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SPACE AND TIME IN PRE-RELATIVITY PHYSICS 

 
HE theory of relativity is intimately connected with the theory of space and time. I shall 
therefore begin with a brief investigation of the origin of our ideas of space and time, 

although in doing so I know that I introduce a controversial subject. The object of all science, 
whether natural science or psychology, is to co-ordinate our experiences and to bring them into a 
logical system. How are our customary ideas of space and time related to the character of our 
experiences? 
 

The experiences of an individual appear to us arranged in a series of events; in this series the 
single events which we remember appear to be ordered according to the criterion of "earlier" and 
"later," which cannot be analysed further. There exists, therefore, for the individual, an 1-time, or 
subjective time. This in itself is not measurable. I can, indeed, associate numbers with the events, 
in such a way that a greater number is associated with the later event than with an earlier one; but 
the nature of this association may be quite arbitrary. This association I can define by means of a 
clock by comparing the order of events furnished by the clock with the order of the given series 
of events. We understand by a clock something which provides a series of events which can be 
counted, and which has other properties of which we shall speak later. 

 
By the aid of language different individuals can, to a certain extent, compare their experiences.   

Then it turns out that certain sense perceptions of different individuals correspond to each other, while 
for other sense perceptions no such correspondence can be established. We are accustomed to regard 
as real those sense perceptions which are common to different individuals, and which therefore are, in 
a measure, impersonal. The natural sciences, and in particular, the most fundamental of them, physics, 
deal with such sense perceptions. The conception of physical bodies, in particular of rigid bodies, is a 
relatively constant complex of such sense perceptions. A clock is also a body, or a system, in the same 
sense, with the additional property that the series of events which it counts is formed of elements all 
of which can be regarded as equal. 
 

The only justification for our concepts and system of concepts is that they serve to represent 
the complex of our experiences; beyond this they have no legitimacy. I am convinced that the 
philosophers have had a harmful effect upon the progress of scientific thinking in removing 
certain fundamental concepts from the domain of empiricism, where they are under our control, 
to the intangible heights of the a priori. For even if it should appear that the universe of ideas 
cannot be deduced from experience by logical means, but is, in a sense, a creation of the human 
mind, without which no science is possible, nevertheless this universe of ideas is just as little 
independent of the nature of our experiences as clothes are of the form of the human body. This is 
particularly true of our concepts of time and space, which physicists have been obliged by the 
facts to bring down from the Olympus of the a priori in order to adjust them and put them in a 
serviceable condition. 

 
We now come to our concepts and judgments of space. It is essential here also to pay strict 

attention to the relation of experience to our concepts. It seems to me that Poincare clearly 
recognized the truth in the account he gave in his book, "La Science et 1'Hypothese." Among all 
the changes which we can perceive in a rigid body those which can be cancelled by a voluntary 
motion of our body are marked by their simplicity; Poincare calls these, changes in position. By 
means of simple changes in position we can bring two bodies into contact. The theorems of con-
gruence, fundamental in geometry, have to do with the laws that govern such changes in position. 
For the concept of space the following seems essential. We can form new bodies by bringing 
bodies B, C, . . . up to body A; we say that we continue body A.   We can continue body A in such 
a way that it comes into contact with any other body, X. The ensemble of all continuations of 

T 
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 body A we can designate as the "space of the body A." Then it is true that all bodies are in 
the "space of the (arbitrarily chosen) body A." In this sense we cannot speak of space in the 
abstract, but only of the "space belonging to a body A." The earth's crust plays such a dominant 
role in our daily life in judging the relative positions of bodies that it has led to an abstract 
conception of space which certainly cannot be defended. In order to free ourselves from this fatal 
error we shall speak only of "bodies of reference," or "space of reference." It was only through 
the theory of general relativity that refinement of these concepts became necessary, as we shall 
see later. 

 
I shall not go into detail concerning those properties of the space of reference which lead to 

our conceiving points as elements of space, and space as a continuum. Nor shall I attempt to 
analyse further the properties of space which justify the conception of continuous series of points, 
or lines. If these concepts are assumed, together with their relation to the solid bodies of 
experience, then it is easy to say what we mean by the three-dimensionality of space; to each point 
three numbers, x1, x2, x3 (co-ordinates), may be associated, in such a way that this association is 
uniquely reciprocal, and that x1, x2 and x3 vary continuously when the point describes a continuous 
series of points (a line). 

 
It is assumed in pre-relativity physics that the laws of the configuration of ideal rigid bodies are 

consistent with Euclidean geometry. What this means may be expressed as follows: Two points 
marked on a rigid body form an interval. Such an interval can be oriented at rest, relatively to our 
space of reference, in a multiplicity of ways. If, now, the points of this space can be referred to co-
ordinates x1, x2, x3, in such a way that the differences of the co-ordinates, ∆x1, ∆x2, ∆x3, of the two 
ends of the interval furnish the same sum of squares, 

  
 2 2 2 2

1 2 3s x x x= ∆ + ∆ + ∆  (1) 
 
for every orientation of the interval, then the space of reference is called Euclidean, and the co-
ordinates Cartesian.* It is sufficient, indeed, to make this assumption in the limit for an infinitely 
small interval. Involved in this assumption there are some which are rather less special, to which we 
must call attention on account of their fundamental significance. In the first place, it is assumed that 
one can move an ideal rigid body in an arbitrary manner. In the second place, it is assumed that the 
behaviour of ideal rigid bodies towards orientation is independent of the material of the bodies and 
their changes of position, in the sense that if two intervals can once be brought into coincidence, 
they can always and everywhere be brought into coincidence. Both of these assumptions, which are 
of fundamental importance for geometry and especially for physical measurements, naturally arise 
from experience; in the theory of general relativity their validity needs to be assumed only for 
bodies and spaces of reference which are infinitely small compared to astronomical dimensions. 
 

The quantity s we call the length of the interval. In order that this may be uniquely determined it 
is necessary to fix arbitrarily the length of a definite interval; for example, we can put it equal to 1 
(unit of length). Then the lengths of all other intervals may be determined. If we make the xν 
linearly dependent upon a parameter λ, 

 x a bν ν νλ= +  
 
we obtain a line which has all the properties of the straight lines of the Euclidean geometry. In 
particular, it easily follows that by laying off n times the interval s upon a straight line, an interval 
of length n . s is obtained. A length, therefore, means the result of a measurement carried out along 

                                                 
* This relation must hold for an arbitrary choice of the origin and of the direction (ratios ∆x1 : ∆x2 : ∆x3) of  the 

interval. 
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 a straight line by means of a unit measuring rod. It has a significance which is as independent 
of the system of co-ordinates as that of a straight line, as will appear in the sequel. 

We come now to a train of thought which plays an analogous role in the theories of special 
and general relativity. We ask the question: besides the Cartesian co-ordinates which we have 
used are there other equivalent co-ordinates? An interval has a physical meaning which is 
independent of the choice of co-ordinates; and so has the spherical surface which we obtain as the 
locus of the end points of all equal intervals that we lay off from an arbitrary point of our space of 
reference. If xν as well as x'ν (ν from 1 to 3) are Cartesian co-ordinates of our space of reference, 
then the spherical surface will be expressed in our two systems of co-ordinates by the equations 

 
 2  const.xν∆ =∑  (2) 

 
 2'  const.x ν∆ =∑  (2a) 

 
How must the x’ν be expressed in terms of the xν in order that equations (2) and (2a) may be 
equivalent to each other? Regarding the x’ν expressed as functions of the xν, we can write, by 
Taylor's theorem, for small values of the ∆xν, 
 

 
2' '1'  . . 

2
.x xx x x x

x x x
ν ν

ν α α β
α αβα α β

∂ ∂
∆ = ∆ + ∆ ∆

∂ ∂ ∂∑ ∑  

 
If we substitute (2a) in this equation and compare with (1), we see that the x’ν, must be linear 
functions of the xν. If we therefore put 
 

 'x b xν ν να α
α

α= + ∑  (3) 

or 
 'x b xν να α

α

∆ = ∑  (3a) 

 
then the equivalence of equations (2) and (2a) is expressed in the form 
 

 2 2'   (  independent of )x x xν ν νλ λ∆ = ∆ ∆∑ ∑  (2b) 
 
It therefore follows that λ  must be a constant. If we put λ  = 1, (2b) and (3a) furnish the 
conditions 

 b bνα νβ αβ
ν

δ=∑  (4) 

in which 1αβδ =   or 0αβδ = , according as  or α β α β= ≠ . The conditions (4) are called the 
conditions of orthogonality, and the transformations (3), (4), linear orthogonal transformations. If 
we stipulate that 2 2s xν= ∆∑ shall be equal to the square of the length in every system of co-ordi-
nates, and if we always measure with the same unit scale, then λ  must be equal to 1. Therefore 
the linear orthogonal transformations are the only ones by means of which we can pass from one 
Cartesian system of co-ordinates in our space of reference to another. We see that in applying 
such transformations the equations of a straight line become equations of a straight line. 
Reversing equations (3a) by multiplying both sides by bνβ and summing for all the 'sν ,  we 
obtain 

 'b x b b x x xνβ ν να νβ α αβ α β
να α

δ∆ = ∆ = ∆ = ∆∑ ∑ ∑  (5) 
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The same coefficients, b, also determine the inverse substitution of xν∆ . Geometrically, bνα  

is the cosine of the angle between the 'x ν , axis and the xα  axis. 
 

To sum up, we can say that in the Euclidean geometry there are (in a given space of reference) 
preferred systems of co-ordinates, the Cartesian systems, which transform into each other by 
linear orthogonal transformations. The distances between two points of our space of reference, 
measured by a measuring rod, is expressed in such co-ordinates in a particularly simple manner. 
The whole of geometry may be founded upon this conception of distance. In the present 
treatment, geometry is related to actual things (rigid bodies), and its theorems are statements con-
cerning the behaviour of these things, which may prove to be true or false. 

 
One is ordinarily accustomed to study geometry divorced from any relation between its 

concepts and experience. There are advantages in isolating that which is purely logical and 
independent of what is, in principle, incomplete empiricism. This is satisfactory to the pure 
mathematician. He is satisfied if he can deduce his theorems from axioms correctly, that is, 
without errors of logic. The questions as to whether Euclidean geometry is true or not does not 
concern him. But for our purpose it is necessary to associate the fundamental concepts of 
geometry with natural objects; without such an association geometry is worthless for the 
physicist. The physicist is concerned with the question as to whether the theorems of geometry 
are true or not. That Euclidean geometry, from this point of view, affirms something more than 
the mere deductions derived logically from definitions may be seen from the following simple 
consideration. 

 

Between n points of space there are 
( 1)

2
n n −

distances, sµν ; between these and the 3n co-

ordinates we have the relations 

 ( ) ( )2 22
1( ) 1( ) 2( ) 2( )  . . .s x x x xµν µ ν µ ν= − + − +  

From these 
( 1)

2
n n −

 equations the 3n co-ordinates may be eliminated, and from this elimination 

at least 
( 1) 3

2
n n n−

−  equations in the sµν will result.* Since 

the sµν  are measurable quantities, and by definition are independent of each other, these relations 

between the sµν are not necessary a priori. 
 

From the foregoing it is evident that the equations of transformation (3), (4) have a 
fundamental significance in Euclidean geometry, in that they govern the transformation from one 
Cartesian system of co-ordinates to another. The Cartesian systems of co-ordinates are 
characterized by the property that in them the measurable distance between two points, s, is 
expressed by the equation 

 2 2s xν= ∆∑  
 

If  ( )xK
ν

 and ( )' xK
ν

 are two Cartesian systems of co-ordinates, then 

 2 2'x xν ν∆ = ∆∑ ∑  
 

                                                 
* In reality there are 

( 1)
3 6

2
n n

n
−

− + equations. 
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 The right-hand side is identically equal to the left-hand side on account of the equations 
of the linear orthogonal transformation, and the right-hand side differs from the left-hand side 
only in that the xν , are replaced by the 'x ν .This is expressed by the statement that 2xν∆∑  is an 
invariant with respect to linear orthogonal transformations. It is evident that in the Euclidean 
geometry only such, and all such, quantities have an objective significance, independent of the 
particular choice of the Cartesian co-ordinates, as can be expressed by an invariant with respect 
to linear orthogonal transformations. This is the reason that the theory of invariants, which has to 
do with the laws that govern the form of invariants, is so important for analytical geometry. 

 
As a second example of a geometrical invariant, consider a volume. This is expressed by 
  
 1 2 3V dx dx dx= ∫∫∫  

 
By means of Jacobi's theorem we may write 
 

 
( )
( )

1 2 3
1 2 2 1 2 3

1 2 3

' , ' , '
' ' '

, ,
x x x

V dx dx dx dx dx dx
x x x

∂
= =

∂
⌠⌠⌠

⌡⌡⌡

∫∫∫  

 
where the integrand in the last integral is the functional determinant of the 'x ν  with respect to the xν  

and this by (3) is equal to the determinant bµν  of the coefficients of substitution,bµα . If we form 

the determinant of the µαδ  from equation (4), we obtain, by means of the theorem of multiplication of 
determinants, 

 
2

1 ; 1b b b bαβ να νβ µν µν
ν

δ= = = = ±∑  (6) 

 
If we limit ourselves to those transformations which have the determinant +1* (and only these 
arise from continuous variations of the systems of co-ordinates) then V is an invariant. 
 

Invariants, however, are not the only forms by means of which we can give expression to the 
independence of the particular choice of the Cartesian co-ordinates. Vectors and tensors are other 
forms of expression. Let us express the fact that the point with the current co-ordinates xν  lies 
upon a straight line. We have 

   (  from 1 to 3).x A Bν ν νλ ν− =  
 
Without limiting the generality we can put 
 

 2 1Bν =∑  
 

If we multiply the equations by bβν  (compare (3a) and (5)) and sum for all the ν's, we get 

 ' ' 'x A Bβ β βλ− =  
 
 
                                                 
* There are thus two kinds of Cartesian systems which are designated as "right-handed" and "left-handed" systems. 
The difference between these is familiar to every physicist and engineer. It is interesting to note that these two kinds 
of systems cannot be defined geometrically, but only the contrast between them. 
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 where we have written 

' ; 'B b B A b Aβ βν ν β βν ν
ν ν

= =∑ ∑  

These are the equations of straight lines with respect to a second Cartesian system of co-
ordinates K'. They have the same form as the equations with respect to the original system of co-
ordinates. It is therefore evident that straight lines have a significance which is independent of 
the system of co-ordinates. Formally, this depends upon the fact that the quantities 
( )x A Bν ν νλ− − are transformed as the components of an interval, xν∆ . The ensemble of three 
quantities, defined for every system of Cartesian co-ordinates, and which transform as the com-
ponents of an interval, is called a vector. If the three components of a vector vanish for one 
system of Cartesian co-ordinates, they vanish for all systems, because the equations of 
transformation are homogeneous. We can thus get the meaning of the concept of a vector without 
referring to a geometrical representation. This behaviour of the equations of a straight line can be 
expressed by saying that the equation of a straight line is co-variant with respect to linear 
orthogonal transformations. 

 
We shall now show briefly that there are geometrical entities which lead to the concept of 

tensors. Let P0 be the centre of a surface of the second degree, P any point on the surface, and νξ  
the projections of the interval P0P upon the co-ordinate axes. Then the equation of the surface is 
 

 1aµν µ νξ ξ =∑  
 
In this, and in analogous cases, we shall omit the sign of summation, and understand that the 
summation is to be carried out for those indices that appear twice. We thus write the equation of 
the surface 

 1aµν µ νξ ξ =  
 
The quantities aµν determine the surface completely, for a given position of the centre, with 
respect to the chosen system of Cartesian co-ordinates. From the known law of transformation for 
the νξ  (3a) for linear orthogonal transformations, we easily find the law of transformation for the 
aµν

*: 

 'a b b aστ σµ τν µν=  
 
This transformation is homogeneous and of the first degree in the aµν . On account of this 

transformation, the aµν  are called components of a tensor of the second rank (the latter on 

account of the double index). If all the components, aµν  of a tensor with respect to any system of 
Cartesian co-ordinates vanish, they vanish with respect to every other Cartesian system. The form 
and the position of the surface of the second degree is described by this tensor (a). 
 

Tensors of higher rank (number of indices) may be defined analytically. It is possible and 
advantageous to regard vectors as tensors of rank 1, and invariants (scalars) as tensors of rank 0. 
In this respect, the problem of the theory of invariants may be so formulated: according to what 
laws may new tensors be formed from given tensors? We shall consider these laws now, in order 
to be able to apply them later. We shall deal first only with the properties of tensors with respect 
to the transformation from one Cartesian system to another in the same space of reference, by 
                                                 
* The equation ' ' ' 1a στ σ τξ ξ =  may, by (5), be replaced by ' 1a b bστ µσ ντ σ τξ ξ = , from which the result stated 

immediately follows. 
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 means of linear orthogonal transformations. As the laws are wholly independent of the 
number of dimensions, we shall leave this number, n, indefinite at first. 

Definition. If an object is defined with respect to every system of Cartesian co-ordinates in a 
space of reference of n dimensions by the nα numbers  . . .   Aµνρ (α  = number of indices), then 
these numbers are the components of a tensor of rank α  if the transformation law is 

 ' ' ' ... ' ' ' ... ...'A b b b Aµ ν ρ µ µ ν ν ρ ρ µνρ=  (7) 
 

Remark. From this definition it follows that 
 

 ... ...A B C Dµνρ µ ν ρ  (8) 
 
is an invariant, provided that (B), (C), (D) . . . are vectors. Conversely, the tensor character of (A) 
may be inferred, if it is known that the expression (8) leads to an invariant for an arbitrary choice 
of the vectors (B), (C), etc. 
 

Addition and Subtraction. By addition and subtraction of the corresponding, components of 
tensors of the same rank, a tensor of equal rank results: 

 ... ... ...A B Cµνρ µνρ µνρ± =  (9) 

 
The proof follows from the definition of a tensor given above. 
 

Multiplication. From a tensor of rank α and a tensor of rank β  we may obtain a tensor of rank 
α β+  by multiplying all the components of the first tensor by all the components of the 
second tensor: 

 ... ... ... ...T A Bµνρ αβγ µνρ αβγ=  (10) 

 
Contraction. A tensor of rank 2α −  may be obtained from one of rank α  by putting 

two definite indices equal to each other and then summing for this single index: 
 

 ... ... ...T A Aρ µµρ µµρ
µ

 
= = 

 
∑  (11) 

 
The proof is 

 ... ... ...' ... ... ... ...A b b b A b A b Aµµρ µα µβ µγ αβγ αβ ργ αβγ ργ ααγδ= = =  
 

In addition to these elementary rules of operation there is also the formation of tensors 
by differentiation ("Erweiterung"): 

 ...
...

A
T

x
µνρ

µνρ α
α

∂
=

∂
 (12) 

 
New tensors, in respect to linear orthogonal transformations, may be formed from 

tensors according to these rules of operation. 
 
Symmetry Properties of Tensors. Tensor are called metrical or skew-symmetrical in 

respect to two of their indices, µ  and ν , if both the components which result from 
interchanging the indices µ  and ν  are equal to each other or equal with opposite signs. 

Condition for symmetry:  A Aµνρ νµρ= . 
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 Condition for skew-symmetry: A Aµνρ νµρ= − . 

Theorem. The character of symmetry or skew-symmetry exists independently of the 
choice of co-ordinates, and in this lies its importance. The proof follows from the 
equation defining tensors. 

 
Special Tensors. 
I. The quantities ρσδ (4) are tensor components (fundamental tensor). 

Proof. If in the right-hand side of the equation of transformation 'A b b Aµν µα νβ αβ= , we 

substitute for Aαβ  the quantities αβδ  (which are equal to 1 or 0 according as α β= or 
α β≠ ), we get 

 'A b bµν µα να µνδ= =  
 
The justification for the last sign of equality becomes evident if one applies (4) to the 
inverse substitution (5) 

II. There is a tensor ( ...µνρδ ) skew-symmetrical with respect to all pairs of indices, 
whose rank is equal to the number of dimensions, n, and whose components are equal to 
+1 or −1 according as ...µνρ  is an even or odd permutation of 123… 

The proof follows with the aid of the theorem proved above 1bρσ = . 

 
These few simple theorems form the apparatus from the theory of invariants for building 

the equations of pre-relativity physics and the theory of special relativity. 
 

We have seen that in pre-relativity physics, in order to specify relations in space, a 
body of reference, or a space of reference, is required, and, in addition, a Cartesian 
system of co-ordinates. We can fuse both these concepts into a single one by thinking of a 
Cartesian system of co-ordinates as a cubical frame-work formed of rods each of unit 
length. The co-ordinates of the lattice points of this frame are integral numbers. It follows 
from the fundamental relation 

 2 2 2 2
1 2 3s x x x= ∆ + ∆ + ∆  (13) 

 
that the members of such a space-lattice are all of unit length. To specify relations in time, 
we require in addition a standard clock placed, say, at the origin of our Cartesian system of co-
ordinates or frame of reference. If an event takes place anywhere we can assign to it three co-
ordinates, xν , and a time t ,  as soon as we have specified the time of the clock at the origin which 
is simultaneous with the event. We therefore give (hypothetically) an objective significance to the 
statement of the simultaneity of distant events, while previously we have been concerned only 
with the simultaneity of two experiences of an individual. The time so specified is at all events 
independent of the position of the system of co-ordinates in our space of reference, and is 
therefore an invariant with respect to the transformation (3). 
 

It is postulated that the system of equations expressing the laws of pre-relativity physics is co-
variant with respect to the transformation (3), as are the relations of Euclidean geometry. The 
isotropy and homogeneity of space is expressed in this way.* We shall now consider some of the 
more important equations of physics from this point of view. 
                                                 
* The laws of physics could be expressed, even in case there were a preferred direction in space, in such a way as to 
be co-variant with respect to the transformation (3); but such an expression would in this case be unsuitable. If there 
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 The equations of motion of a material particle are 

 
2

2

d xm X
dt

ν
ν=  (14) 

 

 ( )dxν is a vector; dt ,  and therefore also 
1
dt

, an invariant; thus 
dx
dt

ν 
 
 

 i s  a vector; in the same 

way it may be shown that 
2

2

d x
dt

ν 
 
 

 is a vector. In general, the operation of differentiation with 

respect to time does not alter the tensor character. Since m i s  an invariant (tensor of rank 0), 
2

2

d xm
dt

ν 
 
 

 is a vector, or tensor of rank 1 (by the theorem of the multiplication of tensors). If the 

force ( )Xν  has a vector character, the same holds for the difference 
2

2

d xm X
dt

ν
ν

 
− 

 
. These 

equations of motion are therefore valid in every other system of Cartesian co-ordinates in the 
space of reference. In the case where the forces are conservative we can easily recognize the 
vector character of ( )Xν . For a potential energy, Φ  exists, which depends only upon the 
mutual distances of the particles, and is therefore an invariant. The vector character of the force, 

X
xν

ν

∂Φ
= −

∂
, is then a consequence of our general theorem about the derivative of a tensor of 

rank 0. 

Multiplying by the velocity, a tensor of rank 1, we obtain the tensor equation 

 
2

2 0
dxd xm X

dt dt
µν

ν

 
− = 

 
 

 
By contraction and multiplication by the scalar dt we obtain the equation of kinetic energy 

 
2

2
mqd X dxν ν

 
= 

 
 

If νξ  denotes the difference of the co-ordinates of the material particle and a point fixed in 

space, then the νξ  have vector character. We evidently have 
2 2

2 2

d x d
dt dt

ν νξ
=  so that the equations 

of motion of the particle may be written 

 
2

2 0dm X
dt

ν
ν

ξ
− =  

 
Multiplying this equation by µξ  we  obtain a tensor equation 

 
2

2 0dm X
dt

ν
ν µ

ξ
ξ

 
− = 

 
 

                                                                                                                                                        
were a preferred direction in space it would simplify the description of natural phenomena to orient the system of co-
ordinates in a definite way with respect to this direction. But if, on the other hand, there is no unique direction in 
space it is not logical to formulate the laws of nature in such a way as to conceal the equivalence of systems of co-
ordinates that are oriented differently. We shall meet with this point of view again in the theories of special and 
general relativity. 
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Contracting the tensor on the left and taking the time average we obtain the virial theorem, 

which we shall not consider further. By interchanging the indices and subsequent subtraction, we 
obtain, after a simple transformation, the theorem of moments, 

 

 
ddd m X X

dt dt dt
µν

µ ν µ ν ν µ

ξξξ ξ ξ ξ
  

− = −  
  

 (15) 

 
It is evident in this way that the moment of a vector is not a vector but a tensor. On account of 

their skewsymmetrical character there are not nine, but only three independent equations of this 
system. The possibility of replacing skew-symmetrical tensors of the second rank in space of 
three dimensions by vectors depends upon the formation of the vector 

 
1
2

A Aµ στ στµδ=  

 
If we multiply the skew-symmetrical tensor of rank 2 by the special skew-symmetrical tensor 

δ  introduced above, and contract twice, a vector results whose components are numerically 
equal to those of the tensor. These are the so-called axial vectors which transform differently, 
from a right-handed system to a left-handed system, from the xν∆ . There is a gain in 
picturesqueness in regarding a skew-symmetrical tensor of rank 2 as a vector in space of three 
dimensions, but it does not represent the exact nature of the corresponding quantity so well as 
considering it a tensor. 

 
We consider next the equations of motion of a continuous medium. Let ρ  be the density, uν  

the velocity components considered as functions of the co-ordinates and the time, Xν  the volume 
forces per unit of mass, and pνσ  the stresses upon a surface perpendicular to the σ -axis in the 
direction of increasing xν ,. Then the equations of motion area, by Newton's law, 

 
du p X
dt x

ν νσ
ν

σ

ρ ρ
∂

= − +
∂

 

in which 
du
dt

ν  is the acceleration of the particle which at time t has the co-ordinates xν . If we 

express this acceleration by partial differential coefficients, we obtain, after dividing by ρ , 

 
1u u pu X

t x x
ν ν νσ

σ ν
σ σρ

∂ ∂ ∂
+ = − +

∂ ∂ ∂
 (16) 

 
We must show that this equation holds independently of the special choice of the Cartesian 

system of co-ordinates. ( )uν is a vector, and therefore 
u
t
ν∂

∂
 is also a vector. 

u
x

ν

σ

∂
∂

 is a tensor of 

rank 2, 
u u
x

ν
τ

σ

∂
∂

 is a tensor of rank 3. The second term on the left results from contraction in the 

indices ,  σ τ . The vector character of the second term on the right is obvious. In order that the 
first term on the right may also be a vector it is necessary for pνσ  to be a tensor. Then by 

differentiation and contraction 
p
x
νσ

σ

∂
∂

 results, and is therefore a vector, as it also is after 
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multiplication by the reciprocal scalar 

1
ρ

 . That pνσ  is a tensor, and therefore transforms 

according to the equation 
 'p b b pµν µα νβ αβ=  

is proved in mechanics by integrating this equation over an infinitely small tetrahedron. It is also 
proved there, by application of the theorem of moments to an infinitely small parallelepipedon, that 
p pνσ σν= , and hence that the tensor of the stress is a symmetrical tensor. From what has been said 

it follows that, with the aid of the rules given above, the equation is co-variant with respect to 
orthogonal transformations in space (rotational transformations); and the rules according to which 
the quantities in the equation must be transformed in order that the equation may be co-variant also 
become evident. 
 

The co-variance of the equation of continuity, 

 
( ) 0

u
t x

ν

ν

ρρ ∂∂
+ =

∂ ∂
 (17) 

 
requires, from the foregoing, no particular discussion. 

We shall also test for co-variance the equations which express the dependence of the stress 
components upon the properties of the matter, and set up these equations for the case of a 
compressible viscous fluid with the aid of the conditions of co-variance. If we neglect the vis-
cosity, the pressure, p, will be a scalar, and will depend only upon the density and the temperature 
of the fluid. The contribution to the stress tensor is then evidently 

 p µνδ  

in which µνδ  is the special symmetrical tensor. This term will also be present in the case of a 
viscous fluid. But in this case there will also be pressure terms, which depend upon the space 
derivatives of the uν . We shall assume that this dependence is a linear one. Since these terms must 
be symmetrical tensors, the only ones which enter will be 

 
u u u
x x x

µ ν α
µν

ν µ α

α βδ
 ∂ ∂ ∂

+ +  ∂ ∂ ∂ 
 

 (for 
u
x

α

α

∂
∂

 is a scalar). For physical reasons (no slipping) it is assumed that for symmetrical 

dilatations in all directions, i.e. when 

 31 2 1

1 2 3 2

; , etc., 0uu u u
x x x x

∂∂ ∂ ∂
= = =

∂ ∂ ∂ ∂
 

 

there are no frictional forces present, from which it follows that 
2
3

β α= − . If only 1

3

u
x

∂
∂

 is 

different from zero, let 1
31

3

up
x

η ∂
= −

∂
, by which α  is determined. We then obtain for the 

complete stress tensor, 

 31 2

1 2 3

2
3

u u uu up p
x x x x x

µ ν
µν µν µν

ν µ

δ η δ
  ∂  ∂ ∂∂ ∂

= − + − + +     ∂ ∂ ∂ ∂ ∂    
 (18) 
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 The heuristic value of the theory of invariants, which arises from the isotropy of space 
(equivalence of all directions), becomes evident from this example. 

 
We consider, finally, Maxwell's equations in the form which are the foundation of the electron 

theory of Lorentz. 

    

3 2 1
1

2 3

31 2
2

3 1

31 2

1 2 3

1 1

1 1

.   .   .   .   .   .   .   .   .   .

h h e i
x x c t c

hh e i
x x c t c

ee e
x x x

ρ

∂ ∂ ∂ − = +∂ ∂ ∂
 ∂∂ ∂

− = +∂ ∂ ∂



∂∂ ∂ + + =∂ ∂ ∂

 (19) 

 

3 2 1

2 3

31 2

3 1

31 2

1 2 3

1

1

.   .   .   .   .   .   .   .   .

0

e e h
x x c t

ee h
x x c t

hh h
x x x

∂ ∂ ∂ − = −∂ ∂ ∂
 ∂∂ ∂

− = −∂ ∂ ∂



∂∂ ∂ + + =∂ ∂ ∂

  (20) 

 
i is a vector, because the current density is defined as the density of electricity multiplied by 

the vector velocity of the electricity. According to the first three equations it is evident that e is 
also to be regarded as a vector. Then h cannot be regarded as a vector.* The equations may, 
however, easily be interpreted if h is regarded as a skewsymmetrical tensor of the second rank. 
Accordingly, we write h23, h31, h12, in place of h1, h2, h3 respectively. Paying attention to the skew-
symmetry of hµν , the first three equations of (19) and (20) may be written in the form 

 

 
1 1h e

i
x c t c
µν µ

µ
ν

∂ ∂
= +

∂ ∂
 (19a) 

 

 
1e he

x x c t
µ µνν

ν µ

∂ ∂∂
− = +

∂ ∂ ∂
 (20a) 

 
In contrast to e, h appears as a quantity which has the same type of symmetry as an angular 
velocity. The divergence equations then take the form 
 

 
e
x

ν

ν

ρ
∂

=
∂

 (19b) 

 

                                                 
* These considerations will make the reader familiar with tensor operations without the special difficulties of the four-
dimensional treatment; corresponding considerations in the theory of special relativity (Minkowski's interpretation of the 
field) will then offer fewer difficulties. 
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 0

h h h
x x x
µν νρ ρµ

ρ µ ν

∂ ∂ ∂
+ + =

∂ ∂ ∂
 (20b) 

 
The last equation is a skew-symmetrical tensor equation of the third rank (the skew-symmetry of 
the left-hand side with respect to every pair of indices may easily be proved, if attention is paid to 
the skew-symmetry of hµν ). This notation is more natural than the usual one, because, in contrast 
to the latter, it is applicable to Cartesian left-handed systems as well as to right-handed systems 
without change of sign. 
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THE THEORY OF SPECIAL RELATIVITY 

 HE previous considerations concerning the configuration of rigid bodies have been founded, 
irrespective of the assumption as to the validity of the Euclidean geometry, upon the hypothesis 

that all directions in space, or all configurations of Cartesian systems of co-ordinates, are physically 
equivalent. We may express this as the "principle of relativity with respect to direction," and it has 
been shown how equations (laws of nature) may be found, in accord with this principle, by the aid of 
the calculus of tensors. We now inquire whether there is a relativity with respect to the state of motion 
of the space of reference; in other words, whether there are spaces of reference in motion relatively to 
each other which are physically equivalent. From the standpoint of mechanics it appears that 
equivalent spaces of reference do exist. For experiments upon the earth tell us nothing of the fact that 
we are moving about the sun with a velocity of approximately 30 kilometres a second. ~ On the other 
hand, this physical equivalence does not seem to hold for spaces of reference in arbitrary motion; for 
mechanical effects do not seem to be subject to the same laws in a jolting railway train as in one 
moving with uniform velocity; the rotation of the earth must be considered in writing down the 
equations of motion relatively to the earth. It appears, therefore, as if there were Cartesian systems of 
co-ordinates, the so-called inertial systems, with reference to which the laws of mechanics (more 
generally the laws of physics) are expressed in the simplest form. We may surmise the validity of the 
following proposition: If K is an inertial system, then every other system K' which moves uniformly 
and without rotation relatively to K, is also an inertial system; the laws of nature are in concordance 
for all inertial systems. This statement we shall call the "principle of special relativity." We shall draw 
certain conclusions from this principle of "relativity of translation" just as we have already done for 
relativity of direction. 
 

In order to be able to do this, we must first solve the following problem. If we are given the 
Cartesian co-ordinates, x„ and the time t, of an event relatively to one inertial system, K, how can we 
calculate the co-ordinates, 'x ν and the time, t', of the same event relatively to an inertial system K' 
which moves with uniform translation relatively to K? In the pre-relativity physics this problem was 
solved by making unconsciously two hypotheses: 

1. Time is absolute; the time of an event, t', relatively to K' is the same as the time relatively to K. 
If instantaneous signals could be sent to a distance, and if one knew that the state of motion of a clock 
had no influence on its rate, then this assumption would be physically validated. For then clocks, 
similar to one another, and regulated alike, could be distributed over the systems K and K', at rest 
relatively to them, and their indications would be independent of the state of motion of the systems; 
the time of an event would then be given by the clock in its immediate neighbourhood. 

2. Length is absolute; if an interval, at rest to K, has a length s, then it has the same length s 
relatively to a system K' which is in motion to K. 

 
If the axes of K and K' are parallel to each other, a simple calculation based on these two 

assumptions, gives the equations of transformation 

 
'
'

x x a b t
t t b
ν ν ν ν= − −

 = −
 (21) 

 
This transformation is known as the "Galilean Transformation." Differentiating twice by the time, 

we get 

 
2 2

2 2

'd x d x
dt dt

ν ν=  

 
Further, it follows that for two simultaneous events, 
 

T 
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 (1) (2) (1) (2)' 'x x x xν ν ν ν− = −  

The invariance of the distance between the two points results from squaring and adding. From this 
easily follows the co-variance of Newton's equations of motion with respect to the Galilean 
transformation (21). Hence it follows that classical mechanics is in accord with the principle of 
special relativity if the two hypotheses respecting scales and clocks are made. 
 

But this attempt to found relativity of translation upon the Galilean transformation fails when 
applied to electromagnetic phenomena. The Maxwell-Lorentz electromagnetic equations are not co-
variant with respect to the Galilean transformation. In particular, we note, by (21), that a ray of light 
which referred to K has a velocity c, has a different velocity referred to K', depending upon its 
direction. The space of reference of K is therefore distinguished, with respect to its physical 
properties, from all spaces of reference which are in motion relatively to it (quiescent ether). But all 
experiments have shown that electro-magnetic and optical phenomena, relatively to the earth as the 
body of reference, are not influenced by the translational velocity of the earth. The most important of 
these experiments are those of Michelson and Morley, which I shall assume are known. The validity 
of the principle of special relativity also with respect to electromagnetic phenomena can therefore 
hardly be doubted. 

 
On the other hand, the Maxwell-Lorentz equations have proved their validity in the treatment of 

optical problems in moving bodies. No other theory has satisfactorily explained the facts of 
aberration, the propagation of light in moving bodies (Fizeau), and phenomena observed in double 
stars (De Sitter). The consequence of the Maxwell-Lorentz equations that in a vacuum light is 
propagated with the velocity c, at least with respect to a definite inertial system K, must therefore be 
regarded as proved. According to the principle of special relativity, we must also assume the truth of 
this principle for every other inertial system. 

 
Before we draw any conclusions from these two principles we must first review the physical 

significance of the concepts "time" and "velocity." It follows from what has gone before, that co-
ordinates with respect to an inertial system are physically defined by means of measurements and 
constructions with the aid of rigid bodies. In order to measure time, we have supposed a clock, U, 
present somewhere, at rest relatively to K. But we cannot fix the time, by means of this clock, of an 
event whose distance from the clock is not negligible; for there are no "instantaneous signals" that we 
can use in order to compare the time of the event with that of the clock. In order to complete the 
definition of time we may employ the principle of the constancy of the velocity of light in a vacuum. 
Let us suppose that we place similar clocks at points of the system K, at rest relatively to it, and 
regulated according to the following scheme. A ray of light is sent out from one of the clocks, mU ,  at 
the instant when it indicates the time mt , and travels through a vacuum a distance mnr   to the clock nU ; 

at the instant when this ray meets the clock nU  the latter is set to indicate the time mn
n m

rt t
c

= + * . The 

principle of the constancy of the velocity of light then states that this adjustment of the clocks will not 
lead to contradictions. With clocks so adjusted, we can assign the time to events which take place near 
any one of them. It is essential to note that this definition of time relates only to the inertial system K, 
since we have used a system of clocks at rest relatively to K. The assumption which was made in the 
pre-relativity physics of the absolute character of time (i.e. the independence of time of the choice of the 
inertial system) does not follow at all from this definition. 

