ IRU WKH FUHDWLRQ RI XUDQLXP LV UHFRJ 
QL]DEOH" :K\ LV VSDFH QRW VR ILOOHG ZLWK UDGLDWLRQ DV WR PDNH WKH QRFWXUQDO VN\ ORRN OLNH D
JORZLQJVXUIDFH"7KLVLVDQROGTXHVWLRQZKL FKVRIDUKDVIRXQGQRVDWLVIDFWRU\DQVZHUIURPWKH
SRLQWRIYLHZRIDVWDWLRQDU\ZRUOG%XWLWZRXOGOHDGWRRIDUWRJRLQWRTXHVWLRQVRIWKLVW\SH
  )RU WKH UHDVRQV JLYHQ LW VHHPV WKDW ZH KDYH WR WDNH WKH LGHD RI DQ H[SDQGLQJ XQLYHUVH
VHULRXVO\ LQ VSLWH RI WKH VKRUW OLIHWLPH ,I RQH GRHV VR WKH PDLQ TXHVWLRQ EHFRPHV ZKHWKHU
VSDFHKDVSRVLWLYHRUQHJDWLYHVSDWLDOFXUYDWXUH7RWKLVZHDGGWKHIROORZLQJUHPDUN

)URP WKH HPSLULFDO SRLQW RI YLHZ WKH GHFLVLRQ ERLOV GRZQ WR WKH TXHVWLRQ ZKHWKHU WKH

H[SUHVVLRQ NU  K  LVSRVLWLYH VSKHULFDOFDVH RUQHJDWLYH SVHXGRVSKHULFDOFDVH 7KLVVHHPV

WRPHWREHWKHPRVWLPSRUWDQWTXHVWLRQ$QHPSLULFDOGHFLVLRQGRHVQRWVHHPLPSRVVLEOHDWWKH
SUHVHQWVWDWHRIDVWURQRP\6LQFH K +XEEOH VH[SDQVLRQ LVFRPSDUDWLYHO\ZHOONQRZQHYHU\WKLQJ
GHSHQGVRQGHWHUPLQLQJSZLWKWKHKLJKHVWSRVVLEOHDFFXUDF\



,W LV LPDJLQDEOH WKDW WKH SURRI ZRXOG EH JLYHQ WKDW WKH ZRUOG LV VSKHULFDO LW LV KDUGO\
LPDJLQDEOHWKDWRQHFRXOGSURYHLWWREHSVHXGRVSKHULFDO 7KLVGHSHQGVRQWKHIDFWWKDWRQHFDQ
DOZD\VJLYHDORZHUERXQGIRU U EXWQRWDQXSSHUERXQG7KLVLVWKHFDVHEHFDXVHZHFDQKDUGO\
IRUP DQ RSLQLRQ RQ KRZ ODUJH D IUDFWLRQ RI U LV JLYHQ E\ DVWURQRPLFDOO\ XQREVHUYDEOH QRW
UDGLDWLQJ PDVVHV
7KLV,ZLVKWRGLVFXVVLQVRPHZKDWJUHDWHUGHWDLO

2QH FDQ JLYH D ORZHU ERXQG IRU U UV  E\ WDNLQJ LQWR FRQVLGHUDWLRQ RQO\ WKH PDVVHV RI
K 
UDGLDWLQJ VWDUV ,I LW VKRXOG DSSHDU WKDW U V !
WKHQ RQH ZRXOG KDYH GHFLGHG LQ IDYRU RI
N
K 
VSKHULFDOVSDFH,ILWDSSHDUVWKDW U V 
RQHKDVWRWU\WRGHWHUPLQ HWKHVKDUHRIQRQUDGLDWLQJ
N
PDVVHVUG:HZDQWWRVKRZWKDWRQHFDQDOVRILQGDORZHUERXQGIRU

UG

UV

:H FRQVLGHU DQ DVWURQRPLFDO REMHFW ZKLFK FRQWDLQV PDQ\ VLQJOH VWDUV DQG ZKLFK FDQ EH
FRQVLGHUHGZLWKVXIILFLHQWDFFXUDF\WREHD VWDWLRQDU\V\VWHPHJDJOREXODUFOXVWHU RINQRZQ
SDUDOOD[ )URPWKHYHORFLWLHVZKLFKDUHREVHUYDEOHVSHFWURVFRSLFDOO\RQHFDQGHWHUPLQHWKHILHOG
RI JUDYLWDWLRQ XQGHU SODXVLEOH DVVXPSWLRQV  DQG WKHUHE\ WKH PDVVHV ZKLFK JHQHUDWH WKLV ILHOG
7KHPDVVHV ZKLFKDUHVRFRPSXWHGRQHFDQFRPSDUHZLWKWKRVHRIWKHYLVLEOHVWDUVRIWKHFOXVWHU
DQGVRILQGDWOHDVWDURXJKDSSUR[LPD WLRQIRUKRZIDUWKHPDVVHVZKLFKJHQHUDWHWKHILHOGH[FHHG
WKRVHRIWKHYLVLEOH VWDUVRIWKHFOXVWHU2QHREWDLQVWKXVDQHVWLPDW HIRU

UG
IRUWKHSDUWLFXODU
UV

FOXVWHU
6LQFHWKHQRQUDGLDWLQJVWDUVZLOORQWKHDYHUDJHEHVPDOOHUWKDQWKHUDGLDWLQJRQHVWKH\ZLOO
WHQGRQWKHDYHUDJHWRJUHDWHUYHORFLWLHVWKDQWKHODUJHUVWDUVGXHWRWKHLULQWHUDFWLRQZLWKWKH VWDUV
RIWKHFOXVWHU+HQFHWKH\ZLOOHYDSRUDWHPRUHTXLFNO\IURPWKHFOXVWHUWKDQWKHODUJHUVWDUV,W
PD\ WKHUHIRUHEHH[SHFWHGWKDWWKHUHODWLYHIUHTXHQF\RIWKHVPDOOHUKHDYHQO\ERGLHVLQVLGHWKH

§ UG ·
¸ UHODWLRQ RI
© U V ¹N

FOXVWHU ZLOO EH VPDOOHU WKDQ WKDW RXWVLGH RI LW 2QH F DQ WKHUHIRUH REWDLQ LQ ¨
GHQVLWLHVLQWKHDERYHFOXVWHU DORZHUERXQGIRUWKHUDWLR

UG
LQWKHZKROHVSDFH2QHWKHUHIRUH
UV

REWDLQVDVDORZHUERXQGIRUWKHHQWLUHDYHUDJHGHQVLW\RIPDVVLQVSDF H

ª §U · º
U V «  ¨ G ¸ »
¬« © U V ¹N »¼

,IWKLVTXDQWLW\LVJUHDWHUWKDQ

K 

RQHPD\FRQFOXGHWKDWVSDFHLVRIDVSKHULFDOFKDUDFWHU2Q
N
WKHRWKHUKDQG,FDQQRWWKLQNRIDQ\UHDVRQDEO\UHOLDEOHGHWHUPLQDWLRQRIDQXSSHUERXQGIRU U
 /DVWDQGQRWOHDVW7KHDJHRIWKHXQLYHUVHLQWKHVHQVHXVHGKHUHPXVWFHUWDLQO\H[FHHGWKDWRI
WKHILUPFUXVWRIWKHHDUWKDVIRXQGIURPWKHUDGLRDFWLYHPLQHUDOV6LQFHGHWHUPLQDWLRQRIDJHE\WKHVH
PLQHUDOVLVUHOLDEOHLQHYHU\UHVSHFWWKHFR VPRORJLFWKHRU\KHUHSUHVHQWHGZRXOGEHGLVSURYHGLILW
ZHUHIRXQGWRFRQWUDGLFWDQ\VXFKUHVXOWV,QWKLVFDVH,VHHQRUHDVRQDEOHVROXWLRQ
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5(/$7,9,67,&7+(25<2)7+(
1216<00(75,&),(/'
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()25( VWDUWLQJ ZLWK WKH VXEMHFW SURSHU , DP ILUV W JRLQJ WR GLVFXVV WKH VWUHQJWK RI
V\VWHPVRIILHOGHTXDWLRQVLQJHQHUDO 7KLV GLVFXVVLRQ LV RI LQWULQVLF LQWHUHVW TXLWH DSDUW
IURPWKHSDUWLFXODUWKHRU\SUHVHQWHGKHUH)RUDGHHSHUXQGHUVWDQGLQJRIRXUSUREOHPKRZHYHU
LWLVDOPRVWLQGLVSHQVDEOH
21 7+(&203$7,%,/,7<$1'7+(675(1*7+2)
6<67(062)),(/'(48$7,216

*LYHQFHUWDLQILHOGYDULDEOHVDQGDV\VWHPRIILHOGHTXD WLRQVIRUWKHPWKHODWWHUZLOOQRWLQ
JHQHUDOGHWHUPLQHWKHILHOGFRPSOHWHO\7KHUHVWLOOUHPDLQFHUWDLQIUHHGDWDIRUDVROXWL RQRIWKH
ILHOG HTXDWLRQV 7KH VPDOOHU WKH QXPEHU RI IUHH GDWD FRQVLVWHQW ZLWK WKH V\VWHP RI ILHOG
HTXDWLRQVWKHVWURQJHULVWKHV\VWHP,WLVFOHDUWKDWLQWKHDEVHQFHRIDQ\RWKHUYLHZSRLQW
IURPZKLFKWRVHOHFWWKHHTXDWLRQVRQHZLOOSUHIHUDVWURQJ HUV\VWHPWRDOHVVVWURQJRQH,WLV
RXUDLPWRILQGDPHDVXUHIRUWKLVVWUHQJWKRIV\VWHPVRIHTXDWLRQV,WZLOOWXUQRXWWKDWVXFKD
PHDVXUHFDQEHGHILQHGZKLFKZLOOHYHQHQDEOHXVWRFRPSDUHZLWKHDFKRWKHUWKHVWUHQJWKVRI
V\VWHPVZKRVHILHOGYDULDEO HVGLIIHUZLWKUHVSHFWWRQXPEHUDQGNLQG

:H VKDOO SUHVHQW WKH FRQFHSWV DQG PHWKRGV LQYROYHG KHUH LQ H[DPSOHV RI LQFUHDVLQJ
FRPSOH[LW\UHVWULFWLQJRXUVHOYHVWRIRXU GLPHQVLRQDOILHOGVDQGLQWKHFRXUVHRIWKHVHH[DPSOHV
ZHVKDOOVXFFHVVLYHO\LQWURGXFH WKHUHOHYDQWFRQFHSWV
)LUVWH[DPSOH7KHVFDODUZDYHHTXDWLRQ

I  I  I  I



+HUHWKHV\VWHPFRQVLVWVRIRQO\RQHGLIIHUHQWLDOHTXDWLRQIRURQHILHOGYDULDEOH:HDVVXPH I WR
EHH[SDQGHGLQD7D\ORUVHULHVLQWKHQHLJKERUKRRGRIDSRLQW 3 ZKLFKSUHVXSSRVHVWKHDQDO\WLF
FKDUDFWHU RI I  7KH WRWDOLW\ RI LWV FRHIILFLHQWV GHVFULEHV WKHQ WKH IXQFWLRQ FRPSOHWHO\ 7KH
QXPEHURIQWKRUGHUFRHIILFLHQWV WKDWLVWKH QWKRUGHUGHULYDWLYHVRI I DWWKHSRLQW3 LVHTXDOWR
   Q   §
§ ··
¨ DEEUHYLDWHG ¨ ¸ ¸  DQG DOO WKHVH FRHIILFLHQWV FRXOG EH IUHHO\ FKRVHQ LI WKH
   Q
© Q¹¹
©
GLIIHUHQWLDOHTXDWLRQGLGQRWLPSO\FHUWDLQUHODWLRQVEHWZHHQWKHP6LQFHWKHHTXDWLRQLVRIVHFRQG
RUGHUWKHVHUHODWLRQVDUHIRXQGE\ Q   IROGGLIIHUHQWLDWLRQRIWKHHTXDWLRQ:HWKXVREWDLQ IRU
§  ·
WKH QWK RUGHU FRHIILFLHQWV ¨
¸ FRQGLWLRQV 7KH QXPEHU RI QWK RUGHU FRHIILFLHQWV UHPDLQLQJ
© Q  ¹
IUHHLVWKHUHIRUH

]

§ · §  ·
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¸
© Q¹ © Q  ¹

,QWKHIROORZLQJWKHFRPPDZLOODOZD\VGHQRWHSDUWLDOGLIIHUHQWLDWLRQWKXVIRUH[DPSOH I L
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HWF

7KLVQXPEHULVSRVLWLYHIRUDQ\ Q+HQFHLIWKHIUHHFRHIILFLHQWVIRUDOORUGHUVVPD OOHUWKDQQ
KDYHEHHQIL[HGWKHFRQGLWLRQVIRUWKHFRHIILFLHQWVRIRUGHU Q FDQDOZD\VEHVDWLVILHGZLWKRXW
FKDQJLQJWKHFRHIILFLHQWVDOUHDG\FKRVHQ
$QDORJRXV UHDVRQLQJ FDQ EH DSSOLHG WR V\VWHPV FRQVLVWLQJ RI VHYHUDO HTXDWLRQV ,I WKH
QXPEHURIIUHHQWK RUGHUFRHIILFLHQWVGRHVQRWEHFRPHVPDOOHUWKDQ]HURZHFDOOWKHV\VWHPRI
HTXDWLRQV DEVROXWHO\FRPSDWLEOH:HVKDOO UHVWULFWRXUVHOYHVWRVXFKV\VWHPVRIHTXDWLRQV$OO
V\VWHPVNQRZQWRPHZKLFKDUHXVHGLQSK\VLFVDUHRIWKLVNLQG
/HWXVQRZUHZULWHH TXDWLRQ  :HKDYH

ZKHUH] 
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,I ZH UHVWULFW RXUVHOYHV WR ODUJH YDOXHV RI Q ZH PD\ QHJOHFW WKH WHUPV

SDUHQWKHVLVDQGZHREWDLQIRU   DV\PSWRWLFDOO\
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HWF LQ WKH

D

:HFDOO]  WKHFRHIILFLHQWRIIUHHGRPZKLFKLQRXUFDVHKDVWKHYDOXH7KHODUJHUWKLV
FRHIILFLHQWWKHZHDNHULVWKHFRUUHVSRQGLQJV\VWHPRIHTXDWLRQV
6HFRQGH[DPSOH0D[ZHOO VHTXDWLRQVIRUHPSW\VSDFH

I LVV
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I L N UHVXOWVIURPWKHDQWLV\PPHWULFWHQVRU I LN E\UDLVLQJWKHFRYDULDQWLQGLFHVZLWKWKHKHOSRI
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7KHVHDUHILHOGHTXDWLRQVIRUVL[ILHOGYDULDEOHV$PRQJWKHVHHLJKWHTXDWLRQV WKHUH
H[LVW WZR LGHQWLWLHV ,I WKH OHIW KDQG VLGHV RI WKH ILHOG HTXDWLRQV DUH GHQRWHG E\ * L DQG + L N O
UHVSHFWLYHO\WKHLGHQWLWLHVKDYHWKHIRUP

*LL { 

+ L N O  P  + N O P L  + O PL N  + PL N  O

,QWKLVFDVHZHUHDVRQDVIROOR ZV 





7KH7D\ORUH[SDQVLRQRIWKHVL[ILHOGFRPSRQHQWVIXUQLVKHV

§ ·
¨ ¸
©Q¹

FRHIILFLHQWV RI WKH QWK RUGHU 7KH FRQGLWLRQV WKDW WKHVH QWK RUGHU FRHIILFLHQWV PXVW VDWLVI\ DUH
REWDLQHGE\ Q   IROGGLIIHUHQWLDWLRQRIWKHHLJKWILHOGHTXDWLRQVRIWKHILUVWRUGHU7KHQXPEHURI
WKHVHFRQGLWLRQVLVWKHUHIRUH
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7KHVH FRQGLWLRQV KRZHYHU DUH QRW LQGHSHQGHQW RI HDFK RWKHU VLQFHWKHUHH[LVWDPRQJWKHHLJKW
HTXDWLRQVWZRLGHQWLWLHVRIVHFRQGRUGHU7KH\\LHOGXSRQ Q   IROGGLIIHUHQWLDWLRQ
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DOJHEUDLF LGHQWLWLHV DPRQJ WKH FRQGLWLRQV REWDLQHG IURP WKH ILHOG HTXDWLRQV 7KH QXPEHU RI IUHH
FRHIILFLHQWVRIQWKRUGHULVWKHUHIRUH
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+HUHWKHQ] 7KLVVKRZVWKDW DQGWRZKDWH[WHQW WKLVV\VWHPRIHTXDWLRQVGHWHUPLQHVWKH
ILHOGOHVVVWURQJO\WKDQLQWKHFDVHRIWKHVFDODUZDYHHTXDWLRQ ]O  7KHFLUFXPVWDQFHWKDWLQ
ERWK FDVHV WKH FRQVWDQW WHUP LQ WKH SDUHQWKHVLV YDQLVKHV H[SUHVVHV WKH IDFW WKDW WKH V\VWHP LQ
TXHVWLRQGRHVQRWOHDYHIUHHDQ\IXQFWLRQRIIRXUYDULDEOHV
7KLUGH[DPSOH 7KHJUDYLWDWLRQDOHTXDWLRQVIRUHPSW\VSDFH 
:HZULWHWKHPLQWKHIRUP
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7KH 5L N FRQWDLQRQO\WKH* DQGDUHRIILUVWRUGHUZL WKUHVSHFWWRWKHP :HWUHDWKHUHWKHJ DQG

* DVLQGHSHQGHQWILHOGYDULDEOHV7KHVHFRQGHTXDWLRQVKRZVWKDWLWLVFRQYHQLHQWWRWUHDWWKH * DV
TXDQWLWLHVRIWKHILUVWRUGHURIGLIIHUHQWLDWLRQZKLFKPHDQVWKDWLQWKH7D\ORUH[SDQVLRQ
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RIWKHVHFRQGRUGHUDQGVRRQ$FFRUGLQJO\WKH 5L N

PXVW EH FRQVLGHUHG DV RI VHFRQG RUGHU %HWZHHQ WKHVH HTXDWLRQV WKHUH H[LVW WKH IRXU %LDQFKL
LGHQWLWLHVZKLFKDVDFRQVHTXHQFHRIWKHFRQYHQWLRQDGRSWHGDUHWREHFRQVLGHUHGDVRIWKLUGRUGHU
,QDJHQHUDOO\FRYDULDQWV\VWHPRIHTXDWLRQVDQHZFLUFXPVWDQFHDSSHDUVZKLFKLVHVVHQWLDOIRUD
FRUUHFWHQXPHUDWLRQRIWKHIUHHFRHIIL FLHQWVILHOGVWKDWUHVXOWIURPRQHDQRWKHUE\PHUHFRRUGLQDWH
WUDQVIRUPDWLRQVVKRXOGEHFRQVLGHUHGRQO\DVGLIIHUHQWUHSUHVHQWDWLRQVRIRQHDQGWKHVDPHILHOG
&RUUHVSRQGLQJO\RQO\SDUWRIWKH
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QXPEHURIH[SDQVLRQFRHIILFLHQWVWKDWDFWXDOO\GHWHUPLQHWKHILHOGLVUHGXFHGE\DFHUWDLQDPRXQW
ZKLFKZHPXVWQRZFRPSXWH
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KDYH QR SDUW LQ WKH FKDUDFWHUL]DWLRQ RI WKH ILHOG ,Q DQ\ JHQHUDO UHODWLYLVWLF WKHRU\ RQH PXVW
§  ·
WKHUHIRUHVXEWUDFW  ¨
¸ IURPWKHWRWDOQXPEHURI QWKRUGHUFRHIILFLHQWVVRDVWRWDNHDFFRXQWRI
© Q  ¹
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7KH WHQ J L N TXDQWLWLHV RI ]HUR RUGHU RI GLIIHUHQWLDWLRQ  DQG WKH IRUW\ * OL N TXDQWLWLHV RI ILUVW
RUGHURIGLIIHUHQWLDWLRQ \LHOGLQYLHZRIWKHFRUUHFWLRQMXVWGHULYHG
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UHOHYDQWFRHIILFLHQWVRIQWKRUGHU7KHILHOGHTXDWLRQV RIWKHVHFRQGDQGRIWKHILUVWRUGHU 
IXUQLVKIRUWKHP
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FRQGLWLRQV )URP WKLV QXPEHU KRZHYHU ZH PXVW VXEWUDFW WKH QXPEHU RI WKH LGHQWLWLHV EHWZHHQ
WKHVH1 FRQGLWLRQV YL]
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ZKLFKUHVXOWIURPWKH%LDQFKLLGHQWLWLHV RIWKHWKLUGRUGHU +HQFHZHILQGKHUH
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+HUH WRR ] LV SRVLWLYH IRU DOO Q VR WKDW WKH V\VWHP LV DEVROXWHO\ FRPSDWLEOH LQ WKH VHQVH RI WKH
GHILQLWLRQJLYHQDERYH,WLVVXUSULVLQJWKDWWKHJUDYLWDWLRQDOHTXDWLRQVIRUHPSW\VSDFHGHWHUPLQH
WKHLUILHOGMXVWDVVWURQJO\DVGR0D[ZH OO VHTXDWLRQVLQWKHFDVHRIWKHHOHFWURPDJQHWLFILHOG
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*HQHUDOUHPDUNV