 

                                                 
* Strictly speaking, it would be more correct to define simultaneity first, somewhat as follows: two events taking place at the 
points A  and B  o f  the system K are simultaneous i f  they appear at the same instant when observed from the middle point, 
M, o f  the interval A B .  Time is then defined as the ensemble of the indications of similar clocks, at rest relatively to K, 
which register the same time simultaneously. 
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 The theory of relativity is often criticized for giving, without justification, a central theoretical 
role to the propagation of light, in that it founds the concept of time upon the law of propagation of light. 
The situation, however, is somewhat as follows. In order to give physical significance to the concept of 
time, processes of some kind are required which enable relations to be established between different 
places. It is immaterial what kind of processes one chooses for such a definition of time. It is 
advantageous, however, for the theory, to choose only those processes concerning which we know 
something certain. This holds for the propagation of light in vacuo in a higher degree than for any other 
process which could be considered, thanks to the investigations of Maxwell and H. A. Lorentz. 

 
From all of these considerations, space and time data have a physically real, and not a mere 

fictitious, significance; in particular this holds for all the relations in which co-ordinates and time 
enter, e.g. the relations (21). There is, therefore, sense in asking whether those equations are true 
or not, as well as in asking what the true equations of transformation are by which we pass from 
one inertial system K to another, K', moving relatively to it. It may be shown that this is uniquely 
settled by means of the principle of the constancy of the velocity of light and the principle of 
special relativity. 

 
To this end we think of space and time physically defined with respect to two inertial systems, K 

and K', in the way that has been shown. Further, let a ray of light pass from one point P1, to another 
point P2 of K through a vacuum. If r is the measured distance between the two points, then the 
propagation of light must satisfy the equation 

 .r c t= ∆  
 

If we square this equation, and express r2 by the differences of the co-ordinates, xν∆  in place of this 
equation we can write 

 ( )2 2 2 0x c tν∆ − ∆ =∑  (22) 
 

This equation formulates the principle of the constancy of the velocity of light relatively to K. It must 
hold whatever may be the motion of the source which emits the ray of light. 
 

The same propagation of light may also be considered relatively to K', in which case also the 
principle of the constancy of the velocity of light must be satisfied. Therefore, with respect to K', 
we have the equation 

 ( )2 2 2' ' 0x c tν∆ − ∆ =∑  (22a) 
 

Equations (22a) and (22) must be mutually consistent with each other with respect to the 
transformation which transforms from K to K'. A transformation which effects this we shall call a 
"Lorentz transformation." 

 
Before considering these transformations in detail we shall make a few general remarks about space 

and time. In the pre-relativity physics space and time were separate entities. Specifications of time were 
independent of the choice of the space of reference. The Newtonian mechanics was relative with respect 
to the space of reference, so that, e.g. the statement that two non-simultaneous events happened at the 
same place had no objective meaning (that is, independent of the space of reference). But this relativity 
had no rôle in building up the theory. One spoke of points of space, as of instants of time, as if they were 
absolute realities. It was not observed that the true element of the space-time specification was the event 
specified by the four numbers 1 2 3, , ,x x x t .The conception of something happening was always that of a 
four-dimensional continuum; but the recognition of this was obscured by the absolute character of the 
pre-relativity time. Upon giving up the hypothesis of the absolute character of time, particularly that of 
simultaneity, the four-dimensionality of the time-space concept was immediately recognized. It is 
neither the point in space, nor the instant in time, at which something happens that has physical reality, 
but only the event itself. There is no absolute (independent of the space of reference) relation in space, 
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 and no absolute relation in time between two events, but there is an absolute (independent of the 
space of reference) relation in space and time, as will appear in the sequel. The circumstance that there is 
no objective rational division of the four-dimensional continuum into a three-dimensional space and a 
one-dimensional time continuum indicates that the laws of nature will assume a form which is logically 
most satisfactory when expressed as laws in the four-dimensional space-time continuum. Upon this 
depends the great advance in method which the theory of relativity owes to Minkowski. Considered 
from this standpoint, we must regard 1 2 3, , ,x x x t  as the four co-ordinates of an event in the four-
dimensional continuum. We have far less success in picturing to ourselves relations in this four-
dimensional continuum than in the three-dimensional Euclidean continuum; but it must be emphasized 
that even in the Euclidean three-dimensional geometry its concepts and relations are only of an abstract 
nature in our minds, and are not at all identical with the images we form visually and through our sense 
of touch. The non-divisibility of the four-dimensional continuum of events does not at all, however, 
involve the equivalence of the space co-ordinates with the time co-ordinate. On the contrary, we must 
remember that the time co-ordinate is defined physically wholly differently from the space co-ordinates. 
The relations (22) and (22a) which when equated define the Lorentz transformation show, further, a 
difference in the role of the time co-ordinate from that of the space co-ordinates; for the term Ate has the 
opposite sign to the space terms, 2 2 2

1 2 3, ,x x x∆ ∆ ∆ . 
 

Before we analyse further the conditions which define the Lorentz transformation, we shall 
introduce the light-time, l ct= , in place of the time, t, in order that the constant c shall not enter 
explicitly into the formulas to be developed later. Then the Lorentz transformation is defined in such a 
way that, first, it makes the equation 

 
 2 2 2 2

1 2 3 0x x x l∆ + ∆ + ∆ − ∆ =  (22b) 
 
a co-variant equation, that is, an equation which is satisfied with respect to every inertial system if it is 
satisfied in the inertial system to which we refer the two given events (emission and reception of the 
ray of light). Finally, with Minkowski, we introduce in place of the real time co-ordinate l ct= , the 
imaginary time co-ordinate 

 ( )4 1x il ict i= = − =  

 
Then the equation defining the propagation of light, which must be co-variant with respect to the 
Lorentz transformation, becomes 
 

 2 2 2 2 2
1 2 3 4

(4)
0x x x x xν∆ = ∆ + ∆ + ∆ + ∆ =∑  (22c) 

 
This condition is always satisfied* if we satisfy the more general condition that 
 

 2 2 2 2 2
1 2 3 4s x x x x= ∆ + ∆ + ∆ + ∆  (23) 

 
shall be an invariant with respect to the transformation. This condition is satisfied only by linear 
transformations, that is, transformations of the type 
 

 'x a b xµ µ µα α= +  (24) 
 
in which the summation over the α  is to be extended from α  = 1 to α  = 4. A glance at equations 
(23) (24) shows that the Lorentz transformation so defined is identical with the translational and 

                                                 
* That this specialization lies in the nature of the case will be evident later. 
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 rotational transformations of the Euclidean geometry, if we disregard the number of dimensions 
and the relations of reality. We can also conclude that the coefficients bµα  must satisfy the conditions 

 b b b bµα να µν αµ ανδ= =  (25) 
 
Since the ratios of the xν  are real, it follows that all the aµ  and the bµα  are real, except 4a , 

41 42 43 14 24,  ,  ,  ,  ,b b b b b  and 34b   which are purely imaginary. 
 

Special Lorentz Transformation. We obtain the simplest transformations of the type of (24) and 
(25) if only two of the co-ordinates are to be transformed, and if all the aµ , which merely determine 
the new origin, vanish. We obtain then for the indices 1 and 2, on account of the three independent 
conditions which the relations (25) furnish, 
 

 

1 1 2

2 1 2

3 3

4 4

' cos sin
' sin cos
'
'

x x x
x x x
x x
x x

φ φ
φ φ

= −
 = +
 =
 =

 (26) 

 
This is a simple rotation in space of the (space) co-ordinate system about the 3x -axis. We see that 

the rotational transformation in space (without the time transformation) which we studied before is 
contained in the Lorentz transformation as a special case. For the indices 1 and 4 we obtain, in an 
analogous manner, 
 

 

1 1 4

4 1 4

2 2

3 3

' cos sin
' sin cos
'
'

x x x
x x x
x x
x x

ψ ψ
ψ ψ

= −
 = +
 =
 =

 (26a) 

 
On account of the relations of reality Ψ  must be taken as imaginary. To interpret these equations 

physically, we introduce the real light-time l and the velocity v of K' relatively to K, instead of the 
imaginary angle Ψ . We have, first, 

 1 1

1

' cos sin
' sin cos

x x il
l ix l

ψ ψ
ψ ψ

= −
= − +

 

 
Since for the origin of K', i.e., for 1'x  = 0, we must have 1x vl= , it follows from the first of these 
equations that 

 tanv i ψ=  (27) 
 
and also 

 
2

2

sin
1

1cos
1

iv
v

v

ψ

ψ

− = −

 =
 −

 (28) 

 
 
so that we obtain 
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1
1 2

1
2

2 2

3 3

'
1

'
1

'
'

x vlx
v

l vxl
v

x x
x x

− = −
 − =

−
 =


=

 

 
These equations form the well-known special Lorentz transformation, which in the general theory 

represents a rotation, through an imaginary angle, of the four-dimensional system of co-ordinates. If 
we introduce the ordinary time t, in place of the light-time l, then in (29) we must replace l by ct and v 

by 
v
c

.  

We must now fill in a gap. From the principle of the constancy of the velocity of light it follows 
that the equation 

 2 0xν∆ =∑  

 
has a significance which is independent of the choice of the inertial system; but the invariance of the 
quantity 2xν∆∑  does not at all follow from this. This quantity might be transformed with a factor. 
This depends upon the fact that the right-hand side of (29) might be multiplied by a factor λ , which 
may depend on v. But the principle of relativity does not permit this factor to be different from 1, as 
we shall now show. Let us assume that we have a rigid circular cylinder moving in the direction of its 
axis. If its radius, measured at rest with a unit measuring rod is equal to Ro, its radius R in motion, 
might be different from Ro, since the theory of relativity does not make the assumption that the shape 
of bodies with respect to a space of reference is independent of their motion relatively to this space of 
reference. But all directions in space must be equivalent to each other. R may therefore depend upon 
the magnitude q of the velocity, but not upon its direction; R must therefore be an even function of q. 
If the cylinder is at rest relatively to K' the equation of its lateral surface is 
 

 2 2 2
0' 'x y R+ =  

 
If we write the last two equations of (29) more generally 

 

 2 2

3 3

'
'

x x
x x

λ
λ

=
=

 

 
then the lateral surface of the cylinder referred to K satisfies the equation 
 

 
2

2 2 0
2

Rx y
λ

+ =  

 
The factor λ  therefore measures the lateral contraction ofthe cylinder, and can thus, from the above, 
be only an even function of v. 
 

If we introduce a third system of co-ordinates, K", which moves relatively to K' with velocity v in 
the direction of the negative x-axis of K, we obtain, by applying (29) twice, 
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1 1'' ( ) ( )
.    .    .    .          
.    .    .    .           

'' ( ) ( )

x v v x

l v v l

λ λ

λ λ

= −

= −

 

 
 
Now, since ( )vλ  must be equal to ( )vλ − , and since we assume that we use the same measuring rods 
in all the systems, it follows that the transformation of K" to K must be the identical transformation 
(since the possibility 1λ = −  does not need to be considered). It is essential for these considerations 
to assume that the behaviour of the measuring rods does not depend upon the history of their previous 
motion. 
 

Moving Measuring Rods and Clocks. At the definite K time, l = 0, the position of the points 

given by the integers 1'x n= , is with respect to K, given by 2
1 1x n v= − ;  this follows from the 

first of equations (29) and expresses the Lorentz contraction. A clock at rest at the origin 1 0x =  of K, 
whose beats are characterized by l = n, will, when observed from K', have beats characterized by 

 

 
2

'
1

nl
v

=
−

 

 
this follows from the second of equations (29) and shows that the clock goes slower than if it 
were at rest relatively to K'. These two consequences, which hold, mutatis mutandis, for 
every system of reference, form the physical content, free from convention, of the Lorentz 
transformation. 
 

Addition Theorem for Velocities. If we combine two special Lorentz transformations with the 
relative velocities 1v  and 2v ,  then the velocity of the single Lorentz transformation which takes the 
place of the two separate ones is, according to (27), given by 
 

 ( ) 1 2 1 2
12 1 2

1 2 1 2

tan tantan
1 tan tan 1

v vv i i
v v

ψ ψψ ψ
ψ ψ
+ +

= + = =
− +

 (30) 

 
General Statements about the Lorentz Transformation and its Theory of Invariants. The 

whole theory of invariants of the special theory of relativity depends upon the invariant s2 (23). 
Formally, it has the same rôle in the four-dimensional space-time continuum as the invariant 

2 2 2
1 2 3x x x∆ + ∆ + ∆  in the Euclidean geometry and in the pre-relativity physics. The latter quantity is 

not an invariant with respect to all the Lorentz transformations; the quantity s2 of equation (23) 
assumes the rôle of this invariant. With respect to an arbitrary inertial system, s2 may be determined 
by measurements; with a given unit of measure it is a completely determinate quantity, associated 
with an arbitrary pair of events. 

 
The invariant s2 differs, disregarding the number of dimensions, from the corresponding invariant 

of the Euclidean geometry in the following points. In the Euclidean geometry s2 is necessarily 
positive; it vanishes only when the two points concerned come together. On the other hand, from the 
vanishing of 

 
 2 2 2 2 2 2

1 2 3s x x x x tν= ∆ = ∆ + ∆ + ∆ + ∆∑  
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 it cannot be concluded that the two space-time points fall together; the vanishing of this quantity 
s2, is the invariant condition that the two space-time points can be connected by a light signal in 
vacuo. If P is a point (event) represented in the four-dimensional space of the 1 2 3,  ,  ,  x x x l , then all 
the "points" which can be connected to P by means of a light signal lie upon the cone s2 = 0 (compare 
Fig. 1, in which the dimension 3x  is suppressed). The "upper" half of the cone may contain the 

"points" to which light signals can be sent from P; then the "lower" half of the cone will contain the 
"points" from which light signals can be sent to P. The points P' enclosed by the conical surface 
furnish, with P, a negative s2; PP', as well as P'P is then, according to Minkowski, time-like. Such 
intervals represent elements of possible paths of motion, the velocity being less than that of light.* In 
this case the 1-axis may be drawn in the direction of PP' by suitably choosing the state of motion of 
the inertial system. If P' lies outside of the "light-cone" then PP' is space-like; in this case, by properly 
choosing the inertial system, l∆  can be made to vanish. 
 

By the introduction of the imaginary time variable, 4x il= , Minkowski has made the theory of 
invariants for the four-dimensional continuum of physical phenomena fully analogous to the theory of 
invariants for the three-dimensional continuum of Euclidean space. The theory of four-dimensional 
tensors of special relativity differs from the theory of tensors in three-dimensional space, therefore, 
only in the number of dimensions and the relations of reality. 

 
A physical entity which is specified by four quantities, Aν , in an arbitrary inertial system of the  

1 2 3 4,  ,  ,  ,x x x x is called a 4-vector, with the components Aν , if the Aν  correspond in their relations of 
reality and the properties of transformation to the xν∆ ; it may be space-like or timelike. The sixteen 
quantities Aµν  then form the components of a tensor of the second rank, if they transform according 
to the scheme 

 'A b b Aµν µα νβ αβ=  
 
It follows from this that the Aµν  behave, with respect to their properties of transformation and their 

properties of reality, as the products of the components, ,  U Vµ ν  of two 4-vectors, (U) and (V). All 
the components are real except those which contain the index 4 once, those being purely imaginary. 
Tensors of the third and higher ranks may be defined in an analogous way. The operations of addition, 

                                                 
* That material velocities exceeding that of light are not possible, follows from the appearance of the radical 21 v−  in 
the special Lorentz transformation (29). 
 

FIG. 1 
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 subtraction, multiplication, contraction and differentiation for these tensors are wholly analogous 
to the corresponding operations for tensors in three-dimensional space. 
 

Before we apply the tensor theory to the four-dimensional space-time continuum, we shall 
examine more particularly the skew-symmetrical tensors. The tensor of the second rank has, in 
general, 16 = 4.4 components. In the case of skew-symmetry the components with two equal 
indices vanish, and the components with unequal indices are equal and opposite in pairs. There 
exist, therefore, only six independent components, as is the case in the electromagnetic field. In 
fact, it will be shown when we consider Maxwell's equations that these may be looked upon as 
tensor equations, provided we regard the electromagnetic field as a skew-symmetrical tensor. 
Further, it is clear that a skew-symmetrical tensor of the third rank (skew-symmetrical in all 
pairs of indices) has only four independent components, since there are only four combinations 
of three different indices. 

 
We now turn to Maxwell's equations (19a), (19b), (20a), (20b), and introduce the notation:* 

 

 23 31 12 14 24 34

23 31 12 x y zh h h ie ie ie
φ φ φ φ φ φ

 − − −
 (30a) 

 

 
1 2 3 4

1 1 1
x y z

J J J J

i i i i
c c c

ρ






 (31) 

 
with the convention that µνφ  shall be equal to µνφ− . Then Maxwell's equations may be 
combined into the forms 

 J
x
µν

µ
ν

φ∂
=

∂
 (32) 

 0
x x x

µν σµνσ

σ µ ν

φ φφ∂ ∂∂
+ + =

∂ ∂ ∂
 (33) 

 
as one can easily verify by substituting from (30a) and (31). Equations (32) and (33) have a 
tensor character, and are therefore co-variant with respect to Lorentz transformations, if the µνφ  

and the Jµ  have a tensor character, which we assume. Consequently, the laws for transforming 
these quantities from one to another allowable (inertial) system of co-ordinates are uniquely 
determined. The progress in method which electro-dynamics owes to the theory of special 
relativity lies principally in this, that the number of independent hypotheses is diminished. If 
we consider, for example, equations (19a) only from the standpoint of relativity of direction, as 
we have done above, we see that they have three logically independent terms. The way in 
which the electric intensity enters these equations appears to be wholly independent of the way 

in which the magnetic intensity enters them; it would not be surprising if instead of 
e

l
µ∂

∂
, we 

had, say, 
2

2

e

l
µ∂

∂
, or if this term were absent. On the other hand, only two independent terms 

appear in equation (32). The electromagnetic field appears as a formal unit; the way in which 

                                                 
* In order to avoid confusion from now on we shall use the three-dimensional space indices, x, y, z instead of 1, 2, 3, and 
we shall reserve the numeral indices 1, 2, 3, 4 for the four-dimensional space-time continuum. 
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 the electric field enters this equation is determined by the way in which the magnetic field 
enters it. Besides the electromagnetic field, only the electric current density appears as an inde-
pendent entity. This advance in method arises from the fact that the electric and magnetic fields 
lose their separate existences through the relativity of motion. A field which appears to be 
purely an electric field, judged from one system, has also magnetic field components when 
judged from another inertial system. When applied to an electromagnetic field, the general law 
of transformation furnishes, for the special case of the special Lorentz transformation, the 
equations 

 
2 2

2 2

' '

' '
1 1

' '
1 1

x x x x

y z y z
y y

z y z y
z z

e e h h
e vh h ve

e h
v v

e vh h ve
e h

v v


 = =
 − + = =

− −
 + −
 = =
 − −

 (34) 

 
 
 
If there exists with respect to K only a magnetic field, h, but no electric field, e, then with respect 

to K' there exists an electric field e' as well, which would act upon an electric particle at rest relatively 
to K'. An observer at rest relatively to K would designate this force as the Biot-Savart force, or the 
Lorentz electromotive force. It therefore appears as if this electromotive force had become fused with 
the electric field intensity into a single entity. 

 
In order to view this relation formally, let us consider the expression for the force acting upon unit 

volume of electricity, 
  x ρ= +k e i h  (35) 

 
in which i is the vector velocity of electricity, with the velocity of light as the unit. If we introduce 
Jµ and µφ according to (30a) and (31), we obtain for the first component the expression 
 

 12 2 13 3 14 4J J Jφ φ φ+ +  
 
Observing that 11φ , vanishes on account of the skewsymmetry of the tensor (φ ), the components of k 
are given by the first three components of the four-dimensional vector 
 

 K Jµ µν νφ=  (36) 
 
and the fourth component is given by 
 

 ( )4 41 1 42 2 43 3 x x y y z zK J J J i e i e i e i iφ φ φ λ= + + = + + =  (37) 

 
There is, therefore, a four-dimensional vector of force per unit volume; whose first three components, 
k1, k2, k3 are the ponderomotive force components per unit volume, and whose fourth component is 
the rate of working of the field per unit volume, multiplied by 1− . 
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A comparison of (36) and (35) shows that the theory of relativity formally unites the 

ponderomotive force of the electric field, ρ e , and the Biot-Savart or Lorentz force i x h. 
 
Mass and Energy. An important conclusion can be drawn from the existence and significance of 

the 4-vector Kµ . Let us imagine a body upon which the electromagnetic field acts for a time. In the 
symbolic figure (Fig. 2) Ox1 designates the x1-axis, and is at the same time a substitute for the three 
space axes Ox1, Ox2, Ox3; Ol designates the real time axis. In this diagram a body of finite extent is 
represented, at a definite time l, by the interval AB; the whole space-time existence of the body is 
represented by a strip whose boundary is everywhere inclined less than 45° to the l-axis. Between the 
time sections, l = l1, and l = l2, but not extending to them, a portion of the strip is shaded. This 
represents the portion of the space-time manifold in which the electromagnetic field acts upon the 
body, or upon the electric charges contained in it, the action upon them being transmitted to the body. 
We shall now consider the changes which take place in the momentum and energy of the body as a 
result of this action. 

 
We shall assume that the principles of momentum and energy are valid for the body. The change 

in momentum, ∆Ix, ∆Iy, ∆Iz, and the change in energy, ∆E, are then given by the expressions 
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. . . . . . . . . . . . . . .
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i
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i i

λ
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∆ = = ⌠
⌡

∫ ∫ ∫

∫ ∫

 

 
Since the four-dimensional element of volume is an invariant, and (K1, K2,  K3, K4) forms a 4-vector, 
the four-dimensional integral extended over the shaded portion transforms as a 4-vector, as does also 
the integral between the limits l1, and l2, because the portion of the region which is not shaded 
contributes nothing to the integral. It follows, therefore, that ∆Ix, ∆Iy, ∆Iz, i∆E form a 4-vector. Since 
the quantities themselves may be presumed to transform in the same way as their increments, we infer 
that the aggregate of the four quantities 

Ix, Iy, Iz, iE 
 

has itself vector character; these quantities are referred to an instantaneous condition of the body (e.g. 
at the time l = l1). 
 

This 4-vector may also be expressed in terms of the mass m, and the velocity of the body, 
considered as a material particle. To form this expression, we note first, that 
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  ( ) ( )2 2 2 2 2 2 2 2
1 2 3 4 1ds d dx dx dx dx dl qτ− = = − + + − = −  (38) 

 
is an invariant which refers to an infinitely short portion of the four-dimensional line which represents 
the motion of the material particle. The physical significance of the invariant dτ may easily be given. 
If the time axis is chosen in such a way that it has the direction of the line differential which we are 
considering, or, in other terms, if we transform the material particle to rest, we shall have dτ = dl; this 
will therefore be measured by the light-seconds clock which is at the same place, and at rest relatively 
to the material particle. We therefore call r the proper time of the material particle. As opposed to dl, 
dτ is therefore an invariant, and is practically equivalent to dl for motions whose velocity is small 
compared to that of light. Hence we see that 
 

 
dxu
d

σ
σ τ

=  (39) 

 
has, just as the dxν,, the character of a vector; we shall designate (uσ) as the four-dimensional vector 
(in brief, 4-vector) of velocity. Its components satisfy, by (38), the condition 
 

 2 1uσ = −∑  (40) 
 
We see that this 4-vector, whose components in the ordinary notation are 
 

 
2 2 2 2

, , ,
1 1 1 1

yx z
qq q i

q q q q− − − −
 (41) 

 
is the only 4-vector which can be formed from the velocity components of the material particle 
which are defined in three dimensions by 
 

 , ,x y z
dx dy dzq q q
dl dl dl

= = =  

 
We therefore see that 
 

 
dx

m
d

µ

τ
 
 
 

 (42) 

 
must be that 4-vector which is to be equated to the 4-vector of momentum and energy whose 
existence we have proved above. By equating the components, we obtain, in threedimensional 
notation, 

 

 

2

2

1
. . . . .
. . . . .

1

x
x

mqI
q

mE
q

 = −





=
−

 (43) 
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 We recognize, in fact, that these components of momentum agree with those of 
classical mechanics for velocities which are small compared to that of light. For large velocities 
the momentum increases more rapidly than linearly with the velocity, so as to become infinite 
on approaching the velocity of light. 

 
If we apply the last of equations (43) to a material particle at rest (q = 0), we see that the 

energy, Eo, of a body at rest is equal to its mass. Had we chosen the second as our unit of time, 
we would have obtained 

 
 2

0E mc=  (44) 
 
Mass and energy are therefore essentially alike; they are only different expressions for the same 
thing. The mass of a body is not a constant; it varies with changes in its energy.* We see from 
the last of equations (43) that E becomes infinite when q approaches l, the velocity of light. If 
we develop E in powers of q2, we obtain, 
 

 2 43 . . .
2 8
mE m q mq= + + +  (45) 

 
The second term of this expansion corresponds to the kinetic energy of the material particle in 
classical mechanics.  
 

Equations of Motion of Material Particles. From (43) we obtain, by differentiating by 
the time l, and using the principle of momentum, in the notation of threedimensional vectors, 
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d m
dl q

 
 =
 − 

qK  (46) 

 
This equation, which was previously employed by H. A. Lorentz for the motion of 

electrons, has been proved to be true, with great accuracy, by experiments with β-rays. 
 
Energy Tensor of the Electromagnetic Field. Before the development of the theory of 

relativity it was known that the principles of energy and momentum could be expressed in a 
differential form for the electromagnetic field. The four-dimensional formulation of these 
principles leads to an important conception, that of the energy tensor, which is important for 
the further development of the theory of relativity. 

 
If in the expression for the 4-vector of force per unit volume, 

 
 K Jµ µν νφ=  
 

using the field equations (32), we express Jν  in terms of the field intensities, µνφ , we obtain, after 
some transformations and repeated application of the field equations (32) and (33), the expression 
 

                                                 
* The emission of energy in radioactive processes is evidently connected with the fact that the atomic weights are not 
integers. The equivalence between mass at rest and energy at rest which is expressed in equation (44) has been confirmed 
in many cases during recent years. In radio-active decomposition the sum of the resulting masses is always less than the 
mass of the decomposing atom. The difference appears in the form of kinetic energy of the generated particles as well as 
in the form of released radiational energy. 
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∂
= −

∂
 (47) 

 
where we have written* 

 

 21
4

Tµν αβ µν µα ναφ δ φ φ= − +  (48) 

 
The physical meaning of equation (47) becomes evident if in place of this equation we write, 

using a new notation, 
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 (47a) 

 
or, on eliminating the imaginary, 
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When expressed in the latter form, we see that the first three equations state the principle of 
momentum; pxx . . . pzz are the Maxwell stresses in the electro-magnetic field, and (bx, by, bz) is the 
vector momentum per unit volume of the field. The last of equations (47b) expresses the energy 
principle; s is the vector flow of energy, and η the energy per unit volume of the field. In fact, we get 
from (48) by introducing the real components of the field intensity the following expressions well 
known from electrodynamics: 

                                                 
* To be summed for the indices α and β. 
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We notice from (48) that the energy tensor of the electromagnetic field is symmetrical; with this is 
connected the fact that the momentum per unit volume and the flow of energy are equal to each other 
(relation between energy and inertia). 
 

We therefore conclude from these considerations that the energy per unit volume has the character 
of a tensor. This has been proved directly only for an electromagnetic field, although we may claim 
universal validity for it. Maxwell's equations determine the electromagnetic field when the 
distribution of electric charges and currents is known. But we do not know the laws which govern the 
currents and charges. We do know, indeed, that electricity consists of elementary particles (electrons, 
positive nuclei), but from a theoretical point of view we cannot comprehend this. We do not know the 
energy factors which determine the distribution of electricity in particles of definite size and 
charge, and all attempts to complete the theory in this direction have failed. If then we can 
build upon Maxwell's equations at all, the energy tensor of the electromagnetic field is known 
only outside the charged particles.* In these regions, outside of charged particles, the only 
regions in which we can believe that we have the complete expression for the energy tensor, we 
have, by (47), 
 

 0
T
x
µν

ν

∂
=

∂
 (47c) 

 
General Expressions for the Conservation Principles. We can hardly avoid making the 

assumption that in all other cases, also, the space distribution of energy is given by a 
symmetrical tensor, Tµν, and that this complete energy tensor everywhere satisfies the relation 
(47c). At any rate we shall see that by means of this assumption we obtain the correct 
expression for the integral energy principle. 

 
Let us consider a spatially bounded, closed system, which, four-dimensionally, we may 

represent as a strip, outside of which the Tµν vanish. Integrate equation (47c) over a space 

section. Since the integrals of 1

1

T
x
µ∂

∂
, 2

2

T
x
µ∂

∂
 and 3

3

T
x
µ∂

∂
 vanish because the Tµν vanish at the 

limits of integration, we obtain 
 
                                                 

* It has been attempted to remedy this lack of knowledge by considering the charged particles as proper 
singularities. But in my opinion this means giving up a real understanding of the structure of matter. It seems to me 
much better to admit our present inability rather than to be satisfied by a solution that is only apparent. 
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 { }4 1 2 3 0T dx dx dx

l µ
∂

=
∂ ∫  (49) 

 
Inside the parentheses are the expressions for the momentum of the whole system, multiplied 
by i, together with the negative energy of the system, so that (49) expresses the conservation 
principles in their integral form. That this gives the right conception of energy and the 
conservation principles will be seen from the following considerations. 
 
 

 
 
 
 
 
 
 
 
 
 
 

Fig. 3. 
 
 

PHENOMENOLOGICAL REPRESENTATION OF THE 
ENERGY TENSOR OF MATTER 

 
Hydrodynamical Equations. We know that matter is built up of electrically charged particles, 

but we do not know the laws which govern the constitution of these particles. In treating 
mechanical problems, we are therefore obliged to make use of an inexact description of matter, 
which corresponds to that of classical mechanics. The density σ, of a material substance and the 
hydrodynamical pressures are the fundamental concepts upon which such a description is 
based. 

Let 0σ be the density of matter at a place, estimated with reference to a system of co-
ordinates moving with the matter. Then 0σ , the density at rest, is an invariant. If we think 
of the matter in arbitrary motion and neglect the pressures (particles of dust in vacuo, 
neglecting the size of the particles and the temperature), then the energy tensor will depend 
only upon the velocity components, uν  and 0σ . We secure the tensor character of Tµν by 
putting 
 

 0T u uµν µ νσ=  (50) 
 
in which the uµ  in the three-dimensional representation, are given by (41). In fact, it follows from 

(50) that for q = 0, T44 = − 0σ  (equal to the negative energy per unit volume), as it should, according 
to the principle of the equivalence of mass and energy, and according to the physical interpretation 
of the energy tensor given above. If an external force (four-dimensional vector, Kµ ) acts upon the 
matter, by the principles of momentum and energy the equation 
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 must hold. We shall now show that this equation leads to the same law of motion of a material 
particle as that already obtained. Let us imagine the matter to be of infinitely small extent in space, 
that is, a four-dimensional thread; then by integration over the whole thread with respect to the 
space co-ordinates x1, x2, x3, we obtain 
 

 14 1 4
1 1 2 3 1 2 3 0 1 2 3

4

T dx dxdK dx dx dx dx dx dx i dx dx dx
x dl d d

σ
τ τ

∂  = = −  ∂  
⌠ ⌠ ⌡⌡∫  

 
Now 1 2 3 4dx dx dx dx∫ is an invariant, as is, therefore, also 1 2 3 40dx dx dx dxσ∫ . We shall calculate this 

integral, first with respect to the inertial system which we have chosen, and second, with respect to 
a system relatively to which the matter has the velocity zero. The integration is to be extended over 
a filament of the thread for which 0σ  may be regarded as constant over the whole section. If the 
space volumes of the filament referred to the two systems are dV and dV0 respectively, then we have 
 

 0 0 0dVdl dV dσ σ τ=∫ ∫  

and therefore also 
 

 0 0 0
4

d ddV dV dm i
dl dx
τ τσ σ= = ⌠⌠ ⌡ ⌡∫  

 

If we substitute the right-hand side for the left-hand side in the former integral, and put 1dx
dτ

 

outside the sign of integration, we obtain, 
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We see, therefore, that the generalized conception of the energy tensor is in agreement with our 
former result. 
 

The Eulerian Equations for Perfect Fluids. In order to get nearer to the behaviour of real matter 
we must add to the energy tensor a term which corresponds to the pressures. The simplest case is 
that of a perfect fluid in which the pressure is determined by a scalar p. Since the tangential stresses 
P=,, etc., vanish in this case, the contribution to the energy tensor must be of the form p µνδ . We 
must therefore put 
 

 T u u pµν µ ν µνσ δ= +  
 
At rest, the density of the matter, or the energy per unit volume, is in this case, not σ but σ − p. For 
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In the absence of any force, we have 
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If we multiply this equation by 
dx

u
d

µ
µ τ

=
 
 
 

 and sum for the µ ‘s we obtain, using (40). 

 
( ) 0

u dp
x d

ν

ν

σ
τ

∂
− + =

∂
 (52) 

 

where we have put 
dxp dp

x d d
µ

µ τ τ
∂

=
∂

. This is the equation of continuity, which differs from that of 

classical mechanics by the term 
dp
dτ

, which, practically, is vanishingly small. Observing (52), the 

conservation principles take the form 
 

 0
du dp pu
d d x

µ
µ

µ

σ
τ τ

∂
+ + =

∂
 (53) 

 
The equations for the first three indices evidently correspond to the Eulerian equations. That the 
equations (52) and (53) correspond, to a first approximation, to the hydrodynamical equations of 
classical mechanics, is a further confirmation of the generalized energy principle. The density of 
matter (or of energy) has tensor character (specifically, it constitutes a symmetrical tensor). 
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 THE GENERAL THEORY OF RELATIVITY 

 

 
LL of the previous considerations have been based upon the assumption that all inertial systems 
are equivalent for the description of physical phenomena, but that they are preferred, for the 

formulation of the laws of nature, to spaces of reference in a different state of motion. We can think of 
no cause for this preference for definite states of motion to all others, according to our previous 
considerations, either in the perceptible bodies or in the concept of motion; on the contrary, it must be 
regarded as an independent property of the space-time continuum. The principle of inertia, in 
particular, seems to compel us to ascribe physically objective properties to the space-time continuum. 
Just as it was consistent from the Newtonian standpoint to make both the statements, tempus est 
absolutum, spatium est absolutum, so from the standpoint of the special theory of relativity we 
must say, continuum spatii et temporis est absolutum. In this latter statement absolutum means not 
only "physically real," but also "independent in its physical properties, having a physical effect, but 
not itself influenced by physical conditions." 
 

As long as the principle of inertia is regarded as the keystone of physics, this standpoint is 
certainly the only one which is justified. But there are two serious criticisms of the ordinary 
conception. In the first place, it is contrary to the mode of thinking in science to conceive of a thing (the 
space-time continuum) which acts itself, but which cannot be acted upon. This is the reason why E. 
Mach was led to make the attempt to eliminate space as an active cause in the system of mechanics. 
According to him, a material particle does not move in unaccelerated motion relatively to space, but 
relatively to the centre of all the other masses in the universe; in this way the series of causes of 
mechanical phenomena was closed, in contrast to the mechanics of Newton and Galileo. In order to 
develop this idea within the limits of the modern theory of action through a medium, the properties of 
the spacetime continuum which determine inertia must be regarded as field properties of space, 
analogous to the electromagnetic field. The concepts of classical mechanics afford no way of expressing 
this. For this reason Mach's attempt at a solution failed for the time being. We shall come back to this 
point of view later. In the second place, classical mechanics exhibits a deficiency which directly 
calls for an extension of the principle of relativity to spaces of reference which are not in uniform 
motion relatively to each other. The ratio of the masses of two bodies is defined in mechanics in two 
ways which differ from each other fundamentally; in the first place, as the reciprocal ratio of, the 
accelerations which the same motive force imparts to them (inert mass), and in the second place, as the 
ratio of the forces which act upon them in the same gravitational field (gravitational mass). The equality 
of these two masses, so differently defined, is a fact which is confirmed by experiments of very high 
accuracy (experiments of Eötvös), and classical mechanics offers no explanation for this equality. It is, 
however, clear that science is fully justified in assigning such a numerical equality only after this 
numerical equality is reduced to an equality of the real nature of the two concepts. 

 
That this object may actually be attained by an extension of the principle of relativity, follows from 

the following consideration. A little reflection will show that the law of the equality of the inert and the 
gravitational mass is equivalent to the assertion that the acceleration imparted to a body by a 
gravitational field is independent of the nature of the body. For Newton's equation of motion in a 
gravitational field, written out in full, is 

 
(Inert mass) . (Acceleration) = (Intensity of the gravitational field) . (Gravitational mass). 
 

It is only when there is numerical equality between the inert and gravitational mass that the acceleration 
is independent of the nature of the body. Let now K be an inertial system. Masses which are sufficiently 
far from each other and from other bodies are then, with respect to K, free from acceleration. We shall 
also refer these masses to a system of co-ordinates K', uniformly accelerated with respect to K. 
Relatively to K' all the masses have equal and parallel accelerations; with respect to K' they behave just 

A 
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 as if a gravitational field were present and K' were unaccelerated. Overlooking for t1te present the 
question as to the "cause" of such a gravitational field, which will occupy us later, there is nothing to 
prevent our conceiving this gravitational field as real, that is, the conception that K' is "at rest" and a 
gravitational field is present we may consider as equivalent to the conception that only K is an 
"allowable" system of co-ordinates and no gravitational field is present. The assumption of the complete 
physical equivalence of the systems of coordinates, K and K', we call the "principle of equivalence;" this 
principle is evidently intimately connected with the law of the equality between the inert and the 
gravitational mass, and signifies an extension of the principle of relativity to co-ordinate systems 
which are in non-uniform motion relatively to each other. In fact, through this conception we 
arrive at the unity of the nature of inertia and gravitation. For according to our 'way of looking at 
it, the same masses may appear to be either under the action of inertia alone (with respect to K) or 
under the combined action of inertia and gravitation (with respect to K'). The possibility of 
explaining the numerical equality of inertia and gravitation by the unity of their nature gives to 
the general theory of relativity, according to my conviction, such a superiority over the 
conceptions of classical mechanics, that all the difficulties encountered must be considered as 
small in comparison with this progress. 
 
What justifies us in dispensing with the preference for inertial systems over all other co-ordinate 
systems, a preference that seems so securely established by experience? The weakness of the 
principle of inertia lies in this, that it involves an argument in a circle: a mass moves without 
acceleration if it is sufficiently far from other bodies; we know that it is sufficiently far from 
other bodies only by the fact that it moves without acceleration. Are there at all any inertial 
systems for very extended portions of the space-time continuum, or, indeed, for the whole 
universe? We may look upon the principle of inertia as established, to a high degree of 
approximation, for the space of our planetary system, provided that we neglect the perturbations 
due to the sun and planets. Stated more exactly, there are finite regions, where, with respect to a 
suitably chosen space of reference, material particles move freely without acceleration, and in 
which the laws of the special theory of relativity, which have been developed above, hold with 
remarkable accuracy. Such regions we shall call "Galilean regions." We shall proceed from the 
consideration of such regions as a special case of known properties. 

 
The principle of equivalence demands that in dealing with Galilean regions we may equally 

well make use of non-inertial systems, that is, such co-ordinate systems as, relatively to inertial 
systems, are not free from acceleration and rotation. If, further, we are going to do away 
completely with the vexing question as to the objective reason for the preference of certain 
systems of co-ordinates, then we must allow the use of arbitrarily moving systems of co-
ordinates. As soon as we make this attempt seriously we come into conflict with that physical 
interpretation of space and time to which we were led by the special theory of relativity. For 
let K' be a system of co-ordinates whose z'-axis coincides with the z-axis of K, and which rotates 
about the latter axis with constant angular velocity. Are the configurations of rigid bodies, at rest 
relatively to K', in accordance with the laws of Euclidean geometry? Since K' is not an inertial 
system, we do not know directly the laws of configuration of rigid bodies with respect to K', nor 
the laws of nature, in general. But we do know these laws with respect to the inertial system K, 
and we can therefore infer their form with respect to K'. Imagine a circle drawn about the origin 
in the x'y' plane of K', and a diameter of this circle. Imagine, further, that we have given a large 
number of rigid rods, all equal to each other. We suppose these laid in series along the periphery 
and the diameter of the circle, at rest relatively to K'. If U is the number of these rods along the 
periphery, D the number along the diameter, then, if K' does not rotate relatively to K, we shall 
have 

 

 
U
D

π=  
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 But if K' rotates we get a different result. Suppose that at a definite time t, of K we determine the 
ends of all the rods. With respect to K all the rods upon the periphery experience the Lorentz 
contraction, but the rods upon the diameter do not experience this contraction (along their lengths!).* 
It therefore follows that 
 

 

U
D

π>
 

 
It therefore follows that the laws of configuration of rigid bodies with respect to K' do not agree 

with the laws of configuration of rigid bodies that are in accordance with Euclidean geometry. If, 
further, we place two similar clocks (rotating with K'), one upon the periphery, and the other at the 
centre of the circle, then, judged from K, the clock on the periphery will go slower than the clock at 
the centre. The same thing must take place, judged from K', if we do not define time with respect to K' 
in a wholly unnatural way, (that is, in such a way that the laws with respect to K' depend explicitly 
upon the time). Space and time, therefore, cannot be defined with respect to K' as they were in the 
special theory of relativity with respect to inertial systems. But, according to the principle of 
equivalence, K' may also be considered as a system at rest, with respect to which there is a 
gravitational field (field of centrifugal force, and force of Coriolis). We therefore arrive at the result: 
the gravitational field influences and even determines the metrical laws of the space-time continuum. 
If the laws of configuration of ideal rigid bodies are to be expressed geometrically, then in the 
presence of a gravitational field the geometry is not Euclidean. 

 
The case that we have been considering is analogous to that which is presented in the two-

dimensional treatment of surfaces. It is impossible in the latter case also, to introduce co-ordinates on 
a surface (e.g. the surface of an ellipsoid) which have a simple metrical significance, while on a plane 
the Cartesian co-ordinates, x1, x2, signify directly lengths measured by a unit measuring rod. Gauss 
overcame this difficulty, in his theory of surfaces, by introducing curvilinear co-ordinates which, apart 
from satisfying conditions of continuity, were wholly arbitrary, and only afterwards these co-ordinates 
were related to the metrical properties of the surface. In an analogous way we shall introduce in the 
general theory of relativity arbitrary co-ordinates, x1, x2, x3, x4, which shall number uniquely the 
space-time points, so that neighbouring events are associated with neighbouring values of the co-
ordinates; otherwise, the choice of co-ordinates is arbitrary. We shall be true to the principle of 
relativity in its broadest sense if we give such a form to the laws that they are valid in every such four-
dimensional system of co-ordinates, that is, if the equations expressing the laws are co-variant with 
respect to arbitrary transformations. 

 
The most important point of contact between Gauss's theory of surfaces and the general theory of 

relativity lies in the metrical properties upon which the concepts of both theories, in the main, are 
based. In the case of the theory of surfaces, Gauss's argument is as follows. Plane geometry may be 
based upon the concept of the distance ds, between two infinitely near points. The concept of this 
distance is physically significant because the distance can be measured directly by means of a rigid 
measuring rod. By a suitable choice of Cartesian coordinates this distance may be expressed by the 
formula 2 2 2

1 2ds dx dx= + . We may base upon this quantity the concepts of the straight line as the 

geodesic ( 0dsδ =∫ ), the interval, the circle, and the angle, upon which the Euclidean plane geometry 

is built. A geometry may be developed upon another continuously curved surface, if we observe that 
an infinitesimally small portion of the surface may be regarded as plane, to within relatively 
infinitesimal quantities. There are Cartesian co-ordinates, X1, X2, upon such a small portion of the 
surface, and the distance between two points, measured by a measuring rod, is given by 

 

                                                 
* These considerations assume that the behavior of rods and clocks depends only upon velocities, and not upon 
accelerations, or, at least, that the influence of acceleration does not counteract that of velocity. 
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  2 2 2
1 2ds dX dX= +  

 
If we introduce arbitrary curvilinear co-ordinates, x1, x2, on the surface, then dX1, dX2, may be 
expressed linearly in terms of dx1, dx2. Then everywhere upon the surface we have 
 

 2 2 2
11 1 12 1 2 22 22ds g dx g dx dx g dx= + +  

 
where g11, g12, g22 are determined by the nature of the surface and the choice of co-ordinates; if these 
quantities are known, then it is also known how networks of rigid rods may be laid upon the surface. 
In other words, the geometry of surfaces may be based upon this expression for ds2 exactly as plane 
geometry is based upon the corresponding expression. 
 

There are analogous relations in the four-dimensional space-time continuum of physics. In the 
immediate neighbourhood of an observer, falling freely in a gravitational field, there exists no 
gravitational field. We can therefore always regard an infinitesimally small region of the space-time 
continuum as Galilean. For such an infinitely small region there will be an inertial system (with the 
space co-ordinates, Xl, X2, X3, and the time co-ordinate X4) relatively to which we are to regard the 
laws of the special theory of relativity as valid. The quantity which is directly measurable by our unit 
measuring rods and clocks, 
 

 2 2 2 2
1 2 3 4dX dX dX dX+ + −  

or its negative, 

 2 2 2 2 2
1 2 3 4ds dX dX dX dX= − − − +  (54) 

 
is therefore a  uniquely determinate invariant for two neighbouring events (points in 
the four-dimensional continuum), provided that we use measuring rods that are 
equal to each other when brought together and superimposed, and clocks whose 
rates are the same when they are brought together. In this the physical assumption 
is essential that the relative lengths of two measuring rods and the relative rates of 
two clocks are independent, in principle, of their previous history. But this 
assumption is certainly warranted by experience; if it did not hold there could be no 
sharp spectral lines, since the single atoms of the same element certainly do not 
have the same history, and since−on the assumption of relative variability of the 
single atoms depending on previous history−it would be absurd to suppose that the 
masses or proper frequencies of these atoms ever had been equal to one another. 
 

Space-time regions of finite extent are, in general, not Galilean, so that a gravitational field cannot 
be done away with by any choice of co-ordinates in a finite region. There is, therefore, no choice of 
co-ordinates for which the metrical relations of the special theory of relativity hold in a finite region. 
But the invariant ds always exists for two neighbouring points (events) of the continuum. This 
invariant ds may be expressed in arbitrary co-ordinates. If one observes that the local dXν may be 
expressed linearly in terms of the co-ordinate differentials dxν, ds2 may be expressed in the form 

 
 2ds g dx dxµν µ ν=  (55) 

 
The functions gµν describe, with respect to the arbitrarily chosen system of co-ordinates, the 

metrical relations of the space-time continuum and also the gravitational field. As in the special theory 
of relativity, we have to discriminate between time-like and space-like line elements in the four--
dimensional continuum; owing to the change of sign introduced, time-like line elements have a real, 
space-like line elements an imaginary ds. The time-like ds can be measured directly by a suitably 
chosen clock. 
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 According to what has been said, it is evident that the formulation of the general theory 
of relativity requires a generalization of the theory of invariants and the theory of tensors; the 
question is raised as to the form of the equations which are co-variant with respect to arbitrary 
point transformations. The generalized calculus of tensors was developed by mathematicians long 
before the theory of relativity. Riemann first extended Gauss's train of thought to continua of any 
number of dimensions; with prophetic vision he saw the physical meaning of this generalization 
of Euclid's geometry. Then followed the development of the theory in the form of the calculus of 
tensors, particularly by Ricci and Levi-Civita. This is the place for a brief presentation of the 
most important mathematical concepts and operations of this calculus of tensors. 

 
We designate four quantities, which are defined as functions of the xν with respect to every system 

of coordinates, as components, Aν of a contra-variant vector, if they transform in a change of co-
ordinates as the co-ordinate differentials dxν. We therefore have 
 

 ' 'x
A A

x
µµ ν

ν

∂
=

∂
 (56) 

 
Besides these contra-variant vectors, there are also covariant vectors there are the 
components of a co-variant vector, these vectors are transformed according to the 
rule 
 

 '
'

xB B
x

ν
µ ν

µ

∂
=

∂
 (57) 

 
The definition of a co-variant vector is chosen in such a way that a co-variant vector 
and a contra-variant vector together form a scalar according to the scheme, 

 
φ = BνAν (summed over the ν) 

        
For we have 
 

 ' '
'

'
xxB A B A B A

x x
µµ β αα

µ α α
µ β

∂∂
= =

∂ ∂
 

 

In particular, the derivatives 
xα

φ∂

∂
 of a scalar φ, are components of a co-variant vector, which, 

with the co-ordinate differentials, form the scalar dx
x α

α

φ∂

∂
; we see from this a example how 

natural is the definition of the co-variant vectors. 
 

There are here, also, tensors of any rank, which may have co-variant or contra-variant character 
with respect to each index; as with vectors, the character is designated by the position of the index. 
For example, Aν

µ  denotes a tensor of the second rank, which is co-variant with respect to the index µ, 

and contra-variant with respect to the index ν. The tensor character indicates that the equation of 
transformation is 
 

 
''

'
x xA
x x

ν α ν
µ

µ β

∂ ∂
=

∂ ∂
 (58) 
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 Tensors may be formed by the addition and subtraction of tensors of equal rank and like 
character, as in the theory of invariants of orthogonal linear substitutions, for example, 
 

 A B Cν ν ν
µ µ µ+ =  (59) 

 
The proof of the tensor character of Cν

µ , depends upon (58). Tensors may be formed by 
multiplication, keeping the character of the indices, just as in the theory of invariants of 
linear orthogonal transformations, for example, 
 

 A B Cν ν
µ σ τ µ σ τ=  (60) 

 
The proof follows directly from the rule of transformation. 
 

Tensors may be formed by contraction with respect to two indices of different character, for 
example, 
 

 A Bµ
µσ τ σ τ=  (61) 

 
The tensor character of Aµ

µσ τ  determines the tensor character of  Bστ . Proof − 

 
'

'
' ' ' ' '

s t s t
st st

xx x x x xA A A
x x x x x x

µµ β αα
µσ τ α α

µ β σ τ σ τ

∂∂ ∂ ∂ ∂ ∂
= =

∂ ∂ ∂ ∂ ∂ ∂
 

 
The properties of symmetry and skew-symmetry of a tensor with respect to two indices of like 

character have the same significance as in the theory of special relativity. 
 

With this, everything essential has been said with regard to the algebraic properties of tensors. 
 

The Fundamental Tensor. It follows from the invariance of ds2 for an arbitrary choice of the dxν, 
in connexion with the condition of symmetry consistent with (55), that the gµν  are components of a 

symmetrical co-variant tensor (Fundamental Tensor). Let us form the determinant, g, of the gµν , and 

also the cofactors, divided by g, corresponding to the various gµν . These cofactors, divided by g, will 

be denoted by g µν  and their co-variant character is not yet known. Then we have 
 

 
1 if 
0 if 

g g µ β β
µα α

α β
δ

α β
=

= =  ≠
 (62) 

 
If we form the infinitely small quantities (co-variant vectors) 

 
 d g dxµ µα αξ =  (63) 

 
multiply by g µ β  and sum over the µ, we obtain, by the use of (62), 
 

 dx g dµ β
β µξ=  (64) 
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 Since the ratios of the d µξ  are arbitrary, and the dxβ  as well as the d µξ  are components of 

vectors, it follows that the g µν  are the components of a contra-variant tensor (contra-variant 

fundamental tensor): If we multiply (64) by, 
'x

x
α

β

∂

∂
, sum over the β, and replace the d µξ  by a 

transformation to the accented system, we obtain 
 

 
' '' 'x xdx g d

x x
µ βσ α

α σ
µ β

ξ∂ ∂
=

′∂ ∂
 

 
The statement made above follows from this, since, by (64), we must also have ' ' 'dx g dσ α

α σξ= , 
and both equations must hold for every choice of the 'd σξ . 

The tensor character of β
αδ  (mixed fundamental tensor) accordingly follows, by (62). By means of 

the fundamental tensor, instead of tensors with co-variant index character, we can introduce tensors 
with contra-variant index character, and conversely. For example, 

 

A g A

A g A

T g T

µ µα
α

α
µ µα

σ σν
µ µν

=

=

=

 

 

Volume Invariants. The volume element 

 
 1 2 3 4dx dx dx dx∫  

 
is not an invariant. For by Jacobi's theorem, 

 
'

'
dx

dx dx
dx

µ

ν

=  (65) 

 
But we can complement dx so that it becomes an invariant. If we form the determinant of the 
quantities 
 

 '
' '

xxg g
x x

βα
µν α β

µ ν

∂∂
=

∂ ∂
 

 
we obtain, by a double application of the theorem of multiplication of determinants, 

 
2 2'

' ' .
'

xxg g g g
x x

µν
µν µν

µ ν

−
∂∂

= = =
∂ ∂

 

We therefore get the invariant, 
 

 ' 'g dx gdx=  
 

Formation of Tensors by Differentiation. Although the algebraic operations of tensor 
formation have proved to be as simple as in the special case of invariance with respect to 
linear orthogonal transformations, nevertheless in the general case, the invariant differential 
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 operations are, unfortunately, considerably more complicated. The reason for this is as 

follows. If Aµ is a contra-variant vector, the coefficients of its transformation, 
'x

x
µ

ν

∂

∂
, are in-

dependent of position only if the transformation is a linear one. Then the vector components 
A

A dx
x

µ
µ

α
α

∂
+

∂
, at a neighbouring point transform in the same way as the Aµ, from which 

follows the vector character of the vector differentials, and the tensor character of 
A
x

µ

α

∂

∂
. But if the 

'x

x
µ

ν

∂

∂
 are variable this is no longer true. 

 
That there are, nevertheless, in the general case, invariant differential operations for tensors, is 

recognized most satisfactorily in the following way, introduced by Levi-Civita and Weyl. Let (Aµ) be 
a contra-variant vector whose components are given with respect to the co-ordinate system of the xν. 
Let P1 and P2 be two infinitesimally near points of the continuum. For the infinitesimal region 
surrounding the point P1, there is, according to our way of considering the matter, a co-ordinate 
system of the Xν (with imaginary X4-co-ordinate ) for which the continuum is Euclidean. Let (1)Aµ  be 

the co-ordinates of the vector at the point P1. Imagine a vector drawn at the point P2, using the local 
system of the Xν, with the same co-ordinates (parallel vector through P2), then this parallel vector is 
uniquely determined by the vector at Pl and the displacement. We designate this operation, whose 
uniqueness will appear in the sequel, the parallel displacement of the vector Aµ from P1, to the 
infinitesimally near point P2. If we form the vector difference of the vector (Aµ) at the point P2 and the 
vector obtained by parallel displacement from P1 to P2, we get a vector which may be regarded as the 
differential of the vector (Aµ) for the given displacement (dxν). 

 
This vector displacement can naturally also be considered with respect to the co-ordinate system of 

the xν. If Aν are the co-ordinates of the vector at P1, Aν + δAν the coordinates of the vector displaced to 
P2 along the interval (dxν), then the δAν do not vanish in this case. We know of these quantities, which 
do not have a vector character, that they must depend linearly and homogeneously upon the dxν, and 
the Aν. We therefore put 
 

 A A dxν ν α
α β βδ = −Γ  (67) 

 
In addition, we can state that the ν

α βΓ  must be symmetrical with respect to the indices α and β. For 
we can assume from a representation by the aid of a Euclidean system of local co-ordinates that the 
same parallelogram will be described by the displacement of an element d(1)xν along a second element 
d(2)xν  as by a displacement of d(2)xν  along d(1)xν. We must therefore have 
 

 ( ) ( )(2) (1) (1) (2) (1) (2) (2) (1)d x d x d x d x d x d x d x d xν ν
ν ν α β α β ν ν α β α β+ − Γ = + − Γ  

 
The statement made above follows from this, after interchanging the indices of summation, α and β, 
on the right-hand side. 
 

Since the quantities gµν determine all the metrical properties of the continuum, they must also 
determine the ν

α βΓ . If we consider the invariant of the vector Aν, that is, the square of its magnitude, 
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  g A Aµ ν
µν  

 
which is an invariant, this cannot change in a parallel displacement. We therefore have 
 

 ( )0
g

g A A A A dx g A A g A A
x

µνµ ν µ ν µ ν ν µ
µν α µν µν

α

δ δ δ
∂

= = + +
∂

 

 
or, by (67), 
 

 0
g

g g A A dx
x

µν β β µ ν
µ β ν α ν β µα α

α

∂ 
− Γ − Γ = ∂ 

 

 
Owing to the symmetry of the expression in the brackets with respect to the indices µ and ν, this 

equation can be valid for an arbitrary choice of the vectors (Aµ) and dxν only when the expression in 
the brackets vanishes for all combinations of the indices. By a cyclic interchange of the indices µ, n, 
α, we obtain thus altogether three equations, from which we obtain, on taking into account the sym-
metrical property of the α

µνΓ , 
 

 gµν β
α α β µν  = Γ   (68) 

 
 

in which, following Christoffel, the abbreviation has been used, 
 

 
1
2

g g g
x x x
µα ν α µνµν

α
ν µ α

 ∂ ∂ ∂
  = + −    ∂ ∂ ∂ 

 (69) 

 
 

If we multiply (68) by ga° and sum over the a, we obtain 
 

 { }1
2

g g g
g

x x x
µα ν α µνσ σ α µν

µν σ
ν µ α

 ∂ ∂ ∂
Γ = + − =  ∂ ∂ ∂ 

 (70) 

 
in which { }µν

σ  is the Christoffel symbol of the second kind. Thus the quantities Γ are deduced from 

the gµν. Equations (67) and (70) are the foundation for the following discussion. 
 

Co-variant Differentiation of Tensors. If (Aµ + δAµ) is the vector resulting from an infinitesimal 
parallel displacement from P1 to P2, and (Aµ + dAµ) the vector Aµ at the point P2, then the difference 
of these two, 

 
AdA A A dx
x

µ
µ µ µ α

σ α σ
σ

δ
 ∂

− = + Γ ∂ 
  

 
is also a vector. Since this is the case for an arbitrary choice of the dxσ,  it follows that 
 

 ;
AA A
x

µ
µ µ α

σ σ α
σ

∂
= + Γ

∂
 (71) 
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� �� J JJ [ [JVDV VDPV P P

w w*   w w ����
,I�ZH�SXW��IXUWKHU�

$ JP P � ����
D�TXDQWLW\�GHVLJQDWHG�E\�:H\O�DV�WKH�FRQWUD �YDULDQW�WHQVRU�GHQVLW\
 RI�WKH�ILUVW�UDQN��LW�IROORZV�WKDW�

[ P
P

w w�� ����
LV�D�VFDODU�GHQVLW\�
:H�JHW�WKH�ODZ�RI�SDUDOOHO�GLVSODFHPHQW�IRU�WKH�FR �YDULDQW�YHFWRU�%P E\�VWLSXODWLQJ�WKDW�WKH�SDUDOOHO�GLVSODFHPHQW�VKDOO�EH�HIIHFWHG�LQ�VXFK�D�ZD\�WKDW�WKH�VFDODU

$ %P PI  
UHPDLQV�XQFKDQJHG��DQG�WKDW�WKHUHIRUH

$ % % $P PP PG G�
YDQLVKHV�IRU�HYHU\�YDOXH�DVVLJQHG�WR��$P���:H�WKHUHIRUH�JHW

% $ G[DP PV D VG  * ����
)URP�WKLV�ZH�DUULYH�DW�WKH�FR�YDULDQW�GHULYDWLYH�RI�WKH�FR�YDULDQW�YHFWRU�E\�WKH�VDPH�SURFHVV�DV�WKDW�ZKLFK�OHG�WR������

� %% %[P DP V PV DV
w �*w ����

%\�LQWHUFKDQJLQJ�WKH�LQGLFHV�P DQG�V��DQG�VXEWUDFWLQJ��ZH�JHW WKH�VNHZ�V\PPHWULFDO�WHQVRU�
% %[ [P VPV V PI w w �w w ����

)RU�WKH�FR�YDULDQW�GLIIHUHQWLDWLRQ�RI�WHQVRUV�RI�WKH�VHFRQG�DQG�KLJKHU�UDQNV�ZH�PD\�XVH�WKH�SURFHVV�E\�ZKLFK������ZDV�GHGXFHG��/HW��IRU�H[DPSOH��� $VW ��EH�D�FR�YDULDQW WHQVRU�RI�WKH�VHFRQG�UDQN��7KHQ�

 7KLV�H[SUHVVLRQ� LV� MXVWLILHG�� LQ� WKDW� $ JG[ G[P P � KDV�D� WHQVRU�FKDUDFWHU��(YHU\�WHQVRU��ZKHQ�PXOWLSOLHG�E\� J ��FKDQJHV�LQWR�D�WHQVRU�GHQVLW\��:H�HPSOR\�FDSLWDO�*RWKLF�OHWWHUV�IRU�WHQVRU�GHQVLWLHV
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$ ( (V WV W LV�D�VFDODU��LI�( DQG�) DUH�YHFWRUV� 7KLV� H[SUHVVLRQ�PXVW� QRW�EH�FKDQJHG�E\� WKH� G�GLVSODFHPHQW��H[SUHVVLQJ�WKLV�E\�D�IRUPXOD��ZH�JHW��XVLQJ������� $VWG ZKHQFH�ZH�JHW�WKH�GHVLUHG�FR �YDULDQW�GHULYDWLYH�
� $$ $ $[VW D DVW U V U DW W U VWU

w �* �*w ����
,Q�RUGHU�WKDW�WKH�JHQHUDO�ODZ�RI�FR �YDULDQW�GLIIHUHQWLDWLRQ�RI�WHQVRUV�PD\�EH FOHDUO\�VHHQ��ZH�VKDOO�ZULWH�GRZQ�WZR�FR�YDULDQW�GHULYDWLYHV�GHGXFHG�LQ�DQ�DQDORJRXV�ZD\�

� $$ $ $[WW D W W DVV U V U D D U VU
w �* �*w ����

� $$ $ $[VWVW V DW W VDU D U D UU
w �* �*w ����

7KH�JHQHUDO�ODZ�RI�IRUPDWLRQ�QRZ�EHFRPHV�HYLGHQW��)URP�WKHVH�IRUPXOD�ZH�VKDOO�GHGXFH�VRPH�RWKH UV�ZKLFK�DUH�RI�LQWHUHVW�IRU�WKH�SK\VLFDO�DSSOLFDWLRQV�RI�WKH�WKHRU\�
,Q�FDVH� $V W LV�VNHZ�V\PPHWULFDO��ZH�REWDLQ�WKH�WHQVRU

$ $ $$ [ [ [VW W U UVVW U U V W
w w w � �w w w ����

ZKLFK�LV�VNHZ�V\PPHWULFDO�LQ�DOO�SDLUV�RI�LQGLFHV��E\�F\FOLF�LQWHUFKDQJ HV�DQG�DGGLWLRQ�
,I�� LQ� ������ ZH� UHSODFH� $VW E\� WKH� IXQGDPHQWDO� WHQVRU�� JVW �� WKHQ� WKH� ULJKW�KDQG� VLGH� YDQLVKHV�LGHQWLFDOO\�� DQ� DQDORJRXV� VWDWHPHQW� KROGV� IRU� ����� ZLWK� UHVSHFW� WR� JVW �� WKDW� LV�� WKH� FR�YDULDQW�GHULYDWLYHV�RI�WKH�IXQGDPHQWDO�WHQVRU�YDQLVK��7KDW�WKLV�PXVW�EH�VR�ZH�VHH�GLUHFWO\�LQ�WKH�ORFDO�V\VWHP�RI�FR�RUGLQDWHV�
,Q�FDVH� $VW LV�VNHZ�V\PPHWULFDO��ZH�REWDLQ�IURP�������E\�FRQWUDFWLRQ�ZLWK�UHVSHFW�WR� W DQG�U�

[VWV
W

w w�� ����
,Q�WKH�JHQHUDO�FDVH��IURP������DQG�������E\�FRQWUDFWLRQ�ZLWK�UHVSHFW�WR� W DQG�U��ZH�REWDLQ�WKH�HTXDWLRQV�

[D D EVV V E DD
w �*w�� � ����
[VDV V D ED ED

w �*w�� � ����
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7KH�5LHPDQQ�7HQVRU� ,I�ZH�KDYH�JLYHQ�D�FXUYH�H[WHQGLQJ�IURP�WKH�SRLQW�3 WR�WKH�SRLQW�* RI�WKH� FRQWLQXXP�� WKHQ� D� YHFWRU� $P�� JLYHQ� DW�3��PD\�� E\� D� SDUDOOHO�GLVSODFHPHQW�� EH�PRYHG� DORQJ� WKH�FXUYH�WR�*��,I�WKH�FRQWLQXXP�LV�(XFOLGHDQ��PRUH�JHQHUDOO\��LI�E\�D�VXLWDEOH�FKRLFH�RI�FR �RUGLQDWHV�WKH�JPQ DUH�FRQVWDQWV��WKHQ�WKH�YHFWRU�REWDLQHG�DW�* DV�D�UHVXOW�RI�WKLV�GLVSODFHPHQW�GRHV�QRW�GHSHQG�XSRQ�WKH� FKRLFH� RI� WKH� FXUYH� MRLQLQJ� 3 DQG�*�� %XW� RWKHUZLVH�� WKH� UHVXOW� GHSHQGV� XSRQ� WKH� SDWK� RI� WKH�GLVSODFHPHQW�

)LJ����
,Q�WKLV�FDVH��WKHUHIRUH��D�YHFWRU�VXIIHUV�D�FKDQJH�� '$P �LQ�LWV�GLUHFWLRQ��QRW�LWV�PDJQLWXGH���ZKHQ�LW�LV�FDUULHG�IURP�D�SRLQW�3 RI�D�FORVHG�FXUYH��DORQJ�WKH�FXUYH��DQG�EDFN�WR� 3��:H�VKDOO�QRZ�FDOFXODWH�WKLV�YHFWRU�FKDQJH� $ $P PG'  ³v
$V� LQ� 6WRNHV
� WKHRUHP� IRU� WKH� OLQH� LQWHJUDO� RI� D� YHFWRU DURXQG� D� FORVHG� FXUYH�� WKLV�SUREOHP� PD\� EH� UHGXFHG� WR� WKH� LQWHJUDWLRQ� DURXQG� D� FORVHG� FXUYH� ZLWK� LQILQLWHO\�VPDOO�OLQHDU�GLPHQVLRQV��ZH�VKDOO�OLPLW�RXUVHOYHV�WR�WKLV�FDVH�:H�KDYH��ILUVW��E\������

$ $ G[P P DD E E'  � *³v
,Q�WKLV�� PD E* LV�WKH�YDOXH�RI�WKLV�TXDQWLW\�DW�WKH�YDULDEOH�SRLQW�* RI�WKH�SDWK�RI�LQWHJUDWLRQ��,I�ZH�SXW� � � �* 3[ [P P P[  �

DQG�GHQRWH�WKH�YDOXH�RI� PD E* DW�3 E\� PD E* ��WKHQ�ZH�KDYH��ZLWK�VXIILFLHQW�DFFXU DF\�
[PD EP PD E D E QQ [w**  * � w

/HW��IXUWKHU��$D EH�WKH�YDOXH�REWDLQHG�IURP� $D E\�D�SDUDOOHO�GLVSODFHPHQW�DORQJ�WKH�FXUYH�IURP� 3WR�*��,W�PD\�QRZ�HDVLO\�EH�SURYHG�E\�PHDQV�RI������WKDW� $ $P P� LV�LQILQLWHO\�VPDOO�RI�WKH�ILUVW�RUGHU��ZKLOH��IRU�D�FXUYH�RI�LQILQLWHO\�VPDOO�GLPHQVLRQV�RI�WKH�ILUVW�RUGHU�� '$P LV�LQILQLWHO\�VPDOO�RI�WKH�VHFRQG�RUGHU��7KHUHIRUH�WKHUH�LV�DQ�HUURU�RI�RQO\�WKH�VHFRQG�RUGHU�LI�ZH�SXW$ $ $D D D V WV W [ �*
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,I�ZH�LQWURGXFH�WKHVH�YDOXHV�RI� PD E* DQG�$D LQWR�WKH�LQWHJUDO��ZH�REWDLQ��QHJOHFWLQJ�DOO�TXDQWLWLHV�RI�D�KLJKHU�RUGHU�WKDQ�WKH�VHFRQG�
$ $ G[PD EP P U V D EU E VDD [ [§ ·w*'  � �* *¨ ¸¨ ¸cw© ¹ ³v ����

7KH�TXDQWLW\�UHPRYHG�IURP�XQGHU�WKH�VLJQ�RI�LQWHJUDWLRQ�UHIHUV�WR�WKH�SRLQW� 3��6XEWUDFWLQJ� � ��� G D E[ [IURP�WKH�LQWHJUDQG��ZH�REWDLQ � ��� G GD E E D[ [ [ [�³v
7KLV�VNHZ�V\PPHWULFDO�WHQVRU�RI�WKH�VHFRQG�UDQN�� I D E ��FKDUDFWHUL]HV�WKH�VXUIDFH�HOHPHQW�ERXQGHG�E\�WKH�FXUYH�LQ�PDJQLWXGH�DQG�SRVLWLRQ��, I�WKH�H[SUHVVLRQ�LQ�WKH�EUDFNHWV�LQ������ZHUH�VNHZ �V\PPHWULFDO�ZLWK� UHVSHFW� WR� WKH� LQGLFHV� D DQG� E�� ZH� FRXOG� FRQFOXGH� LWV� WHQVRU� FKDUDFWHU� IURP� ������ :H� FDQ�DFFRPSOLVK� WKLV� E\� LQWHUFKDQJLQJ� WKH� VXPPDWLRQ� LQGLFHV� D DQG�E LQ� ����� DQG� DGGLQJ� WKH� UHVXOWLQJ�HTXDWLRQ�WR�������:H�REWDLQ

� $ 5 $ IP P V D EVD E'  � ����
LQ�ZKLFK

5 [ [P PVD V EP P U P UVD E UD V E U E VDE D
w* w* � � �* * �* *w w ����

7KH�WHQVRU�FKDUDFWHU�RI� 5PVD E IROORZV�IURP�������WKLV�LV�WKH�5LHPDQQ�FXUYDWXUH�WHQVRU�RI�WKH�IRXUWK�UDQN��ZKRVH�SURSHUWLHV�RI�V\PPHWU\�ZH�GR�QRW�QHHG�WR�JR�LQWR��,WV�YDQLVKLQJ�LV�D�VXIILFLHQW�FRQGLWLRQ��GLVUHJDUGLQJ�WKH�UHDOLW\�RI�WKH�FKRVHQ�FR�RUGLQDWHV��WKDW�WKH�FRQWLQXXP�LV�(XFOLGHDQ�
%\�FRQWUDFWLRQ�RI�WKH�5LHPDQQ�WHQVRU�ZLWK�UHVSHFW�WR�WKH�LQGLFHV� P��E��ZH�REWDLQ�WKH�V\PPHWULFDO�WHQVRU�RI�WKH�VHFRQG�UDQN�

5 [ [D DPQ PDD E D EPQ P E QD PQ D ED Q
w* w* � �* * � �* *w w ����

7KH�ODVW�WZR�WHUPV�YDQLVK�LI�WKH�V\VWHP�RI�FR�RUGLQDWHV�LV�VR�FKRVHQ�WKDW�J  �FRQVWDQW��)URP�5PQ ZH�FDQ�IRUP�WKH�VFDODU� 5 J 5PQ PQ ����
6WUDLJKWHVW��*HRGHVLF��/LQHV� $�OLQH�PD\�EH�FRQVWUXFWHG�LQ�VXFK�D�ZD\�WKDW�LWV�VXFFHVVLYH�HOHPHQWV�DULVH�IURP�HDFK�RWKHU�E\�SDUDOOHO�GLVSODFHPHQWV��7KLV�LV�WKH�QDWXUDO�JHQHUDOL]DWLRQ�RI�WKH�VWUDLJKW�OLQH�RI�WKH�(XFOLGHDQ�JHRPHWU\��)RU�VXFK�D�OLQH��ZH�KDYH
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G[ G[ G[GV GVP P DD E EG § ·  �*¨ ¸© ¹
7KH�OHIW�KDQG�VLGH�LV�WR�EH�UHSODFHG�E\� �

�G [GV P ��
 VR�WKDW�ZH�KDYH
�
� �G [ G[G[GV GV GVP EP DD E�*  ����

:H�JHW�WKH�VDPH�OLQH�LI�ZH�ILQG�WKH�OLQH�ZKLFK�JLYHV�D VWDWLRQDU\�YDOXH�WR�WKH�LQWHJUDO
RU��� JGV G[ G[PQ P Q³ ³

EHWZHHQ�WZR�SRLQWV��JHRGHVLF�OLQH��


 7KH�GLUHFWLRQ�YHFWRU�DW�D�QHLJKERXULQJ�SRLQW�RI�WKH�FXUYH�UHVXOWV��E\�D�SDUDOOHO�GLVSODFHPHQW�DORQJ�WKH�OLQH�HOHPHQW��G[E���IURP�WKH�GLUHFWLRQ�YHFWRU�RI�HDFK�SRLQW�FRQVLGHUHG�
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7+(�*(1(5$/�7+(25<
2)�5(/$7,9,7<��&RQWLQXHG�

(�DUH�QRZ�LQ�SRVVHVVLRQ�RI�WKH�PDWKHPDWLFDO�DSSDUDWXV�ZKLFK�LV�QHFHVVDU\�WR�IRUPXODWH�WKH�ODZV�RI�WKH�JHQHUDO�WKHRU\�RI�UHODWLYLW\��1R�DWWHPSW�ZLOO�EH�PDGH� LQ�WKLV�SUHVHQWDWLRQ�DW�V\VWHPDWLF�FRPSOHWHQHVV��EXW�VLQJOH�UHVXOWV�DQG�SRVVLELOLWLHV�ZLOO�EH�GHYHORSHG�SURJUHVVLYHO\�IURP�ZKDW�LV�NQRZQ�DQG�IURP�WKH�UHVXOWV�REWDLQHG��6XFK�D�SUHVHQWD WLRQ�LV�PRVW�VXLWHG WR�WKH�SUHVHQW�SURYLVLRQDO�VWDWH�RI�RXU�NQRZOHGJH�
$� PDWHULDO� SDUWLFOH� XSRQ� ZKLFK� QR� IRUFH� DFWV� PRYHV�� DFFRUGLQJ� WR� WKH� SULQFLSOH� RI� LQHUWLD��XQLIRUPO\�LQ�D�VWUDLJKW�OLQH��,Q�WKH�IRXU �GLPHQVLRQDO�FRQWLQXXP�RI�WKH�VSHFLDO�WKHRU\�RI�UHODWLYLW\��ZLWK�UHDO�WLPH�FR�RUGLQDWH��WKLV�LV�D�UHDO�VWUDLJKW�OLQH��7KH�QDWXUDO��WKDW�LV��WKH�VLPSOHVW��JHQHUDOL]DWLRQ�RI�WKH�VWUDLJKW� OLQH�ZKLFK� LV�PHDQLQJIXO� LQ� WKH� V\VWHP�RI� FRQFHSWV� RI� WKH�JHQHUDO� �5LHPDQQLDQ�� WKHRU\�RI�LQYDULDQWV� LV� WKDW� RI� WKH� VWUDLJKWHVW�� RU� JHRGHVLF�� O LQH��:H� VKDOO� DFFRUGLQJO\� KDYH� WR� DVVXPH�� LQ� WKH�VHQVH�RI�WKH�SULQFLSOH�RI�HTXLYDOHQFH��WKDW�WKH�PRWLRQ�RI�D�PDWHULDO�SDUWLFOH��XQGHU�WKH�DFWLRQ�RQO\�RI�LQHUWLD�DQG�JUDYLWDWLRQ��LV�GHVFULEHG�E\�WKH�HTXDWLRQ�

�
� �G [ G[G[GV GV GVP EP DD E�*  ����

,Q�IDFW�� WKLV�HTXDWLRQ�UHGXFHV�WR�WKDW�RI�D�VWUDLJKW� OLQH�LI�DOO�WKH�FRPSRQHQWV�� PD E* ��RI�WKH�JUDYLWDWLRQDO�ILHOG�YDQLVK�
+RZ� DUH� WKHVH� HTXDWLRQV� FRQQHFWHG� ZLWK� 1HZWRQ
V� HTXDWLRQV� RI� PRWLRQ"� $FFRUGLQJ� WR� WKH�VSHFLDO� WKHRU\� RI� UHODWLYLW\�� WKH� JPQ DV� ZHOO� DV� WKH� J PQ �� KDYH� WKH� YDOXHV�� ZLWK� UHVSHFW� WR� DQ�LQHUWLDO�V\VWHP��ZLWK�UHDO�WLPH�FR �RUGLQDWH�DQG�VXLWDEOH�FKRLFH�RI�WKH�VLJQ�RI� GV���

� � � �� � � �� � � �� � � �
�­° �°® �°°̄ ����

7KH�HTXDWLRQV�RI�PRWLRQ�WKHQ� EHFRPH
�
� �G [GV P  

:
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:H�VKDOO�FDOO�WKLV�WKH��ILUVW�DSSUR[LPDWLRQ��WR�WKH� JPQ � ILHOG��,Q�FRQVLGHULQJ�DSSUR[LPDWLRQV�LW�LV�RIWHQ�XVHIXO��DV�LQ�WKH�VSHFLDO�WKHRU\�RI�UHODWLYLW\��WR�XVH�DQ�LPDJLQDU\� [��FR�RUGLQDWH��DV�WKHQ�WKH� JPQ ��WR�WKH�ILUVW�DSSUR[LPDWLRQ��DVVXPH�WKH�YDOXHV
� � � �� � � �� � � �� � � �

�­° �°® �°° �¯
���D�

7KHVH�YDOXHV�PD\�EH�FROOHFWHG�LQ�WKH�UHODWLRQ
JPQ PQG �

7R�WKH�VHFRQG�DSSUR[LPDWLRQ�ZH�PXVW�WKHQ�SXW
JPQ PQ PQG J � � ����

ZKHUH�WKH� PQJ DUH�WR�EH�UHJDUGHG�DV�VPDOO�RI�WKH�ILUVW�RUGHU�
%RWK� WHUPV�RI� RXU� HTXDWLRQ� RI�PRWLRQ� DUH� WKHQ� VPDOO� RI� WKH� ILUVW�RUGHU�� ,I�ZH�QHJOHFW� WHUPV�ZKLFK��UHODWLYHO\�WR�WKHVH��DUH�VPDOO�RI�WKH�ILUVW�RUGH U��ZH�KDYH�WR�SXW

� � � ��� �GV G[ GO TQ �  � ����
�� [ [ [D E D P E PP D E D ED E PV V P P E D

J J JG § ·w w wª º ª º*  �  �  � �¨ ¸¬ ¼ ¬ ¼ ¨ ¸w w w© ¹ ����
:H� VKDOO� QRZ� LQWURGXFH� DQ� DSSUR[LPDWLRQ� RI� D� VHFRQG�NLQG��/HW� WKH�YHORFLW\� RI� WKH�PDWHULDO�SDUWLFOHV� EH� YHU\� VPDOO� FRPSDUHG� WR� WKDW� RI� OLJKW�� 7KHQ� GV ZLOO� EH� WKH� VDPH� DV� WKH� WLPH�GLIIHUHQWLDO�� GO�� )XUWKHU�� �� �� � G[G[ G[GV GV GV ZLOO� YDQLVK� FRPSDUHG� WR� � �G[GV �� :H� VKDOO� DVVXPH�� LQ�DGGLWLRQ�� WKDW� WKH� JUDYLWDWLRQDO� ILHOG� YDULHV� VR� OLWWOH�ZLWK� WKH� WLPH� WKDW� WKH� GHULYDWLYHV� RI� WKH�

PQJ E\�[� PD\�EH�QHJOHFWHG��7KHQ�WKH�HTXDWLRQ�RI�PRWLRQ��IRU� P  ����������UHGXFHV�WR
� ��� �G [GO [P

P
J§ ·w ¨ ¸w © ¹ ���D�

7KLV�HTXDWLRQ� LV� LGHQWLFDO�ZLWK�1HZWRQ
V�HTXDWLRQ�RI�PRWLRQ�IRU�D�PDWHULDO�SDUWLFOH� LQ�
D�JUDYLWDWLRQDO� ILHOG�� LI�ZH� LGHQWLI\� ���J§ ·¨ ¸© ¹ ZLWK� WKH�SRWHQWLDO�RI� WKH�JUDYLWDWLRQDO� ILHOG��
ZKHWKHU� RU� QRW� WKLV� LV� DOORZDEOH�� QDWXUDOO\� GHSHQGV� XSRQ� WKH� ILHOG� HTXDWLRQV� RI� JUDYLWDWLRQ��WKDW� LV�� LW� GHSHQGV� XSRQ� ZKHWKHU� RU� QRW� WKLV� TXDQWLW\� VDWLVILHV�� WR� D� ILUVW� DSSUR[L PDWLRQ�� WKH�VDPH�ODZV�RI�WKH�ILHOG�DV�WKH�JUDYLWDWLRQDO�SRWHQ WLDO� LQ�1HZWRQ
V�WKHRU\��$�JODQFH�DW������DQG����D��VKRZV� WKDW� WKH� PED* DFWXDOO\�GR�SOD\�WKH�U{OH�RI� WKH� LQWHQVLW\�RI� WKH�JUDYLWDWLRQDO� ILHOG��7KHVH�TXDQWLWLHV�GR�QRW�KDYH�D�WHQ VRU�FKDUDFWHU�
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(TXDWLRQV������H[SUHVV�WKH�LQIOXHQFH�RI�LQHUWLD�DQG�JUDYLWDWLRQ�XSRQ�WKH�PDWHULDO�SDUWLFOH��7KH�XQLW\�RI�LQHUWLD�DQG�JUDYLWDWLRQ�LV�IRUPDOO\�H[SUHVVHG�E\�WKH�IDFW�WKDW�WKH�ZKROH�OHIW �KDQG�VLGH�RI������KDV�WKH�FKDUDFWHU�RI�D�WHQVRU��ZLWK�UHV SHFW�WR�DQ\�WUDQVIRUPDWLRQ�RI�FR �RUGLQDWHV���EXW�WKH�WZR�WHUPV�WDNHQ�VHSDUDWHO\�GR�QRW�KDYH�WHQVRU�FKDUDFWHU��,Q�DQDORJ\�ZLWK�1HZWRQ
V�HTXDWLRQV��WKH�ILUVW�WHUP�ZRXOG�EH�UHJDUGHG�DV�WKH�H[SUHVVLRQ�IRU�LQHUWLD��DQG�WKH�VHFRQG�DV�WKH�H[SUHVVLRQ�IRU�WKH�JUDYLWDWLRQDO�IRUFH�
:H�PXVW�QH[W�DWWHPSW� WR�ILQG� WKH�ODZV�RI� WKH�JUDYLWD WLRQDO�ILHOG��)RU�WKLV�SXUSRVH��3RLVVRQ
V�HTXDWLRQ� � .I S U'  

RI�WKH�1HZWRQLDQ�WKHRU\�PXVW�VHUYH�DV�D�PRGHO��7KLV�HTXDWLRQ�KDV�LWV�IRXQGDWLRQ�LQ�WKH�LGHD�WKDW�WKH�JUDYLWDWLRQDO� ILHOG�DULVHV� IURP� WKH�GHQVLW\� U RI�SRQGHUDEOH�PDWWHU�� ,W�PXVW� DOVR�EH�VR� LQ� WKH�JHQHUDO�WKHRU\�RI�UHODWLYLW\��%XW�RXU�LQYHVWLJDWLRQV�RI�WKH�VSHFLDO�WKHRU\�RI�UHODWLYLW\�KDYH�VKRZQ�WKDW�LQ�SODFH�RI�WKH�VFDODU�GHQVLW\�RI�PDWWHU�ZH�KDYH�WKH�WHQVRU�RI�HQHUJ\�SHU�XQLW�YROXPH��,Q�WKH�ODWWHU� LV�LQFOXGHG�QRW�RQO\� WKH�WHQVRU�RI�WKH�HQHUJ\�RI�SRQGHUDEOH�PDWWHU��EXW�DOVR�WKDW�RI�WKH�HOHFWURPDJQHWLF�HQHUJ\�:H�KDYH�VHHQ�� LQGHHG�� WKDW� LQ� D�PRUH� FRPSOHWH� DQDO\VLV� WKH� HQHUJ\� WHQVRU�FDQ�EH� UHJDUGHG�RQO\�DV�D�SURYLVLRQDO�PHDQV�RI�UHSUHVHQWLQJ�PDWWHU��,Q UHDOLW\��PDWWHU�FRQVLVWV�RI�HOHFWULFDOO\�FKDUJHG�SDUWLFOHV��DQG�LV�WR�EH�UHJDUGHG�LWVHOI�DV�D�SDUW��LQ�IDFW��WKH�SULQFLSDO�SDUW��RI�WKH�HOHFWURPDJQHWLF�ILHOG��,W� LV� RQO\� WKH� FLUFXPVWDQFH� WKDW� ZH� KDYH� QR� VXIIL FLHQW� NQRZOHGJH� RI� WKH� HOHFWURPDJQHWLF� ILHOG� R I�FRQFHQWUDWHG�FKDUJHV�WKDW�FRPSHOV�XV��SURYLVLRQDOO\��WR�OHDYH�XQGHWHU PLQHG�LQ�SUHVHQWLQJ�WKH�WKHRU\��WKH�WUXH�IRUP�RI�WKLV�WHQVRU��)URP�WKLV�SRLQW�RI�YLHZ�LW�LV�DW�SUHVHQW�DSSURSULDWH�WR�LQWURGXFH�D�WHQVRU�7PQ RI�WKH�VHFRQG�UDQN�RI�DV�\HW�XQNQRZQ�VWUXFWXUH��ZKLFK�SURYLVLRQDOO\�FRPELQHV�WKH�HQHUJ\�GHQVLW\�RI�WKH�HOHFWURPDJQHWLF�ILHOG�DQG�WKDW�RI�SRQGHUDEOH�PDWWHU��ZH�VKDOO�GHQRWH�WKLV�LQ�WKH�IROORZLQJ�DV�WKH��HQHUJ\�WHQVRU�RI�PDWWHU��
$FFRUGLQJ� WR�RXU�SUHYLRXV�UHVXOWV�� WKH�SULQFLS OHV�RI�PRPHQWXP�DQG�HQHUJ\�DUH�H[SUHVVHG�E\�WKH�VWDWHPHQW�WKDW�WKH�GLYHUJHQFH�RI�WKLV�WHQVRU�YDQLVKHV����F���,Q�WKH�JHQHUDO�WKHRU\�RI�UHODWLYLW\��ZH�VKDOO�KDYH�WR�DVVXPH�DV�YDOLG�WKH�FRUUHVSRQGLQJ�JHQHUDO�FR �YDULDQW�HTXDWLRQ��,I��7PQ ��GHQRWHV�WKH�FR�YDULDQW�HQHUJ\�WHQVRU�RI�PDWWHU�� QV) WKH�FRUUHVSRQGLQJ�PL[HG�WHQVRU�GHQVLW\��WKHQ��LQ�DFFRUG DQFH�ZLWK�������ZH�PXVW�UHTXLUH�WKDW
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EH�VDWLVILHG��,W�PXVW�EH�UHPHPEHUHG�WKDW�EHVLGHV WKH�HQHUJ\�GHQVLW\�RI�WKH�PDWWHU�WKHUH�PXVW�DOVR�EH�JLYHQ� DQ� HQHUJ\� GHQVLW\� RI� WKH� JUDYLWDWLRQDO� ILHOG�� VR� WKDW� WKHUH� FDQ� EH� QR� WDON� RI� SULQFLSOHV� RI�FRQVHUYDWLRQ� RI� HQHUJ\� DQG�PRPHQWXP� IRU�PDWWHU� DORQH�� 7KLV� LV� H[SUHVVHG�PDWKH PDWLFDOO\� E\� WKH�SUHVHQFH� RI� WKH� VHFRQG� WHUP� LQ� ������ ZKLFK� PDNHV� LW� LPSRVVLEOH� WR� FRQFOXGH� WKH� H[LVWHQFH� RI� DQ�LQWHJUDO�HTXDWLRQ�RI�WKH�IRUP�RI�������7KH�JUDYLWDWLRQDO�ILHOG�WUDQVIHUV�HQHUJ\�DQG�PRPHQWXP�WR�WKH��PDWWHU���LQ�WKDW�LW�H[HUWV�IRUFHV�XSRQ�LW�DQG�JLYHV�LW�HQHUJ\��WKLV�LV H[SUHVVHG�E\�WKH�VHFRQG�WHUP�LQ������
,I�WKHUH�LV�DQ�DQDORJXH�RI�3RLVVRQ
V�HTXDWLRQ�LQ�WKH�JHQHUDO�WKHRU\�RI�UHODWLYLW\��WKHQ�WKLV�HTXDWLRQ�PXVW�EH�D�WHQVRU�HTXDWLRQ�IRU�WKH�WHQVRU� JPQ RI�WKH�JUDYLWDWLRQDO�SRWHQWLDO��WKH�HQHUJ\�WH QVRU�RI�PDWWHU�PXVW�DSSHDU�RQ�WKH�ULJKW�KDQG�VLGH�RI�WKLV�HTXDWLRQ��2Q�WKH�OHIW �KDQG�VLGH�RI�WKH�HTXDWLRQ�WKHUH�PXVW�EH� D� GLIIHUHQWLDO� WHQVRU� LQ� WKH� JPQ �� :H� KDYH� WR� ILQG� WKLV� GLIIHUHQWLDO� WHQVRU�� ,W� LV� FRPSOHWHO\�GHWHUPLQHG�E\�WKH�IROORZLQJ�WKUHH�FRQGLWLRQV�
�� ,W�PD\�FRQWDLQ�QR�GLIIHUHQWLDO�FRHIILFLHQWV�RI�WKH� JPQ KLJKHU�WKDQ�WKH�VHFRQG�
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�� ,W�PXVW�EH�OLQHDU�LQ�WKHVH�VHFRQG�GLIIHUHQWLDO�FRHIIL FLHQWV��� ,WV�GLYHUJHQFH�PXVW�YDQLVK�LGHQWLFDOO\�
7KH�ILUVW�WZR�RI�WKHVH� FRQGLWLRQV�DUH�QDWXUDOO\�WDNHQ�IURP�3RLVVRQ
V�HTXDWLRQ��6LQFH�LW�PD\�EH�SURYHG�PDWKHPDWLFDOO\�WKDW�DOO�VXFK�GLIIHUHQWLDO�WHQVRUV�FDQ�EH�IRUPHG�DOJHEUDLFDOO\��L�H��ZLWKRXW�GLIIHUHQWLDWLRQ��IURP�5LHPDQQ
V�WHQVRU��RXU�WHQVRU�PXVW�EH�RI�WKH�IRUP

5 DJ 5PQ PQ�LQ�ZKLFK� 5PQ DQG�5 DUH�GHILQHG�E\������DQG������UHVSHF WLYHO\��)XUWKHU��LW�PD\�EH�SURYHG�WKDW�WKH�WKLUG�
FRQGLWLRQ�UHTXLUHV�D WR�KDYH�WKH�YDOXH� ��� ��)RU�WKH�ODZ�RI�WKH�JUDYLWDWLRQDO�ILHOG�ZH� WKHUHIRUH�JHW�WKH�HTXDWLRQ

��5 J 5 7PQ PQ PQN�  � ����
(TXDWLRQ� ����� LV�D�FRQVHTXHQFH�RI�WKLV�HTXDWLRQ�� N GHQRWHV�D�FRQVWDQW��ZKLFK�LV�FRQQHFWHG�ZLWK� WKH�1HZWRQLDQ�JUDYLWDWLRQ�FRQVWDQW�

,Q�WKH�IROORZLQJ�,�VKDOO�LQGLFDWH�WKH�IHDWXUHV�RI�WKH�WKHRU\�ZKLFK�DUH�LQWHUHVWLQJ�IURP�WKH�SRLQW�RI�YLHZ�RI�SK\VLFV��XVLQJ�DV�OLWWOH�DV�SRVVLEOH�RI�WKH�UDWKHU�LQYROYHG�PDW KHPDWLFDO�PHWKRG��,W�PXVW�ILUVW�EH�VKRZQ�WKDW�WKH�GLYHUJHQFH�RI�WKH�OHIW �KDQG�VLGH�DFWXDOO\�YDQLVKHV��7KH�HQHUJ\�SULQFLSOH�IRU�PDWWHU�PD\�EH�H[SUHVVHG��E\������
� [D D EV V E DD
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LQ�ZKLFK 7 J JD WDV VW �)
7KH�DQDORJRXV�RSHUDWLRQ��DSSOLHG�WR�WKH�OHIW �KDQG�VLGH�RI�������ZLOO�OHDG�WR�DQ�LGHQWLW\�

,Q�WKH�UHJLRQ�VXUURXQGLQJ�HDFK�ZRUOG �SRLQW�WKHUH�DUH�V\VWHPV�RI�FR�RUGLQDWHV�IRU�ZKLFK��FKRRVLQJ�WKH�[��FRRUGLQDWH�LPDJLQDU\��DW�WKH�JLYHQ�SRLQW� ��LI���LI�J J PQPQ PQ P QG P Q �  ­  � ® z¯
DQG�IRU�ZKLFK�WKH�ILUVW�GHULYDWLYHV�RI�WKH� JPQ DQG�WKH J PQ ��YDQLVK��:H�VKDOO�YHULI\�WKH�YDQLVKLQJ�RI�WKH�GLYHUJHQFH�RI�WKH�OHIW �KDQG�VLGH�DW�WKLV�SRLQW��$W�WKLV�SRLQW�WKH�FRPSRQHQWV� DV E* YDQLVK��VR�WKDW�ZH�KDYH�WR�SURYH�WKH�YDQLVKLQJ�RQO\�RI

��J J 5 J 5[ QV PQ PQV
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,QWURGXFLQJ� ����� DQG� ����� LQWR� WKLV� H[SUHVVLRQ��ZH� VHH� WKDW� WKH�RQO\� WHUPV�WKDW� UHPDLQ� DUH� WKRVH� LQ�ZKLFK� WKLUG� GHULYDWLYHV� RI� WKH� JPQ HQWHU�� 6LQFH� WKH� JPQ DUH� WR� EH� UHSODFHG� E\� PQG� �� ZH� REWDLQ��
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ILQDOO\��RQO\�D�IHZ�WHUPV�ZKLFK�PD\�HDVLO\�EH�VHHQ�WR�FDQFHO�HDFK�RWKHU��6LQFH�WKH�TXDQWLW\�WKDW�ZH�KDYH�IRUPHG�KDV�D�WHQVRU�FKDUDFWHU��LWV�YDQLVKLQJ�LV�SUR YHG�IRU�HYHU\�RWKHU�V\VWHP�RI�FR �RUGLQDWHV�DOVR��DQG�QDWXUDOO\�IRU�HYHU\�RWKHU�IRXU �GLPHQVLRQDO�SRLQW��7KH�HQHUJ\�SULQFLSOH�RI�PDWWHU������LV�WKXV�D�PDWKHPDWLFDO�FRQVHTXHQFH�RI�WKH�ILHOG�HTXDWLRQV������
,Q�RUGHU� WR� OHDUQ�ZKHWKHU� WKH� HTXDWLRQV� ����� DUH� FRQ VLVWHQW�ZLWK� H[SHULHQFH��ZH�PXVW�� DERYH�DOO�HOVH��ILQG�RXW�ZKHWKHU�WKH\�OHDG�WR�WKH�1HZWRQLDQ�WKHRU\�DV�D�ILUVW�DSSUR[LPDWLRQ��)RU�WKLV�SXUSRVH�ZH�PXVW� LQWURGXFH� YDULRXV� DSSUR[LPDWLRQV� LQWR� WKHVH� HTXDWLRQV�� :H� DOUHDG\� NQRZ� WKDW� (XFOLGHDQ�JHRPHWU\�DQG�WKH�ODZ�RI�WKH�FRQVWDQF\�RI�WKH�YHORFLW\�RI�OLJKW�DUH�YDOLG��WR�D�FHUWDLQ�DSSUR[LPD WLRQ��LQ�UHJLRQV�RI�D�JUHDW�H[WHQW��DV�LQ�WKH�SODQHWDU\�V\V WHP� ,I�� DV� LQ� WKH� VSHFLDO� WKHRU\� RI� UHODWLYLW\�� ZH�WDNH�WKH�IRXUWK�FR�RUGLQDWH�LPDJLQDU\��WKLV�PHDQV�WKDW�ZH�PXVW�S XW

JPQ PQ PQG J � � ����
LQ�ZKLFK�WKH� PQJ DUH�VR�VPDOO�FRPSDUHG�WR���WKDW�ZH�FDQ�QHJOHFW�WKH�KLJKHU�SRZHUV�RI�WKH� PQJ DQG�WKHLU�GHULYDWLYHV�� ,I�ZH�GR�WKLV��ZH�OHDUQ�QRWKLQJ�DERXW�WKH�VWUXFWXUH�R I�WKH�JUDYLWDWLRQDO�ILHOG��RU�RI�PHWULFDO�VSDFH�RI�FRVPLFDO�GLPHQVLRQV��EXW�ZH�GR�OHDUQ�DERXW�WKH�LQIOXHQFH�RI�QHLJKERXULQJ�PDVVHV�XSRQ�SK\VLFDO�SKHQRPHQD�

%HIRUH�FDUU\LQJ� WKURXJK� WKLV�DSSUR[LPDWLRQ�ZH�VKDOO� WUDQVIRUP�������:H�PXOWLSO\� �����E\� J PQ ��VXPPHG�RYHU�WKH�P DQG�Q��REVHUYLQJ�WKH�UHODWLRQ�ZKLFK�IROORZV�IURP�WKH�GHILQLWLRQ�RI�WKH� J PQ ��J J PQPQ  
ZH�REWDLQ�WKH�HTXDWLRQ

5 J 7 7PQ PQN N  
,I�ZH�SXW�WKLV�YDOXH�RI�5 LQ������ZH�REWDLQ
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:KHQ�WKH�DSSUR[LPDWLRQ�ZKLFK�KDV�EHHQ�PHQWLRQHG� LV�FDUULHG�RXW��ZH�REWDLQ� IRU�WKH�OHIW�KDQG�VLGH� � � � �
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LQ�ZKLFK�KDV�EHHQ�SXW
��PQ PQ VV PQJ J J Gc  � ����
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:H� PXVW� QRZ� QRWH� WKDW� HTXDWLRQ� ����� LV� YDOLG� IRU� DQ\� V\VWHP� RI� FR �RUGLQDWHV�� :H� KDYH�DOUHDG\� VSHFLDOL]HG� WKH� V\VWHP� RI� FR �RUGLQDWHV� LQ� WKDW�ZH� KDYH� FKRVHQ� LW� VR� WKDW�ZLWKLQ� WKH� UHJLRQ�FRQVLGHUHG�WKH� JPQ GLIIHU�LQILQLWHO\�OLWWOH�IURP�WKH�FRQVWDQW�YDOXHV� PQG� ��%XW�WKLV�FRQGLWLRQ�UHPDLQV�VDWLVILHG�LQ�DQ\�LQILQLWHVLPDO�FKDQJH�RI�FR �RUGLQDWHV��VR�WKDW�WKHUH�DUH�VWLOO�IRXU�FRQGLWLRQV�WR�ZKLFK�WKH�
PQJ PD\�EH�VXEMHFWHG��SURYLGHG�WKHVH� FRQGLWLRQV�GR�QRW�FRQIOLFW�ZLWK�WKH�FRQGLWLRQV�IRU�WKH�RUGHU�RI�PDJQLWXGH�RI�WKH� PQJ ��:H�VKDOO�QRZ�DVVXPH�WKDW�WKH�V\VWHP�RI�FR �RUGLQDWHV�LV�VR�FKRVHQ�WKDW�WKH�IRXU�UHODWLRQV��
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DUH�VDWLVILHG��7KHQ����D��WDNHV�WKH�IRUP
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7KHVH�HTXDWLRQV�PD\�EH�VROYHG�E\�WKH�PHWKRG��IDPLOLDU�LQ�HOHFWURG\QDPLFV��RI�UHWDUGHG�SRWHQWLDOV��ZH�JHW��LQ�DQ�HDVLO\�XQGHUVWRRG�QRWDWLRQ � � �
 � � � �� � �� 7 [ \ ] W G9PQPQ WNJ S W � � µ́¶ �����
,Q� RUGHU� WR� VHH� LQ� ZKDW� VHQVH� WKLV� WKHRU\� FRQWDLQV� WKH�1HZWRQLDQ� WKHRU\��ZH�PXVW� FRQVLGHU� LQ�JUHDWHU� GHWDLO� WKH� HQHUJ\� WHQVRU� RI� PDWWHU�� &RQVLGHUHG� SKHQRPHQRORJLFDOO\�� WKLV� HQHUJ\� WHQVRU� LV�FRPSRVHG�RI�WKDW�RI�WKH�HOHFWURPDJQHWLF�ILHOG�DQG�RI�PDWWHU�LQ�WKH�QDUURZHU�VHQVH��,I�ZH�FRQVLGHU�WKH�GLIIHUHQW� SDUWV� RI� WKLV� HQHUJ\� WHQVRU�ZLWK� UHVSHFW� WR� WKHLU� RUGHU� RI�PDJQLWXGH�� LW� IROORZV� IURP� WKH�UHVXOWV�RI�WKH�VSHFLDO�WKHRU\�RI�UHODWLYLW\�WKDW�WKH�FRQWULEXWLRQ�RI�WKH�HOHFWURP DJQHWLF�ILHOG�SUDFWLFDOO\�YDQLVKHV� LQ� FRPSDULVRQ� WR� WKDW� RI� SRQGHUDEOH�PDWWHU�� ,Q� RXU� V\VWHP� RI� XQLWV�� WKH� HQHUJ\� RI� RQH�JUDP�RI�PDWWHU�LV�HTXDO�WR����FRPSDUHG�WR�ZKLFK�WKH�HQHUJ\�RI�WKH�HOHFWULF�ILHOGV�PD\�EH�LJQRUHG��DQG� DOVR� WKH� HQHUJ\� RI� GHIRUPDWLRQ� RI PDWWHU�� DQG� HYHQ� WKH� FKHPLFDO� HQHUJ\�� :H� JHW� DQ�DSSUR[LPDWLRQ�WKDW�LV�IXOO\�VXIILFLHQW�IRU�RXU�SXUSRVH�LI�ZH�SXW
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,Q�WKLV��V LV WKH�GHQVLW\�DW�UHVW��WKDW�LV��WKH�GHQVLW\�RI�WKH�SRQGHUDEOH�PDWWHU��LQ�WKH�RUGLQDU\�VHQVH��PHDVXUHG�ZLWK�WKH�DLG�RI�D�XQLW�PHDVXULQJ�URG��DQG�UHIHUUHG�WR�D�*DOLOHDQ�V\VWHP�RI�FR �RUGLQDWHV�PRYLQJ�ZLWK�WKH�PDWWHU�

:H�REVHUYH��IXUWKHU��WKDW�LQ�WKH�FR �RUGLQDWHV�ZH�KDYH�FKRVHQ��ZH�VKDOO�PDNH�RQO\�D�UHODWLYHO\�VPDOO�HUURU�LI�ZH�UHSODFH�WKH� JPQ E\� PQG� VR�WKDW�ZH�SXW
� �GV G[P �¦ ����D�

7KH�SUHYLRXV�GHYHORSPHQWV�DUH�YDOLG�KRZHYHU�UDSLGO\�WKH�PD VVHV�ZKLFK�JHQHUDWH�WKH�ILHOG�PD\�PRYH�UHODWLYHO\�WR�RXU�FKRVHQ�V\VWHP�RI�TXDVL �*DOLOHDQ�FR�RUGLQDWHV��%XW�LQ�DVWURQRP\�ZH�KDYH�WR�GR�ZLWK�PDVVHV�ZKRVH�YHORFLWLHV�� UHODWLYHO\� WR� WKH� FR �RUGLQDWH� V\VWHP�HPSOR\HG�� DUH� DOZD\V�
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VPDOO�FRPSDUHG�WR�WKH�YHORFLW\�RI� OLJKW��WKDW�LV��VPDOO�FRPSDUHG�WR����ZLWK�RXU�FKRLFH�RI�WKH�XQLW� RI� WLPH�� :H� WKHUHIRUH� JHW� DQ� DSSUR[LPDWLRQ� ZKLFK� LV� VXIILFLHQW� IRU� QHDUO\� DOO� SUDFWLFDO�SXUSRVHV� LI� LQ� ������ZH� UHSODFH� WKH� UHWDUGHG�SRWHQWLDO�E\� WKH�RUGLQDU\� �QRQ �UHWDUGHG��SRWHQWLDO��DQG�LI��IRU�WKH�PDVVHV�ZKLFK�JHQHUDWH�WKH�ILHOG��ZH�SXW
�� � � ��� �GOG[G[ G[ G[GV GV GV GV GO�     � ����D�

7KHQ�ZH�JHW�IRU� 7 PQ DQG�7PQ WKH�YDOXHV
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)RU�7 ZH�JHW�WKH�YDOXH�V��DQG��ILQDOO\��IRU� 
7PQ WKH�YDOXHV�
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ZKLOH� DW� WKH� RWKHU� PQJ YDQLVK�� 7KH� ODVW� RI� WKHVH� HTXD WLRQV�� LQ� FRQQH[LRQ�ZLWK� HTXDWLRQ� ���D���FRQWDLQV�1HZWRQ
V�WKHRU\�RI�JUDYLWDWLRQ��,I�ZH�UHSODFH� O E\�FW ZH�JHW

� � �� �G [ G9FGW [P
P

VNS W­ w°  ® w°̄ µ́¶ ���E�
:H�VHH� WKDW�WKH�1HZWRQLDQ�JUDYLWDWLRQ�FRQVWDQW� .�� LV�FRQQHFWHG�ZLWK� WKH�FRQVWDQW� N WKDW�HQWHUV�LQWR�RXU�ILHOG�HTXDWLRQV�E\�W KH�UHODWLRQ

��F. NS �����
)URP�WKH�NQRZQ�QXPHULFDO�YDOXH�RI�.��LW�WKHUHIRUH�IROORZV�WKDW
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� ��� ��� � � ���� ��� ���� ���� ���.FS SN � �   ����D�
)URP�������ZH� VHH� WKDW� HYHQ� LQ� WKH� ILUVW�DSSUR[LPDWLRQ WKH�VWUXFWXUH�RI�WKH�JUDYLWDWLRQDO�ILHOG�GLIIHUV� IXQGDPHQWDOO\� IURP� WKDW� ZKLFK� LV� FRQVLVWHQW� ZLWK� WKH� 1HZWRQLDQ� WKHRU\�� WKLV�GLIIHUHQFH�OLHV�LQ�WKH�IDFW�WKDW�WKH�JUDYLWDWLRQDO�SRWHQWLDO�KDV�WKH�FKDUDFWHU�RI�D�WHQVRU�DQG�QRW�D�VFDODU�� 7KLV� ZDV� QRW� UHFRJQL]HG� LQ� WKH� SDVW� EHFDXVH� RQO\� WKH� FRPSRQHQW� J���� WR� D� ILUVW�DSSUR[LPDWLRQ��HQWHUV�WKH�HTXDWLRQV�RI�PRWLRQ�RI�PDWHULDO�SDUWLFOHV�

,Q�RUGHU�QRZ�WR�EH�DEOH�WR�MXGJH�WKH�EHKDYLRXU�RI�PHDVXULQJ�URGV�DQG�FORFNV�IURP�RXU�UHVXOWV��ZH�PXVW�REVHUYH�WKH�IROORZLQJ��$FFRUGLQJ�WR�WKH�SULQFLSOH�RI�HTXLYDOHQFH��WKH�PHWULFDO UHODWLRQV�RI�WKH�(XFOLGHDQ� JHRPHWU\� DUH� YDOLG� UHODWLYHO\� WR� D� &DUWHVLDQ� V\VWHP� RI� UHIHUHQFH� RI� LQILQLWHO\� VPDOO�GLPHQVLRQV��DQG�LQ�D�VXLWDEOH�VWDWH�RI�PRWLRQ��IUHHO\�IDOOLQJ��DQG�ZLWKRXW�URWDWLRQ���:H�FDQ�PDNH�WKH�VDPH�VWDWHPHQW�IRU�ORFDO�V\VWHPV�RI�FR �RUGLQDWHV�ZKLFK��UHODWLYHO\�WR�WKHVH��KDYH�VPDOO�DFFHOHUDWLRQV��DQG�WKHUHIRUH�IRU�VXFK�V\VWHPV�RI�FR �RUGLQDWHV�DV�DUH�DW�UHVW�UHODWLYHO\�WR�WKH�RQH�ZH�KDYH�VHOHFWHG��)RU�VXFK�D�ORFDO�V\VWHP��ZH�KDYH��IRU�WZR�QHLJKERXULQJ�SRLQW�HYHQWV�
� � � � � � �� � �GV G; G; G; G7 G6 G7 � � � �  � �

ZKHUH�G6 LV�PHDVXUHG�GLUHFWO\�E\�D�PHDVXULQJ�URG�DQG� G7 E\�D�FORFN�DW�UHVW�UHODWLYHO\�WR�WKH�V\VWHP��WKHVH�DUH�WKH�QDWXUDOO\�PHDVXUHG�OHQJWKV�DQG�WLPHV��6LQFH� GV���RQ�WKH�RWKHU�KDQG��LV�NQRZQ�LQ�WHUPV�RI�WKH�FR�RUGLQDWHV�[Q HPSOR\HG�LQ�ILQLWH�UHJLRQV��LQ�WKH�IRUP
�GV J G[ G[PQ P Q 

ZH�KDYH�WKH�SRVVLELOLW\�RI�JHWWLQJ�WKH�UHODWLRQ�EHWZHHQ�QDWXUDOO\�PHDVXUHG�OHQJWKV�DQG�WLPHV��RQ�WKH�RQH�KDQG��DQG�WKH�FRUUHVSRQGLQJ�GLIIHUHQFHV�RI�FR �RUGLQDWHV��RQ�WKH�RWKHU�KDQG��$V WKH�GLYLVLRQ�LQWR�VSDFH�DQG�WLPH�LV�LQ�DJUHHPHQW�ZLWK�UHVSHFW�WR�WKH�WZR�V\VWHPV�RI�FR �RUGLQDWHV��VR�ZKHQ�ZH�HTXDWH�WKH�WZR�H[SUHVVLRQV�IRU�GV� ZH�JHW�WZR�UHODWLRQV��,I��E\�����D���ZH�SXW
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 in respect to the system of co-ordinates we have selected. The particular system of co-ordinates 
we have selected insures that this length shall depend only upon the place, and not upon the direction. 
If we had chosen a different system of co-ordinates this would not be so. But however we may choose 
a system of co-ordinates, the laws of configuration of rigid rods do not agree with those of Euclidean 
geometry; in other words, we cannot choose any system of co-ordinates so that the co-ordinate 
differences, ∆x1, ∆x2, ∆x3, corresponding to the ends of a unit measuring rod, oriented in any way, 
shall always satisfy the relation 2 2 2

1 2 3 1x x x∆ + ∆ + ∆ = . In this sense space is not Euclidean, but 
"curved." It follows from the second of the relations above that the interval between two beats of the 
unit clock (dT = 1) corresponds to the "time" 
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in the unit used in our system of co-ordinates. The rate of a clock is accordingly slower the greater is 
the mass of the ponderable matter in its neighbourhood. We therefore conclude that spectral lines 
which are produced on the sun's surface will be displaced towards the red, compared to the 
corresponding lines produced on the earth, by about 2. 10-6 of their wave-lengths. At first, this 
important consequence of the theory appeared to conflict with experiment; but results obtained during 
the past years seem to make the existence of this effect more and more probable, and it can hardly be 
doubted that this consequence of the theory will be confirmed within the next years. 
 