,WLVWKHHVVHQWLDODFKLHYHPHQWRIWKHJHQHUDOWKHRU\RIUHODWLYLW\WKDWLWKDVIUHHGSK\VLFV
IURPWKHQHFHVVLW\RILQWURGXFLQJWKHLQHUWLDOV\VWHP RULQHUWLDOV\VWHPV 7KLVFRQFHSWLV
XQVDWLVIDFWRU\ IRU WKH IROORZLQJ UHDVRQ ZLWKRXW DQ\ GHHSHU IRXQGDWLRQ LW VLQJOHVRXW FHUWDLQ
FRRUGLQDWHV\VWHPVDPRQJDOOFRQFHLYDEOHRQHV,WLVWKHQDVVXPHGWKDWWKHODZVRISK\VLFV
KROGRQO\ IRUVXFKLQHUWLDOV\VWHPV HJWKHODZRILQHUWLDDQGWKHODZRIWKHFRQVWDQF\RIWKH
YHORFLW\ RI OLJKW  7KHUHE\ VSDFH DV VXFK LV DVVLJQHG D UROH LQ WKH V\VWHP RI SK\VLFV WKDW
GLVWLQJXLVKHVLWIURPDOORWKHUHOHPHQWVRISK\VLFDOGHVFULSWLRQ,WSOD\VDGHWHUPLQLQJUROHLQ
DOOSURFHVVHVZLWKRXWLQLWVWXUQEHLQJLQIOXHQFHGE\WKHP7KRXJKVXFKDWKHRU\LVORJLFDOO\
SRVVLEOH LW LV RQ WKH RWKHU KDQG UDWKHU XQVDWLVIDFWRU\ 1HZWRQ KDG EHHQ IXOO\ DZDUH RI WKLV
GHILFLHQF\EXWKHKDGDOVRFOHDUO\XQGHUVWRRGWKDWQRRWKHUSDWKZDVRSHQWRSK\VLFVLQKLV
WLPH$PRQJWKHODWHUSK\VLFLVWVLWZDVDERYHDOO(UQVW0DFKZKRIRFXVVHGDWWHQWLRQRQWKLV
SRLQW
:KDWLQQRYDWLRQVLQWKHSRVW1HZWRQLDQGHYHORSPHQWRIWKHIRXQGDWLRQVRISK\VLFVKDYHPDGH LW
SRVVLEOHWRRYHUFRPHWKHLQHUWLDOV\VWHP" )LUVWRIDOOLWZDVWKHLQWURGXFWLRQRIWKHILHOGFRQFHSWE\DQG
VXEVHTXHQW WR WKH WKHRU\ RI HOHFWURPDJQHWLVP RI )DUDGD\ DQG 0D[ZHOO RU WR EH PRUH SUHFLVH WKH
LQWURGXFWLRQRIWKHILHOGDVDQLQGHSHQGHQWQRWIXUWKHUUHGXFLEOHIXQGDPHQWDOFRQFHSW$V IDUDVZHDUH



DEOHWRMXGJHDWSUHVHQWWKHJHQHUDOWKHRU\RIUHODWLYLW\FDQEHFRQFHLYHGRQO\DVDILHOGWKHRU\,W
FRXOGQRWKDYHGHYHORSHGLIRQHKDGKHOGRQWRWKHYLHZWKDWWKHUHDOZRUOGFRQVLVWVRIPDWHULDOSRLQWV
ZKLFKPRYHXQGHUWKHLQIOXHQFHRI IRUFHVDFWLQJEHWZHHQWKHP+DGRQHWULHGWRH[SODLQWR1HZWRQWKH
HTXDOLW\RILQHUWLDODQGJUDYLWDWLRQDOPDVVIURPWKHHTXLYDOHQFHSULQFLSOHKHZRXOGQHFHVVDULO\KDYHKDG
WRUHSO\ZLWKWKHIROORZLQJREMHFWLRQLWLVLQGHHGWUXHWKDWUHODWLYHWRDQDFFHOH UDWHGFRRUGLQDWHV\VWHP
ERGLHVH[SHULHQFHWKHVDPHDFFHOHUDWLRQVDVWKH\GRUHODWLYHWRDJUDYLWDWLQJFHOHVWLDOERG\FORVHWRLWV
VXUIDFH%XWZKHUHDUHLQWKHIRUPHUFDVHWKHPDVVHVWKDWSURGXFHWKHDFFHOHUDWLRQV",WLVFOHDUWKDWWKH
WKHRU\RIUHODWLYLW\SUHVXSSRVHVWKHLQGHSHQGHQFHRIWKHILHOGFRQFHSW

7KH PDWKHPDWLFDO NQRZOHGJH WKDW KDV PDGH LW SRVVLEOH WR HVWDEOLVK WKH JHQHUDO WKHRU\ RI
UHODWLYLW\ZHRZHWRWKHJHRPHWULFDOLQYHVWLJDWLRQVRI*DXVVDQG5LHPDQQ7KHIRUPHUKDVLQKLV
WKHRU\ RI VXUIDFHV LQYHVWLJDWHG WKH PHWULF SURSHUWLHV RIDVXUIDFHLPEHGGHGLQWKUHH GLPHQVLRQDO
(XFOLGHDQ VSDFH DQG KH KDV VKRZQ WKDW WKHVH SURSHUWLHV FDQ EH GHVFULEHG E\ FRQFHSWV WKDW UHIHU
RQO\ WR WKH VXUIDFH LWVHOI DQG QRW WR LWV UHODWLRQ WR WKH VSDFH LQ ZKLFK LW LV LPEHGGHG 6LQFH LQ
JHQHUDOWKHUHH[LVWVQRSUHIHUUHGFRRUGLQDWHV\VWHPRQDVXUIDFHWKLVLQYHVWLJDWLRQOHGIRUWKHILUVW
WLPHWRH[SUHVVLQJWKHUHOHYDQWTXDQWLWLHVLQJHQHUDOFRRUGLQDWHV5LHPDQQKDVH[WHQGHGWKLVWZR 
GLPHQVLRQDO WKHRU\ RI VXUIDFHV WR VSDFHV RI DQ DUELWUDU\ QXPEHU RI GLPHQVLRQV VSDFHV ZLWK
5LHPDQQLDQ PHWULF ZKLFK LV FKDUDFWHUL]HG E\ D V\PPHWULF WHQVRU ILHOG RI VHFRQG UDQN  ,Q WKLV
DGPLUDEOH LQYHVWLJDWLRQ KH IRXQG WKH JHQHUDO H[SUHVVLRQ IRU WKH FXUYDWXUH LQ KLJKHU GLPHQVLRQDO
PHWULFVSDFHV
7KH GHYHORSPHQW MXVW VNHWFKHG RI WKH PDWKHPDWLFDO WKHRULHV HVVHQWLDO IRU WKH VHWWLQJ XS RI
JHQHUDO UHODWLYLW\ KDG WKH UHVXOW WKDW DW ILUVW 5LHPDQQLDQ PHWULF ZDV FRQVLGHUHG WKH IXQGDPHQWDO
FRQFHSWRQZKLFKWKHJHQHUDOWKHRU\RIUHODWLYLW\DQGWKXVW KHDYRLGDQFHRIWKHLQHUWLDOV\VWHPZHUH
EDVHG/DWHUKRZHYHU/HYL &LYLWjULJKWO\SRLQWHGRXWWKDWWKHHOHPHQWRIWKHWKHRU\WKDWPDNHVLW
SRVVLEOHWRDYRLGWKHLQHUWLDOV\VWHPLVUDWKHUWKHLQILQLWHVLPDOGLVSODFH PHQWILHOG * OL N 7KHPHWULF
RUWKHV\PPHWULFWHQVRUILHOG J L N ZKLFKGHILQHVLWLVRQO\LQGLUHFWO\FRQQHFWHGZLWKWKHDYRLGDQFH
RIWKHLQHUWLDOV\VWHPLQVRIDUDVLWGHWHUPLQHVDGLVSODFHPHQWILHOG7KHIROORZLQJFRQVLGHUDWLRQ
ZLOOPDNHWKLVFOHDU

7KHWUDQVLWLRQIURPRQHLQHUWLDOV\VWHPWRDQRWKHULVGHWHUPLQHGE\D OLQHDU WUDQVIRUPDWLRQ RID

SDUWLFXODU NLQG  ,I DW WZR DUELWUDULO\ GLVWDQW SRLQWV 3 DQG 3 WKHUH DUH WZR YHFWRUV $ DQG $
UHVSHFWLYHO\ ZKRVH FRUUHVSRQGLQJ FRP SRQHQWV DUHHTXDOWRHDFKRWKHU $
FRQVHUYHGLQDSHUPLVVLEOHWUDQVIRUPDWLRQ,ILQWKHWUDQVIRUPDWLRQIRUPXOD
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DUH LQGHSHQGHQW RI WKH [D WKH WUDQVIRUPDWLRQ IRUPXOD IRU WKH YHFWRU

w[
FRPSRQHQWVLVLQGHSHQGHQWRISRVLWLRQ(TXDOLW\ RIWKHFRPSRQHQWV RIWZRYHFWRUVDWGLIIHUHQW
SRLQWV 3O DQG 3 LV WKXV DQ LQYDULDQW UHODWLRQ LI ZH UHVWULFW RXUVHOYHV WR LQHUWLDO V\VWHPV ,I
KRZHYHURQHDEDQGRQVWKHFRQFHSWRIWKHLQHUWLDOV\VWHPDQGWKXVDGPLWVDUELWUDU\FRQWLQXRXV
w[ L
WUDQVIRUPDWLRQV RI WKH FR RUGLQDWHV VR WKDW WKH
GHSHQG RQ WKH [D WKH HTXDOLW\ RI WKH
D
w[
FRPSRQHQWVRIWZRYHFWRUVDWWDFKHGWRWZR GLIIHUHQWSRLQWVLQVSDFHORVHVLWVLQYDULDQWPHDQLQJ
DQGWKXVYHFWRUVDWGLIIHUHQWSRLQWVFDQQRORQJHUEHGLUHFWO\FRPSDUHG,WLVGXHWRWKLVIDFWWKDW
LQDJHQHUDOUHODWLYLVWLFWKHRU\RQHFDQQRORQJHUIRUPQHZWHQVRUVIURPDJLYHQWHQVRUE\VLPSOH
GLIIHUHQWLDWLRQ DQG WKDW LQ VXFK D WKHRU\ WKHUH DUH DOWRJHWKHU PXFK IHZHU LQYDULDQWIRUPDWLRQV
7KLVSDXFLW\LVUHPHGLHGE\WKHLQWURGXFWLRQRIWKHLQILQLWHVLPDOGLV SODFHPHQWILHOG,WUHSODFHV
D



WKH LQHUWLDO V\VWHP LQDVPXFK DV LW PDNHV LW SRVVLEOH WR FRPSDUH YHFWRUV DW LQILQLWHVLPDOO\
FORVHSRLQWV6WDUWLQJIURPWKLVFRQFHSWZHVKDOOSUHVHQWLQWKHVHTXHOWKHUHODWLYLVWLFILHOGWKHRU\
FDUHIXOO\GLVSHQVLQJZLWKDQ\WKLQJWKDWLVQRWQHFHVVDU\WRRXUSXUSRVH
7KHLQILQLWHVLPDOGLVSODFHPHQWILHOG *
7RDFRQWUDYDULDQWYHFWRU $L DWDSRLQW3 FRRUGLQDWHV[W ZHFRUUHODWHDYHFWRU $L  G $L DWWKH
LQILQLWHVLPDOO\FORVHSRLQW [W G[W E\WKHELOLQHDUH[SUHVVLRQ
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*LVW $V G[W



ZKHUHWKH * DUHIXQFWLRQVRI[2QWKHRWKHUKDQGLI$ LVDYHFWRUILHOGWKHFRPSRQHQWVRI $L DW
WKHSRLQW [W G[W DUHHTXDOWR$L G$L ZKHUH

G$L

$LW G[W

7KHGLIIHUHQFHRIWKHVHWZRYHFWRUVDWWKHQHLJKERULQJSRLQW [W G[W LVWKHQLWVHOIDYHFWRU

$LW  $V *LVW G[ W { $L W G[ W
FRQQHFWLQJ WKH FRPSRQHQWV RI WKH YHFWRU ILHOG DW WZR LQILQL WHVLPDOO\ FORVH SRLQWV 7KH
GLVSODFHPHQW ILHOG UHSODFHV WKH LQHUWLDO V\VWHP LQDVPXFK DV LW HIIHFWV WKLV FRQQHFWLRQ IRUPHUO\
IXUQLVKHGE\WKHLQHUWLDOV\VWHP7KHH[SUHVVLRQZLWKLQWKHSDUHQWKHVLV $L W IRUVKRUWLVDWHQVRU
7KHWHQVRUFKDUDFWHURI $L W GHWHUPLQHVWKHWUDQVIRUPDWLRQODZIRUWKH * :HKDYHILUVW
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8VLQJ WKH VDPH LQGH[ LQ ERWK FRRUGLQDWH V\VWHPV LV QRW PHDQW WR LPSO\ WKDW LW UHIHUV WR
FRUUHVSRQGLQJ FRPSRQHQWV LH L LQ [ DQG LQ [  UXQ LQGHSHQGHQWO\ IURP  WR  $IWHU VRPH
SUDFWLFHWKLVQRWDWLRQPDNHVWKHHTXDWLRQVFRQ VLGHUDEO\PRUH WUDQVSDUHQW:HQRZUHSODFH
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7KLVOHDGVWRDQHTXDWLRQZKLFKDSDUWIURPWKH *  FRQWDLQVRQO\ILHOGTXDQWLWLHVRIWKHRULJLQDO
V\VWHPDQGWKHLUGHULYDWLYHVZLWK UHVSHFWWRWKH [ RIWKHRULJLQDOV\VWHP6ROYLQJWKLVHTXDWLRQIRU
WKH * RQHREWDLQVWKHGHVLUHGWUDQVIRUPDWLRQIRUPXOD

$VEHIRUHW GHQRWHVRUGLQDU\GLIIHUHQWLDWLRQ
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ZKRVHVHFRQGWHUP RQWKHULJKW KDQGVLGH FDQEHVRPHZKDWVLPSOLILHG
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:H FDOO VXFK DTXDQWLW\ D SVHXGR WHQVRU 8QGHUOLQHDUWUDQVIRUPDWLRQVLWWUDQVIRUPVDVDWHQVRU
ZKHUHDVIRUQRQOLQHDUWUDQVIRUPDWLRQVDWHUPLVDGGHGZKLFKGRHVQRWFRQWDLQWKHH[SUHVVLRQWREH
WUDQVIRUPHGEXWRQO\GHSHQ GVRQWKHWUDQVIRUPDWLRQFRHIILFLHQWV
5HPDUNVRQWKHGLVSODFHPHQWILHOG
 LN O { *LO N ZKLFK LV REWDLQHG E\ D WUDQV SRVLWLRQ RI WKH ORZHU LQGLFHV DOVR
 7KH TXDQWLW\ *

WUDQVIRUPVDFFRUGLQJWR  DQGLVWKHUHIRUHOLNHZLVHDGLVSODFHPHQWI LHOG
%\V\PPHWUL]LQJ RUDQWL V\PPHWUL]LQJ HTXDWLRQ  ZLWKUHVSHFWWRWKHORZHULQGLFHV N O 
RQHREWDLQVWKHWZRHTXDWLRQV
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+HQFH WKH WZR V\PPHWULF DQG DQWL V\PPHWULF  FRQVWLWXHQWV RI * LO N  WUDQVIRUP LQGHSHQGHQWO\ RI
HDFKRWKHULHZLWKRXWPL[LQJ7KXVWKH\DSSHDUIURPWKHSRLQWRIYLHZRIWKHWUDQVIRUPDWLRQODZ
DV LQGHSHQGHQW TXDQWLWLHV 7KH VHFRQG RI WKH HTXDWLRQV VKRZV WKDW *LN O  WUDQVIRUPV DV D WHQVRU
)URPWKHSRLQWRI YLHZRIWKHWUDQVIRUPDWLRQJURXSLWVHHPVWKHUHIRUHDWILUVWXQQDWXUDOWRFRPELQH
WKHVHWZRFRQVWLWXHQWVDGGLWLYHO\LQWRRQHVLQJOHTXDQWLW\

2QWKHRWKHUKDQGWKHORZHULQGLFHVRI * SOD\TXLWHGLIIHUHQWUROHVLQWKHGHILQLQJHTXDWLRQ
 VRWKDWWKHUHLVQRFRPSHOOLQJUHDVRQWRUHVWULFWWKH * E\WKHFRQGLWLRQRIV\PPHWU\ZLWKUHJDUG
WRWKHORZHULQGLFHV,IRQHGRHVVRQHYHUWKHOHVVRQHLVOHGWRWKHWKHRU\RIWKHSXUHJUDYLWDWLRQDO
ILHOG,IKRZHYHURQHGRHVQRWVXEMHFWWKH)WRDUHVWULFWLYHV\PPHWU\FRQGLWLRQRQHDUULYHVDWWKDW
JHQHUDOL]DWLRQRIWKHODZRIJUDYLWDWLRQWKDWDSSHDUVWRPHDVWKHQDWXUDORQH
7KHFXUYDWXUHWHQVRU
$OWKRXJKWKH*ILHOGGRHVQRWLWVHOIKDYHWHQVRU FKDUDFWHULWLPSOLHVWKHH[LVWHQFHRIDWHQVRU7KH
ODWWHULVPRVWHDVLO\REWDLQHGE\GLVSODFLQJDYHFWRU $ DFFRUGLQJWR  DORQJWKHFLUFXPIHUHQFHRIDQ
LQILQLWHVLPDOWZRGLPHQVLRQDOVXUIDFHHOHPHQWDQGFRPSXWLQJLWVFKDQJHLQRQHFLUFXLW7KLVFKDQJH
KDVYHFWRUFKDUDFWHU



/HW [ W EH WKH FRRUGLQDWHV RI D IL[HG SRLQW DQG [ W WKRVH RI DQRWKHU SRLQW RQ WKH


FLUFXPIHUHQFH7KHQ [ W

[ W  [ W LVVPDOOIRUDOOSRLQWVRIWKHFLUFXPIHUHQFHDQGFDQEH XVHGDVD

EDVLVIRUWKHGHILQLWLRQRIRUGHUVRIPDJQLWXGH


³

7KHLQWHJUDO v G $L WREHFRPSXWHGLVWKHQLQPRUHH[SOLFLWQRWDWLRQ

 v³ *LVW $V G[W

 v³ * LVW $V G[ W

RU

8QGHUOLQLQJRIWKHTXDQWLWLHVLQWKHLQWHJUDQGLQGLFDWHVWKDWWKH\DUHWR EHWDNHQIRUVXFFHVVLYH
SRLQWVRIWKHFLUFXPIHUHQFH DQGQRWIRUWKHLQLWLDOSRLQW [ W  
:HILUVWFRPSXWHLQWKHORZHVWDSSUR[LPDWLRQWKHYDOXHRI $L IRUDQDUELWUDU\SRLQW [ W RIWKH
FLUFXPIHUHQFH7KLVORZHVWDSSUR[LPDWLRQLVREWDLQHGE\UHSODFLQJLQWKHLQWHJUDOH[WHQGHGQRZRYHU
DQRSHQSDWK * LV W DQG $V E\WKHYDOXHV *LV W DQG $V IRU WKHLQLWLDOSRLQWRILQWHJUDWLRQ [ W  7KH
LQWHJUDWLRQJLYHVWKHQ

$L  * LVW $V ³ G[ W

$L

$L  * LVW $ V[ W

:KDWLVQHJOHFWHGKHUHDUHWHUPVRIVHFRQGRUKLJKHURUGHULQ [:LWKWKHVDPHDSSUR[LPDWLRQRQH
REWDLQVLPPHGLDWHO\

*LVW

*LVW  *LVW  U[ U

,QVHUWLQJWKHVHH[SUHVVLRQVLQWKHLQWHJUDODERYHRQHREWDLQVILUVWZLWKDQDSSURSULDWHFKRLFHRI
WKHVXPPDWLRQLQGLFHV

 v³ *LVW  *LVW  T[ T

$V  * VS T $ S[ T G[ W

ZKHUH DOO TXDQWLWLHV ZLWK WKH H[FHSWLRQ RI [ KDYH WR EH WDNHQ IRU WKH LQLWLDO SRLQW RI
LQWHJUDWLRQ:HWKHQILQG

*LVW $V v³ G[ W  * LVW  T $V v³ [ T G[ W  * LVW * VS T $ S v³ [ T G[ W

ZKHUHWKHLQWHJUDOVDUHH[WHQGHGRYHUWKHFORVHGFLUFXP IHUHQFH 7KHILUVWWHUPYDQLVKHVEHFDXVHLWV
LQWHJUDOYDQLVKHV 7KHWHUPSURSRUWLRQDOWR [  LVRPLWWHGVLQFHLWLVRIKLJKHURUGHU7KHWZR RWKHU
WHUPVPD\EHFRPELQHGLQWR

ª¬ * LSW  T  * LVW * VS T º¼ $ S v³ [ T G[ W
7KLVLVWKHFKDQJH'$L RIWKHYHFWRU$L DIWHUGLVSODFHPHQWDORQJWKHFLUFXPIHUHQFH:HKDYH

v³ [

T

G[ W

v³ G

[ T[ W  v³ [ W G[ T


 v³ [ W G[ T

7KLVLQWHJUDOLVWKXVDQWLV\PPHWULFLQ W DQGTDQGLQDGGLWLRQLWKDVWHQVRUFKDUDFWHU:HGHQRWH
WT
LWE\ I   ,I I W T ZHUHDQDUELWUDU\WHQVRUWKHQWKHYHFWRUFKDUDFWHURI '$L ZRXOGLPSO\WKHWHQVRU
FKDUDFWHU RI WKH EUDFNHWHG H[SUHVVLRQ LQ WKH ODVW EXW RQH IRUPXOD $V LW LV Z H FDQ RQO\ LQIHU WKH
WHQVRUFKDUDFWHURIWKHEUDFNHWHGH[SUHVVLRQLIDQWLV\P PHWUL]HGZLWKUHVSHFWWR WDQGT7KLVLVWKH
FXUYDWXUHWHQVRU

5NL O P { *LN O  P  *LN P O  *LVO * VN P  *LV P* VN O



7KH SRVLWLRQ RI DOO LQGLFHV LV KHUHE\ IL[HG &RQWUDFWLQJ ZLWK UHVSHFW WR L DQG P RQH REWDLQV WKH
FRQWUDFWHGFXUYDWXUHWHQVRU
5L N { *LVN  V  *LVV  N  * LWV * WV N  * LVN * WVW
D
7KHOWUDQVIRUPDWLRQ

7KHFXUYDWXUHKDVDSURSHUW\ZKLFKZLOO  EHLPSRUWDQWLQWKHVHTXHO)RUDGLVSODFHPHQWILHOG * ZH
PD\GHILQHDQHZ * DFFRUGLQJWRWKHIRUPXOD

*OL N

*OL N  G LO O  N



ZKHUH O LV DQ DUELWUDU\ IXQFWLRQ R I WKH FRRUGLQDWHV DQG G LO LV WKH .URQHFNHU WHQVRU  O 
WUDQVIRUPDWLRQ ,IRQHIRUPV 5NL O P *
WKDW