Another important consequence of the theory, which can be tested experimentally, has to do 
with the path of rays of light. In the general theory of relativity also the velocity of light is 
everywhere the same, relatively to a local inertial system. This velocity is unity in our natural 
measure of time. The law of the propagation of light in general co-ordinates is therefore, 
according to the general theory of relativity, characterized, by the equation 

 
ds2 = 0 

 
To within the approximation which we are using, and in the system of 

co-ordinates which we have selected, the velocity of light is 
characterized, according to (106), by the equation 
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The velocity of light L, is therefore expressed in our coordinates by 
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 (107) 

 
We can therefore draw the conclusion from this, that a ray of light passing near a large mass 
is deflected. If we imagine the sun, of mass M, concentrated at the origin of our system of co-
ordinates, then a ray of light, travelling parallel to the x3-axis, in the x1 − x2 plane, at a 
distance ∆ from the origin, will be deflected, in all, by an amount 
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:H�VKDOO�QRZ�VKRZ�WKDW�WKHVH�WKUHH�HIIHF WV��ZKLFK�DUH�WR�EH�H[SHFWHG�LQ�DFFRUGDQFH�ZLWK�0DFK
V�LGHDV�� DUH� DFWXDOO\� SUHVHQW� DFFRUGLQJ� WR� RXU� WKHRU\�� DOWKRXJK� WKHLU� PDJQLWXGH� LV� VR� VPDOO� WKDW�FRQILUPDWLRQ�RI�WKHP�E\�ODERUD WRU\�H[SHULPHQWV�LV�QRW�WR�EH�WKRXJKW�RI��)RU�WKLV�SXUSRVH�ZH�VKDOO�JR�EDFN WR�WKH�HTXDWLRQV�RI�PRWLRQ�RI�D�PDWHULDO�SDUWLFOH�������DQG�FDUU\�WKH�DSSUR[LPDWLRQV�VRPHZKDW�IXUWKHU�WKDQ�ZDV�GRQH�LQ�HTXDWLRQ����D��
)LUVW��ZH�FRQVLGHU� ��J DV�VPDOO�RI�WKH�ILUVW�RUGHU��7KH�VTXDUH�RI�WKH�YHORFLW\�RI�PDVVHV�PRYLQJXQGHU� WKH� LQIOXHQFH� RI� WKH� JUDYLWDWLRQDO� IRUFH� LV� RI� WKH� VDPH� RUGHU�� DFFRUGLQJ� WR� WKH� HQHUJ\�HTXDWLRQ�� ,W� LV� WKHUHIRUH� ORJLFDO� WR� UHJDUG� WKH� YHORFLWLHV� RI� WKH� PDWHULDO� SDUWLFOHV� ZH� DUH�FRQVLGHULQJ��DV�ZHOO�DV�WKH�YHORFLWLHV�RI�WKH�PDVVHV�ZKLFK�JHQHUDWH�WK H�ILHOG��DV�VPDOO��RI�WKH�RUGHU��� ��:H�VKDOO�QRZ�FDUU\�RXW�WKH�DSSUR[LPDWLRQ�LQ�WKH�HTXDWLRQV�WKDW�DULVH�IURP�WKH�ILHOG�HTXDWLRQV�������DQG�WKH�HTXDWLRQV�RI�PRWLRQ������VR�IDU�DV�WR�FRQVLGHU�WHUPV��LQ�WKH�VHFRQG�PHPEHU�RI�������WKDW� DUH� OLQHDU� LQ� WKRVH�YHORFLWLHV��)XUWKHU��ZH�VKDOO�QRW�SXW� GV DQG�GO HTXDO� WR�HDFK�RWKHU��EXW��FRUUHVSRQGLQJ�WR�WKH�KLJKHU�DSSUR[LPDWLRQ��ZH�VKDOO�SXW

���� � �GV J GO GOJ§ ·  �¨ ¸© ¹
)URP������ZH�REWDLQ��DW�ILUVW�

�� ��� �� �G[ G[G[GGO GO GO GOP EP DD EJ Jª º§ · § ·�  �* �« »¨ ¸ ¨ ¸© ¹ © ¹¬ ¼ �����
)URP ������ZH�JHW��WR�WKH�DSSUR[LPDWLRQ�VRXJKW�IRU�
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LQ�ZKLFK��LQ��������D DQG�E GHQRWH�WKH�VSDFH�LQGLFHV�RQO\�
2Q�WKH�ULJKW�KDQG�VLGH�RI�������ZH�FDQ�UHSODFH� ��� �J� E\���DQG� PD E�* E\� D EPª º¬ ¼ ��,W�LV�HDV\�WR�VHH��LQ�DGGLWLRQ��WKDW�WR�WKLV�GHJUHH�RI�DSSUR[LPDWLRQ�ZH� PXVW�SXW
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7KH�HTXDWLRQV�RI�PRWLRQ���������VKRZ�QRZ��LQ�IDFW��WKDW
�� 7KH� LQHUW� PDVV� LV� SURSRUWLRQDO� WR� � V� �� DQG� WKHUHIRUH� LQFUHDVHV� ZKHQ� SRQGHUDEOH� PDVVHV�DSSURDFK�WKH�WHVW�ERG\��� 7KHUH�LV�DQ�LQGXFWLYH�DFWLRQ�RI�DFFHOHUDWHG�PDVVHV��RI�WKH�VDPH�VLJQ��XSRQ�WKH�WHVW�ERG\��7KLV�LV�WKH�WHUP� Oww� ��� $�PDWHULDO�SDUWLFOH��PRYLQJ�SHUSHQGLFXODUO\� WR� WKH�D[LV�RI� URWDWLRQ� LQVLGH�D� URWDWLQJ�KROORZ�ERG\�� LV� GHIOHFWHG� LQ� WKH� VHQVH� RI� WKH� URWDWLRQ� �&RULROLV� ILHOG��� 7KH� FHQWULIXJDO� DFWLRQ��PHQWLRQHG� DERYH�� LQVLGH� D� URWDWLQJ�KROORZ�ERG\��DOVR� IROORZV�IURP� WKH� WKHRU\� DV�KDV�EHHQ�VKRZQ�E\�7KLUULQJ�

$OWKRXJK�DOO�RI�WKHVH�HIIHFWV�DUH�LQDFFHVVLEOH�WR�H[SHUL PHQW��EHFDXVH� N LV�VR�VPDOO��QHYHUWKHOHVV�WKH\�FHUWDLQO\�H[LVW�DFFRUGLQJ�WR�WKH�JHQHUDO�WKHRU\�RI�UHODWLYLW\��:H�PXVW�VHH�LQ�WKHP�D�VWURQJ� VXSSRUW�IRU�0DFK
V�LGHDV�DV�WR�WKH�UHODWLYLW\�RI�DOO�LQHUWLDO�DFWLRQV��,I�ZH�WKLQN�WKHVH�LGHDV�FRQVLVWHQWO\�WKURXJK�WR� WKH�HQG�ZH�PXVW� H[SHFW� WKH�ZKROH� LQHUWLD�� WKDW� LV�� WKH� ZKROH JPQ �ILHOG�� WR�EH�GHWHUPLQHG�E\� WKH�PDWWHU�RI�WKH�XQLYHUVH��DQG�QRW�PDLQO\�E\�WKH�ERXQGDU\�FRQGLWLRQV�DW�LQILQLW\�
)RU� D� VDWLVIDFWRU\� FRQFHSWLRQ� RI� WKH� JPQ �ILHOG� RI� FRVPLFDO� GLPHQVLRQV�� WKH� IDFW� VHHPV� WR� EH� RI�VLJQLILFDQFH�WKDW�WKH�UHODWLYH�YHORFLW\�RI�WKH�VWDUV�LV�VPDOO�FRPSDUHG�WR� WKH�YHORFLW\�RI�OLJKW��,W�IROORZV�IURP�WKLV�WKDW��ZLWK�D�VXLWDEOH�FKRLFH�RI�FR�RUGLQDWHV�� ��J LV�QHDUO\�FRQVWDQW�LQ�WKH�XQLYHUVH��DW�OHDVW��LQ�WKDW�SDUW�RI�WKH�XQLYHUVH�LQ�ZKLFK�WKHUH�LV�PDWWHU��7KH�DVVXPSWLRQ�DSSHDUV�QDWXUDO��PRUH RYHU��WKDW�WKHUH� DUH� VWDUV� LQ� DOO� SDUWV� RI� WKH� XQLYHUVH�� VR� WKDW� ZH� PD\� ZHOO� DVVXPH� WKDW� WKH� LQFRQVWDQF\� RI�

 7KDW�WKH�FHQWULIXJDO�DFWLRQ�PXVW�EH�LQVHSDUDEO\�FRQQHFWHG�ZLWK�WKH�H[LVWHQFH�RI�WKH�&RULROLV�ILHOG�PD\�EH�UHFRJQL]HG��HYHQ�ZLWKRXW�FDOFXODWLRQ��LQ�WKH�VSHFLDO�FDVH�RI�D�FR�RUGLQDWH�V\VWHP�URWDWLQJ�XQLIRUPO\�UHODWLYHO\�WR�DQ�LQHUWLDO�V\VWHP��RXU�JHQHUDO�FR�YDULDQW�HTXDWLRQV�QDWXUDOO\�PXVW�DSSO\�WR�VXFK�D�FDVH�
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��J GHSHQGV� RQO\� XSRQ� WKH� FLUFXPVWDQFH� WKDW� PDWWHU� LV� QRW� GLVWULEXWHG� FRQWLQXRXVO\�� EXW� LV�FRQFHQWUDWHG�LQ�VLQJOH�FHOHVWLDO� ERGLHV�DQG�V\VWHPV�RI�ERGLHV��,I�ZH�DUH�ZLOOLQJ�WR�LJQRUH�WKHVH�PRUH�ORFDO�QRQ�XQLIRUPLWLHV�RI�WKH�GHQVLW\�RI�PDWWHU�DQG�RI�WKH� JPQ �ILHOG��LQ�RUGHU�WR�OHDUQ�VRPHWKLQJ�RI�WKH�JHRPHWULFDO� SURSHUWLHV� RI� WKH� XQLYHUVH� DV� D� ZKROH�� LW� DSSH DUV� QDWXUDO� WR� VXEVWLWXWH� IRU� WKH� DFWXDO�GLVWULEXWLRQ� RI� PDVVHV� D� FRQWLQXRXV� GLVWULEXWLRQ�� DQG� IXUWKHUPRUH� WR� DVVLJQ� WR� WKLV� GLVWULEXWLRQ� D�XQLIRUP�GHQVLW\� V�� ,Q� WKLV� LPDJLQHG�XQLYHUVH� DOO�SRLQWV�ZLWK� VSDFH�GLUHFWLRQV�ZLOO�EH�JHRPHWULFDOO\�HTXLYDOHQW��ZLWK UHVSHFW�WR�LWV�VSDFH�H[WHQVLRQ�LW�ZLOO�KDYH�D�FRQVWDQW�FXUYDWXUH��DQG�ZLOO�EH�F\OLQGULFDO�ZLWK�UHVSHFW�WR�LWV�[��FR�RUGLQDWH��7KH�SRVVLELOLW\�VHHPV�WR�EH�SDUWLFXODUO\�VDWLVI\LQJ�WKDW�WKH�XQLYHUVH�LV�VSDWLDOO\�ERXQGHG�DQG�WKXV��LQ�DFFRUGDQFH�ZLWK�RXU�DVVX PSWLRQ�RI�WKH�FRQVWDQF\�RI�V��LV�RI�FRQVWDQW�FXUYDWXUH��EHLQJ�HLWKHU�VSKHULFDO�RU�HOOLSWLFDO��IRU�WKHQ�WKH�ERXQGDU\�FRQGLWLRQV�DW�LQILQLW\�ZKLFK�DUH�VR�LQFRQYHQLHQW� IURP� WKH� VWDQGSRLQW� RI� WKH�JHQHUDO� WKHRU\�RI� UHODWLYLW\��PD\� EH� UHSODFHG�E\� WKH�PXFK�PRUH�QDWXUDO�FRQGLWLRQV�IRU�D�FORVHG�VSDFH�
$FFRUGLQJ�WR�ZKDW�KDV�EHHQ�VDLG��ZH�DUH�WR�SXW

� ��GV G[ G[ G[PQ P QJ � �����
LQ�ZKLFK� WKH� LQGLFHV� P DQG�Q UXQ� IURP��� WR���RQO\��7KH� PQJ ZLOO�EH�VXFK�IXQFWLRQV�RI� [���[���[� DV�FRUUHVSRQG�WR�D�WKUHH�GLPHQVLRQDO�FRQWLQXXP�RI�FRQVWDQW�SRVLWLYH�FXUYDWXUH��:H�PXVW�QRZ�LQYHVWLJDWH�ZKHWKHU�VXFK�DQ�DVVXPSWLRQ�FDQ�VDWLVI\�WKH�ILHOG�HTXDWLRQV�RI�JUDYLWDWLRQ�

,Q�RUGHU� WR�EH� DEOH� WR� LQYHVWLJDWH� WKLV��ZH�PXVW� ILUVW� ILQG�ZKDW� GLIIHUHQWLDO� FRQGLWLRQV� WKH� WKUHH �GLPHQVLRQDO� PDQLIROG� RI� FRQVWDQW� FXUYDWXUH� VDWLVILHV�� $� VSKHULFDO� PDQLIROG� RI� WKUHH� GLPHQVLRQV��HPEHGGHG�LQ�D�(XFOLGHDQ�FRQWLQXXP�RI�IRXU�GLPHQVLRQV� 
 LV�JLYHQ�E\�WKH�HTXDWLRQV
� � � � �� � � �� � � � �� � � �
[ [ [ [ DG[ G[ G[ G[ GV� � �  � � �  

%\�HOLPLQDWLQJ�[���ZH�JHW
� � �� � � � � � � � � �� � � � � � �� � �

[ G[ [ G[ [ G[GV G[ G[ G[ D [ [ [� � � � � � � �
1HJOHFWLQJ�WHUPV�RI�WKH�WKLUG�DQG�KLJKHU�GHJUHHV�LQ�WKH� [Q ZH�FDQ�SXW��LQ�WKH�QHLJKERXUKRRG�RI�WKH�RULJLQ�RI�FR�RUGLQDWHV�

� �[ [GV G[ G[DP QPQ P QG§ · �¨ ¸© ¹
,QVLGH�WKH�EUDFNHWV�DUH�WKH� JPQ RI�WKH�PDQLIROG�LQ�WKH�QHLJKERXUKRRG�RI�WKH�RULJLQ��6L QFH�WKH�ILUVW�GHULYDWLYHV�RI�WKH� JPQ ��DQG�WKHUHIRUH�DOVR�WKH� VPQ* ��YDQLVK�DW�WKH�RULJLQ��WKH�FDOFXODWLRQ�RI�WKH� 5PQ IRU�WKLV�PDQLIROG��E\�������LV�YHU\�VLPSOH�DW�WKH�RULJLQ� :H�KDYH

� �� �5 JD DPQ PQ PQG �  �

 7KH�DLG�RI�D�IRXUWK�VSDFH�GLPHQVLRQ�KDV�QDWXUDOO\�QR�VLJQLILFDQFH�H[FHSW�WKDW�RI�D�PDWKHPDWLFDO�DUWLILFH�



��

6LQFH�WKH�UHODWLRQ� ��5 JDPQ PQ � LV�JHQHUDOO\�FR�YDULDQW��DQG�VLQFH�DOO�SRLQWV�RI�WKH�PDQLIROG�DUH�JHRPHWULFDOO\�HTXLYDOHQW�� WKLV�UHODWLRQ�KROGV�IRU�HYHU\�V\VWHP�RI�FR RUGLQDWHV��DQG�HYHU\ZKHUH�LQ�WKH� PDQLIROG�� ,Q� RUGHU� WR� DYRLG� FRQIXVLRQ� ZLWK� WKH� IRXU �GLPHQVLRQDO� FRQWLQXXP�� ZH� VKDOO�� LQ� WKH�IROORZLQJ��GHVLJQDWH�TXDQWLWLHV�WKDW�UHIHU�WR�WKH�WKUHH �GLPHQVLRQDO�FRQWLQXXP�E\�*UHHN�OHWWHUV��DQG�SXW
��3 DPQ PQJ � �����

:H�QRZ�SURFHHG�WR�DSSO\�WKH�ILHOG�HTXD WLRQV������WR�RXU�VSHFLDO�FDVH��)URP�������ZH�JHW�IRU�WKH�IRXU�GLPHQVLRQDO�PDQLIROG�
�� �� �� ��

3 �IRU�WKH�LQGLFHV���WR���55 5 5 5PQ PQ ­°®     °̄ �����
)RU�WKH�ULJKW�KDQG�VLGH�RI������ZH�KDYH�WR�FRQVLGHU�WKH�HQHUJ\�WHQVRU�IRU�PDWWHU�GLVWULEXWHG�OLNH�D�FORXG�RI�GXVW��$FFRUGLQJ�WR�ZKDW� KDV�JRQH�EHIRUH�ZH�PXVW�WKHUHIRUH�SXW

G[ G[7 GV GVPPQ QV 
VSHFLDOL]HG� IRU� WKH� FDVH� RI� UHVW�� %XW� LQ� DGGLWLRQ�� ZH� VKDOO� DGG� D� SUHVVXUH� WHUP� WKDW� PD\� EH�SK\VLFDOO\� HVWDEOLVKHG� DV� IROORZV�� 0DWWHU� FRQVLVWV� RI� HOHFWULFDOO\� FKDUJHG� SDUWLFOHV�� 2Q� WKH�EDVLV� RI�0D[ZHOO
V� WKHRU\� WKHVH� FDQQRW� EH� FRQ FHLYHG� RI� DV� HOHFWURPDJQHWLF� ILHOGV� IUHH� IURP�VLQJXODULWLHV�� ,Q� RUGHU� WR� EH� FRQVLVWHQW� ZLWK� WKH� IDFWV�� LW� LV� QHFHVVDU\� WR� LQWURGXFH� HQHUJ\�WHUPV�� QRW� FRQWDLQHG� LQ� 0D[ZHOO
V� WKHRU\�� VR� WKDW� WKH� VLQJOH� HOHFWULF� SDU WLFOHV� PD\� KROG�WRJHWKHU� LQ�VSLWH�RI� WKH�PXWXDO� UHSXOVLRQV�EHWZHHQ� WKHLU�HOHPHQWV��FKDUJHG�ZLWK�HOHFWULFLW\�RI�RQH�VLJQ��)RU�WKH�VDNH�RI�FRQVLVWHQF\�ZLWK� WKLV�IDFW��3RLQFDUp�KDV�DVVXPHG�D�SUHVVXUH�WR�H[LVW�LQVLGH� WKHVH� SDUWLFOHV� ZKLFK� EDODQFHV� WKH� HOHFWUR VWDWLF� UHSXOVLRQ�� ,W� FDQQRW�� KRZHYHU�� EH�DVVHUWHG� WKDW� WKLV� SUHVVXUH� YDQLVKHV� RXWVLGH� WKH� SDUWLFOHV�� :H� VKDOO� EH� FRQ VLVWHQW� ZLWK� WKLV�FLUFXPVWDQFH� LI�� LQ� RXU� SKHQRPHQRORJLFDO� SUHVHQWDWLRQ�� ZH� DGG� D� SUHVVXUH� WHUP�� 7KLV� PXVW�QRW��KRZHYHU��EH�FRQIXVHG�ZLWK�D K\GURG\QDPLFDO�SUHVVXUH��DV�LW�VHUYHV�RQO\�IRU�WKH�HQHUJHWLF�SUHVHQWDWLRQ�RI�WKH�G\QDPLFDO�UHODWLRQV�LQVLGH�PDWWHU��$FFRUGLQJO\�ZH�SXWG[G[7 J J J SGV GVEDPQ PD Q E PQ � �����
,Q�RXU�VSHFLDO�FDVH�ZH�KDYH��WKHUHIRUH��WR�SXW
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�IRU� �DQG� �IURP���WR���
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2EVHUYLQJ�WKDW�WKH�ILHOG�HTXDWLRQ������PD\�EH�ZULWWHQ�LQ�WKH�IRUP
��5 7 J 7PQ PQ PQN § · � �¨ ¸© ¹

ZH�JHW�IURP������WKH�HTXDWLRQV�
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,I� WKH� XQLYHUVH� LV� TXDVL�(XFOLGHDQ�� DQG� LWV� UDGLXV� RI� FXUYDWXUH� WKHUHIRUH� LQILQLWH�� WKHQ� V ZRXOG�YDQLVK��%XW�LW�LV�LPSUREDEOH�WKDW�WKH�PHDQ�GHQVLW\�RI�PDWWHU�LQ�WKH�XQLYHUVH�LV�DFWXDOO\�]HUR��WKLV�LV�RXU�WKLUG�DUJXPHQW�DJDLQVW�WKH�DVVXPSWLRQ�WKDW�WKH�XQLYHUVH�LV�TXDVL �(XFOLGHDQ��1RU�GRHV�LW�VHHP�SRVVLEOH�WKDW�RXU�K\SRWKHWLFDO�SUHVVXUH�FDQ�YDQLVK��WKH�SK\VLFDO�QDWXUH�RI�WKLV�SUHVVXUH�FDQ�EH�DSSUHFL DWHG�RQO\�DIWHU�ZH�KDYH�D�EHWWHU�WKHRUHWLFDO�NQRZOHGJH�RI�WKH�HOHFWURPDJQHWLF�ILHOG��$FFRUGLQJ�WR�WKH�VHFRQG�RI�HTXDWLRQV�������WKH�UDGLXV��D��RI�WKH�XQLYHUVH�LV�GHWHUPLQHG�LQ�WHUPV�RI�WKH�WRWDO�PDVV��0��RI�PDWWHU��E\�WKH�HTXDWLRQ
��0D NS �����

7KH�FRPSOHWH�GHSHQGHQFH�RI�WKH�JHRPHWULFDO�XSRQ�WKH�SK\VLFDO�SURSHUWLHV�EHFRPHV�FOHDUO\�DSSDUHQW�E\�PHDQV�RI�WKLV�HTXDWLRQ�
7KXV�ZH�PD\�SUHVHQW� WKH�IROORZLQJ�DUJXPHQWV�DJDLQVW�WKH�FRQFHSWLRQ�RI�D�VSDFH �LQILQLWH��DQG�IRU�WKH�FRQFHSWLRQ�RI�D�VSDFH�ERXQGHG��RU�FORVHG��XQLYHUVH���
�� )URP� WKH�VWDQGSRLQW�RI� WKH�WKHRU\�RI�UHODWLYLW\��WR�SRVWX ODWH�D�FORVHG�XQLYHUVH� LV�YHU\�PXFK�VLPSOHU� WKDQ� WR� SRVWXODWH� WKH� FRUUHVSRQGLQJ� ERXQGDU\� FRQGLWLRQ� DW� LQILQLW\� RI� WKH� TXDVL �(XFOLGHDQ�VWUXFWXUH�RI�WKH�XQLYHUVH��� 7KH� LGHD� WKDW� 0DFK� H[SUHVVHG�� WKDW� LQHUWLD� GHSHQGV� XSRQ� WKH� PXWXDO� DFWLRQ� RI� ERGLHV�� LV�FRQWDLQHG��WR�D�ILUVW�DSSUR[LPDWLRQ��LQ�WKH�HTXDWLRQV�RI�WKH�WKHRU\�R I�UHODWLYLW\��LW�IROORZV�IURP�WKHVH� HTXDWLRQV� WKDW� LQHUWLD� GHSHQGV�� DW� OHDVW� LQ�SDUW�� XSRQ�PXWXDO� DFWLRQV�EHWZHHQ�PDVVHV��7KHUHE\�0DFK
V�LGHD�JDLQV�LQ�SUREDELOLW\��DV�LW�LV�DQ�XQVDWLVIDFWRU\�DVVXPSWLRQ�WR�PDNH�WKDW�LQHUWLD� GHSHQGV� LQ� SDUW� XSRQ�PXWXDO� DFWLR QV�� DQG� LQ� SDUW� XSRQ� DQ� LQGHSHQGHQW� SURSHUW\� RI�VSDFH��%XW�WKLV�LGHD�RI�0DFK
V�FRUUHVSRQGV�RQO\�WR�D�ILQLWH�XQLYHUVH��ERXQGHG�LQ�VSDFH��DQG�QRW�WR� D� TXDVL�(XFOLGHDQ�� LQILQLWH� XQLYHUVH�� )URP� WKH� VWDQGSRLQW� RI� HSLVWHPRORJ\� LW� LV� PRUH�VDWLVI\LQJ�WR�KDYH�WKH� PHFKDQLFDO�SURSHUWLHV�RI�VSDFH�FRPSOHWHO\�GHWHUPLQHG�E\�PDWWHU��DQG�WKLV�LV�WKH�FDVH�RQO\�LQ�D�FORVHG�XQLYHUVH��� $Q�LQILQLWH�XQLYHUVH�LV�SRVVLEOH�RQO\�LI�WKH�PHDQ�GHQVLW\�RI�PDWWHU�LQ�WKH�XQLYHUVH�YDQLVKHV��$OWKRXJK�VXFK�DQ�DVVXPSWLRQ�LV�ORJLFDOO\�SRVVLEOH� LW�LV�OHVV�SUREDEOH�WKDQ�WKH�DVVXPSWLRQ�WKDW�WKHUH�LV�D�ILQLWH�PHDQ�GHQVLW\�RI�PDWWHU�LQ�WKH�XQLYHUVH�
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$33(1',;�)25�7+(�6(&21'�(',7,21
21�7+(��&2602/2*,&�352%/(0�

,1&(�WKH�ILUVW�HGLWLRQ�RI�WKLV�OLWWOH�ERRN�VRPH�DGYDQFHV�KDYH�EHHQ�PDGH�LQ�WKH�WKHRU\ RI�UHODWLYLW\��6RPH�RI�WKHVH�ZH�VKDOO�PHQWLRQ�KHUH�RQO\�EULHIO\�
7KH�ILUVW�VWHS�IRUZDUG�LV�WKH�FRQFOXVLYH�GHPRQVWUDWLRQ�RI�WKH�H[LVWHQFH�RI�WKH�UHG�VKLIW�RI�WKH� VSHFWUDO� OLQHV� E\� WKH� �QHJDWLYH�� JUDYLWDWLRQDO� SRWHQWLDO� RI� WKH� SODFH� RI� RULJLQ� �VHH� S�� �����7KLV� GHPRQVWUDWLRQ� ZDV� PDGH� SRVVLEOH� E\� WKH� GLVFRYHU\� RI� VR �FDOOHG� �GZDUI� VWDUV�� ZKRVH�DYHUDJH� GHQVLW\� H[FHHGV� WKDW� RI�ZDWHU� E\� D� IDFWRU� RI� WKH� RUGHU� �� ��� )RU� VXFK� D� VWDU� �H�J�� WKH�IDLQW� FRPSDQLRQ� RI� 6LULXV��� ZKRVH� PDVV� DQG� UDGLXV� FDQ� EH� GHWHUPLQHG� 
 WKLV� UHG� VKLIW� ZDV�H[SHFWHG�� E\� WKH� WKHRU\�� WR� EH� DERXW� ��� WLPHV� DV� ODUJH� DV� IRU� WKH� VXQ�� DQG� LQGHHG� LW� ZDV�GHPRQVWUDWHG�WR�EH�ZLWKLQ�WKH�H[SHFWHG�UDQJH�
$� VHFRQG� VWHS� IRUZDUG�� ZKLFK� ZLOO� EH�PHQWLRQHG� EULHIO\�� FRQFHUQV� WKH� ODZ� RI�PRWLRQ� RI� D�JUDYLWDWLQJ� ERG\�� ,Q� WKH� LQLWLDO� IRUPXODWLRQ� RI� WKH� WKHRU\� WKH� ODZ� RI� PRWLRQ� IRU� D� JUDYLWDWLQJ�SDUWLFOH�ZDV�LQWURGXFHG�DV�DQ�LQGHSHQGHQW�IXQGDPHQWDO�DVVXPSWLRQ�LQ�DGGLWLRQ�WR�WKH�ILHOG�ODZ�RI�JUDYLWDWLRQ�VHH� (T�� ���ZKLFK� DVVHUWV� WKDW� D� JUDYLWDWLQJ� SDUWLFOH�PRYHV� LQ� D� JHRGHV LF� OLQH�� 7KLV�FRQVWLWXWHV� D� K\SRWKHWLF� WUDQVODWLRQ� RI� *DOLOHR
V� ODZ� RI� LQHUWLD� WR� WKH� FDVH� RI� WKH� H[LVWHQFH� RI��JHQXLQH��JUDYLWDWLRQDO�ILHOGV��,W�KDV�EHHQ�VKRZQ�WKDW�WKLV�ODZ�RI�PRWLRQ �JHQHUDOL]HG�WR�WKH�FDVH�RI� DUELWUDULO\� ODUJH�JUDYLWDWLQJ�PDVVHV �FDQ� EH� GHULYHG� IURP� WKH� ILHOG�HTXDWLRQV� RI� HPSW\� VSDFH�DORQH��$FFRUGLQJ�WR�WKLV�GHULYDWLRQ�WKH�ODZ�RI�PRWLRQ�LV�LPSOLHG�E\�WKH�FRQGLWLRQ�WKDW�WKH�ILHOG�EH�VLQJXODU�QRZKHUH�RXWVLGH�LWV�JHQHUDWLQJ�PDVV�SRLQWV�
$�WKLUG�VWHS�IRUZDUG��FRQFHUQLQJ�WKH�VR �FDOOHG��FRVPRORJLF�SUREOHP���ZLOO�EH�FRQVLGHUHG�KHUH�LQ� GHWDLO�� LQ� SDUW� EHFDXVH� RI� LWV� EDVLF� LPSRUWDQFH�� SDUWO\� DOVR� EHFDXVH� WKH� GLVFXVVLRQ� RI� WKHVH�TXHVWLRQV�LV�E\�QR�PHDQV�FRQFOXGHG��,�IHHO�XUJHG�WRZDUG�D�PRUH�H[DFW�GLVFXVVLRQ�DOVR�E\�WKH�IDFW�WKDW� ,� FDQQRW� HVFDSH� WKH� LPSUHVVLRQ� WKDW� LQ� WKH� SUHVHQW� WUHDWPHQW� RI� WKLV� SUREOHP� WKH� PRVW�LPSRUWDQW�EDVLF�SRLQWV�RI�YLHZ�DUH�QRW�VXIILFLHQWO\�VWUHVVHG�
7KH�SUREOHP�FDQ�EH�IRUPXODWHG�URXJKO\�WKXV��2Q�DFFRXQW�RI�RXU�REVHUYDWLRQV�RQ�IL[HG�VWDUV�ZH�DUH�VXIILFLHQWO\�FRQYLQFHG�WKD W�WKH�V\VWHP�RI�IL[HG�VWDUV�GRHV�QRW�LQ�WKH�PDLQ�UHVHPEOH�DQ�LVODQG�ZKLFK�IORDWV�LQ�LQILQLWH�HPSW\�VSDFH��DQG�WKDW�WKHUH�GRHV�QRW�H[LVW�DQ\WKLQJ�OLNH�D�FHQWHU�RI�JUDYLW\�RI� WKH� WRWDO� DPRXQW� RI� H[LVWLQJ�PDWWHU��5DWKHU��ZH� IHHO� XUJHG� WRZDUG� WKH� FRQYLFWLRQ� WK DW� WKHUH�H[LVWV�DQ�DYHUDJH�GHQVLW\�RI�PDWWHU�LQ�VSDFH�ZKLFK�GLIIHUV�IURP�]HUR�
+HQFH� WKH� TXHVWLRQ� DULVHV�� &DQ� WKLV� K\SRWKHVLV�� ZKLFK� LV� VXJJHVWHG� E\� H[SHULHQFH�� EH�UHFRQFLOHG�ZLWK�WKH�JHQHUDO�WKHRU\�RI�UHODWLYLW\"
)LUVW�ZH�KDYH� WR� IRUPXODWH� WKH�SUREOHP� PRUH� SUHFLVHO\��/HW�XV�FRQVLGHU�D� ILQLWH�SDUW�RI� WKH�XQLYHUVH� ZKLFK� LV� ODUJH� HQRXJK� VR� WKDW� WKH� DYHUDJH� GHQVLW\� RI� PDWWHU� FRQWDLQHG� LQ� LW� LV� DQ�DSSUR[LPDWHO\� FRQWLQXRXV� IXQFWLRQ� RI� � [��� [��� [��� [��� 6XFK� D� VXEVSDFH� FDQ� EH� FRQVLGHUHG�DSSUR[LPDWHO\�DV�DQ�LQHUWLDO�V\VWHP��0LQNRZVNL�VSDFH��WR�ZKLFK�ZH�UHODWH�WKH�PRWLRQ�RI�WKH�VWDUV��


 7KH�PDVV�LV�GHULYHG�IURP�WKH�UHDFWLRQ�RQ�6LULXV�E\�VSHFWURVFRSLF�PHDQV��XVLQJ�WKH�1HZWRQLDQ�ODZV��WKH�UDGLXV�LV�GHULYHG�IURP�WKH�WRWDO�OLJKWQHVV�DQG�IURP�WKH�LQWHQVLW\�RI�UDGLDWLRQ�SHU�XQLW�DUHD��ZKLFK�PD\�EH�GHULYHG�IURP�WKH�WHPSHUDWXUH�RI�LWV�UDGLDWLRQ�
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2QH�FDQ�DUUDQJH�LW�VR�WKDW�WKH�PHDQ�YHORFLW\�RI�PDWWHU�UHODWLYH�WR�WKLV�V\VWHP�VKDOO�YDQLVK�LQ�DOO�GLUHFWLRQV��7KHUH�UHPDLQ� WKH��DOPRVW�UDQGRP��PRWLRQV�RI� WKH�LQGLYLGXDO�VWDUV��VLPL ODU� WR� WKH�PRWLRQV� RI� WKH�PROHFXOHV� RI� D� JDV�� ,W� LV� HVVHQWLDO� WKDW� WKH� YHORFLWLHV� RI� WKH� VWDUV� DUH�NQRZQ�E\�H[SHULHQFH�WR�EH�YHU\�VPDOO�DV�FRPSDUHG�WR�WKH�YHORFLW\�RI�OLJKW��,W� LV� WKHUHIRUH�IHDVLEOH�IRU�WKH�PRPHQW�WR�QHJOHFW�WKLV�UHODWLYH�PRWLRQ�FRPSOHWHO\ ��DQG�WR�FRQVLGHU�WKH�VWDUV�UHSODFHG�E\�PDWHULDO�GXVW�ZLWKRXW��UDQGRP��PRWLRQ�RI�WKH�SDUWLFOHV�DJDLQVW�HDFK�RWKHU�
7KH� DERYH� FRQGLWLRQV� DUH� E\� QR�PHDQV� VXIILFLHQW� WR�PDNH� WKH�SUREOHP� D� GHILQLWH� RQH��7KH�VLPSOHVW� DQG� PRVW� UDGLFDO� VSHFLDOL]DWLRQ� ZRXOG� EH� WK H� FRQGLWLRQ�� 7KH� �QDWXUDOO\� PHDVXUHG��GHQVLW\�� S� RI�PDWWHU� LV� WKH� VDPH� HYHU\ZKHUH� LQ� �IRXU �GLPHQVLRQDO�� VSDFH�� WKH�PHWULF � LV�� IRU� D�VXLWDEOH�FKRLFH�RI�FRRUGLQDWHV��LQGHSHQGHQW�RI�[ � DQG�KRPRJHQHRXV�DQG�LVRWURSLF�ZLWK�UHVSHFW�WR�[���[���[���[��,W� LV� WKLV� FDVH�ZKLFK� ,� DW� ILUVW� FRQVLGHUHG� WKH�PRVW� QDWXUDO� LGHDOL]HG� GHVFULSWLRQ� RI� SK\VLFDO�VSDFH�LQ�WKH�ODUJH��LW�LV�WUHDWHG�RQ�SDJHV��� ����RI�WKLV�ERRN��7KH�REMHFWLRQ�WR�WKLV�VROXWLRQ�LV�WKDW�RQH�KDV�WR�LQWURGXFH�D�QHJDWLYH�SUHVVXUH��IRU�ZKLFK�WKHUH�H[LVWV�QR� SK\VLFDO�MXVWLILFDWLRQ��,Q�RUGHU�WR�PDNH�WKDW�VROXWLRQ�SRVVLEOH�,�RULJLQDOO\�LQWUR GXFHG�D�QHZ�PHPEHU�LQWR�WKH�HTXDWLRQ�LQVWHDG�RI�WKH� DERYH�PHQWLRQHG� SUHVVXUH�� ZKLFK� LV� SHUPLVVLEOH� IURP� WKH� SRLQW� RI� YLHZ� RI� UHODWLYLW\��7KH�HTXDWLRQV�RI�JUDYLWDWLRQ�WKXV�HQ ODUJHG�ZHUH�

� ��L N L N L N LN5 J 5 J 7N§ ·� � / �  ¨ ¸© ¹ ���
ZKHUH� / LV� D� XQLYHUVDO� FRQVWDQW� ��FRVPRORJLF� FRQVWDQW���� 7KH� LQWURGXFWLRQ� RI� WKLV� VHFRQG�PHPEHU�FRQVWLWXWHV�D�FRPSOLFDWLRQ�RI�WKH�WKHRU\��ZKLFK�VHULRXVO\�UHGXFHV�LWV�ORJLFDO�VLPSOLFL W\��,WV� LQWURGXFWLRQ� FDQ� RQO\� EH� MXVWLILHG� E\� WKH� GLIILFXOW\� SURGXFHG� E\� WKH� DOPRVW� XQDYRLGDEOH�LQWURGXFWLRQ�RI�D�ILQLWH�DYHUDJH�GHQVLW\�RI�PDWWHU��:H�PD\�UHPDUN��E\�WKH�ZD\��WKDW�LQ�1HZWRQ
V�WKHRU\�WKHUH�H[LVWV�WKH�VDPH�GLIILFXOW\�

7KH�PDWKHPDWLFLDQ�)ULHGPDQ�IRXQG�D�ZD\�RXW�RI�WKLV�GLOHPPD� 
 +LV�UHVXOW�WKHQ�IRXQG�D�VXUSULVLQJ�FRQILUPDWLRQ�E\�+XEEOH
V�GLVFRYHU\�RI� WKH�H[SDQVLRQ�RI� WKH�VWHOODU�V\VWHP��D� UHG�VKLIW�RI� WKH�VSHFWUDO�OLQHV�ZKLFK�LQFUHDVHV�XQLIRUPO\�ZLWK�GLVWDQFH���7KH�IROORZLQJ�LV�HVVHQWLDOO\�Q RWKLQJ�EXW�DQ�H[SRVLWLRQ�RI�)ULHGPDQ
V�LGHD�
)285�',0(16,21$/�63$&(:+,&+�,6�,627523,&�:,7+�5(63(&7�727+5((�',0(16,216

:H�REVHUYH�WKDW�WKH�V\VWHPV�RI�VWDUV��DV�VHHQ�E\�XV��DUH�VSDFHG�ZLWK�DSSUR[LPDWHO\�WKH�VDPH�GHQVLW\�LQ�DOO�GLUHFWLRQV��7KHUHE\�ZH�DUH PRYHG�WR�WKH�DVVXPSWLRQ�WKDW�WKH� VSDWLDO�LVRWURS\�RI�WKH�V\VWHP�ZRXOG�KROG�IRU�DOO�REVHUYHUV��IRU�HYHU\�SODFH�DQG�HYHU\�WLPH�RI�DQ�REVHUYHU�ZKR�LV�DW�UHVW�DV�FRPSDUHG�ZLWK�VXUURXQGLQJ�PDWWHU� 2Q�WKH�RWKHU�KDQG�ZH�QR�ORQJHU�PDNH�WKH�DVVXPSWLRQ�WKDW�WKH� DYHUDJH�GHQVLW\� RI�PDWWHU�� IRU� DQ� REVHUYHU�ZKR� LV� DW� UHVW� UHODWLYH� WR�QHLJKERULQJ�PDWWHU�� LV�FRQVWDQW�ZLWK�UHVSHFW�WR�WLPH��:LWK�WKLV�ZH�GURS�WKH�DVVXPSWLRQ�WKDW�WKH�H[SUHVVLRQ�RI�WKH�PHWULF�ILHOG�LV�LQGHSHQGHQW�RI�WLPH�
:H� QRZ� KDYH� WR� ILQG� D� PDWKHPDWLFDO� IR UP� IRU� WKH� FRQGLWLRQ� WKDW� WKH� XQLYHUVH�� VSDWLDOO\�VSHDNLQJ��LV�LVRWURSLF�HYHU\ZKHUH��7KURXJK�HYHU\�SRLQW�3 RI��IRXU�GLPHQVLRQDO��VSDFH�WKHUH�LV�WKH�SDWK�RI�D�SDUWLFOH��ZKLFK�LQ�WKH�IROORZLQJ�ZLOO�EH�FDOOHG��JHRGHVLF��IRU�VKRUW���/HW� 3 DQG�4 EH�WZR