E\UHSODFLQJ * E\WKHULJKWKDQGVLGHRI  O FDQFHOVVR

5NL O P *

5NL O P *

5L N *



5L N *

7KHFXUYDWXUHLVLQYDULDQWXQGHU OWUDQVIRUPDWLRQV O LQYDULDQFH &RQVHTXHQWO\DWKHRU\ZKLFK
FRQWDLQV* RQO\ZLWKLQWKHFXUYDWXUHWHQVRUFDQQRWGHWHUPLQHWKH *ILHOGFRPSOHWHO\EXWRQO\XSWR
D IXQFWLRQ O ZKLFK UHPDLQV DUELWUDU\ ,Q VXFK D WK HRU\ * DQG * DUH WR EH UHJDUGHG DV
UHSUHVHQWDWLRQV RI WKH VDPH ILHOG LQ WKH VDPH ZD\ DV LI * ZHUH REWDLQHG IURP * PHUHO\ E\ D
FRRUGLQDWHWUDQVIRUPDWLRQ

,WLVQRWHZRUWK\WKDWWKH OWUDQVIRUPDWLRQFRQWUDU\WRDFRRUGLQDWHWUDQVIRUPDWLRQSURGXFHVD
QRQV\PPHWULF * IURP D *WKDW LV V\PPHWULF LQ L DQG N 7KH V\PPHWU\ FRQGLWLRQ IRU *ORVHV LQ
VXFKDWKHRU\LWVREMHFWLYHVLJQLILFDQFH
7KHPDLQVLJQLILFDQFHRI OLQYDULDQFHOLHVLQ WKHIDFWWKDWLWKDVDQLQIOXHQFHRQWKHVWUHQJWKRI
WKHV\VWHPRIWKHILHOGHTXDWLRQVDVZHVKDOOVHHODWHU

7KHUHTXLUHPHQWRIWUDQVSRVLWLRQLQYDULDQFH
7KH LQWURGXFWLRQ RI QRQV\PPHWULF ILHOGV PHHWV ZLWK WKH IROORZLQJ GLIILFXOW\ ,I * OL N LV D
GLVSODFHPHQW ILHOG VR LV * OL N

*ON L  ,I J L N LV D WHQVRU VR LV J L N



J N L  7KLV OHDGV WR D ODUJH

QXPEHU RI FRYDULDQW IRUPDWLRQV DPRQJ ZKLFK LW LV QRW SRVVLEOH WR PDNH D VHOHFWL RQ RQ WKH
SULQFLSOHRIUHODWLYLW\DORQH:HVKDOOGHPRQVWUDWHWKLVGLIILFXOW\E\DQH[DPSOHDQGZHVKDOOVKRZ
KRZLWFDQEHRYHUFRPHLQDQDWXUDOPDQQHU
,QWKHWKHRU\RIWKHV\PPHWULFILHOGWKHWHQVRU

:L N O {

J L N  O  J V N * LOV  J L V * OVN

SOD\VDQLPSRUWDQWSDUW,ILWLVSXWHTXDOWR]HURRQHREWDLQVDQHTXDWLRQZKLFKSHUPLWVWRH[SUHVV
WKH* E\WKHJLHWRHOLPLQDWHWKH*6WDUWLQJIURPWKHIDFWVWKDW   $WL $L W  $V * VVW LVDWHQVRUDV
SURYHGHDUOLHUDQGWKDW  DQDUELWUDU\FRQWUDYDULDQWWHQVRUFDQEHH[SUHVVHGLQWKHIRUP

¦$ %
W

W

L

W

N



LWFDQEHSURYHGZLWKRXWGLIILFXOW\WKDW WKHDERYHH[SUHVVLRQKDVWHQVRUFKDUDFWHUDOVRLIWKHILHOGV J
DQG* DUHQRORQJHUV\PPHWULF

%XWLQWKHODWWHUFDVHWKHWHQVRUFKDUDFWHULVQRWORVWLIHJLQWKHODVWWHUP * OVN LVWUDQVSRVHG

LH UHSODFHG E\ * OVN WKLV IROORZV IURP WKH IDFW WKDW J L V * NV O  *OVN

LV D WHQVRU  7KHUH DUH RWKHU

IRUPDWLRQVWKRXJKQRWTXLWHVRVLPSOHWKDWFRQVHUYHWKHWHQVRUFKDUDFWHUDQGFDQEHUHJDUGHGDV
H[WHQVLRQV RI WKH DERYH H[SUHVVLRQ W R WKH FDVH RI WKH QRQV\PPHWULF ILHOG &RQVHTXHQWO\LI RQH
ZDQWVWRH[WHQGWRQRQV\PPHWULFILHOGVWKHUHODWLRQEHWZHHQWKH J DQGWKH * REWDLQHGE\VHWWLQJ
WKHDERYHH[SUHVVLRQHTXDOWR]HURWKLVVHHPVWRLQYROYHDQDUELWUDU\FKRLFH

%XWWKHDERYHIRUPDWLRQKDVDSURSHUW\WKDWGLVWLQJXLVKHVLWIURPWKHRWKHUSRVVLEOHIRUPDWLRQV,I
RQHUHSODFHVLQLWVLPXOWDQHRXVO\ J L N E\ J L N DQG * OL N E\ * OL N DQGWKHQLQWHUFKDQJHVWKHLQGLFHVL DQGN LW

LVWUDQVIRUPHGLQWRLWVHOILWLVWUDQVSRVLWLRQV\PPHWULFZLWKUHVSHFWWRWKHLQGLFHV L DQGN7KHHTXDWLRQ
REWDLQHGE\SXWWLQJWKLVH[SUHVVLRQHTXDOWR]HURLVWUDQVSRVLWLRQLQYDULDQW,I J DQG* DUHV\PPHWULF
WKLVFRQGLWLRQLVRIFRXUVHDOVRVDWLVILHGLWLVDJHQHUDOL]DWLRQRIWKHFRQGLWLRQWKDWWKHILHOGTXDQWLWLHV
EHV\PPHWULF
:H SRVWXODWH IRU WKH ILHOG HTXDWLRQV RI WKH QRQ V\PPHWULF ILHOG WKDW WKH\ EH WUDQVSRVLWLRQ
LQYDULDQW , WKLQN WKDW WKLV SRVWXODWH SK\VLFDOO\ VSHDNLQJ FRUUHVSRQGV WR WKH UHTXLUH PHQW WKDW
SRVLWLYHDQGQHJDWLYHHOHFWULFLW\HQWHUV\PPHWUL FDOO\LQWRWKHODZVRISK\VLFV
$ JODQFH DW D  VKRZV WKDW WKH WHQVRU 5 LN LV QRW FRPSOHWHO\ WUDQVSRVLWLRQ V\PPHWULF VLQFH LW
WUDQVIRUPVE\WUDQVSRVLWLRQLQWR

5L N

* LVN  V  * VV N  L  * LWV *WV N  * LVN * WW V

E

7KLV FLUFXPVWDQFH LV WKH EDVLV RI WKH GLIILFXOWLHV WKDW RQH HQFRXQWHUV LQ WKH HQGHDYRXU WR HVWDEOLVK
WUDQVSRVLWLRQLQYDULDQWILHOGHTXDWLRQV
7KHSVHXGRWHQVRU 8 LON
,WWXUQVRXWWKDWDWUDQVSRVLWLRQV\PPHWULFWHQVRUFDQEHIRUPHGIURP 5 LN E\WKHLQWURGXFWLRQRID
VRPHZKDWGLIIHUHQWSVHXGRWHQVRU 8 LON LQVWHDGRI * OL N  ,Q D WKHWZRWHUPVWKDWDUHOLQHDULQ * FDQEH



IRUPDOO\FRPELQHGWRDVLQJOHRQH2QH UHSODFHV *LVN  V  *LVV  N E\ *LVN  *LW W G NV

QHZSVHXGRWHQVRU 8 LON E\WKHHTXDWLRQ

V

DQGGHILQHVD

8 LON { *OL N  *WLWG NO



6LQFH

8 LWW

*WLW

DVIROORZVIURP  E\FRQWUDFWLRQZLWKUHVSHFWWR N DQGOZHREWDLQWKHIROORZLQJH[SUHVVLRQIRU * LQ
WHUPVRI8

*OL N


8 LON  8 LWW G NO


D

,QVHUWLQJWKHVHLQ D RQHILQGV


6L N { 8 LVN  V  8 LWV8 VW N  8 LVV8 WWN




IRU WKH FRQWUDFWHG FXUYDWXUH WHQVRU LQ WHUPV RI 8 7KLV H[SUHVVLRQ KRZHYHU LV WUDQVSRVLWLRQ
V\PPHWULF,WLVWKLVIDFWWKDWPDNHVWK HSVHXGRWHQVRU8 VRYDOXDEOHIRUWKHWKHRU\RIQRQ V\PPHWULF
ILHOGV
OWUDQVIRUPDWLRQIRU8 ,ILQ  WKH* DUHUHSODFHGE\WKH8RQHREWDLQVE\DVLPSOHFDOFXODWLRQ

8 LON

8 LON  G LO O  N  G NO O  L

7KLVHTXDWLRQGHILQHVWKHOWUDQVIRUPDWLRQIRUWKH8
WUDQVIRUPDWLRQ 6L N 8

6L N 8



  LV LQYDULDQW ZLWK UHVSHFW WR WKLV

7KH WUDQVIRUPDWLRQODZIRU8,ILQ  DQG D WKH* DUHUHSODFHGE\WKH8 ZLWKWKHKHOSRI D 
RQHREWDLQV

8 LON

W
w[O w[L w[ N O w[O w  [ V
w [V
L w[
G
8


LN
N
w[O w[ L w[ N
w[ V w[ L w[ N
w[ V w[ L w[ W



1RWHWKDWDJDLQWKHLQGLFHVUHIHUULQJWRERWKV\VWHPVDVVXPHDOOWKHYDOXHVIURPWR LQGHSHQGHQWO\
RIHDFKRWKHUHYHQWKRXJKWKHVDPHOHWWHULVEHLQJXVHG5HJDUGLQJWKLVIRUPXODLWLVQRWHZRUWK\WKDW
RQDFFRXQWRIWKHODVWWHUPLWLVQRWWUDQVSRVLWLRQV\PPHWULFZLWKUHVSHFWW RWKHLQGLFHVL DQGN7KLV
SHFXOLDUFLUFXPVWDQFHFDQEHFODULILHGE\GHPRQVWUDWLQJWKDWWKLVWUDQVIRUPDWLRQPD\EHUHJDUGHGDVD
FRPSRVLWLRQRIDWUDQVSRVLWLRQV\PPHWULFFRRUGLQDWH WUDQVIRUPDWLRQDQGDOWUDQVIRUPDWLRQ,QRUGHU
WRVHHWKDWZHZULWHILUVWWKHODVWWHUPLQWKHIRUP
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+ δ il*
+
δ
*
*
*
* 
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2  ∂x s ∂x k ∂xt
∂x s ∂xi ∂xt 
*

*

The first of these two terms is transposition symmetric. Let us combine it with the first two
terms of the right-hand side of (10) to an expression K ilk * . Let us now consider what we get if
the transformation

U ilk * = K ilk *
is followed by the λ-transformation

*

*

*

*

U ilk ** = U ilk * − δ il* λ , k * − δ kl * λ ,i*
The composition yields

U ilk ** = K ilk * − δ il* λ , k* − δ kl * λ ,i*
This implies that (10) may be regarded as such a composition provided the second term of (10a)
*

*

can be brought into the form δ il* λ , k * − δ kl * λ . For this it is sufficient to show that a λ exists such that
*

1 ∂x t ∂ 2 x s
*
* = λ ,k*
2 ∂x s ∂x k ∂x t
*


1 ∂xt ∂ 2 x s
= λ ,k* 
 and
s
i*
t*

2 ∂x ∂x ∂x



(11)

In order to transform the left-hand side of the so far hypothetical equation we must first express
*

∂x a
∂xt
by
the
coefficients
of
the
inverse
transformation,
* . On the one hand,
∂x s
∂x b
*
∂x p ∂x t
= δ sp
s
t*
∂
x
∂x
On the other,

∂x p
∂x

t

*

Vt*s =

∂x p

∂D
s
∂x  ∂x
∂ t
 ∂x
t*

90





= Dδ sp

(a)

+HUH 9W V GHQRWHVWKHFRIDFWRURI
GHWHUPLQDQW' 

w[ D

w[ E

ZLWKUHVSHFWWR

,WIROORZVIURP D DQG E WKDW

w[ V

w[W
w[ V

w[W

DQGPD\LQWXUQEHH[SUHVVHGDVWKHGHULYDWLYHRIWKH
 7KHUHIRUHZHKDYHDOVR

w[ S w ORJ '
V
w[W § w[ ·
w¨ W ¸
© w[ ¹
w[W
w[ V

G VS

E

w ORJ '
§ w[ V ·
w¨ W ¸
© w[ ¹

%HFDXVHRIWKLVUHODWLRQWKHOHIW KDQGVLGHRI  FDQEHZULWWHQDV

 w ORJ ' § w[ V ·
¨
¸
 § w[ V · © w[ W ¹  N
w¨ W ¸
© w[ ¹
7KLVLPSOLHVWKDW  LVLQGHHGVDWLVILHGE\

O

 w ORJ '
 w[ N


ORJ '


7KLV SURYHV WKDW WKH WUDQVIRUPDWLRQ   FDQ EH UHJDUGHG DV D FRPSRVLWLRQ RI WKH WUDQVSRVLWLRQ
V\PPHWULFWUDQVIRUPDWLRQ

8 LON

W
w[O w[L w[ N O w[O w  [ V
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 ª O w[ W w  [ V
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L
w[O w[L w[ N
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w[ V w[ N w[W
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DQGDOWUDQVIRUPDWLRQ E PD\WKXVEHWDNHQLQSODFHRI  DVWUDQVIRUPDWLRQIRUPXODIRU
WKH8$Q\WUDQVIRUPDWLRQRIWKH8ILHOGWKDWRQO\FKDQJHVWKHIRUPRIWKHUHSUHVHQWDWLRQFDQEH
H[SUHVVHG DV D FRPSRVLWLRQ RI D FRRUGLQDWH WUDQVIRUPDWLRQ DFFRUGLQJ W R E  DQG D O 
WUDQVIRUPDWLRQ

9DULDWLRQDOSULQFLSOHDQGILHOGHTXDWLRQV

7KHGHULYDWLRQRIWKHILHOGHTXDWLRQVIURPDYDULDWLRQDOSULQFLSOHKDVWKHDGYDQWDJHWKDWWKH
FRPSDWLELOLW\RIWKHUHVXOWLQJV\VWHPRIHTXDWLRQVLVDVVXUHGDQGWKDWWKHLGHQWLWLH VFRQQHFWHGZLWK
WKH JHQHUDO FRYDULDQFH WKH %LDQFKL LGHQWLWLHV DV ZHOO DV WKH FRQVHUYDWLRQ ODZV UHVXOW LQ D
V\VWHPDWLFPDQQHU



7KH LQWHJUDO WR EH YDULHG UHTXLUHV DV LQWHJUDQG   DVFDODUGHQVLW\:HVKDOOFRQVWUXFW
VXFKDGHQVLW\IURP 5L N RU 6L N 7KHVLPSOHVWSURFHGXUHLVWRLQWURGXFHDFRYDULDQWWHQVRUGHQVLW\
7 L N RIZHLJKWLQDGGLWLRQWR * RU8 UHVSHFWLYHO\VHWWLQJ



7 L N 5L N

7 L N 6L N



7KHWUDQVIRUPDWLRQODZIRUWKH J L N PXVWEH

7L N

w[L w[ N L N w[W
7
w[ L w[ N
w[ W



ZKHUHDJDLQWKHLQGLFHVUHIHUULQJWRGLIIHUHQWFRRUGLQDWHV\VWHPVLQVSLWHRIWKHXVHR IWKHVDPH
OHWWHUVDUHWREHWUHDWHGDVLQGHSHQGHQWRIHDFKRWKHU:HREWDLQLQGHHG

³  GW

´ w[L w[ N L N w[W w[ V w[W
w[ U
7

6
GW
µ L
VW
N
w[W w[L w[ N
w[ U
¶ w[ w[

³ GW

LHWKHLQWHJUDOLVWUDQVIRUPDWLRQLQYDULDQW)XUWKHUPRUHWKHLQWHJUDOLVLQYDULDQWZLWKUHVSHFWWRD
OWUDQVIRUPDWLRQ  RU  EHFDXVH 5L N DVH[SUHVVHGE\WKH * RU8 UHVSHFWLYHO\DQGKHQFHDOVR
 LV LQYDULDQW ZLWK UHVSHFW WR D OWUDQVIRUPDWLRQ )URP WKLV LW IROORZV WKDW DOVR WKH ILHOG
HTXDWLRQVWREHGHULYHGE\YDULDWLRQRI ³ GW DUHFRYDULDQWZLWKUHVSHFWWRFRRUGLQDWHDQGWR O
WUDQVIRUPDWLRQV

%XWZHDOVRSRVWXODWHWKDWWKHILHOGHTXDWLRQVDUHWREHWUDQVSRVLWLRQLQYDULDQWZLWKUHVSHFWWR
WKHWZRILHOGV7* RUWKHILHOGV787KLVLVDVVXUHGLI LVWUDQVSRVLWLRQLQYDULDQW:HKDYHVHHQ
WKDW 5L N LVWUDQVSRVLWLRQV\PPHWULFLIH[SUHVVHGLQWKH 8 EXWQRWLIH[SUHVVHGLQWKH *+HQFH

LVRQO\WUDQVSRVLWLRQLQYDULDQWLIZHLQWURGXFHLQDGGLWLRQWRWKH 7 L N WKH8 EXWQRWWKH* DVILHOG
YDULDEOHV ,Q WKDW FDVH ZH DUH VXUH IURP WKH EHJLQQLQJ WKDW WKH ILHOG HTXDWLRQV GHULYHG IURP
³ GW E\YDULDWLRQRIWKHILHOGYDULDEOHVDUHWUDQVSRVLWLRQLQYDULDQW
%\YDULDWLRQRI HTXDWLRQV  DQG  ZLWKUHVSHFWWRWKH 7 DQG8 ZHILQG
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7KHILHOGHTXDWLRQV
2XUYDULDWLRQDOSULQFLSOHLV

³ GW

G





7KH 7 L N DQG 8 LON DUHWREHYDULHGLQGHSHQGHQWO\WKHLUYDULDWLRQVYDQLVKLQJDWWKHE RXQGDU\RI

WKHGRPDLQRILQWHJUDWLRQ7KLVYDULDWLRQJLYHVILUVWRIDOO

³ G GW



,IWKHH[SUHVVLRQJLYHQLQ  LVLQVHUWHGKHUHWKHODVWWHUPRIWKHH[SUHVVLRQIRU G GRHVQRW
JLYHDQ\FRQWULEXWLRQVLQFH G 8 LON YDQLVKHVDWWKHERXQGDU\+HQFHZHREWDLQWKHILHOGHTXDWLRQV

6L N

'

LN


O

D



E

7KH\ DUH DV LV DOUHDG\ HYLGHQW IURP WKH FKRLFH RI WKH YDULDWLRQDO SULQFLSOH  LQYDULDQW ZLWK
UHVSHFWWRFRRUGLQDWHDQGWR OWUDQVIRUPDWLRQVDQGDOVRWUDQVSRVLWLRQLQYDULDQW

,GHQWLWLHV

7KHVHILHOGHTXDWLRQVDUHQRWLQGHSHQGHQWRIHDFKRWKHU%HWZHHQWKHPH[LVWLGHQWLWLHV
7KDWLVWKHUHH[LVWHTXDWLRQVEHWZHHQWKHLUOHIW KDQGVLGHVWKDWKROGUHJDUGOHVVRIZKHWK HU
RUQRWWKH78 ILHOGVDWLVILHVWKHILHOGHTXDWLRQV
7KHVHLGHQWLWLHVFDQEHGHULYHGE\DZHOO NQRZQPHWKRGIURPWKHIDFWWKDW ³ GW LVLQYDULDQW

ZLWKUHVSHFWWRFRRUGLQDWHDQGWR OWUDQVIRUPDWLRQV

)RU LW IROORZV IURP WKH LQYDULDQF H RI ³ GW WKDW LWV YDULDWLRQ YDQLVKHV LGHQWLFDOO\ LI RQH

LQVHUWV G  LQ  WKH YDULDWLRQV G  DQG G8 ZKLFK DULVH IURP DQ LQILQLWHVLPDO FRRUGLQDWH
WUDQVIRUPDWLRQRUDQLQILQLWHVLPDO OWUDQVIRUPDWLRQUHVSHFWLYHO\
$QLQILQLWHVLPDOFRRUGLQDWHWUDQVIRUPDWLRQLVGHVFULEHGE\

[L  [ L

[L



ZKHUH [ L LVDQDUELWUDU\LQILQLWHVLPDOYHFWRU:HPXVWQRZH[SUHVVWKH G 7 L N DQG G 8 LON E\WKH [ L
XVLQJWKHHTXDWLRQV  DQG E %HFDXVHRI  RQHPXVWUHSODFH

w[ D
E\G ED  [ DE 
E
w[


w[ D

w[

E

E\ G ED  [ DE

DQGRPLWDOOWHUPVWKDWDUHRIKLJKHUWKDQILUVWRUGHULQ [ 7KXVRQHREWDLQV

G 7L N

G 8 LON

7L N  7L N

8 LON  8 LON

7 V N[ LV  7 L V[ NV  7 L N[ VV  ª¬  7 L N  V[ V º¼

8 LVN[ O V  8 VO N[ VL  8 LOV[ VN  [ OL N  ª¬ 8 LON  V[ V º¼

D

E

1RWH KHUH WKH IROORZLQJ 7KH WUDQVIRUPDWLRQ IRUPXODV IXUQLVK WKH QHZ YDOXHV RI WKH ILHOG
YDULDEOHV IRU WKH VDPH SRLQW RI WKH FRQWLQXXP 7KH FDOFXODWLRQ LQGLFDWHG DERYH ILUVW JLYH V
H[SUHVVLRQVIRU G 7 L N DQG G 8 LON ZLWKRXWWKHWHUPVLQEUDFNHWV,QWKHFDOFXOXVRIYDULDWLRQRQWKH
RWKHUKDQG G 7 L N DQG G 8 LON GHQRWHWKHYDULDWLRQV IRUIL[HGYDOXHV RIWKHFRRUGLQDWHV,QRUGHUWR
REWDLQWKHVHWKHWHUPVLQEUDFNHWVKDYHWREHDGGHG