 +H� VKRZHG� WKDW� LW� LV� SRVVLEOH�� DFFRUGLQJ� WR� WKH� ILHOG� HTXDWLRQV�� WR� KDYH� D� ILQLWH� GHQVLW\� LQ� WKH�ZKROH� �WKUHH�GLPHQVLRQDO��VSDFH��ZLWKRXW�HQODUJLQJ�WKHVH�ILHOG�HTXDWLRQV�DG�KRH� =HLWVFKU��I��3K\V������������
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LQILQLWHVLPDOO\�QHDU�SRLQWV�RI�VXFK�D�JHRGHVLF�:H� VKDOO� WKHQ� KDYH� WR� GHPDQG� WKDW� WKH�H[SUHVVLRQ�RI�WKH�ILHOG�VKDOO�EH�LQYDULDQW�UHODWLYH�WR�DQ\�URWDWLRQ�RI�WKH�FRRUGLQDWH�V\VWHP�NHHSLQJ�3 DQG�4 IL[HG� 7KLV�ZLOO�EH�YDOLG�IRU�DQ\�HOHPHQW�RI�DQ\�JHRGHVLF� 

7KH�FRQGLWLRQ�RI�WKH�DERYH�LQYDULDQFH�LPSOLHV�WKDW�WKH�HQWLUH�JHRGHVLF�OLHV�RQ�WKH�D[LV�RI�URWDWLRQ�DQG�WKDW�LWV�SRLQWV�UHPDLQ�LQYDULDQW�XQGHU�URWDWLRQ�RI�WKH�FRRUGLQDWH�V\VWHP��7KLV�PHDQV�WKDW�WKH�VROXWLRQ�VKDOO�EH�LQYDULDQW�ZLWK�UHVSHFW�WR�DOO�URWDWLRQV�RI�WKH� FRRUGLQDWH�V\VWHP�DURXQG�WKH�WULSOH�LQILQLW\�RI�JHRGHVLFV�
)RU�WKH�VDNH�RI�EUHYLW\�,�ZLOO�QRW�JR�LQWR�WKH�GHGXFWLYH�GHULYDWLRQ�RI�WKH�VROXWLRQ�RI�WKLV�SUREOHP��,W�VHHPV� LQWXLWLYHO\� HYLGHQW�� KRZHYHU�� IRU� WKH� WKUHH �GLPHQVLRQDO� VSDFH� WKDW� D�PHWULF� ZKLFK� LV� L QYDULDQW�XQGHU�URWDWLRQV�DURXQG�D�GRXEOH�LQILQLW\�RI�OLQHV�ZLOO�EH�HVVHQWLDOO\�RI�WKH�W\SH�RI�FHQWUDO�V\PPHWU\��E\�VXLWDEOH�FKRLFH�RI�FRRUGLQDWHV���ZKHUH�WKH�D[HV�RI�URWDWLRQV�DUH�WKH�UDGLDO�VWUDLJKW�OLQHV��ZKLFK�E\�UHDVRQV�RI� V\PPHWU\� DUH� JHRGHVLFV�� 7KH� VXUIDFHV� RI� FRQVWDQW� UDGLXV� DUH� WKHQ� VXUIDFHV� RI� FRQVWDQW� �SRVLWLYH��FXUYDWXUH�ZKLFK�DUH�HYHU\ZKHUH�SHUSHQGLFXODU� WR� WKH��UDGLDO��JHRGHVLFV��+HQFH�ZH�REWDLQ� LQ�LQYDULDQW�ODQJXDJH�� 7KHUH� H[LVWV� D� IDPLO\� RI� VXUIDFHV� RUWKRJRQDO� WR� WKH� JHRGHVLFV�� (DFK� RI� WKHVH� VXUIDFHV� LV� D�VXUIDFH�RI�FRQVWDQW�FXUYDWXUH��7KH�VHJPHQWV�RI�WKHVH�JHRGHVLFV�FRQWDLQHG�EHWZHHQ�DQ\�WZR�VXUIDFHV�RI�WKH�IDPLO\�DUH�HTXDO�
5HPDUN��7KH�FDVH�ZKLFK�KDV�WKXV�EHHQ�REWDLQHG�LQWXLWLYHO\�LV�QRW�WKH�JHQHUDO�RQH�LQ�VR�IDU�DV�WKH�VXUIDFHV�RI�WKH�IDPL O\�FRXOG�EH�RI�FRQVWDQW�QHJDWLYH�FXUYDWXUH�RU�(XFOLGHDQ��]HUR�FXUYDWXUH��
7KH�IRXU�GLPHQVLRQDO�FDVH�ZKLFK� LQWHUHVWV�XV� LV�HQWLUHO\�DQDORJRXV��)XUWKHUPRUH� WKHUH� LV�QR�HVVHQWLDO�GLIIHUHQFH�ZKHQ�WKH�PHWULF�VSDFH�LV�RI�LQGH[�RI�LQHUWLD����RQO\�WKDW�RQH�KDV�WR FKRRVH�WKH�UDGLDO�GLUHFWLRQV�DV� WLPHOLNH�DQG�FRUUHVSRQGLQJO\�WKH�GLUHFWLRQV�LQ�WKH�VXUIDFHV�RI�WKH�IDPLO\�DV�VSDFHOLNH��7KH�D[HV�RI�WKH�ORFDO�OLJKW�FRQHV�RI�DOO�SRLQWV�OLH�RQ�WKH�UDGLDO�OLQHV�

&+2,&(�2)�&225',1$7(6
,QVWHDG�RI�WKH�IRXU�FRRUGLQDWHV�IRU� ZKLFK�WKH�VSDWLDO� LVRWURS\�RI�WKH�XQLYHUVH�LV�PRVW�FOHDUO\�DSSHUHQW��ZH�QRZ�FKRRVH�GLIIHUHQW�FRRUGLQDWHV�ZKLFK�DUH�PRUH�FRQYHQLHQW�IURP�WKH�SRLQW�RI�YLHZ�RI�SK\VLFDO�LQWHUSUHWDWLRQ�
$V�WLPHOLNH�OLQHV�RQ�ZKLFK� [���[���[� DUH�FRQVWDQW�DQG�[� DORQH�YDULDEOH�ZH�FKRRVH�WKH�SDUWLFOH�JHRGHVLFV�ZKLFK� LQ� WKH�FHQWUDO� V\PPHWULF� IRUP�DUH� WKH�VWUDLJKW� OLQHV� WKURXJK�WKH�FHQWHU��/HW� [�IXUWKHU�HTXDO�WKH�PHWULF�GLVWDQFH�IURP�WKH�FHQWHU��,Q�VXFK�FRRUGLQDWHV�WKH�PHWULF�LV�RI�WKH�IRUP�

� �� � ��� � � � �����L N L N
GV G[ GG G[ G[ L NVV J­  �°®   °̄ ���

�GV LV� WKH� PHWULF� RQ� RQH� RI� WKH� VSKHULFDO� K\SHUVXUIDFHV�� 7KH� L NJ ZKLFK� EHORQJ� WR� GLIIHUHQW�K\SHUVXUIDFHV�ZLOO�WKHQ��EHFDXVH�RI�WKH�FHQWUDO�V\PPHWU\��EH�WKH�VDPH�IRUP�RQ�DOO�K\SHUVXUIDFHV�H[FHSW�IRU�D�SRVLWLYH�IDF WRU�ZKLFK�GHSHQGV�RQ�[� DORQH���L N LN*J J ��D�

 7KLV� FRQGLWLRQ� QRW� RQO\� OLPLWV� WKH� PHWULF�� EXW� LW� QHFHVVLWDWHV� WKDW� IRU� HYHU\� JHRGHVLF� WKHUH� H[LVW� D� V\VWHP� RI�FRRUGLQDWHV�VXFK�WKDW�UHODWLYH�WR�WKLV�V\VWHP�WKH�LQYDULDQFH�XQGHU�URWDWLRQ�DURXQG�WKLV�JHRGHVLF�LV�YDOLG�
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ZKHUH�WKH� �J GHSHQG�RQ�[���[���[� RQO\��DQG�* LV�D�IXQFWLRQ�RI�[� DORQH��:H�KDYH�WKHQ�� ��� � � �������L N L NG[ G[ L NV J  ��E�
LV�D�GHILQLWH�PHWULF�RI�FRQVWDQW�FXUYDWXUH� LQ�WKUHH�GLPHQVLRQV��WKH�VDPH�IRU�HYHU\�*�

6XFK�D�PHWULF�LV�FKDUDFWHUL]HG�E\�WKH�HTXDWLRQV�
� � � � � �L N O P LO NP LP N O5 % J J J J§ ·� �  ¨ ¸© ¹ ��F�

:H� FDQ� FKRRVH� WKH� FRRUGLQDWH� V\VWHP� � [��� [��� [��� VR� WKDW� WKH� OLQH� HOHPHQW� EHFRPHV� FRQIRUPDOO\�(XFOLGHDQ� � �� � � � � �� � �� �L�H��� L N LNG $ G[ G[ G[ $V J G � �  ��G�
ZKHUH� $� VKDOO� EH� D� SRVLWLYH� IXQFWLRQ� RI� U� � �� � �� � �U [ [ [ � � DORQH�� %\� VXEVWLWXWLRQ� LQWR� WKH�HTXDWLRQV��ZH�JHW�IRU�$ WKH�WZR�HTXDWLRQV�
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7KH�ILUVW�HTXDWLRQ�LV�VDWLVILHG�E\�

� �� �
F$ F F U � ��D�

ZKHUH�WKH�FRQVWDQWV�DUH�DUELWUDU\�IRU�WKH�WLPH�EHLQJ��7KH�VHFRQG�HTXDWLRQ�WKHQ�\LHOGV�
� ���� F F% F ��E�

$ERXW�WKH�FRQVWDQWV� F ZH�JHW�WKH�IROORZLQJ��,I�IRU� U  ����$ VKDOO�EH�SRVLWLYH��WKHQ�F� DQG�F� PXVW�KDYH�WKH�VDPH�VLJQ��6LQFH�D�FKDQJH�RI�VLJQ�RI�DOO�WKUHH�FRQVWDQWV�GRHV�QRW�FKDQJH� $��ZH�FDQ�PDNH�FO DQG�F� ERWK�SRVLWLYH��:H�FDQ�DOVR�PDNH� F� HTXDO�WR����)XUWKHUPRUH��VLQFH�D�SRVLWLYH�IDFWRU� FDQ�DOZD\V�EH�LQFRUSRUDWHG�LQWR�WKH�*���ZH�FDQ�DOVR�PDNH� F� HTXDO�WR���ZLWKRXW�ORVV�RI�JHQHUDOLW\��+HQFH�ZH�FDQ�VHW�
�� � ��$ % FFU  � ��F�

7KHUH�DUH�QRZ�WKUHH�FDVHV�
F !�����VSKHULFDO�VSDFH�F���� �SVHXGRVSKHULFDO�VSDFH�
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F� �����(XFOLGHDQ�VSDFH�
%\�D�VLPLODULW\�WUDQVIRUPDWLRQ�RI�FRRUGLQDWHV�� � L[ D[c  ��ZKHUH D LV�FRQVWDQW���ZH�FDQ�IXUWKHU�JHW�
LQ�WKH�ILUVW�FDVH�F  � �� ��LQ�WKH�VHFRQG�FDVH�F� � ��� �

)RU�WKH�WKUHH�FDVHV�ZH�WKHQ�KDYH�UHVSHFWLYHO\�
�

�
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$ %
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,Q� WKH� VSKHULFDO� FDVH� WKH� �FLUFXPIHUHQFH�� RI� WKH� XQLW� VSDFH� �*  � ��� LV � �� �
GUU Sf

�f
 �µ́µ¶ �� WKH�

�UDGLXV��RI� WKH�XQLW VSDFH� LV���� ,Q�DOO� WKUHH�FDVHV� WKH� IXQFWLRQ� * RI� WLPH�LV�D�PHDVXUH� IRU� WKH�FKDQJH�ZLWK�WLPH�RI�WKH�GLVWDQFH�RI�WZR�SRLQWV�RI�PDWWHU��PHDVXUHG�RQ�D�VSDWLDO�VHFWLRQ�� ,Q�WKH�VSKHULFDO�FDVH��* LV�WKH�UDGLXV�RI�VSDFH�DW�WKH�WLPH� [���6XPPDU\��7KH�K\SRWKHVLV�RI�VSDWLDO�LVRWURS\�RI�RXU�LGHDOL]HG�XQLYHUVH�OHDGV�WR�WKH�PHWULF�� �� � � � � � �� � � �GV G[ * $ G[ G[ G[ � � � ���
ZKHUH�* GHSHQGV�RQ�[� DORQH��$ RQ� � �� � �� � �U [ [ [ � � DORQH��ZKHUH�

�
�� �$ ] U � ���
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7KH�UHODWLRQ�EHWZHHQ�+XEEOH
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 This equation has a singularity for x4 = 0, so that such a space has either a negative 
expansion and the time is limited from above by the value x4 = 0, or it has a positive expansion 
and begins to exist for x4 = 0. The latter case corresponds to what we find realized in nature. 
 

From the measured value of h we get for the time of existence of the world up to now 1.5 . 109 
years. This age is about the same as that which one has obtained from the disintegration of 
uranium for the firm crust of the earth. This is a paradoxical result, which for more than one 
reason has aroused doubts as to the validity of the theory. 

 
The question arises: Can the present difficulty, which arose under the assumption of a 

practically negligible spatial curvature, be eliminated by the introduction of a suitable spatial 
curvature? Here the first equation of (5), which determines the time-dependence of G, will be of 
use. 

 
 
 

SOLUTION OF THE EQUATIONS 
IN THE CASE OF NON-VANISHING SPATIAL CURVATURE 

 
If one considers a spatial curvature of the spatial section (x4 = const), one has the equations: 
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−
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 ′′ ′ + + =     

′ + − = 
 

 (5) 

 
The curvature is positive for z = +1, negative for z = −1. The first of these equations is integrable. 
We first write it it in the form: 
 

 22 0z GG G′′ ′+ + =  (5d) 
 
If we consider x4 (= t) as a function of G, we have: 
 

 
1 1 1, ¨G G
t t t

′ ′ ′′= =  ′ ′ ′ 
 

If we write u(G) for
1
t′

, we get: 

 22 0z Guu u′+ + =  (5e) 
 
or 

 ( )2 0z Gu ′+ =  (5f) 

 
From this we get by simple integration: 
 

 2
0zG Gu G+ =  (5g) 
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2QH�IXUWKHU�REWDLQV��IRU�WKH�WLPH�IURP�WKH�VWDUW�RI�WKH�H[SDQVLRQ�XS�WR�WKH�SUHVHQW��D�YDOXH�RI�WKH�RUGHU�RI�PDJQLWXGH�RI���� \HDUV��7KH�EUHYLW\�RI�WKLV�WLPH�G RHV�QRW�FRQFXU�ZLWK�WKH�WKHRULHV�RQ�WKH�GHYHORSPHQWV�RI�IL[HG�VWDUV�
����7KH�ODWWHU�UHVXOW�LV�QRW�FKDQJHG�E\�WKH�LQWURGXFWLRQ�RI�VSDWLDO�FXUYDWXUH��QRU�LV�LW�FKDQJHG�E\� WKH� FRQVLGHUDWLRQ� RI� WKH� UDQGRP�PRWLRQ� RI� VWDUV� DQG� V\VWHPV� RI� VWDUV�ZLWK� UHVSHFW� WR� H DFK�RWKHU�
���� 6RPH� WU\� WR� H[SODLQ� +XEEOH
V� VKLIW� RI� VSHFWUDO� OLQHV� E\� PHDQV� RWKHU� WKDQ� WKH� 'RSSOHU�HIIHFW�� 7KHUH� LV�� KRZHYHU�� QR� VXSSRUW� IRU� VXFK� D� FRQFHSWLRQ� LQ� WKH� NQRZQ� SK\VLFDO� IDFWV��$FFRUGLQJ�WR�VXFK�D�K\SRWKHVLV�LW�ZRXOG�EH�SRVVLEOH�WR�FRQQHFW�WZ R�VWDUV��6� DQG�6���E\�D�ULJLG�URG��0RQRFKURPDWLF� OLJKW�ZKLFK� LV� VHQW� IURP� 6� WR� 6� DQG� UHIOHFWHG� EDFN� WR� 6� FRXOG� DUULYH�ZLWK� D�GLIIHUHQW�IUHTXHQF\��PHDVXUHG�E\�D�FORFN�RQ� 6���LI�WKH�QXPEHU�RI�ZDYH�OHQJWKV�RI�OLJKW�DORQJ�WKH�URG�VKRXOG�FKDQJH�ZLWK�WLPH�RQ WKH�ZD\��7KLV�ZRXOG�PHDQ�WKDW�WKH�ORFDOO\�PHDVXUHG�YHORFLW\�RI�OLJKW�ZRXOG�GHSHQG�RQ�WLPH��ZKLFK�ZRXOG�FRQWUDGLFW�HYHQ�WKH�VSHFLDO�WKHRU\�RI�UHODWLYLW\��)XUWKHU�


 ,I�+XEEOH
V�H[SDQVLRQ�KDG�EHHQ�GLVFRYHUHG�DW�WKH�WLPH�RI�WKH�FUHDWLRQ�RI�WKH�JHQHUDO�WKHRU\�RI�UHODWLYLW\��WKH�FRVPRORJLF�PHPEHU�ZRXOG�QHYHU�KDYH�EHHQ�LQWURGXFHG��,W�VHHPV�QRZ�VR�PXFK�OHVV�MXVWLILHG�WR�LQWURGXFH�VXFK�D�PHPEHU�LQWR�WKH�ILHOG�HTXDWLRQV��VLQFH� LWV� LQWURGXFWLRQ� ORVHV� LWV�VROH�RULJLQDO� MXVWLILFDWLRQ��WKDW�RI� OHDGLQJ� WR�D�QDWXUDO�VROXWLRQ�RI�WKH�FRVPRORJLF�SUREOHP�



��

LW�VKRXOG�EH�QRWHG�WKDW�D�OLJKW�VLJQDO�JRLQJ�WR�DQG�IUR�EHWZHHQ� 6O DQG�6� ZRXOG�FRQVWLWXWH�D��FORFN��ZKLFK�ZRXOG�QRW�EH� LQ� D� FRQVWDQW� UHODWLRQ�ZLWK� D� FORFN� �H�J��DQ�DWRPLVWLF�FORFN��LQ� 6��7KLV� ZRXOG� PHDQ� WKDW� WKHUH� ZRXOG� H[LVW� QR� PHWULF� LQ� WKH� VHQVH� RI�UHODWLYLW\��7KLV�QRW�RQO\�LQYROYHV�WKH�ORVV�RI�FRPSUHKHQVLRQ�RI�DOO�WKRVH�UHODWLRQV�ZKLFK�UHODWL YLW\�KDV�\LHOGHG��EXW�LW�DOVR�IDLOV�WR�FRQFXU�ZLWK�WKH�IDFW�WKDW�FHUWDLQ�DWRPLVWLF�IRUPV�DUH�QRW�UHODWHG�E\��VLPLODULW\��EXW�E\��FRQJUXHQFH���WKH�H[LVWHQFH�RI�VKDUS�VSHFWUDO�OLQHV��YROXPHV�RI�DWRPV��HWF���
7KH� DERYH� FRQVLGHUDWLRQV� DUH�� KRZHYHU�� EDVHG� RQ� Z DYH� WKHRU\�� DQG� LW� PD\� EH� WKDW� VRPH�SURSRQHQWV� RI� WKH� DERYH� K\SRWKHVLV� LPDJLQH� WKDW� WKH� SURFHVV� RI� WKH� H[SDQVLRQ� RI� OLJKW� LV�DOWRJHWKHU�QRW�DFFRUGLQJ�WR�ZDYH�WKHRU\��EXW�UDWKHU�LQ�D�PDQQHU�DQDORJRXV�WR�WKH�&RPSWRQ�HIIHFW��7KH� DVVXPSWLRQ� RI� VXFK� D� SURFHVV� Z LWKRXW� VFDWWHULQJ� FRQVWLWXWHV� D� K\SRWKHVLV� ZKLFK� LV� QRW�MXVWLILHG�IURP�WKH�SRLQW�RI�YLHZ�RI�RXU�SUHVHQW�NQRZOHGJH�� ,W�DOVR�IDLOV� WR�JLYH�D�UHDVRQ�IRU�WKH�LQGHSHQGHQFH�RI�WKH�UHODWLYH�VKLIW�RI�IUHTXHQF\�IURP�WKH�RULJLQDO�IUHTXHQF\��+HQFH�RQH�FDQQRW�EXW�FRQVLGHU�+XEEOH
V�GLVFRYHU\�DV�DQ�H[SDQVLRQ�RI�WKH�V\VWHP�RI�VWDUV�
����7KH�GRXEWV�DERXW� WKH�DVVXPSWLRQ�RI�D��EHJLQQLQJ�RI�WKH�ZRUOG���VWDUW�RI�WKH�H[SDQVLRQ��RQO\� DERXW� ��� \HDUV� DJR� KDYH� URRWV� RI� ERWK� DQ� HPSLULFDO� DQG� D� WKHRUHWLFDO� QDWXUH�� 7KH�DVWURQRPHUV� WHQG� WR� FRQVLGHU� WKH� VWDUV� RI� GLIIHUHQW� VSHFWUDO� W\SHV� DV� DJH� FODVVHV� RI� D� XQLIRUP�GHYHORSPHQW�� ZKLFK� SURFHVV�ZRXOG� QHHG�PXFK� ORQJHU� WKDQ� �� � \HDUV�� 6XFK� D� WKHRU\� WKHUHIRUH�DFWXDOO\�FRQWUDGLFWV�WKH�GHPRQVWUDWHG�FRQVHTXHQFHV�RI�WKH�UHODWLYLVWLF�HTXDWLRQV��, W�VHHPV�WR�PH��KRZHYHU�� WKDW� WKH� �WKHRU\�RI� HYROXWLRQ��RI� WKH� VWDUV� UHVWV� RQ�ZHDNHU� IRXQGDWLRQV� WKDQ� WKH� ILHOG�HTXDWLRQV�
7KH�WKHRUHWLFDO�GRXEWV�DUH�EDVHG�RQ�WKH�IDFW�WKDW�IRU�WKH�WLPH�RI�WKH�EHJLQQLQJ�RI�WKH�H[SDQVLRQ�WKH�PHWULF�EHFRPHV�VLQJXODU�DQG�WKH� GHQVLW\��U��EHFRPHV�LQILQLWH��,Q�WKLV�FRQQHFWLRQ�WKH�IROORZLQJ�VKRXOG�EH�QRWHG��7KH�SUHVHQW�WKHRU\�RI�UHODWLYLW\�LV�EDVHG�RQ�D�GLYLVLRQ�RI�SK\VLFDO�UHDOLW\�LQWR�D�PHWULF� ILHOG� �JUDYLWDWLRQ��RQ� WKH�RQH�KDQG��DQG� LQWR�DQ�HOHFWURPDJQHWLF� ILHOG�DQG�PDWWHU�RQ� WKH�RWKHU� KDQG�� ,Q� UHDOLW\� VSDFH�ZLOO� SUREDEO\�EH�RI� D�XQLIRUP�FKDUDFWHU� DQG� WKH�SUHVHQW� WKHRU\�EH�YDOLG�RQO\�DV�D� OLPLWLQJ�FDVH��)RU� ODUJH�GHQVLWLHV�RI� ILHOG�DQG�RI�PDWWHU�� WKH�ILHOG�HTXDWLRQV�DQG�HYHQ�WKH�ILHOG�YDULDEOHV�ZKLFK�HQWHU�LQWR�WKHP�ZLOO�KDYH�QR�UHDO�VLJ QLILFDQFH�2QH� PD\� QRW� WKHUH�IRUH�DVVXPH�WKH�YDOLGLW\�RI�WKH�HTXDWLRQV�IRU�YHU\�KLJK�GHQVLW\�RI�ILHOG�DQG�RI�PDWWHU��DQG�RQH�PD\�QRW�FRQFOXGH�WKDW�WKH��EHJLQQLQJ�RI�WKH�H[SDQVLRQ��PXVW�PHDQ�D�VLQJX ODULW\�LQ�WKH�PDWKHPDWLFDO�VHQVH� $OO�ZH�KDYH�WR�UHDOL]H�L V�WKDW�WKH�HTXDWLRQV�PD\�QRW�EH�FRQWLQXHG�RYHU�VXFK�UHJLRQV��7KLV�FRQVLGHUDWLRQ�GRHV��KRZHYHU��QRW�DOWHU�WKH�IDFW�WKDW�WKH��EHJLQQLQJ�RI�WKH�ZRUOG��UHDOO\�FRQVWLWXWHV�D�EHJLQQLQJ��IURP�WKH�SRLQW�RI�YLHZ�RI�WKH�GHYHORSPHQW�RI�WKH�QRZ�H[LVW LQJ�VWDUV�DQG�V\VWHPV�RI�VWDUV��DW�ZKLFK�WKRVH�VWDUV�DQG�V\VWHPV�RI�VWDUV�GLG�QRW�\HW�H[LVW�DV�LQGLYLGXDO�HQWLWLHV�
����7KHUH�DUH��KRZHYHU��VRPH�HPSLULFDO�DUJXPHQWV�LQ� IDYRU RI�D�G\QDPLF�FRQFHSW�RI�VSDFH�DV�UHTXLUHG� E\� WKH� WKHRU\�� :K\� GRHV� WKHUH� VWLOO� H[LVW� XUDQLXP�� GHVSL WH� LWV� FRPSDUDWLYHO\� UDSLG�GHFRPSRVLWLRQ�� DQG� GHVSLWH� WKH� IDFW� WKDW� QR� SRVVLELOLW\� IRU� WKH� FUHDWLRQ� RI� XUDQLXP� LV� UHFRJ �QL]DEOH"� :K\� LV� VSDFH� QRW� VR� ILOOHG� ZLWK� UDGLDWLRQ� DV� WR� PDNH� WKH� QRFWXUQDO� VN\� ORRN� OLNH� D�JORZLQJ�VXUIDFH"�7KLV�LV�DQ�ROG�TXHVWLRQ�ZKL FK�VR�IDU�KDV�IRXQG�QR�VDWLVIDFWRU\�DQVZHU�IURP�WKH�SRLQW�RI�YLHZ�RI�D�VWDWLRQDU\�ZRUOG��%XW�LW�ZRXOG�OHDG�WRR�IDU�WR�JR�LQWR�TXHVWLRQV�RI�WKLV�W\SH�
���� )RU� WKH� UHDVRQV� JLYHQ� LW� VHHPV� WKDW�ZH� KDYH� WR� WDNH� WKH� LGHD� RI� DQ� H[SDQGLQJ� XQLYHUVH�VHULRXVO\�� LQ� VSLWH� RI� WKH� VKRUW� �OLIHWLPH��� ,I� RQH� GRHV� VR�� WKH�PDLQ� TXHVWLRQ� EHFRPHV�ZKHWKHU�VSDFH�KDV�SRVLWLYH�RU�QHJDWLYH�VSDWLDO�FXUYDWXUH��7R�WKLV�ZH�DGG�WKH�IROORZLQJ�UHPDUN�
)URP� WKH� HPSLULFDO� SRLQW� RI� YLHZ� WKH� GHFLVLRQ� ERLOV� GRZQ� WR� WKH� TXHVWLRQ� ZKHWKHU� WKH�H[SUHVVLRQ� ��� KNU � LV�SRVLWLYH��VSKHULFDO�FDVH��RU�QHJDWLYH��SVHXGRVSKHULFDO�FDVH���7KLV�VHHPV�WR�PH�WR�EH�WKH�PRVW�LPSRUWDQW�TXHVWLRQ��$Q�HPSLULFDO�GHFLVLRQ�GRHV�QRW�VHHP�LPSRVVLEOH�DW�WKH�SUHVHQW�VWDWH�RI�DVWURQRP\��6LQFH�K �+XEEOH
V�H[SDQVLRQ��LV�FRPSDUDWLYHO\�ZHOO�NQRZQ��HYHU\WKLQJ�GHSHQGV�RQ�GHWHUPLQLQJ�S�ZLWK�WKH�KLJKHVW�SRVVLEOH�DFFXUDF\�
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,W� LV� LPDJLQDEOH� WKDW� WKH� SURRI� ZRXOG� EH� JLYHQ� WKDW� WKH� ZRUOG� LV� VSKHULFDO� �LW� LV� KDUGO\�LPDJLQDEOH�WKDW�RQH�FRXOG�SURYH�LW�WR�EH�SVHXGRVSKHULFDO ���7KLV�GHSHQGV�RQ�WKH�IDFW�WKDW�RQH�FDQ�DOZD\V�JLYH�D�ORZHU�ERXQG�IRU�U EXW�QRW�DQ�XSSHU�ERXQG��7KLV�LV�WKH�FDVH�EHFDXVH�ZH�FDQ�KDUGO\�IRUP� DQ� RSLQLRQ� RQ� KRZ� ODUJH� D� IUDFWLRQ� RI� U LV� JLYHQ� E\� DVWURQRPLFDOO\� XQREVHUYDEOH� �QRW�UDGLDWLQJ��PDVVHV� 7KLV�,�ZLVK�WR�GLVFXVV�LQ�VRPHZKDW�JUHDWHU�GHWDLO�
2QH� FDQ� JLYH� D� ORZHU� ERXQG� IRU U �UV�� E\� WDNLQJ� LQWR� FRQVLGHUDWLRQ� RQO\� WKH� PDVVHV� RI�UDGLDWLQJ� VWDUV�� ,I� LW� VKRXOG� DSSHDU� WKDW� ��V KU N! WKHQ� RQH� ZRXOG� KDYH� GHFLGHG� LQ� IDYRU� RI�

VSKHULFDO�VSDFH��,I�LW�DSSHDUV�WKDW� ��V KU N� RQH�KDV�WR�WU\�WR�GHWHUPLQH�WKH�VKDUH�RI�QRQ�UDGLDWLQJ�
PDVVHV�UG��:H�ZDQW�WR�VKRZ�WKDW�RQH�FDQ�DOVR�ILQG�D�ORZHU�ERXQG�IRU� G

V
UU �

:H� FRQVLGHU� DQ� DVWURQRPLFDO� REMHFW� ZKLFK� FRQWDLQV� PDQ\� VLQJOH� VWDUV� DQG� ZKLFK� FDQ� EH�FRQVLGHUHG�ZLWK�VXIILFLHQW�DFFXUDF\�WR�EH�D� VWDWLRQDU\�V\VWHP��H�J��D�JOREXODU�FOXVWHU��RI�NQRZQ�SDUDOOD[���)URP�WKH�YHORFLWLHV�ZKLFK�DUH�REVHUYDEOH�VSHFWURVFRSLFDOO\�RQH�FDQ�GHWHUPLQH�WKH�ILHOG�RI� JUDYLWDWLRQ� �XQGHU� SODXVLEOH� DVVXPSWLRQV�� DQG� WKHUHE\� WKH�PDVVHV�ZKLFK�JHQHUDWH� WKLV� ILHOG��7KH�PDVVHV ZKLFK�DUH�VR�FRPSXWHG�RQH�FDQ�FRPSDUH�ZLWK�WKRVH�RI�WKH�YLVLEOH�VWDUV�RI�WKH�FOXVWHU��DQG�VR�ILQG�DW�OHDVW�D�URXJK�DSSUR[LPD WLRQ�IRU�KRZ�IDU�WKH�PDVVHV�ZKLFK�JHQHUDWH�WKH�ILHOG�H[FHHG�WKRVH�RI� WKH�YLVLEOH� VWDUV�RI� WKH�FOXVWHU��2QH�REWDLQV�WKXV�DQ�HVWLPDW H�IRU� G
V

UU IRU�WKH�SDUWLFXODU�
FOXVWHU�6LQFH�WKH�QRQ�UDGLDWLQJ�VWDUV�ZLOO�RQ�WKH�DYHUDJH�EH�VPDOOHU�WKDQ�WKH�UDGLDWLQJ�RQHV��WKH\�ZLOO�WHQG�RQ�WKH�DYHUDJH�WR�JUHDWHU�YHORFLWLHV�WKDQ�WKH�ODUJHU�VWDUV�GXH�WR�WKHLU�LQWHUDFWLRQ�ZLWK�WKH� VWDUV�RI�WKH�FOXVWHU��+HQFH�WKH\�ZLOO��HYDSRUDWH��PRUH�TXLFNO\�IURP�WKH�FOXVWHU�WKDQ�WKH�ODUJHU�VWDUV��,W�PD\� WKHUHIRUH�EH�H[SHFWHG�WKDW�WKH�UHODWLYH�IUHTXHQF\�RI�WKH�VPDOOHU�KHDYHQO\�ERGLHV�LQVLGH�WKH�
FOXVWHU�ZLOO� EH� VPDOOHU� WKDQ� WKDW� RXWVLGH� RI� LW��2QH� F DQ� WKHUHIRUH� REWDLQ� LQ� G

V N
UU§ ·¨ ¸© ¹ �UHODWLRQ� RI�

GHQVLWLHV�LQ�WKH�DERYH�FOXVWHU��D�ORZHU�ERXQG�IRU�WKH�UDWLR� G
V

UU LQ�WKH�ZKROH�VSDFH��2QH�WKHUHIRUH�
REWDLQV�DV�D�ORZHU�ERXQG�IRU�WKH�HQWLUH�DYHUDJH�GHQVLW\�RI�PDVV�LQ�VSDF H�

� GV V N
UU Uª º§ ·�« »¨ ¸« »© ¹¬ ¼

,I�WKLV�TXDQWLW\�LV�JUHDWHU�WKDQ� ��KN RQH�PD\��FRQFOXGH�WKDW�VSDFH�LV�RI�D�VSKHULFDO�FKDUDFWHU��2Q�WKH�RWKHU�KDQG�,�FDQQRW�WKLQN�RI�DQ\�UHDVRQDEO\�UHOLDEOH�GHWHUPLQDWLRQ�RI�DQ�XSSHU�ERXQG�IRU� U�
����/DVW�DQG�QRW�OHDVW��7KH�DJH�RI�WKH�XQLYHUVH��LQ�WKH�VHQVH�XVHG�KHUH��PXVW�FHUWDLQO\�H[FHHG�WKDW�RI�WKH�ILUP�FUXVW�RI�WKH�HDUWK�DV�IRXQG�IURP�WKH�UDGLRDFWLYH�PLQHUDOV��6LQFH�GHWHUPLQDWLRQ�RI�DJH�E\�WKHVH�PLQHUDOV�LV�UHOLDEOH�LQ�HYHU\�UHVSHFW��WKH�FR VPRORJLF�WKHRU\�KHUH�SUHVHQWHG�ZRXOG�EH�GLVSURYHG�LI�LW�ZHUH�IRXQG�WR�FRQWUDGLFW�DQ\�VXFK�UHVXOWV��,Q�WKLV�FDVH�,�VHH�QR�UHDVRQDEOH�VROXWLRQ�
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$33(1',;�,,5(/$7,9,67,&�7+(25<�2)�7+(121�6<00(75,&�),(/'
()25(� VWDUWLQJ� ZLWK� WKH� VXEMHFW� SURSHU� ,� DP� ILUV W� JRLQJ� WR� GLVFXVV� WKH� �VWUHQJWK�� RI�V\VWHPV�RI�ILHOG�HTXDWLRQV�LQ�JHQHUDO� 7KLV� GLVFXVVLRQ� LV� RI� LQWULQVLF� LQWHUHVW� TXLWH� DSDUW�IURP�WKH�SDUWLFXODU�WKHRU\�SUHVHQWHG�KHUH��)RU�D�GHHSHU�XQGHUVWDQGLQJ�RI�RXU�SUREOHP��KRZHYHU��LW�LV�DOPRVW�LQGLVSHQVDEOH�

21 7+(��&203$7,%,/,7<��$1'�7+(��675(1*7+��2)6<67(06�2)�),(/'�(48$7,216
*LYHQ�FHUWDLQ�ILHOG�YDULDEOHV�DQG�D�V\VWHP�RI�ILHOG�HTXD WLRQV�IRU�WKHP��WKH�ODWWHU�ZLOO�QRW�LQ�JHQHUDO�GHWHUPLQH�WKH�ILHOG�FRPSOHWHO\��7KHUH�VWLOO�UHPDLQ�FHUWDLQ�IUHH�GDWD�IRU�D�VROXWL RQ�RI�WKH�ILHOG� HTXDWLRQV�� 7KH� VPDOOHU� WKH� QXPEHU� RI� IUHH� GDWD� FRQVLVWHQW� ZLWK� WKH� V\VWHP� RI� ILHOG�HTXDWLRQV�� WKH��VWURQJHU�� LV� WKH�V\VWHP��,W� LV�FOHDU� WKDW� LQ�WKH�DEVHQFH�RI�DQ\�RWKHU�YLHZSRLQW�IURP�ZKLFK�WR�VHOHFW�WKH�HTXDWLRQV��RQH�ZLOO�SUHIHU�D��VWURQJ HU��V\VWHP�WR�D�OHVV�VWURQJ�RQH�,W�LV�RXU�DLP�WR�ILQG�D�PHDVXUH�IRU�WKLV�VWUHQJWK�RI�V\VWHPV�RI�HTXDWLRQV��,W�ZLOO�WXUQ�RXW�WKDW�VXFK�D�PHDVXUH�FDQ�EH�GHILQHG�ZKLFK�ZLOO�HYHQ�HQDEOH�XV�WR�FRPSDUH�ZLWK�HDFK�RWKHU�WKH�VWUHQJWKV�RI�V\VWHPV�ZKRVH�ILHOG�YDULDEO HV�GLIIHU�ZLWK�UHVSHFW�WR�QXPEHU�DQG�NLQG�
:H� VKDOO� SUHVHQW� WKH� FRQFHSWV� DQG� PHWKRGV� LQYROYHG� KHUH� LQ� H[DPSOHV� RI� LQFUHDVLQJ�FRPSOH[LW\��UHVWULFWLQJ�RXUVHOYHV�WR�IRXU �GLPHQVLRQDO�ILHOGV��DQG�LQ�WKH�FRXUVH�RI�WKHVH�H[DPSOHV�ZH�VKDOO�VXFFHVVLYHO\�LQWURGXFH� WKH�UHOHYDQW�FRQFHSWV�
)LUVW�H[DPSOH��7KH�VFDODU�ZDYH�HTXDWLRQ


��� ��� ��� ��� �I I I I� � �  
+HUH�WKH�V\VWHP�FRQVLVWV�RI�RQO\�RQH�GLIIHUHQWLDO�HTXDWLRQ�IRU�RQH�ILHOG�YDULDEOH��:H�DVVXPH� I WR�EH�H[SDQGHG�LQ�D�7D\ORU�VHULHV�LQ�WKH�QHLJKERUKRRG�RI�D�SRLQW� 3 �ZKLFK�SUHVXSSRVHV�WKH�DQDO\WLF�FKDUDFWHU� RI� I��� 7KH� WRWDOLW\� RI� LWV� FRHIILFLHQWV� GHVFULEHV� WKHQ� WKH� IXQFWLRQ� FRPSOHWHO\�� 7KH�QXPEHU�RI�QWK�RUGHU�FRHIILFLHQWV��WKDW�LV��WKH�QWK�RUGHU�GHULYDWLYHV�RI�I DW�WKH�SRLQW�3��LV�HTXDO�WR�� ���� ��� ���� ��� �DEEUHYLDWHGQQ Q� § ·§ ·¨ ¸¨ ¸© ¹© ¹ �� DQG� DOO� WKHVH� FRHIILFLHQWV� FRXOG� EH� IUHHO\� FKRVHQ� LI� WKH�GLIIHUHQWLDO�HTXDWLRQ�GLG�QRW�LPSO\�FHUWDLQ�UHODWLRQV�EHWZHHQ�WKHP��6LQFH�WKH�HTXDWLRQ�LV�RI�VHFRQG�RUGHU��WKHVH�UHODWLRQV�DUH�IRXQG�E\�� Q � ���IROG�GLIIHUHQWLDWLRQ�RI�WKH�HTXDWLRQ��:H�WKXV�REWDLQ IRU�WKH�QWK� RUGHU� FRHIILFLHQWV� � �Q �§ ·¨ ¸© ¹ FRQGLWLRQV��7KH�QXPEHU� RI� QWK� RUGHU� FRHIILFLHQWV� UHPDLQLQJ�
IUHH�LV�WKHUHIRUH � � �] Q Q§ · § · �¨ ¸ ¨ ¸�© ¹ © ¹ ���

 ,Q�WKH�IROORZLQJ�WKH�FRPPD�ZLOO�DOZD\V�GHQRWH�SDUWLDO�GLIIHUHQWLDWLRQ��WKXV��IRU�H[DPSOH�� �

� ��� � ��L L[ [ [I II Iw w  w w w HWF�
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7KLV�QXPEHU�LV�SRVLWLYH�IRU�DQ\� Q��+HQFH��LI�WKH�IUHH�FRHIILFLHQWV�IRU�DOO�RUGHUV�VPD OOHU�WKDQ�Q�KDYH�EHHQ�IL[HG��WKH�FRQGLWLRQV�IRU�WKH�FRHIILFLHQWV�RI�RUGHU� Q FDQ�DOZD\V�EH�VDWLVILHG�ZLWKRXW�FKDQJLQJ�WKH�FRHIILFLHQWV�DOUHDG\�FKRVHQ�
$QDORJRXV� UHDVRQLQJ� FDQ� EH� DSSOLHG� WR� V\VWHPV� FRQVLVWLQJ� RI� VHYHUDO� HTXDWLRQV�� ,I� WKH�QXPEHU�RI�IUHH�QWK�RUGHU�FRHIILFLHQWV�GRHV�QRW�EHFRPH�VPDOOHU�WKDQ�]HUR��ZH�FDOO�WKH�V\VWHP�RI�HTXDWLRQV�DEVROXWHO\�FRPSDWLEOH��:H�VKDOO UHVWULFW�RXUVHOYHV�WR�VXFK�V\VWHPV�RI�HTXDWLRQV��$OO�V\VWHPV�NQRZQ�WR�PH�ZKLFK�DUH�XVHG�LQ�SK\VLFV�DUH�RI�WKLV�NLQG�
/HW�XV�QRZ�UHZULWH�HTXDWLRQ������:H�KDYH� �� � � � � ��� � �� � ���� � �Q Q ] ]Q Q QQ Q Q Q�§ · § · § ·§ ·  � � �¨ ¸ ¨ ¸ ¨ ¸¨ ¸� � � © ¹© ¹ © ¹ © ¹

ZKHUH�]�  ����
,I� ZH� UHVWULFW� RXUVHOYHV� WR� ODUJH� YDOXHV� RI� Q�� ZH� PD\� QHJOHFW� WKH� WHUPV� ��]Q HWF�� LQ� WKH�SDUHQWKHVLV��DQG�ZH�REWDLQ�IRU����� DV\PSWRWLFDOO\

�� � �]] Q QQ Q§ · § · ¨ ¸ ¨ ¸© ¹ © ¹� ��D�
:H�FDOO�]� WKH��FRHIILFLHQW�RI�IUHHGRP���ZKLFK�LQ�RXU�FDVH�KDV�WKH�YDOXH����7KH�ODUJHU�WKLV�FRHIILFLHQW��WKH�ZHDNHU�LV�WKH�FRUUHVSRQGLQJ�V\VWHP�RI�HTXDWLRQV�
6HFRQG�H[DPSOH��0D[ZHOO
V�HTXDWLRQV�IRU�HPSW\�VSDFH

� � � ��� �L VV L N O N O L O L NI I I I � �  
L NI UHVXOWV�IURP�WKH�DQWLV\PPHWULF�WHQVRU� LNI E\�UDLVLQJ�WKH�FRYDULDQW�LQGLFHV�ZLWK�WKH�KHOS�RI

� � � �
L NK

�§ ·¨ ¸�¨ ¸ ¨ ¸�¨ ¸¨ ¸© ¹
7KHVH�DUH�������ILHOG�HTXDWLRQV�IRU�VL[�ILHOG�YDULDEOHV��$PRQJ�WKHVH�HLJKW�HTXDWLRQV ��WKHUH�H[LVW� WZR� LGHQWLWLHV�� ,I� WKH� OHIW �KDQG�VLGHV�RI� WKH� ILHOG�HTXDWLRQV�DUH�GHQRWHG�E\� L* DQG� L N O+UHVSHFWLYHO\��WKH�LGHQWLWLHV�KDYH�WKH�IRUP

� � � � ��� �LL LN O P N OP L OPL N PLN O* + + + +{ � � �  
,Q�WKLV�FDVH�ZH�UHDVRQ�DV�IROORZV�
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7KH�7D\ORU�H[SDQVLRQ�RI�WKH�VL[�ILHOG�FRPSRQHQWV�IXUQLVKHV�� Q§ ·¨ ¸© ¹
FRHIILFLHQWV� RI� WKH� QWK� RUGHU�� 7KH� FRQGLWLRQV� WKDW� WKHVH� QWK� RUGHU� FRHIILFLHQWV� PXVW� VDWLVI\� DUH�REWDLQHG�E\��Q � ��IROG�GLIIHUHQWLDWLRQ�RI�WKH�HLJKW�ILHOG�HTXDWLRQV�RI�WKH�ILUVW�RUGHU��7KH�QXPEHU�RI�WKHVH�FRQGLWLRQV�LV�WKHUHIRUH

�� �Q§ ·¨ ¸�© ¹
7KHVH�FRQGLWLRQV��KRZHYHU�� DUH�QRW� LQGHSHQGHQW�RI�HDFK�RWKHU�� VLQFH� WKHUH�H[LVW�DPRQJ�WKH�HLJKW�HTXDWLRQV�WZR�LGHQWLWLHV�RI�VHFRQG�RUGHU��7KH\�\LHOG�XSRQ�� Q � ��IROG�GLIIHUHQWLDWLRQ

�� �Q§ ·¨ ¸�© ¹
DOJHEUDLF� LGHQWLWLHV�DPRQJ� WKH� FRQGLWLRQV�REWDLQHG� IURP�WKH� ILHOG�HTXDWLRQV��7KH�QXPEHU�RI� IUHH�FRHIILFLHQWV�RI�QWK�RUGHU�LV�WKHUHIRUH

� � �� � �� �] Q Q Qª º§ · § · § · � �« »¨ ¸ ¨ ¸ ¨ ¸� �© ¹ © ¹ © ¹¬ ¼
] LV�SRVLWLYH�IRU�DOO�Q� 7KH�V\VWHP�RI�HTXDWLRQV�LV�WKXV��DEVROXWHO\�FRPSDWLEOH���,I�ZH�H[WUDFW�WKH�IDFWRU� �Q§ ·¨ ¸© ¹ RQ�WKH�ULJKW�KDQG�VLGH�DQG�H[SDQG�DV�DERYH�IRU�ODUJH�Q��ZH�REWDLQ�DV\PSWRWLFDOO\� �� � � �� �� � �� � �� � �� � � � �
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+HUH��WKHQ��]�  �����7KLV�VKRZV�WKDW��DQG�WR�ZKDW�H[WHQW� WKLV�V\VWHP�RI�HTXDWLRQV�GHWHUPLQHV�WKH�ILHOG�OHVV�VWURQJO\�WKDQ�LQ�WKH�FDVH�RI�WKH�VFDODU�ZDYH�HTXDWLRQ�� ]O  �����7KH�FLUFXPVWDQFH�WKDW�LQ�ERWK� FDVHV� WKH� FRQVWDQW� WHUP� LQ� WKH� SDUHQWKHVLV� YDQLVKHV� H[SUHVVHV� WKH� IDFW� WKDW� WKH� V\VWHP� LQ�TXHVWLRQ�GRHV�QRW�OHDYH�IUHH�DQ\�IXQFWLRQ�RI�IRXU�YDULDEOHV�
7KLUG�H[DPSOH� 7KH�JUDYLWDWLRQDO�HTXDWLRQV�IRU�HPSW\�VSDFH��:H�ZULWH�WKHP�LQ�WKH�IRUP

��� �V VL N L N O V N LO L V O N5 J J J � * � *  
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7KH� L N5 FRQWDLQ�RQO\�WKH�* DQG�DUH�RI�ILUVW�RUGHU�ZL WK�UHVSHFW�WR�WKHP� :H�WUHDW�KHUH�WKH�J DQG�* DV�LQGHSHQGHQW�ILHOG�YDULDEOHV��7KH�VHFRQG�HTXDWLRQ�VKRZV�WKDW�LW�LV�FRQYHQLHQW�WR�WUHDW�WKH� * DV�TXDQWLWLHV�RI�WKH�ILUVW�RUGHU�RI�GLIIHUHQWLDWLRQ��ZKLFK�PHDQV�WKDW�LQ�WKH�7D\ORU�H[SDQVLRQ
� � � ���V V WV VW[ [ [*  *�* �* �

ZH�FRQVLGHU� �* WR�EH�RI�WKH�ILUVW�RUGHU�� � V* RI�WKH�VHFRQG�RUGHU��DQG�VR�RQ��$FFRUGLQJO\��WKH� L N5PXVW� EH� FRQVLGHUHG� DV� RI� VHFRQG� RUGHU�� %HWZHHQ� WKHVH� HTXDWLRQV�� WKHUH� H[LVW WKH� IRXU� %LDQFKL�LGHQWLWLHV�ZKLFK��DV�D�FRQVHTXHQFH�RI�WKH�FRQYHQWLRQ�DGRSWHG��DUH�WR�EH�FRQVLGHUHG�DV�RI�WKLUG�RUGHU�
,Q�D�JHQHUDOO\�FRYDULDQW�V\VWHP�RI�HTXDWLRQV�D�QHZ�FLUFXPVWDQFH�DSSHDUV�ZKLFK�LV�HVVHQWLDO�IRU�D�FRUUHFW�HQXPHUDWLRQ�RI�WKH�IUHH�FRHIIL FLHQWV��ILHOGV�WKDW�UHVXOW�IURP�RQH�DQRWKHU�E\�PHUH�FRRUGLQDWH�WUDQVIRUPDWLRQV�VKRXOG�EH�FRQVLGHUHG�RQO\�DV�GLIIHUHQW�UHSUHVHQWDWLRQV�RI�RQH�DQG�WKH�VDPH�ILHOG�&RUUHVSRQGLQJO\��RQO\�SDUW�RI�WKH

��� Q§ ·¨ ¸© ¹
QWK�RUGHU�FRHIILFLHQWV�RI� WKH� L NJ VHUYHV� WR�FKDUDFWHUL]H�HVVHQWL DOO\�GLIIHUHQW�ILHOGV��7KHUHIRUH�� WKH�QXPEHU�RI�H[SDQVLRQ�FRHIILFLHQWV�WKDW�DFWXDOO\�GHWHUPLQH�WKH�ILHOG�LV�UHGXFHG�E\�D�FHUWDLQ�DPRXQW�ZKLFK�ZH�PXVW�QRZ�FRPSXWH�

,Q�WKH�WUDQVIRUPDWLRQ�ODZ�IRU�WKH L NJ �
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LN DEL N[ [J J[ [w w w w
DEJ DQG� 
L NJ UHSUHVHQW�LQ�IDFW�WKH�VDPH�ILHOG� ,I�WKLV�HTXDWLRQ�LV�GLIIHUHQWLDWHG�Q WLPHV�ZLWK�UHVSHFW�WR�WKH�[
��RQH�QRWLFHV�WKDW�DOO� � Q � � � VW�GHULYDWLYHV�RI�WKH�IRXU�IXQFWLRQV� [ ZLWK�UHVSHFW�WR�WKH� [
�HQWHU�LQWR�WKH�QWK�RUGHU�FRHIILFLHQWV�RI�WKH�J
�H[SDQVLRQ��L�H���WKHUH�DSSHDU� �� �Q �§ ·¨ ¸© ¹ QXPEHUV�WKDW�

KDYH� QR� SDUW� LQ� WKH� FKDUDFWHUL]DWLRQ� RI� WKH� ILHOG�� ,Q� DQ\� JHQHUDO �UHODWLYLVWLF� WKHRU\� RQH� PXVW�WKHUHIRUH�VXEWUDFW� �� �Q �§ ·¨ ¸© ¹ IURP�WKH�WRWDO�QXPEHU�RI�QWK�RUGHU�FRHIILFLHQWV�VR�DV�WR�WDNH�DFFRXQW�RI�
WKH�JHQHUDO�FRYDULDQFH�RI� WKH�WKHRU\��7KH�HQXPHUDWLRQ�RI� WKH�IUHH�FRHIILFLHQWV�RI�QWK�RUGHU�OHDGV�WKXV�WR�WKH�IROORZLQJ�UHVXOW�7KH� WHQ� L NJ �TXDQWLWLHV�RI� ]HUR�RUGHU�RI�GLIIHUHQWLDWLRQ��DQG� WKH� IRUW\� OL N* �TXDQWLWLHV�RI� ILUVW�RUGHU�RI�GLIIHUHQWLDWLRQ��\LHOG�LQ�YLHZ�RI�WKH�FRUUHFWLRQ�MXVW�GHULYHG� � ��� �� � �Q Q Q§ · § · § ·� �¨ ¸ ¨ ¸ ¨ ¸� �© ¹ © ¹ © ¹
UHOHYDQW�FRHIILFLHQWV�RI�QWK�RUGHU��7KH�ILHOG�HTXDWLRQV�����RI�WKH�VHFRQG�DQG����RI�WKH�ILUVW�RUGHU��IXUQLVK�IRU�WKHP
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� ��� ��� �1 Q Q§ · § · �¨ ¸ ¨ ¸� �© ¹ © ¹
FRQGLWLRQV�� )URP� WKLV� QXPEHU�� KRZHYHU�� ZH�PXVW� VXEWUDFW� WKH� QXPEHU� RI� WKH� LGHQWLWLHV� EHWZHHQ�WKHVH�1 FRQGLWLRQV� YL]�

�� �Q§ ·¨ ¸�© ¹
ZKLFK�UHVXOW�IURP�WKH�%LDQFKL�LGHQWLWLHV��RI�WKH�WKLUG�RUGHU���+HQFH�ZH�ILQG�KHUH

� � � � � ��� �� � �� �� �� � � � �] Q Q Q Q Q Qª º ª º§ · § · § · § · § · § · � � � � �« » « »¨ ¸ ¨ ¸ ¨ ¸ ¨ ¸ ¨ ¸ ¨ ¸� � � � �© ¹ © ¹ © ¹ © ¹ © ¹ © ¹¬ ¼ ¬ ¼
([WUDFWLQJ�DJDLQ�WKH�IDFWRU� �Q§ ·¨ ¸© ¹ ZH�REWDLQ�DV\PSWRWLFDOO\�IRU�ODUJH�Q

�� ��� ��7KXV� ���] ]Q Q§ · ª º�  ¨ ¸ « »¬ ¼© ¹�
+HUH�� WRR�� ] LV� SRVLWLYH� IRU� DOO� Q VR� WKDW� WKH� V\VWHP� LV� DEVROXWHO\� FRPSDWLEOH� LQ� WKH� VHQVH� RI� WKH�GHILQLWLRQ�JLYHQ�DERYH��,W�LV�VXUSULVLQJ�WKDW�WKH�JUDYLWDWLRQDO�HTXDWLRQV�IRU�HPSW\�VSDFH�GHWHUPLQH�WKHLU�ILHOG�MXVW�DV�VWURQJO\�DV�GR�0D[ZH OO
V�HTXDWLRQV�LQ�WKH�FDVH�RI�WKH�HOHFWURPDJQHWLF�ILHOG�

5(/$7,9,67,&�),(/'�7+(25<*HQHUDO�UHPDUNV
,W� LV�WKH�HVVHQWLDO�DFKLHYHPHQW�RI�WKH�JHQHUDO�WKHRU\�RI�UHODWLYLW\�WKDW�LW�KDV�IUHHG�SK\VLFV�IURP�WKH�QHFHVVLW\�RI� LQWURGXFLQJ�WKH��LQHUWLDO�V\VWHP���RU�LQHUWLDO�V\VWHPV���7KLV�FRQFHSW�LV�XQVDWLVIDFWRU\� IRU� WKH� IROORZLQJ�UHDVRQ�ZLWKRXW�DQ\�GHHSHU� IRXQGDWLRQ� LW� VLQJOHV�RXW�FHUWDLQ�FRRUGLQDWH�V\VWHPV�DPRQJ�DOO�FRQFHLYDEOH�RQHV��,W� LV� WKHQ�DVVXPHG�WKDW� WKH�ODZV�RI�SK\VLFV�KROG�RQO\ IRU�VXFK�LQHUWLDO�V\VWHPV��H�J��WKH�ODZ�RI�LQHUWLD�DQG�WKH�ODZ�RI�WKH�FRQVWDQF\�RI�WKH�YHORFLW\� RI� OLJKW��� 7KHUHE\�� VSDFH� DV� VXFK� LV� DVVLJQHG� D� UROH� LQ� WKH� V\VWHP� RI� SK\VLFV� WKDW�GLVWLQJXLVKHV�LW�IURP�DOO�RWKHU�HOHPHQWV�RI�SK\VLFDO�GHVFULSWLRQ��,W�SOD\V�D�GHWHUPLQLQJ�UROH�LQ�DOO�SURFHVVHV��ZLWKRXW�LQ�LWV�WXUQ�EHLQJ�LQIOXHQFHG�E\�WKHP��7KRXJK�VXFK�D�WKHRU\�LV�ORJLFDOO\�SRVVLEOH�� LW� LV�RQ� WKH�RWKHU�KDQG� UDWKHU�XQVDWLVIDFWRU\��1HZWRQ�KDG�EHHQ�IXOO\�DZDUH�RI� WKLV�GHILFLHQF\��EXW�KH�KDG�DOVR�FOHDUO\�XQGHUVWRRG�WKDW�QR�RWKHU�SDWK�ZDV�RSHQ�WR�SK\VLFV� LQ�KLV�WLPH��$PRQJ�WKH�ODWHU�SK\VLFLVWV�LW�ZDV�DERYH�DOO�(UQVW�0DFK�ZKR�IRFXVVHG�DWWHQWLRQ�RQ�WKLV�SRLQW�
:KDW� LQQRYDWLRQV� LQ� WKH�SRVW�1HZWRQLDQ�GHYHORSPHQW�RI� WKH�IRXQGDWLRQV�RI�SK\VLFV�KDYH�PDGH� LW�SRVVLEOH�WR�RYHUFRPH�WKH�LQHUWLDO�V\VWHP" )LUVW�RI�DOO��LW�ZDV�WKH�LQWURGXFWLRQ�RI�WKH�ILHOG�FRQFHSW�E\��DQG�VXEVHTXHQW� WR�� WKH� WKHRU\� RI� HOHFWURPDJQHWLVP� RI� )DUDGD\� DQG�0D[ZHOO�� RU� WR� EH�PRUH� SUHFLVH�� WKH�LQWURGXFWLRQ�RI�WKH�ILHOG�DV�DQ�LQGHSHQGHQW��QRW�IXUWKHU�UHGXFLEOH�IXQGDPHQWDO�FRQFHSW��$V IDU�DV�ZH�DUH�
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DEOH�WR�MXGJH�DW�SUHVHQW��WKH�JHQHUDO�WKHRU\�RI�UHODWLYLW\�FDQ�EH�FRQFHLYHG�RQO\�DV�D�ILHOG�WKHRU\��,W�FRXOG�QRW�KDYH�GHYHORSHG�LI�RQH�KDG�KHOG�RQ�WR�WKH�YLHZ�WKDW�WKH�UHDO�ZRUOG�FRQVLVWV�RI�PDWHULDO�SRLQWV�ZKLFK�PRYH�XQGHU�WKH�LQIOXHQFH�RI� IRUFHV�DFWLQJ�EHWZHHQ�WKHP��+DG�RQH�WULHG�WR�H[SODLQ�WR�1HZWRQ�WKH�HTXDOLW\�RI�LQHUWLDO�DQG�JUDYLWDWLRQDO�PDVV�IURP�WKH�HTXLYDOHQFH�SULQFLSOH��KH�ZRXOG�QHFHVVDULO\�KDYH�KDG�WR�UHSO\�ZLWK�WKH�IROORZLQJ�REMHFWLRQ��LW�LV�LQGHHG�WUXH�WKDW�UHODWLYH�WR�DQ�DFFHOH UDWHG�FRRUGLQDWH�V\VWHP�ERGLHV�H[SHULHQFH�WKH�VDPH�DFFHOHUDWLRQV�DV�WKH\�GR�UHODWLYH�WR�D�JUDYLWDWLQJ�FHOHVWLDO�ERG\�FORVH�WR�LWV�VXUIDFH��%XW�ZKHUH�DUH��LQ�WKH�IRUPHU�FDVH��WKH�PDVVHV�WKDW�SURGXFH�WKH�DFFHOHUDWLRQV"�,W�LV�FOHDU�WKDW�WKH�WKHRU\�RI�UHODWLYLW\�SUHVXSSRVHV�WKH�LQGHSHQGHQFH�RI�WKH�ILHOG�FRQFHSW�
7KH� PDWKHPDWLFDO� NQRZOHGJH� WKDW� KDV� PDGH� LW� SRVVLEOH� WR� HVWDEOLVK� WKH� JHQHUDO� WKHRU\� RI�UHODWLYLW\�ZH�RZH�WR�WKH�JHRPHWULFDO�LQYHVWLJDWLRQV�RI�*DXVV�DQG�5LHPDQQ��7KH�IRUPHU�KDV��LQ�KLV�WKHRU\�RI� VXUIDFHV�� LQYHVWLJDWHG� WKH�PHWULF� SURSHUWLHV�RI�D�VXUIDFH� LPEHGGHG� LQ� WKUHH �GLPHQVLRQDO�(XFOLGHDQ� VSDFH�� DQG�KH�KDV� VKRZQ� WKDW� WKHVH�SURSHUWLHV� FDQ�EH�GHVFULEHG�E\�FRQFHSWV� WKDW� UHIHU�RQO\� WR� WKH� VXUIDFH� LWVHOI� DQG� QRW� WR� LWV� UHODWLRQ� WR� WKH� VSDFH� LQ�ZKLFK� LW� LV LPEHGGHG�� 6LQFH�� LQ�JHQHUDO��WKHUH�H[LVWV�QR�SUHIHUUHG�FRRUGLQDWH�V\VWHP�RQ�D�VXUIDFH��WKLV�LQYHVWLJDWLRQ�OHG�IRU�WKH�ILUVW�WLPH�WR�H[SUHVVLQJ�WKH�UHOHYDQW�TXDQWLWLHV�LQ�JHQHUDO�FRRUGLQDWHV��5LHPDQQ�KDV�H[WHQGHG�WKLV�WZR �GLPHQVLRQDO� WKHRU\� RI� VXUIDFHV� WR� VSDFHV� RI� DQ� DUELWUDU\� QXPEHU� RI� GLPHQVLRQV� �VSDFHV� ZLWK�5LHPDQQLDQ�PHWULF�� ZKLFK� LV� FKDUDFWHUL]HG� E\� D� V\PPHWULF� WHQVRU� ILHOG� RI� VHFRQG� UDQN��� ,Q� WKLV�DGPLUDEOH� LQYHVWLJDWLRQ� KH� IRXQG� WKH� JHQHUDO� H[SUHVVLRQ� IRU� WKH� FXUYDWXUH� LQ� KLJKHU �GLPHQVLRQDO�PHWULF�VSDFHV�
7KH� GHYHORSPHQW� MXVW� VNHWFKHG� RI� WKH� PDWKHPDWLFDO� WKHRULHV� HVVHQWLDO� IRU� WKH� VHWWLQJ� XS� RI�JHQHUDO� UHODWLYLW\� KDG� WKH� UHVXOW� WKDW� DW� ILUVW�5LHPDQQLDQ�PHWULF�ZDV� FRQVLGHUHG� WKH� IXQGDPHQWDO�FRQFHSW�RQ�ZKLFK�WKH�JHQHUDO�WKHRU\�RI�UHODWLYLW\�DQG�WKXV�W KH�DYRLGDQFH�RI�WKH�LQHUWLDO�V\VWHP�ZHUH�EDVHG��/DWHU��KRZHYHU��/HYL �&LYLWj�ULJKWO\�SRLQWHG�RXW�WKDW�WKH�HOHPHQW�RI�WKH�WKHRU\�WKDW�PDNHV�LW�SRVVLEOH�WR�DYRLG�WKH�LQHUWLDO�V\VWHP�LV�UDWKHU�WKH�LQILQLWHVLPDO�GLVSODFH PHQW�ILHOG� OL N* ��7KH�PHWULF�RU�WKH�V\PPHWULF�WHQVRU�ILHOG� L NJ ZKLFK�GHILQHV�LW�LV�RQO\�LQGLUHFWO\�FRQQHFWHG�ZLWK�WKH�DYRLGDQFH�RI�WKH�LQHUWLDO�V\VWHP�LQ�VR�IDU�DV�LW�GHWHUPLQHV�D�GLVSODFHPHQW�ILHOG��7KH�IROORZLQJ�FRQVLGHUDWLRQ�ZLOO�PDNH�WKLV�FOHDU�
7KH�WUDQVLWLRQ�IURP�RQH�LQHUWLDO�V\VWHP�WR�DQRWKHU�LV�GHWHUPLQHG�E\�D OLQHDU WUDQVIRUPDWLRQ��RI�D�SDUWLFXODU� NLQG��� ,I� DW� WZR� DUELWUDULO\� GLVWDQW� SRLQWV� 3� DQG�3� WKHUH� DUH� WZR� YHFWRUV� � L$ DQG� � L$UHVSHFWLYHO\�ZKRVH�FRUUHVSRQGLQJ�FRPSRQHQWV�DUH�HTXDO� WR�HDFK�RWKHU� � �� �

L L$ $ �� WKLV� UHODWLRQ� LV�FRQVHUYHG�LQ�D�SHUPLVVLEOH�WUDQVIRUPDWLRQ��,I�LQ�WKH�WUDQVIRUPDWLRQ�IRUPXOD


 LL DD[$ $[w w

WKH� FRHIILFLHQWV� 
L
D[[ww DUH� LQGHSHQGHQW� RI� WKH� [D�� WKH� WUDQVIRUPDWLRQ� IRUPXOD� IRU� WKH� YHFWRU�FRPSRQHQWV� LV� LQGHSHQGHQW�RI�SRVLWLRQ��(TXDOLW\�RI� WKH�FRPSRQHQWV�RI� WZR�YHFWRUV�DW�GLIIHUHQW�SRLQWV� 3O DQG� 3� LV� WKXV� DQ� LQYDULDQW� UHODWLRQ� LI� ZH� UHVWULFW� RXUVHOYHV� WR� LQHUWLDO� V\VWHPV� ,I��KRZHYHU��RQH�DEDQGRQV�WKH�FRQFHSW�RI�WKH�LQHUWLDO�V\VWHP�DQG�WKXV�DGPLWV�DUELWUDU\�FRQWLQXRXV�WUDQVIRUPDWLRQV� RI� WKH� FR �RUGLQDWHV� VR� WKDW� WKH� 
L

D[[ww GHSHQG� RQ� WKH� [D�� WKH� HTXDOLW\� RI� WKH�FRPSRQHQWV�RI�WZR�YHFWRUV�DWWDFKHG�WR�WZR� GLIIHUHQW�SRLQWV�LQ�VSDFH�ORVHV�LWV�LQYDULDQW�PHDQLQJ�DQG�WKXV�YHFWRUV�DW�GLIIHUHQW�SRLQWV�FDQ�QR�ORQJHU�EH�GLUHFWO\�FRPSDUHG��,W�LV�GXH�WR�WKLV�IDFW�WKDW�LQ�D�JHQHUDO�UHODWLYLVWLF�WKHRU\�RQH�FDQ�QR�ORQJHU�IRUP�QHZ�WHQVRUV�IURP�D�JLYHQ�WHQVRU�E\�VLPSOH�GLIIHUHQWLDWLRQ�DQG� WKDW� LQ� VXFK�D� WKHRU\� WKHUH�DUH�DOWRJHWKHU�PXFK� IHZHU� LQYDULDQW� IRUPDWLRQV��7KLV�SDXFLW\�LV�UHPHGLHG�E\�WKH�LQWURGXFWLRQ�RI�WKH�LQILQLWHVLPDO�GLV SODFHPHQW�ILHOG��,W�UHSODFHV�
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WKH� LQHUWLDO� V\VWHP� LQDVPXFK�DV� LW�PDNHV� LW�SRVVLEOH� WR�FRPSDUH� YHFWRUV�DW� LQILQLWHVLPDOO\�FORVH�SRLQWV��6WDUWLQJ�IURP�WKLV�FRQFHSW�ZH�VKDOO�SUHVHQW�LQ�WKH�VHTXHO�WKH�UHODWLYLVWLF�ILHOG�WKHRU\��FDUHIXOO\�GLVSHQVLQJ�ZLWK�DQ\WKLQJ�WKDW�LV�QRW�QHFHVVDU\�WR�RXU�SXUSRVH�
7KH�LQILQLWHVLPDO�GLVSODFHPHQW�ILHOG� *

7R�D�FRQWUDYDULDQW�YHFWRU�$L DW�D�SRLQW�3 �FRRUGLQDWHV�[W��ZH�FRUUHODWH�D�YHFWRU� L L$ $G� DW�WKH�LQILQLWHVLPDOO\�FORVH�SRLQW��[W ��G[W��E\�WKH�ELOLQHDU�H[SUHVVLRQ
L L V WVW$ $ G[G  �* ���

ZKHUH�WKH� * DUH�IXQFWLRQV�RI�[��2Q�WKH�RWKHU�KDQG��LI�$ LV�D�YHFWRU�ILHOG��WKH�FRPSRQHQWV�RI��$L��DW�WKH�SRLQW��[W ��G[W���DUH�HTXDO�WR�$L ��G$L ZKHUH

�L L WWG$ $ G[ 

7KH�GLIIHUHQFH�RI�WKHVH�WZR�YHFWRUV�DW�WKH�QHLJKERULQJ�SRLQW� [W ��G[W LV�WKHQ�LWVHOI�D�YHFWRU� ��L V L W L WW VW W$ $ G[ $ G[� * {
FRQQHFWLQJ� WKH� FRPSRQHQWV� RI� WKH� YHFWRU� ILHOG� DW� WZR� LQILQL WHVLPDOO\� FORVH� SRLQWV�� 7KH�GLVSODFHPHQW� ILHOG� UHSODFHV� WKH� LQHUWLDO�V\VWHP� LQDVPXFK�DV� LW� HIIHFWV� WKLV�FRQQHFWLRQ� IRUPHUO\�IXUQLVKHG�E\�WKH�LQHUWLDO�V\VWHP��7KH�H[SUHVVLRQ�ZLWKLQ�WKH�SDUHQWKHVLV�� L W$ IRU�VKRUW��LV�D�WHQVRU�

7KH�WHQVRU�FKDUDFWHU�RI�� L W$ GHWHUPLQHV�WKH�WUDQVIRUPDWLRQ�ODZ�IRU�WKH * �:H�KDYH�ILUVW
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7KLV�OHDGV�WR�DQ�HTXDWLRQ�ZKLFK��DSDUW�IURP�WKH� 
* ��FRQWDLQV�RQO\�ILHOG�TXDQWLWLHV�RI�WKH�RULJLQDO�V\VWHP�DQG�WKHLU�GHULYDWLYHV�ZLWK UHVSHFW�WR�WKH�[ RI�WKH�RULJLQDO�V\VWHP��6ROYLQJ�WKLV�HTXDWLRQ�IRU�WKH� 
* RQH�REWDLQV�WKH�GHVLUHG�WUDQVIRUPDWLRQ�IRUPXOD


 $V�EHIRUH���W� GHQRWHV�RUGLQDU\�GLIIHUHQWLDWLRQ� W[ww �
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ZKRVH�VHFRQG�WHUP��RQ�WKH�ULJKW �KDQG�VLGH��FDQ�EH�VRPHZKDW�VLPSOLILHG�
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:H�FDOO� VXFK�D�TXDQWLW\�D� SVHXGR� WHQVRU��8QGHU� OLQHDU� WUDQVIRUPDWLRQV�LW� WUDQVIRUPV�DV�D� WHQVRU��ZKHUHDV�IRU�QRQOLQHDU�WUDQVIRUPDWLRQV�D�WHUP�LV�DGGHG�ZKLFK�GRHV�QRW�FRQWDLQ�WKH�H[SUHVVLRQ�WR�EH�WUDQVIRUPHG��EXW�RQO\�GHSHQGV�RQ�WKH�WUDQVIRUPDWLRQ�FRHIILFLHQWV�
5HPDUNV�RQ�WKH�GLVSODFHPHQW�ILHOG���� 7KH� TXDQWLW\� � �
L LN O O N* { *� ZKLFK� LV� REWDLQHG� E\� D� WUDQVSRVLWLRQ� RI� WKH� ORZHU� LQGLFHV� DOVR�WUDQVIRUPV�DFFRUGLQJ�WR�����DQG�LV�WKHUHIRUH�OLNHZLVH�D�GLVSODFHPHQW�I LHOG����%\�V\PPHWUL]LQJ�RU�DQWL �V\PPHWUL]LQJ�HTXDWLRQ�����ZLWK�UHVSHFW�WR�WKH�ORZHU�LQGLFHV� N
�� O
�RQH�REWDLQV�WKH�WZR�HTXDWLRQV� �� �
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+HQFH� WKH� WZR� �V\PPHWULF� DQG� DQWL �V\PPHWULF�� FRQVWLWXHQWV� RI� LO N* �� WUDQVIRUP� LQGHSHQGHQWO\� RI�HDFK�RWKHU��L�H��ZLWKRXW�PL[LQJ��7KXV�WKH\�DSSHDU�IURP�WKH�SRLQW�RI�YLHZ�RI�WKH�WUDQVIRUPDWLRQ�ODZ�DV� LQGHSHQGHQW� TXDQWLWLHV�� 7KH� VHFRQG� RI� WKH� HTXDWLRQV� VKRZV� WKDW� LN O* � � �� WUDQVIRUPV�DV� D� WHQVRU��)URP�WKH�SRLQW�RI YLHZ�RI�WKH�WUDQVIRUPDWLRQ�JURXS�LW�VHHPV�WKHUHIRUH�DW�ILUVW�XQQDWXUDO�WR�FRPELQH�WKHVH�WZR�FRQVWLWXHQWV�DGGLWLYHO\�LQWR�RQH�VLQJOH�TXDQWLW\�
���2Q�WKH�RWKHU�KDQG��WKH�ORZHU�LQGLFHV�RI� * SOD\�TXLWH�GLIIHUHQW�UROHV�LQ�WKH�GHILQLQJ�HTXDWLRQ�����VR�WKDW�WKHUH�LV�QR�FRPSHOOLQJ�UHDVRQ�WR�UHVWULFW�WKH� * E\�WKH�FRQGLWLRQ�RI�V\PPHWU\�ZLWK�UHJDUG�WR�WKH�ORZHU�LQGLFHV��,I�RQH�GRHV�VR�QHYHUWKHOHVV��RQH�LV�OHG�WR�WKH�WKHRU\�RI�WKH�SXUH�JUDYLWDWLRQDOILHOG��,I��KRZHYHU��RQH�GRHV�QRW�VXEMHFW�WKH�)�WR�D�UHVWULFWLYH�V\PPHWU\�FRQGLWLRQ��RQH�DUULYHV�DW�WKDW�JHQHUDOL]DWLRQ�RI�WKH�ODZ�RI�JUDYLWDWLRQ�WKDW�DSSHDUV�WR�PH�DV�WKH�QDWXUDO�RQH�

7KH�FXUYDWXUH�WHQVRU$OWKRXJK�WKH�*�ILHOG�GRHV�QRW�LWVHOI�KDYH�WHQVRU FKDUDFWHU��LW�LPSOLHV�WKH�H[LVWHQFH�RI�D�WHQVRU��7KH�ODWWHU�LV�PRVW�HDVLO\�REWDLQHG�E\�GLVSODFLQJ�D�YHFWRU�$
�DFFRUGLQJ�WR�����DORQJ�WKH�FLUFXPIHUHQFH�RI�DQ�LQILQLWHVLPDO�WZR�GLPHQVLRQDO�VXUIDFH�HOHPHQW�DQG�FRPSXWLQJ�LWV�FKDQJH�LQ�RQH�FLUFXLW��7KLV�FKDQJHKDV�YHFWRU�FKDUDFWHU�
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/HW� �W[ EH� WKH� FRRUGLQDWHV� RI� D� IL[HG� SRLQW� DQG� W[ WKRVH� RI� DQRWKHU� SRLQW� RQ� WKH�FLUFXPIHUHQFH��7KHQ� �
WW W [[[  � LV�VPDOO�IRU�DOO�SRLQWV�RI�WKH�FLUFXPIHUHQFH�DQG�FDQ�EH� XVHG�DV�D�EDVLV�IRU�WKH�GHILQLWLRQ�RI�RUGHUV�RI�PDJQLWXGH�

7KH�LQWHJUDO� L$G³v WR�EH�FRPSXWHG�LV�WKHQ�LQ�PRUH�H[SOLFLW�QRWDWLRQ
RUL V W L V WVW V W$ G[ $ G[� * � *³ ³v v

8QGHUOLQLQJ�RI� WKH�TXDQWLWLHV� LQ� WKH�LQWHJUDQG�LQGLFDWHV� WKDW� WKH\�DUH� WR� EH� WDNHQ�IRU�VXFFHVVLYHSRLQWV�RI�WKH�FLUFXPIHUHQFH��DQG�QRW�IRU�WKH�LQLWLDO�SRLQW�� �W[  ��
:H�ILUVW�FRPSXWH� LQ�WKH�ORZHVW�DSSUR[LPDWLRQ�WKH�YDOXH�RI� L$ IRU�DQ�DUELWUDU\�SRLQW� W[ RI�WKH�FLUFXPIHUHQFH��7KLV�ORZHVW�DSSUR[LPDWLRQ�LV�REWDLQHG�E\�UHSODFLQJ�LQ�WKH�LQWHJUDO��H[WHQGHG�QRZ�RYHU�DQ�RSHQ�SDWK�� LV W* DQG� V$ E\�WKH�YDOXHV� LV W* DQG� V$ IRU WKH�LQLWLDO�SRLQW�RI�LQWHJUDWLRQ� � �W[  ���7KH�LQWHJUDWLRQ�JLYHV�WKHQ L L L V W L L V WVW V W$ $ $ G $ $[ [ �*  �*³

:KDW�LV�QHJOHFWHG�KHUH��DUH�WHUPV�RI�VHFRQG�RU�KLJKHU�RUGHU�LQ� [��:LWK�WKH�VDPH�DSSUR[LPDWLRQ�RQH�REWDLQV�LPPHGLDWHO\
�L L L UVW V W V W U[*  * �*

,QVHUWLQJ�WKHVH�H[SUHVVLRQV�LQ�WKH�LQWHJUDO�DERYH�RQH�REWDLQV�ILUVW��ZLWK�DQ�DSSURSULDWH�FKRLFH�RI�WKH�VXPPDWLRQ�LQGLFHV� � � � ��L L T V V S T WVW V W T ST$ $ G[ [ [� * �* �*³v
ZKHUH� DOO� TXDQWLWLHV�� ZLWK� WKH� H[FHSWLRQ� RI� [�� KDYH� WR� EH� WDNHQ� IRU� WKH� LQLWLDO� SRLQW� RI�LQWHJUDWLRQ��:H�WKHQ�ILQG

�L V W L V T W L V S T WVW VW T VW ST$ G $ G $ G[ [ [ [ [�* �* �* *³ ³ ³v v v
ZKHUH�WKH�LQWHJUDOV�DUH�H[WHQGHG�RYHU�WKH�FORVHG�FLUFXP IHUHQFH���7KH�ILUVW�WHUP�YDQLVKHV�EHFDXVH�LWV�LQWHJUDO�YDQLVKHV���7KH�WHUP�SURSRUWLRQDO�WR�� [�� LV�RPLWWHG�VLQFH�LW�LV�RI�KLJKHU�RUGHU��7KH�WZR� RWKHU�WHUPV�PD\�EH�FRPELQHG�LQWR

�L L V S T WSW T VW ST $ G[ [ª º�* �* *¬ ¼ ³v
7KLV�LV�WKH�FKDQJH�'$L RI�WKH�YHFWRU�$L DIWHU�GLVSODFHPHQW�DORQJ�WKH�FLUFXPIHUHQFH��:H�KDYH

� �T W T W W T W TG G G G[ [ [ [ [ [ [ [ �  �³ ³ ³ ³v v v v
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7KLV�LQWHJUDO�LV�WKXV�DQWLV\PPHWULF�LQ� W DQG�T��DQG�LQ�DGGLWLRQ�LW�KDV�WHQVRU�FKDUDFWHU��:H�GHQRWH�LW�E\� W TI � � ��,I� W TI ZHUH�DQ�DUELWUDU\�WHQVRU��WKHQ�WKH�YHFWRU�FKDUDFWHU�RI� '$L ZRXOG�LPSO\�WKH�WHQVRU�FKDUDFWHU�RI� WKH�EUDFNHWHG�H[SUHVVLRQ� LQ� WKH� ODVW�EXW�RQH� IRUPXOD��$V� LW� LV��Z H�FDQ�RQO\� LQIHU� WKH�WHQVRU�FKDUDFWHU�RI�WKH�EUDFNHWHG�H[SUHVVLRQ�LI�DQWLV\PPHWUL]HG�ZLWK�UHVSHFW�WR� W�DQG�T��7KLV�LV�WKH�FXUYDWXUH�WHQVRU
� �L L L L V L VN OP N O P NP O VO NP VP N O5 { * �* �* * �* * ���

7KH� SRVLWLRQ� RI� DOO� LQGLFHV� LV� KHUHE\� IL[HG�� &RQWUDFWLQJ� ZLWK� UHVSHFW� WR� L DQG�P RQH� REWDLQV� WKH�FRQWUDFWHG�FXUYDWXUH�WHQVRU
� �V V V W V WL N L N V L V N LW VN LN VW5 { * �* �* * �* * ��D�

7KH�O�WUDQVIRUPDWLRQ
7KH�FXUYDWXUH�KDV�D�SURSHUW\�ZKLFK�ZLOO � EH�LPSRUWDQW�LQ�WKH�VHTXHO��)RU�D�GLVSODFHPHQW�ILHOG� * ZH�PD\�GHILQH�D�QHZ� 
* DFFRUGLQJ�WR�WKH�IRUPXOD


 �O O OL N L N L NG O*  * � ���
ZKHUH� O LV� DQ� DUELWUDU\� IXQFWLRQ� RI� WKH� FRRUGLQDWHV�� DQG� OLG LV� WKH� .URQHFNHU� WHQVRU� ��O �WUDQVIRUPDWLRQ����,I�RQH�IRUPV� � �
LN O P5 * E\�UHSODFLQJ� 
* E\�WKH�ULJKW�KDQG�VLGH�RI������O FDQFHOV�VR�WKDW � � � �� � � �




L LN OP N OP
LN L N

5 55 5*  **  * ���
7KH�FXUYDWXUH�LV�LQYDULDQW�XQGHU�O�WUDQVIRUPDWLRQV���O �LQYDULDQFH����&RQVHTXHQWO\��D�WKHRU\�ZKLFK�FRQWDLQV�* RQO\�ZLWKLQ�WKH�FXUYDWXUH�WHQVRU�FDQQRW�GHWHUPLQH�WKH� *�ILHOG�FRPSOHWHO\�EXW�RQO\�XS�WR�D� IXQFWLRQ� O�� ZKLFK� UHPDLQV� DUELWUDU\�� ,Q� VXFK� D� WK HRU\�� * DQG� 
* DUH� WR� EH� UHJDUGHG� DV�UHSUHVHQWDWLRQV� RI� WKH� VDPH� ILHOG�� LQ� WKH� VDPH�ZD\� DV� LI� 
* ZHUH� REWDLQHG� IURP� * PHUHO\� E\� D�FRRUGLQDWH�WUDQVIRUPDWLRQ�

,W�LV�QRWHZRUWK\�WKDW�WKH�O�WUDQVIRUPDWLRQ��FRQWUDU\�WR�D�FRRUGLQDWH�WUDQVIRUPDWLRQ��SURGXFHV�D�QRQ�V\PPHWULF� 
* IURP�D�*�WKDW� LV� V\PPHWULF� LQ� L DQG�N��7KH�V\PPHWU\� FRQGLWLRQ� IRU� *�ORVHV� LQ�VXFK�D�WKHRU\�LWV�REMHFWLYH�VLJQLILFDQFH�
7KH�PDLQ�VLJQLILFDQFH�RI�O�LQYDULDQFH�OLHV�LQ WKH�IDFW�WKDW�LW�KDV�DQ�LQIOXHQFH�RQ�WKH��VWUHQJWK��RI�WKH�V\VWHP�RI�WKH�ILHOG�HTXDWLRQV��DV�ZH�VKDOO�VHH�ODWHU�

7KH�UHTXLUHPHQW�RI��WUDQVSRVLWLRQ�LQYDULDQFH�
7KH� LQWURGXFWLRQ� RI� QRQ�V\PPHWULF� ILHOGV� PHHWV� ZLWK� WKH� IROORZLQJ� GLIILFXOW\�� ,I� OL N* LV� D�GLVSODFHPHQW� ILHOG�� VR� LV� � �O OL N N L*  *� �� ,I� L NJ LV� D� WHQVRU�� VR� LV� � �L N N LJ J � �� 7KLV� OHDGV� WR� D� ODUJH�
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QXPEHU� RI� FRYDULDQW� IRUPDWLRQV� DPRQJ�ZKLFK� LW� LV� QRW� SRVVLEOH� WR�PDNH� D� VHOHFWL RQ�RQ� WKH�SULQFLSOH�RI�UHODWLYLW\�DORQH��:H�VKDOO�GHPRQVWUDWH�WKLV�GLIILFXOW\�E\�DQ�H[DPSOH�DQG�ZH�VKDOO�VKRZ�KRZ�LW�FDQ�EH�RYHUFRPH�LQ�D�QDWXUDO�PDQQHU�
,Q�WKH�WKHRU\�RI�WKH�V\PPHWULF�ILHOG�WKH�WHQVRU� � � V VL N O LN O VN LO L V O N: J J J{ � * � *

SOD\V�DQ�LPSRUWDQW�SDUW��,I�LW�LV�SXW�HTXDO�WR�]HUR��RQH�REWDLQV�DQ�HTXDWLRQ�ZKLFK�SHUPLWV�WR�H[SUHVV�WKH�* E\�WKH�J��L�H��WR�HOLPLQDWH�WKH�*��6WDUWLQJ�IURP�WKH�IDFWV�WKDW����� �L L V VW W VW$ $ $ � * LV�D�WHQVRU��DV�SURYHG�HDUOLHU��DQG�WKDW�����DQ�DUELWUDU\�FRQWUDYDULDQW�WHQVRU�FDQ�EH�H[SUHVVHG�LQ�WKH�IRUP� � � � �
L N

W WW $ %¦ �LW�FDQ�EH�SURYHG�ZLWKRXW�GLIILFXOW\�WKDW WKH�DERYH�H[SUHVVLRQ�KDV�WHQVRU�FKDUDFWHU�DOVR�LI�WKH�ILHOGV� JDQG�* DUH�QR�ORQJHU�V\PPHWULF�
%XW�LQ�WKH�ODWWHU�FDVH��WKH�WHQVRU�FKDUDFWHU�LV�QRW�ORVW�LI��H�J���LQ�WKH�ODVW�WHUP� VO N* LV�WUDQVSRVHG��L�H�� UHSODFHG� E\� VO N* �WKLV� IROORZV� IURP� WKH� IDFW� WKDW� � �V VL V N O O NJ * �* LV� D� WHQVRU���7KHUH� DUH�RWKHU�IRUPDWLRQV��WKRXJK�QRW�TXLWH�VR�VLPSOH��WKDW�FRQVHUYH�WKH�WHQVRU�FKDUDFWHU�DQG�FDQ�EH�UHJDUGHG�DV�H[WHQVLRQV�RI� WKH� DERYH�H[SUHVVLRQ� W R� WKH�FDVH�RI� WKH�QRQ�V\PPHWULF� ILHOG��&RQVHTXHQWO\�� LI�RQH�ZDQWV�WR�H[WHQG�WR�QRQ�V\PPHWULF� ILHOGV�WKH�UHODWLRQ�EHWZHHQ�WKH� J DQG�WKH�* REWDLQHG�E\�VHWWLQJ�WKH�DERYH�H[SUHVVLRQ�HTXDO�WR�]HUR��WKLV�VHHPV�WR�LQYROYH�DQ�DUELWUDU\�FKRLFH�
%XW�WKH�DERYH�IRUPDWLRQ�KDV�D�SURSHUW\�WKDW�GLVWLQJXLVKHV�LW�IURP�WKH�RWKHU�SRVVLEOH�IRUPDWLRQV��,I�RQH�UHSODFHV�LQ�LW�VLPXOWDQHRXVO\� L NJ E\� L NJ� DQG� OL N* E\� OL N*� DQG�WKHQ�LQWHUFKDQJHV�WKH�LQGLFHV�L DQG�N LW�LV�WUDQVIRUPHG�LQWR�LWVHOI��LW�LV��WUDQVSRVLWLRQ�V\PPHWULF��ZLWK�UHVSHFW�WR�WKH�LQGLFHV� L DQG�N��7KH�HTXDWLRQ�REWDLQHG�E\�SXWWLQJ�WKLV�H[SUHVVLRQ�HTXDO�WR�]HUR�LV��WUDQVSRVLWLRQ�LQYDULDQW���,I� J DQG�* DUH�V\PPHWULF��WKLV�FRQGLWLRQ�LV��RI�FRXUVH��DOVR�VDWLVILHG��LW�LV�D�JHQHUDOL]DWLRQ�RI�WKH�FRQGLWLRQ�WKDW�WKH�ILHOG�TXDQWLWLHV�EH�V\PPHWULF�
:H� SRVWXODWH� IRU� WKH� ILHOG� HTXDWLRQV� RI� WKH� QRQ �V\PPHWULF� ILHOG� WKDW� WKH\� EH� WUDQVSRVLWLRQ�LQYDULDQW�� ,� WKLQN� WKDW� WKLV� SRVWXODWH�� SK\VLFDOO\� VSHDNLQJ�� FRUUHVSRQGV� WR� WKH� UHTXLUH PHQW� WKDW�SRVLWLYH�DQG�QHJDWLYH�HOHFWULFLW\�HQWHU�V\PPHWUL FDOO\�LQWR�WKH�ODZV�RI�SK\VLFV�
$� JODQFH� DW� ��D�� VKRZV� WKDW� WKH� WHQVRU� 5LN� LV� QRW� FRPSOHWHO\� WUDQVSRVLWLRQ� V\PPHWULF�� VLQFH� LW�WUDQVIRUPV�E\�WUDQVSRVLWLRQ�LQWR� �
 � �V V V W V WL N L N V V N L LW V N L N W V5  * �* �* * �* * ��E�

7KLV� FLUFXPVWDQFH� LV� WKH�EDVLV� RI� WKH�GLIILFXOWLHV� WKDW�RQH�HQFRXQWHUV� LQ� WKH�HQGHDYRXU� WR�HVWDEOLVK�WUDQVSRVLWLRQ�LQYDULDQW�ILHOG�HTXDWLRQV�
7KH�SVHXGR�WHQVRU� OL N8

,W�WXUQV�RXW�WKDW�D�WUDQVSRVLWLRQ�V\PPHWULF�WHQVRU�FDQ�EH�IRUPHG�IURP� 5LN�E\�WKH�LQWURGXFWLRQ�RI�D�VRPHZKDW�GLIIHUHQW�SVHXGR�WHQVRU� OL N8 LQVWHDG�RI� OL N* � ,Q���D��WKH�WZR�WHUPV�WKDW�DUH�OLQHDU�LQ�* FDQ�EH�
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IRUPDOO\�FRPELQHG� WR�D�VLQJOH�RQH��2QH� UHSODFHV� � �V VL N V L V N* �* E\� � ��V W VL N L W N VG* �* DQG�GHILQHV�D�QHZ�SVHXGR�WHQVRU� OL N8 E\�WKH�HTXDWLRQ
O O W OL N L N LW N8 G{ * �* ���

6LQFH
�W WL W L W8  � *

DV�IROORZV�IURP�����E\�FRQWUDFWLRQ�ZLWK�UHVSHFW�WR� N DQG�O��ZH�REWDLQ�WKH�IROORZLQJ�H[SUHVVLRQ�IRU�* LQ�WHUPV�RI�8�
��O O W OL N L N LW N8 8 G*  � ��D�

,QVHUWLQJ�WKHVH�LQ���D��RQH�ILQGV
� ��V V W V WL N L N V LW VN L V W N6 8 8 8 8 8{ � � ���

IRU� WKH� FRQWUDFWHG� FXUYDWXUH� WHQVRU� LQ� WHUPV� RI� 8�� 7KLV� H[SUHVVLRQ�� KRZHYHU�� LV� WUDQVSRVLWLRQ�V\PPHWULF��,W�LV�WKLV�IDFW�WKDW�PDNHV�WK H�SVHXGR�WHQVRU�8 VR�YDOXDEOH�IRU�WKH�WKHRU\�RI�QRQ �V\PPHWULF�ILHOGV�
O�WUDQVIRUPDWLRQ�IRU�8� ,I�LQ�����WKH�* DUH�UHSODFHG�E\�WKH�8��RQH�REWDLQV�E\�D�VLPSOH�FDOFXODWLRQ� �
 � �O O O OL N L N L N N L8 8 G O G O � � ���

7KLV�HTXDWLRQ�GHILQHV�WKH�O�WUDQVIRUPDWLRQ�IRU�WKH�8� ���� LV� LQYDULDQW� ZLWK� UHVSHFW� WR� WKLV�WUDQVIRUPDWLRQ� � � � �� �
L N L N6 8 6 8 
7KH WUDQVIRUPDWLRQ�ODZ�IRU�8��,I�LQ�����DQG���D��WKH�* DUH�UHSODFHG�E\�WKH�8 ZLWK�WKH�KHOS�RI���D���RQH�REWDLQV 
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The first of these two terms is transposition symmetric. Let us combine it with the first two 
terms of the right-hand side of (10) to an expression *l

i kK . Let us now consider what we get if 
the transformation 

 * *l l
i k ikU K=  

 
is followed by the λ-transformation 

 
 

* *

* * * *
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U U δ λ δ λ= − −  

The composition yields 
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U K δ λ δ λ= − −  

This implies that (10) may be regarded as such a composition provided the second term of (10a) 
can be brought into the form 
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δ λ δ λ− . For this it is sufficient to show that a λ exists such that 
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In order to transform the left-hand side of the so far hypothetical equation we must first express 
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� ��� L N L N L N5 5 �� 7 7 ��
�LQVWHDG�RI�LQWURGXFLQJ�WKH�8 DV�ILHOG YDULDEOHV���2I�FRXUVH��WKH�UHVXOWLQJ�WKHRU\�ZLOO�EH�GLIIHUHQW�IURP�WKH�RQH�H[SRXQGHG�DERYH��,W�FDQ�EH�VKRZQ�WKDW�IRU�WKLV� � QR�O�LQYDULDQFH�H[LVWV��+HUH��WRR��ZH�REWDLQ�ILHOG�HTXDWLRQV�RI�WKH�W\SH����D������E���ZKLFK�DUH�WUDQVSRVLWLRQ�LQYDULDQW��ZLWK�UHVS HFW�WR�7 DQG�*���%HWZHHQ�WKHP��WKHUH�H[LVW��KRZHYHU��RQO\�WKH�IRXU��%LDQFKL�LGHQWLWLHV���,I�RQH�DSSOLHV�WKH�PHWKRG�RI�HQXPHUDWLRQ�WR�WKLV�V\VWHP��WKHQ��LQ�WKH�IRUPXOD�FRUUHVSRQGLQJ�WR�������WKH�IRXUWK�WHUP�LQ�WKH�ILUVW�EUDFNHW�DQG�WKH�VHFRQG�WHUP�LQ�WKH�WK LUG�EUDFNHW�DUH�PLVVLQJ��2QH�REWDLQV

� ��]  
7KH�V\VWHP�RI�HTXDWLRQV� LV�WKXV�ZHDNHU�WKDQ�WKH�RQH�FKRVHQ�E\�XV�DQG� LV�WKHUHIRUH�WR�EH�UHMHFWHG�
&RPSDULVRQ�ZLWK�WKH�SUHYLRXV�V\VWHP�RI�ILHOG�HTXDWLRQV� 7KLV�LV�JLYHQ�E\

� � � �
� �� �

VL V LNV VL N O VN LO L V O N L N O N O L O L N
5J J J 5 5 5*   � * � *  � �  � �

� � � � � �

ZKHUH� 5LN� LV� GHILQHG� E\� ��D�� DV� D� IXQFWLRQ� RI� WKH� * �DQG� ZKHUH� � ���L N L N N L5 5 5 � ��� ���L N L N N L5 5 5 �� � ��
7KLV�V\VWHP�LV�HQWLUHO\�HTXLYDOHQW�WR�WKH�QHZ�V\VWHP ���D������E��VLQFH�LW�KDV�EHHQ�GHULYHG�IURP�WKH�VDPH�LQWHJUDO�E\�YDULDWLRQ��,W�LV�WUDQVSRVLWLRQ�LQYDULDQW�ZLWK�UHVSHFW�WR�WKH� L NJ DQG� OL N* ��7KH�GLIIHUHQFH�� KRZHYHU�� OLHV� LQ� WKH� IROORZLQJ��7KH� LQWHJUDO� WR�EH�YDULHG� LV� LWVHOI�QRW� WUDQV SRVLWLRQ�LQYDULDQW��QRU�LV�WKH�V\VWHP�RI�HTXDWLRQV�WKDW�LV�DW�ILUVW�REWDLQHG�E\�LWV�YDULDWLRQ��LW�LV��KRZH YHU��LQYDULDQW�ZLWK� UHVSHFW� WR� WKH� O�WUDQVIRUPDWLRQV� ����� ,Q�RUGHU� WR�REWDLQ� WUDQVSRVLWLRQ� LQYDULDQFH�KHUH��RQH�KDV�WR�XVH�DQ�DUWLILFH��2QH�IRUPDOO\�LQWURGXFHV�IRXU�QHZ�ILHOG�YDULDEOHV�� LO ��ZKLFK�DIWHU�YDULDWLRQ�DUH�VR�FKRVHQ�WKDW�WKH�HTXDWLRQV� �VL V*  � � DUH�VDWLVILHG�
 7KXV�WKH�HTXDWLRQV�REWDLQHG�E\�YDULDWLRQ�ZLWK�UHVSHFW�WR�WKH�* DUH�EURXJKW�LQWR�WKH�LQGLFDWHG�WUDQVSRVLWLRQ�LQYDULDQW�IRUP��%XW�WKH�5LN�HTXDWLRQV� VWLOO� FRQWDLQ� WKH� DX[LOLDU\�YDULDEOHV� OL��2QH�FDQ��KRZHYHU�� HOLPLQDWH� WKHP��ZKLFK�OHDGV WR�D�GHFRPSRVLWLRQ�RI�WKHVH�HTXDWLRQV�LQ�WKH�PDQQHU�VWDWHG�DERYH��7KH�HTXDWLRQV�REWDLQHG�DUH�WKHQ�DOVR�WUDQVSRVLWLRQ�LQYDULDQW��ZLWK�UHVSHFW�WR�WKH� 7 DQG�*��
3RVWXODWLQJ�WKH�HTXDWLRQV� �VL V*  � � LQYROYHV�D�QRUPDOL]DWLRQ�RI�WKH�*�ILHOG��ZKLFK�UHPRYHV�WKH�O�LQYDULDQFH�RII WKH�V\VWHP�RI�HTXDWLRQV� $V�D�UHVXOW��QRW�DOO�HTXLYDOHQW�UHSUHVHQWDWLRQV�RI�D�* �ILHOG�DSSHDU�DV�VROXWLRQV�RI�WKLV�V\VWHP��:KDW�WDNHV�SODFH�KHUH��LV�FRPSDUDEOH�WR�WKH�SURFHGXUH�RI�DGMRLQLQJ�WR�WKH�ILHOG�HTXDWLRQV�RI�SXUH�J UDYLWDWLRQ�DUELWUDU\�DGGLWLRQDO�HTXDWLRQV�ZKLFK�UHVWULFW�WKH�FKRLFH�RI�FRRUGLQDWHV� ,Q� RXU� FDVH�� PRUHRYHU�� WKH� V\VWHP� RI� HTXDWLRQV� EHFRPHV� XQ �


 % \ � V H W W L Q J � 
O O OL N L N L NG O*  * �
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QHFHVVDULO\�FRPSOLFDWHG��7KHVH�GLIILFXOWLHV�DUH�DYRLGHG�LQ�WKH�QHZ�UHSUHVHQWDWLRQ�E\�VWDUWLQJ�IURP�D�YDULDWLRQDO�SULQFLSOH� WKDW� LV� WUDQVSRVLWLRQ� LQYDULDQW�ZLWK� UHVSHFW� WR� WKH� 7 DQG�8�� DQG�E\�XVLQJ�WKURXJKRXW�WKH�7 DQG�8 DV�ILHOG�YDULDEOHV�
7KH�GLYHUJHQFH�ODZ�DQG�WKH�FRQVHUYDWLRQ�ODZ�RI�PRPHQWXP�DQG�HQHUJ\

,I�WKH�ILHOG�HTXDWLRQV�DUH�VDWLVILHG�DQG�LI��PRUHRYHU��WKH� YDULDWLRQ�LV�D�WUDQVIRUPDWLRQ�YDULDWLRQ��WKHQ�� LQ� ������ QRW� RQO\� 6LN� DQG�'LN YDQLVK�� EXW� DOVR� G��� VR� WKDW� WKH� ILHOG� HTXDWLRQV� LPSO\� WKH�HTXDWLRQV � � � �L N VL N V8G  7
ZKHUH� VL N8G LV�JLYHQ�E\����F���7KLV�GLYHUJHQFH�ODZ�KROGV� IRU�DQ\�FKRLFH�RI�WKH�YHFWRU� L[ ��7KH�VLPSOHVW�VSHFLDO�FKRLFH��L�H�� L[ LQGHSHQGHQW�RI�WKH�[��OHDGV�WR�WKH�IRXU�HTXDWLRQV� �� � � �V LN VW V L N W V8{  � 7
7KHVH� FDQ� EH� LQWHUSUHWHG� DQG� DSSOLHG� DV� WKH� HTXDWLRQV� R I� FRQVHUYDWLRQ� RI� PRPHQWXP� DQG�HQHUJ\��,W�VKRXOG�EH�QRWHG�WKDW�VXFK�FRQVHUYDWLRQ�HTXDWLRQV�DUH�QHYHU�XQLTXHO\�GHWHUPLQHG�E\�WKH�V\VWHP�RI�ILHOG�HTXDWLRQV��,W�LV�LQWHUHVWLQJ�WKDW�DFFRUGLQJ�WR�WKH�HTXDWLRQV

�V L N VW LN W8{� 7
WKH�GHQVLW\� RI� WKH� HQHUJ\� FXUUHQW� � �� � �� � �� �� � � DV�ZHOO� DV� WKH� HQHUJ\�GHQVLW\� ��� YDQLVK� IRU� D�ILHOG� WKDW� LV� LQGHSHQGHQW� RI� [��� )URP� WKLV� RQH� FDQ� FRQFOXGH� WKDW� DFFRUGLQJ� WR� WKLV� WKHRU\� D�VWDWLRQDU\�ILHOG�IUHH�IURP�VLQJXODULWLHV�FDQ�QHYHU� UHSUHVHQW�D�PDVV�GLIIHUHQW�IURP�]HUR�

7KH�GHULYDWLRQ�DV�ZHOO�DV�WKH�IRUP�RI�WKH�FRQVHUYDWLRQ�ODZV�EHFRPH�PXFK�PRUH�FRPSOLFDWHG�LI�WKH�IRUPHU�IRUPXODWLRQ�RI�WKH�ILHOG�HTXDWLRQV�LV�XVHG�
*(1(5$/ �5(0$5.6

$��,Q�P\�RSLQLRQ� WKH�WKHRU\�SUHVHQWHG�KHUH�LV�WKH�O RJLFDOO\�VLPSOHVW�UHODWLYLVWLF�ILHOG�WKHRU\�ZKLFK�LV�DW�DOO� SRVVLEOH��%XW�WKLV�GRHV�QRW�PHDQ�WKDW�QDWXUH�PLJKW�QRW�REH\�D�PRUH�FRPSOH[�ILHOG�WKHRU\�
0RUH�FRPSOH[�ILHOG� WKHRULHV�KDYH�IUHTXHQWO\�EHHQ�SUR SRVHG��7KH\�PD\�EH�FODVVLILHG�DFFRUGLQJ�WR�WKH�IROORZLQJ�FKDUDFWHULVWLF�IHDWXUHV�
�D��,QFUHDVH�RI�WKH�QXPEHU�RI�GLPHQVLRQV�RI�WKH�FRQ WLQXXP��,Q�WKLV�FDVH�RQH�PXVW�H[SODLQ�ZK\�WKH�FRQWLQXXP�LV�DSSDUHQWO\ UHVWULFWHG�WR�IRXU�GLPHQVLRQV�
�E��,QWURGXFWLRQ�RI�ILHOGV�RI�D�GLIIHUHQW�NLQG��H�J��D�YHFWRU�ILHOG��LQ DGGLWLRQ�WR�WKH�GLVSODFHPHQW�ILHOG�DQG�LWV�FRUUHODWHG�WHQVRU�ILHOG�JLN��RU�7LN���F� ,QWURGXFWLRQ�RI�ILHOG�HTXDWLRQV�RI�KLJKHU�RUGHU��RI�GLIIHUHQWLDWLRQ��



��

,Q�P\�YLHZ��VXFK�PRUH�FRPSOLFDWHG�V\VWHPV�DQG�WKHLU�FRPELQDWLRQV�VKRXOG�EH�FRQVLGHUHG�RQO\�LI�WKHUH�H[LVW�SK\VLFDO�HPSLULFDO�UHDVRQV�WR�GR�VR�
%��$� ILHOG� WKHRU\� LV�QRW�\HW� FRPSOHWHO\�GHWHUPLQHG�E\� WKH� V\VWHP�RI� ILHOG� HTXDWLRQV��6KRXOG�RQH�DGPLW� WKH� DSSHDUDQFH� RI� VLQJXODULWLHV"� 6KRXOG� RQH� SRVWXODWH� ERXQGDU\� FRQ GLWLRQV"� $V� WR� WKH� ILUVW�TXHVWLRQ�� LW� LV� P\� RSLQLRQ� WKDW� VLQJXODULWLHV�PXVW� EH� H[FOXGHG�� ,W� GRHV� QRW� VHHP� UHDVRQDEOH� WR�PH� WR�LQWURGXFH� LQWR� D� FRQWLQXXP� WKHRU\� SRLQWV� �RU� OLQHV� HWF��� IRU� ZKLFK� WKH� ILHOG� HTXDWLRQV� GR� QRW� KROG�0RUHRYHU�� WKH� LQWURGXFWLRQ� RI� VLQJXODULWLHV� LV� HTXLYDOHQW� WR� SRVWXODWL QJ� ERXQGDU\� FRQGLWLRQV��ZKLFK�DUH�DUELWUDU\�IURP�WKH�SRLQW�RI�YLHZ�RI�WKH�ILHOG�HTXDWLRQV��RQ��VXUIDFHV��ZKLFK�FORVHO\�VXUURXQG�WKH�VLQJXODULWLHV��:LWKRXW�VXFK�D�SRVWXODWH�WKH�WKHRU\�LV�PXFK�WRR�YDJXH��,Q�P\�RSLQLRQ�WKH�DQVZHU�WR�WKH�VHFRQG�TXHVWLRQ�LV�WKDW�WKH�SRVWXODWLRQ�RI�ERXQGDU\�FRQGLWLRQV�LV�LQGLVSHQVDEOH��,�VKDOO�GHPRQVWUDWH�WKLV�E\�DQ�HOHPHQWDU\�H[DPSOH��2QH�FDQ�FRPSDUH�WKH�SRVWXODWLRQ�RI�D�SRWHQWLDO�RI�WKH�IRUP� PUI  ¦ ZLWK�WKH�VWDWHPHQW�WKDW�RXWVLGH�WKH�PDVV�SRLQWV��LQ�WKUHH�G LPHQVLRQV��WKH�HTXDWLRQ� �I'  LV�VDWLVILHG��%XW�LI�RQH� GRHV� QRW� DGG� WKH�ERXQGDU\� FRQGLWLRQ� WKDW� I YDQLVK� �RU� UHPDLQ� ILQLWH�� DW� LQILQLW\�� WKHQ� WKHUH� H[LVW�VROXWLRQV�WKDW�DUH�HQWLUH�IXQFWLRQV�RI�WKH� [ �H�J�� � �� � �� � ���[ [ [� � ��DQG�EHFRPH�LQILQLWH�DW�LQILQLW\��6XFK�ILHOGV�FDQ�RQO\�EH�H[FOXGHG�E\�SRVWXODWLQJ�D�ERXQGDU\�FRQGLWLRQ�LQ�FDVH�WKH�VSDF H�LV�DQ��RSHQ��RQH�
&�� ,V� LW� FRQFHLYDEOH� WKDW� D� ILHOG� WKHRU\� SHUPLWV� RQH� WR� XQGHUVWDQG� WKH� DWRPLVWLF� DQG� TXDQWXP�VWUXFWXUH�RI�UHDOLW\"�$OPRVW�HYHU\ERG\�ZLOO�DQVZHU�WKLV�TXHVWLRQ�ZLWK��QR���%XW�,�EHOLHYH�WKDW�DW�WKH�SUHVHQW�WLPH�QRERG\�NQRZV�DQ\ WKLQJ�UHOLDEOH�DERXW�LW��7KLV�LV�VR�EHFDXVH�ZH�FDQQRW�MXGJH�LQ�ZKDW�PDQQHU�DQG�KRZ�VWURQJO\�WKH�H[FOXVLRQ�RI�VLQJXODULWLHV�UHGXFHV�WKH�PDQLIROG�RI�VROXWLRQV��:H�GR�QRW� SRVVHVV� DQ\� PHWKRG� DW� DOO� WR� GHULYH� V\VWHPDWLFDOO\� VROXWLRQV� WKDW� DUH� IUHH� RI� VLQJXODULWLHV��$SSUR[LPDWLRQ�PHWKRGV� DUH� RI� QR� DYDLO� VLQFH� RQH� QHYHU� NQRZV�ZKHWKHU� RU� QRW� WKHUH� H[LVWV� WR� D�SDUWLFXODU�DSSUR[LPDWH�VROXWLRQ�DQ�H[DFW�VROXWLRQ� IUHH�RI�VLQJXODULWLHV��)RU�WKLV�UHDVRQ�ZH�FDQQRW�DW�SUHVHQW�FRPSDUH�WKH�FRQWHQW�RI�D�QRQOLQHDU�ILHOG�WKHRU\�ZLWK�H[SHU LHQFH��2QO\�D�VLJQLILFDQW�SURJUHVV�LQ� WKH�PDWKHPDWLFDO�PHWKRGV�FDQ�KHOS�KHUH��$W� WKH�SUHVHQW� WLPH� WKH�RSLQLRQ�SUHYDLOV� WKDW�D� ILHOG�WKHRU\�PXVW� ILUVW��E\��TXDQWL]DWLRQ���EH� WUDQVIRUPHG�LQWR�D�VWDWLVWLFDO�WKHRU\�RI�ILHOG�SUREDELOLWLHV�DFFRUGLQJ� WR� PRUH� RU� OHVV� HVWDEOLVKHG� UXOHV�� ,� VHH� LQ� WKLV� PHWKRG� RQO\� DQ� DWWHPSW� WR� GHVFULEH�UHODWLRQVKLSV�RI�DQ�HVVHQWLDOO\�QRQOLQHDU�FKDUDFWHU�E\�OLQHDU�PHWKRGV�
'��2QH�FDQ�JLYH�JRRG� UHDVRQV�ZK\�UHDOLW\�FDQQRW�DW�DOO�EH�UHSUHVHQWHG�E\�D�FRQWLQXRXV�ILHOG��)URP� WKH� TXDQWXP� SKHQRPHQD� LW� DSSHDUV� WR� IROORZ�ZLWK� FHUWDLQW\� WKDW� D� ILQLWH� V\VWHP� RI� ILQLWH�HQHUJ\�FDQ�EH�FRPSOHWHO\�GHVFULEHG�E\�D�ILQLWH�VHW�RI�QXPEHUV��TXDQWXP�QXPEHUV���7KLV�GRHV�QRW�VHHP� WR�EH� LQ�DFFRUGDQFH�ZLWK�D�FRQWLQXXP�WKHRU\��DQG�PXVW� OHDG� WR�DQ�DWWHPSW� WR�ILQG� D�SXUHO\�DOJHEUDLF�WKHRU\�IRU�WKH�GHVFULSWLRQ�RI�UHDOLW\��%XW�QRERG\�NQRZV�KRZ�WR�REWDLQ�WKH�EDVLV�RI�VXFK�D�WKHRU\�
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