,I RQH LQVHUWV LQ   WKHVH WUDQVIRUPDWLRQ YDULDWLRQV G 7 DQG G8 WKH YDULDWLRQ RI WKH

LQWHJUDO ³ GW YDQLVKHVLGHQWLFDOO\,IIXUWKHUPRUHWKH [ L DUHVRFKRVHQWKDWWKH\YDQLVKWRJHWKHU
ZLWK WKHLU ILUVW GHULYDWLYHV DW WKH ERXQGDU\ RI WKH GRPDLQ RI LQWHJUDWLRQ WKH ODVW WHUP LQ  
JLYHVQRFRQWULEXWLRQ7KHLQWHJUDO

³

6L N G 7 L N  'LONG 8 LON GW

YDQLVKHVWKHUHIRUHLGHQWLFDOO\LIWKH G 7 L N DQG G 8 LON DUHUHSODFHGE\WKHH[SUHVVLRQV D DQG F 

6LQFH WKLV LQWHJUDO GHSHQGV OLQHDUO\ DQG KRPRJHQHRXVO\ RQ WKH [ L DQG WKHLU GHULYDWLYHV LW FDQ EH
EURXJKWLQWRWKHIRUP

³  [ GW
L

L

E\UHSHDWHGLQWHJUDWLRQE\SDUWVZKHUH L LVDNQRZQH[SUHVVLRQ RIILUVWRUGHULQ 6LN DQGRIVHFRQG
RUGHULQ 'L N O )URPWKLVIROORZWKHLGHQWLWLHV

L { 



7KHVHDUHIRXULGHQWLWLHVIRUWKHOHIW KDQGVLGHV6LN DQG ' O RIWKHILHOGHTXDWLRQVZKLFKFRUUHVSRQG
WRWKH%LDQFKLLGHQWLWLHV$FFRUGLQJWRWKHWHUPLQRORJ\LQWURGXFHGEHIRUHWKHVHLGHQWLWLHVDUHRIWKLUG
RUGHU
LN

7KHUH H[LVWV D ILIWK LGHQWLW\ FRUUHVSRQGLQJ WR WKH LQYDULDQFH RI WKH LQWHJUDO ³ GW ZLWK

UHVSHFWWRLQILQLWHVLPDOOWUDQVIRUPDWLRQV+HUHZHKDYHWRLQVHUWLQ 
G 7L N



G 8 LON

G LO O  N  G NO O  L

ZKHUHO LVLQILQLWHVLPDODQGYDQLVKHVDWWKHERXQGDU\RIWKHGRPDLQRILQWHJUDWLRQ2QHREWDLQVILUVW
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LN

O
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RUDIWHULQWHJUDWLRQE\SDUWV

ZKHUHJHQHUDOO\ ' L N O
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7KLVIXUQLVKHVWKHGHVLUHGLGHQWLW\

' L V V  L { 



,Q RXU WHUPLQRORJ\ WKLV LV DQ LGHQWLW\ RI VHFRQG RUGHU )RU ' L V V ZH REWDLQ IURP   E\
VWUDLJKWIRUZDUGFRPSXWDWLRQ

' L V V { 7 L V  V
,IWKHILHOGHTXDWLRQ E LVVDWLVILHGZHKDYHWKXV

7 L V  V

D



F

5HPDUN RQ WKH SK\VLFDO LQWHUSUHWDWLRQ $ FRPSDULVRQ ZLWK 0D[ZHOO V WKHRU\ RI WKH
HOHFWURPDJQHWLF ILHOGVXJJHVWVWKHLQWHUSUHWDWLRQWKDW F H[SUHVVHVWKHYDQLVKLQJRIWKHPDJQHWLF
FXUUHQWGHQVLW\,IWKLVLVDFFHSWHG LWLVHYLGHQWZKLFKH[SUHVVLRQVKRXOGGHQRWHWKHHOHFWULFFXUUHQW
GHQVLW\2QHFDQDVVLJQDWHQVRU J L N WRWKHWHQVRUGHQVLW\ 7 L N E\VHWWLQJ

7L N

J L N  J VW



ZKHUHWKHFRYDULDQWWHQVRU J L N LVFRUUHODWHGWRWKHFRQWUDYDULDQWRQHE\WKHHTXDWLRQV

JL V J N V
)URPWKHVHWZRHTXDWLRQVZHREWDLQ

JLN

G LN

7 L N  7 VW







DQGWKHQ J L N IURPHTXDWLRQV  :HPD\WKHQDVV XPHWKDW
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H[SUHVVHVWKHFXUUHQWGHQVLW\ZKHUH K L N O P LV/HYL&LYLWj VWHQVRUGHQVLW\ ZLWKFRPSRQHQWV
 DQWLV\PPHWULFLQDOOLQGLFHV7KHGLYHUJHQFHRIWKLV TXDQWLW\YDQLVKHVLGHQWLFDOO\
7KHVWUHQJWKRIWKHV\VWHPRIHTXDWLRQV D  E

,QDSSO\LQJKHUHWKHPHWKRGRIHQXPHUDWLRQGHVFULEHGDERYHRQHPXVWWDNHLQWRDFFRXQWWKHIDFW
WKDWDOOWKH 8 REWDLQHGIURPDJLYHQ 8 E\OWUDQVIRUPDWLRQVRIWKHIRUP  DFWXDOO\UHSUHVHQWWKH
VDPH 8ILHOG 7KLV KDV WKH FRQVHTXHQFH WKDW WKH QWK RUGHU FRHIILFLHQWV RI WKH 8 LON H[SDQVLRQ

§ ·
LQFRUSRUDWH ¨ ¸ QWKRUGHUGHULYDWLYHVRI O ZKRVHFKRLFHLVRIQR FRQVHTXHQFHIRUWKHGLVWLQFWLRQRI
©Q¹
DFWXDOO\GLIIHULQJ8ILHOGV7KXVWKHQXPEHURIH[SDQVLRQFRHIIL FLHQWVUHOHYDQWIRUWKHHQXPHUDWLRQRI
§ ·
WKH8ILHOGVLVGHFUHDVHGE\ ¨ ¸ %\WKHHQXPHUDWLRQPHWKRGZHREWDLQIRUWKHQXPEHURIIUHH QWK
©Q¹
RUGHUFRHIILFLHQWV
]
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7KHILUVWEUDFNHWUHSUHVHQWVWKHWRWDOQXPEHURIUHOHYDQWQWKRUGHUFRHIILFLHQWVZKLFKFKDUDFWHUL]HWKH
78ILHOGWKHVHFRQGWKHUHGXFWLRQRIWKLVQXPEHUGXHWRWKHH[LVWHQFHRIWKHILHOGHTXDW LRQVDQGWKH
WKLUG EUDFNHW JLYHV WKH FRUUHFWLRQ WR WKLV UHGXFWLRQ RQ DFFRXQW RI WKH LGHQWLWLHV   DQG  
&RPSXWLQJWKHDV\PSWRWLFYDOXHIRUODUJH Q ZHILQG

§ · ]
]¨ ¸ 
©Q¹ Q

ZKHUH

]

D



7KHILHOGHTXDWLRQV RIWKHQRQV\PPHWULFILHOGDUHWKXVFRQVLGHUDEO\ZHDNHUWKDQWKRVHRIWKHSXUH
JUDYLWDWLRQDOILHOG ]  
7KHLQIOXHQFHRIOLQYDULDQFHRQWKHVWUHQJWKRIWKHV\VWHPRIHTXDWLRQV2QHPD\EHWHPSWHGWR
EULQJ DERXW WUDQVSRVLWLRQ LQYDULDQFH RI WKH WKHRU\ E\ VWDUWLQJ IURP WKH WUDQVSRVLWLRQ LQYDULDQW
H[SUHVVLRQ



 LN
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LQVWHDGRILQWURGXFLQJWKH 8 DVILHOG YDULDEOHV 2IFRXUVHWKHUHVXOWLQJWKHRU\ZLOOEHGLIIHUHQW
IURPWKHRQHH[SRXQGHGDERYH,WFDQEHVKRZQWKDWIRUWKLV  QROLQYDULDQFHH[LVWV+HUHWRRZH
REWDLQILHOGHTXDWLRQVRIWKHW\SH D  E ZKLFKDUHWUDQVSRVLWLRQLQYDULDQW ZLWKUHVS HFWWR7 DQG
* %HWZHHQWKHPWKHUHH[LVWKRZHYHURQO\WKHIRXU%LDQFKLLGHQWLWLHV,IRQHDSSOLHVWKHPHWKRG
RIHQXPHUDWLRQWRWKLVV\VWHPWKHQLQWKHIRUPXODFRUUHVSRQGLQJWR  WKHIRXUWKWHUPLQWKHILUVW
EUDFNHWDQGWKHVHFRQGWHUPLQWKHWK LUGEUDFNHWDUHPLVVLQJ2QHREWDLQV

]



7KH V\VWHP RI HTXDWLRQV LV WKXV ZHDNHU WKDQ WKH RQH FKRVHQ E\ XV DQG LV WKHUHIRUH WR EH
UHMHFWHG

&RPSDULVRQZLWKWKHSUHYLRXVV\VWHPRIILHOGHTXDWLRQV 7KLVLVJLYHQE\

* VL V
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ZKHUH 5LN LV GHILQHG E\ D  DV D IXQFWLRQ RI WKH *
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DQG ZKHUH 5L N





5L N  5N L 

7KLVV\VWHPLVHQWLUHO\HTXLYDOHQWWRWKHQHZV\VWHP D  E VLQFHLWKDVEHHQGHULYHGIURP
WKHVDPHLQWHJUDOE\YDULDWLRQ,WLVWUDQVSRVLWLRQLQYDULDQWZLWKUHVSHFWWRWKH J L N DQG * OL N 7KH
GLIIHUHQFH KRZHYHU OLHV LQ WKH IROORZLQJ 7KH LQWHJUDO WR EH YDULHG LV LWVHOI QRW WUDQV SRVLWLRQ
LQYDULDQWQRULVWKHV\VWHPRIHTXDWLRQVWKDWLVDWILUVWREWDLQHGE\LWVYDULDWLRQLWLVKRZH YHU
LQYDULDQW ZLWK UHVSHFW WR WKH OWUDQVIRUPDWLRQV   ,Q RUGHU WR REWDLQ WUDQVSRVLWLRQ LQYDULDQFH
KHUHRQHKDVWRXVHDQDUWLILFH2QHIRUPDOO\LQWURGXFHVIRXUQHZILHOGYDULDEOHV OL ZKLFKDIWHU
YDULDWLRQDUHVRFKRVHQWKDWWKHHTXDWLRQV * VL V

 DUHVDWLVILHG 7KXVWKHHTXDWLRQVREWDLQHGE\

YDULDWLRQZLWKUHVSHFWWRWKH* DUHEURXJKWLQWRWKHLQGLFDWHGWUDQVSRVLWLRQLQYDULDQWIRUP%XWWKH
5LNHTXDWLRQV VWLOO FRQWDLQ WKH DX[LOLDU\ YDULDEOHV OL 2QH FDQ KRZHYHU HOLPLQDWH WKHPZKLFK
OHDGV WRDGHFRPSRVLWLRQRIWKHVHHTXDWLRQVLQWKHPDQQHUVWDWHGDERYH7KHHTXDWLRQVREWDLQHG
DUHWKHQDOVRWUDQVSRVLWLRQLQYDULDQW ZLWKUHVSHFWWRWKH 7 DQG* 
3RVWXODWLQJWKHHTXDWLRQV * VL V

 LQYROYHVDQRUPDOL]DWLRQRIWKH *ILHOGZKLFKUHPRYHVWKH

OLQYDULDQFHRI WKHV\VWHPRIHTXDWLRQV
$VDUHVXOWQRWDOOHTXLYDOHQWUHSUHVHQWDWLRQVRID
* ILHOGDSSHDUDVVROXWLRQVRIWKLVV\VWHP:KDWWDNHVSODFHKHUHLVFRPSDUDEOHWRWKHSURFHGXUH
RIDGMRLQLQJWRWKHILHOGHTXDWLRQVRISXUHJ UDYLWDWLRQDUELWUDU\DGGLWLRQDOHTXDWLRQVZKLFKUHVWULFW
WKHFKRLFHRIFRRUGLQDWHV
,Q RXU FDVH PRUHRYHU WKH V\VWHP RI HTXDWLRQV EHFRPHV XQ 
I

%\VHWWLQJ

*OL N

*OL N  G LO ON



QHFHVVDULO\FRPSOLFDWHG7KHVHGLIILFXOWLHVDUHDYRLGHGLQWKHQHZUHSUHVHQWDWLRQE\VWDUWLQJ
IURP D YDULDWLRQDO SULQFLSOH WKDW LV WUDQVSRVLWLRQ LQYDULDQW ZLWK UHVSHFW WR WKH 7 DQG 8 DQG E\
XVLQJWKURXJKRXWWKH 7 DQG8 DVILHOGYDULDEOHV
7KHGLYHUJHQFHODZDQGWKHFRQVHUYDWLRQODZRIPRPHQWXPDQGHQHUJ\

,IWKHILHOGHTXDWLRQVDUHVDWLVILHGDQGLIPRUHRYHUWKH YDULDWLRQLVDWUDQVIRUPDWLRQYDULDWLRQ
WKHQ LQ   QRW RQO\ 6LN DQG 'LN YDQLVK EXW DOVR G VR WKDW WKH ILHOG HTXDWLRQV LPSO\ WKH
HTXDWLRQV

7 L N G 8 LVN



V

ZKHUH G 8 LVN LVJLYHQE\ F 7KLVGLYHUJHQFHODZKROGV IRUDQ\FKRLFHRIWKHYHFWRU [ L 7KH

VLPSOHVWVSHFLDOFKRLFHLH [ L LQGHSHQGHQWRIWKH[OHDGVWRWKHIRXUHTXDWLRQV

VW  V { 7 L N8 LVN  W

V



7KHVH FDQ EH LQWHUSUHWHG DQG DSSOLHG DV WKH HTXDWLRQV R I FRQVHUYDWLRQ RI PRPHQWXP DQG
HQHUJ\,WVKRXOGEHQRWHGWKDWVXFKFRQVHUYDWLRQHTXDWLRQVDUHQHYHUXQLTXHO\GHWHUPLQHGE\WKH
V\VWHPRIILHOGHTXDWLRQV,WLVLQWHUHVWLQJWKDWDFFRUGLQJWRWKHHTXDWLRQV

VW { 7 L N8 LVN  W

WKH GHQVLW\ RI WKH HQHUJ\ FXUUHQW     

DV ZHOO DV WKH HQHUJ\ GHQVLW\  YDQLVK IRU D

ILHOG WKDW LV LQGHSHQGHQW RI [ )URP WKLV RQH FDQ FRQFOXGH WKDW DFFRUGLQJ WR WKLV WKHRU\ D
VWDWLRQDU\ILHOGIUHHIURPVLQJXODULWLHVFDQQHYHU UHSUHVHQWDPDVVGLIIHUHQWIURP]HUR

7KHGHULYDWLRQDVZHOODVWKHIRUPRIWKHFRQVHUYDWLRQODZVEHFRPHPXFKPRUHFRPSOLFDWHGLI
WKHIRUPHUIRUPXODWLRQRIWKHILHOGHTXDWLRQVLVXVHG
*(1(5$/5(0$5.6

$,QP\RSLQLRQ WKHWKHRU\SUHVHQWHGKHUHLVWKHO RJLFDOO\VLPSOHVWUHODWLYLVWLFILHOGWKHRU\
ZKLFKLVDWDOO SRVVLEOH%XWWKLVGRHVQRWPHDQWKDWQDWXUHPLJKWQRWREH\DPRUHFRPSOH[ILHOG
WKHRU\

0RUHFRPSOH[ILHOGWKHRULHVKDYHIUHTXHQWO\EHHQSUR SRVHG7KH\PD\ EHFODVVLILHGDFFRUGLQJWR
WKHIROORZLQJFKDUDFWHULVWLFIHDWXUHV
D ,QFUHDVHRIWKHQXPEHURIGLPHQVLRQVRIWKHFRQ WLQXXP,QWKLVFDVHRQHPXVWH[SODLQZK\
WKHFRQWLQXXPLVDSSDUHQWO\ UHVWULFWHGWRIRXUGLPHQVLRQV

E ,QWURGXFWLRQRIILHOGVRIDGLIIHUHQWNLQG HJDYHFWRUILHOG LQ DGGLWLRQWRWKHGLVSODFHPHQW
ILHOGDQGLWVFRUUHODWHGWHQVRUILHOG JLN RU7LN 
F ,QWURGXFWLRQRIILHOGHTXDWLRQVRIKLJKHURUGHU RIGLIIHUHQWLDWLRQ 



,QP\YLHZVXFKPRUHFRPSOLFDWHGV\VWHPVDQGWKHLUFRPELQDWLRQVVKRXOGEHFRQVLGHUHG
RQO\LIWKHUHH[LVWSK\VLFDOHPSLULFDOUHDVRQVWRGRVR

% $ ILHOG WKHRU\ LV QRW \HW FRPSOHWHO\ GHWHUPLQHG E\ WKH V\VWHP RI ILHOG HTXDWLRQV 6KRXOG RQH
DGPLW WKH DSSHDUDQFH RI VLQJXODULWLHV" 6KRXOG RQH SRVWXODWH ERXQGDU\ FRQ GLWLRQV" $V WR WKH ILUVW
TXHVWLRQ LW LV P\ RSLQLRQ WKDW VLQJXODULWLHV PXVW EH H[FOXGHG ,W GRHV QRW VHHP UHDVRQDEOH WR PH WR
LQWURGXFH LQWR D FRQWLQXXP WKHRU\ SRLQWV RU OLQHV HWF  IRU ZKLFK WKH ILHOG HTXDWLRQV GR QRW KROG
0RUHRYHU WKH LQWURGXFWLRQ RI VLQJXODULWLHV LV HTXLYDOHQW WR SRVWXODWL QJ ERXQGDU\ FRQGLWLRQV
ZKLFKDUHDUELWUDU\IURPWKHSRLQWRIYLHZRIWKHILHOGHTXDWLRQV RQVXUIDFHVZKLFKFORVHO\VXUURXQG
WKHVLQJXODULWLHV:LWKRXWVXFKDSRVWXODWHWKHWKHRU\LVPXFKWRRYDJXH,QP\RSLQLRQWKHDQVZHUWRWKH
VHFRQGTXHVWLRQLVWKDWWKHSRVWXODWLRQRIERXQGDU\FRQGLWLRQVLVLQGLVSHQVDEOH,VKDOOGHPRQVWUDWHWKLV
P
E\DQHOHPHQWDU\H[DPSOH2QHFDQFRPSDUHWKHSRVWXODWLRQRIDSRWHQWLDORIWKHIRUP I ¦
ZLWK
U
WKHVWDWHPHQWWKDWRXWVLGHWKHPDVVSRLQWV LQWKUHHG LPHQVLRQV WKHHTXDWLRQ 'I  LVVDWLVILHG%XWLI
RQH GRHV QRW DGG WKH ERXQGDU\ FRQGLWLRQ WKDW I YDQLVK RU UHPDLQ ILQLWH  DW LQILQLW\ WKHQ WKHUH H[LVW

VROXWLRQVWKDWDUHHQWLUHIXQFWLRQVRIWKH [ HJ [  [  [ DQGEHFRPHLQILQLWHDWLQILQLW\6XFK

ILHOGVFDQRQO\EHH[FOXGHGE\SRVWXODWLQJDERXQGDU\FRQGLWLRQLQFDVHWKHVSDF HLVDQRSHQRQH
& ,V LW FRQFHLYDEOH WKDW D ILHOG WKHRU\ SHUPLWV RQH WR XQGHUVWDQG WKH DWRPLVWLF DQG TXDQWXP
VWUXFWXUHRIUHDOLW\"$OPRVWHYHU\ERG\ZLOODQVZHUWKLVTXHVWLRQZLWKQR%XW,EHOLHYHWKDWDWWKH
SUHVHQWWLPHQRERG\NQRZVDQ\ WKLQJUHOLDEOHDERXWLW7KLVLVVREHFDXVHZHFDQQRWMXGJHLQZKDW
PDQQHUDQGKRZVWURQJO\WKHH[FOXVLRQRIVLQJXODULWLHVUHGXFHVWKHPDQLIROGRIVROXWLRQV:HGR
QRW SRVVHVV DQ\ PHWKRG DW DOO WR GHULYH V\VWHPDWLFDOO\ VROXWLRQV WKDW DUH IUHH RI VLQJXODULWLHV
$SSUR[LPDWLRQ PHWKRGV DUH RI QR DYDLO VLQFH RQH QHYHU NQRZV ZKHWKHU RU QRW WKHUH H[LVWV WR D
SDUWLFXODUDSSUR[LPDWHVROXWLRQDQH[DFWVROXWLRQ IUHHRIVLQJXODULWLHV)RUWKLVUHDVRQZHFDQQRWDW
SUHVHQWFRPSDUHWKHFRQWHQWRIDQRQOLQHDUILHOGWKHRU\ZLWKH[SHU LHQFH2QO\DVLJQLILFDQWSURJUHVV
LQ WKH PDWKHPDWLFDO PHWKRGV FDQ KHOS KHUH $W WKH SUHVHQW WLPH WKH RSLQLRQ SUHYDLOV WKDW D ILHOG
WKHRU\ PXVW ILUVWE\TXDQWL]DWLRQEHWUDQVIRUPHGLQWRDVWDWLVWLFDOWKHRU\RIILHOGSUREDELOLWLHV
DFFRUGLQJ WR PRUH RU OHVV HVWDEOLVKHG UXOHV , VHH LQ WKLV PHWKRG RQO\ DQ DWWHPSW WR GHVFULEH
UHODWLRQVKLSVRIDQHVVHQWLDOO\QRQOLQHDUFKDUDFWHUE\OLQHDUPHWKRGV

' 2QH FDQ JLYH JRRG UHDVRQVZK\ UHDOLW\FDQQRWDWDOOEHUHSUHVHQWHGE\DFRQWLQXRXVILHOG
)URP WKH TXDQWXP SKHQRPHQD LW DSSHDUV WR IROORZ ZLWK FHUWDLQW\ WKDW D ILQLWH V\VWHP RI ILQLWH
HQHUJ\FDQEHFRPSOHWHO\GHVFULEHGE\DILQLWHVHWRIQXPEHUV TXDQWXPQXPEHUV 7KLVGRHVQRW
VHHP WR EH LQDFFRUGDQFHZLWK DFRQWLQXXPWKHRU\DQGPXVWOHDGWRDQDWWHPSWWRILQG DSXUHO\
DOJHEUDLFWKHRU\IRUWKHGHVFULSWLRQRIUHDOLW\%XWQRERG\NQRZVKRZWRREWDLQWKHEDVLVRIVXFKD
WKHRU\



